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Abstract. In this paper, we formulate and analyse an optimal control problem for a SEQIRS pandemic model
describing the transmission dynamics of the COVID-19 pandemic, given by a system of nonlinear differential
equations. Optimal control strategies such as vaccination and preventive measures are adopted as control measures,
to minimize the numbers of susceptible, exposed, and infected individuals. We prove the existence of optimal
controls and characterization is established using Pontryagin’s maximum principle. Numerical simulations are
performed to analyse the effectiveness of optimization strategies by comparing the results obtained.
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1. INTRODUCTION

The world is facing an unprecedented threat, as the COVID-19 virus pandemic quickly spread
to the world. Because of this pandemic, suffering has pervaded, millions of lives have been dis-
rupted, and the global economy is under threat. Even rich countries with strong health systems
are under stress. At a time when the world was grappling with the spread of the COVID-19
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virus, several mutated strains of the virus appeared that seemed to be more rapid and able to
spread, prolonging the pandemic in many regions of the world. The emergence of mutated
copies of the virus is not surprising, but rather a natural process, because the virus mutates over
time to ensure its survival. Among the worrisome variants of the coronavirus, according to the
World Health Organization, we mention Alpha (known as the British strain), beta (known as
the South African strain), Gamma (known as the Brazilian strain), Delta (known as the Indian
strain) and Omicron. The latter is a new strain that was announced in South Africa on Novem-
ber 24, 2021, characterized by more mutations than other mutated strains, and maybe a more
spreading infection. In addition to all this, scientific studies have shown that there is a possi-
bility that those recovering from COVID-19 will contract the disease again, after diminishing
immunity from the first infection with time, and this is what makes the matter worse and more
complicated and makes the world in a closed spiral.

The World Health Organization noted the importance of following physical distancing proce-
dures in all gatherings, maintaining a social distance of at least one meter, and an obligation to
communicate remotely without touching or kissing hands. In particular, the infection is trans-
mitted by nasal or oral secretions, which spread to the air during the speech, coughing, sneezing
or breathing in general. Infection can also occur through physical contact with a surface con-
taminated with spray droplets and aerosols carrying viral particles. It also stressed the need to
adopt vaccination against the novel coronavirus as an important strategy to prevent the threat
of the pandemic to provide an opportunity to ensure individual and collective protection. The
vaccine creates special protection against COVID-19, by allowing the immune system to main-
tain first contact with the antigen. In the case of subsequent contact with the virus, the speed of
recognition and the intensity of the immune response will prevent infection. It also reduces the
risk of infection and the transformation of the infection into a long-term COVID-19 syndrome.
And according to many studies that have proven that the symptoms of infection of individuals
with the coronavirus after taking the vaccination are milder and the likelihood of developing
severe disease, hospitalization, and death will be lower. Those who have not been vaccinated

may have more than twice the risk of infection again than those who have been vaccinated.
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Infectious disease modeling is a tool used to study and analyse the mechanisms by which
diseases are spread, characterize them, and predict the future course of epidemics. In the past
few decades, several researchers have developed various mathematical models to investigate the
transmission dynamics of infectious diseases and their control measures (see, e.g. [2, 8, 11, 14,
15]). Modeling helps to determine which intervention(s) should be avoided and which should
be tried and thus helps to demonstrate the effectiveness of intervention strategies throughout
the outbreak. Part of this discipline consists of modeling the evolution of the pandemic using
mathematical tools. These tools can consist of a system of partial differential equations, graph
theory, probability, or even data science. The field of mathematical epidemiology experienced,
during the COVID-19 pandemic, a production coupled with exceptional media coverage of
its work. Even though data and knowledge on the emerging disease were fragmented, a wide
variety of models were developed and applied in unprecedented times, to estimate the number of
reproductions, the date of the start of the pandemic or cumulative incidence, and also to explore
different scenarios of pharmaceutical or non-pharmaceutical interventions. Their results have
greatly contributed to epidemiological surveillance and informed public health policy decision-
making to limit the spread of the virus.

Many specialists and researchers have applied optimal control techniques to understand and
develop ways to limit the spread of the novel coronavirus, by proposing the most effective mit-
igation, strategy to reduce the number of infected individuals, for example, washing hands,
wearing masks, isolating patients, closing public places and vaccinate the population, etc. [3]
used the optimal control to control a mathematical model of COVID-19 based on some strate-
gies such as closure, quarantine, and self-isolation, as he aimed in his work to find optimal
control strategies that reduce the asymptomatic individuals, and the infected individuals who
have not been reported. Whereas in the article [4], a nonlinear deterministic model is designed
to describe the transmission dynamics of COVID-19. The authors use four COVID-19 controls
representing the practice of physical or social distancing protocols, the practice of personal hy-
giene by cleaning contaminated surfaces with alcohol-based detergents, the practice of proper
and safety measures by exposed, symptomatic infected, and asymptomatic infected persons,

and fumigation schools at all levels of education, sports and commercial areas such as markets
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and public toilet facilities. By formulating an optimal control model for the proposed model,
numerical simulations were performed to study and analyse the effectiveness of control strate-
gies and suggest the optimal strategy to control the emerging coronavirus. Many other results
related to optimal strategies for controlling the COVID-19 pandemic have been established and
can be found in numerous articles (see, for example, [5, 9, 6, 13, 12]).

The objective of my work is to apply the theory of optimal control to a SEQIRS pandemic
model for the transmission of COVID-19 and to determine the optimal strategies that allow the
pandemic to be controlled and reduce as much as possible the number of susceptible, exposed,
and infected individuals with the virus. we associate our model with two measures of control,
one represents confinement, the aim of which is to reduce the rate of contact between infected or
susceptible people and healthy people, and the other represents vaccination with all the booster
doses to reduce virus infection or protect against severe symptoms that lead to resuscitation or
death. The structure of this paper is organized as follows. In the next section, we propose the
SEQIRS pandemic model with control measures. In Section 3, an optimal control problem is
formulated and studied analytically using Pontryagin’s Maximum Principle. In Section 4, we
present numerical simulations and discussions for the optimality systems. Finally, we give a

brief conclusion in Section 5.

2. COVID-19 MODEL WITH CONTROLS

The model describes the pandemic dynamics of COVID-19 in a population N where indi-
viduals can belong to five compartments identified as susceptible S(z), exposed E(t), confined
Q(t), infected I(z) and recovered R(z). Infection is spread by direct contact between a suscep-
tible person and an infected person at the rate of 3, or between a susceptible person and an
exposed person at the rate of ¢. Therfore, more new cases initially move from compartment
S to compartment E. To reduce this contact, we have implemented a quarantine and isolation
strategy for susceptible and exposed people to prevent their movement and thus limit the spread
of the virus in the population. When testing quarantined individuals in compartment Q, they are
either transferred to compartment R after confirmation that they are not infected at the rate of r;
or transferred to compartment / when they test positive to receive necessary medical care at the

rate of . While individuals exposed after symptom onset move to compartment / at the rate of
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o and then to compartment R when fully recovered and all symptoms have disappeared at the
rate of r,. Susceptible people are sent directly to compartment R after receiving the vaccination,
the latter helps to create special protection against COVID-19, recovered individuals can return
to compartment S by loss of immunity and reinfect with the virus at the rate of y.
The parameters &, u and 7 represent rates of human birth, natural death and disease-induced
death, respectively. In the model, we introduce two control functions u;(-) and uy(-). The first
control u; represents preventive measures such as quatrain and isolation that help reduce the
contact rate. the uy control represents vaccination to minimize the number of susceptible indi-
viduals and the number of infected individuals and therefore maximize the number of recovered
and protected individuals.

The system diagram for the transmission of COVID-19 is shown in Figure 1.

u,5

uR

FIGURE 1. Compartmental diagram for the transmission dynamics of COVID-19

The total population is given by
N(1) =S(t) + E(1) + Q1) +1(t) + R(1).
Through the schematic diagram in Figure 1, the system of non-linear differential equations is

expressed as follows:

ds(1)

— = E(aE() +BI(t)) S(r) — (u1 (1) +ua(r) + ) S(e) + ¥R(1),

PO (@m0 + Br0)$0) — (n(0) +0 4+10) EC),
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00— 14(1) (5(0) +E@) ~ (84 ri +10) 00),
0 MO 6B (0) +500) (2 +0 +0)10),
W) 10)8(0)+ 100 +121(0) — (14 RO),

with §(0) >0, E(0) >0, Q(0) > 0,1(0) > 0, and R(0) > 0 as the initial conditions.

3. OPTIMAL CONTROL PROBLEM

In this section, we present the optimal control problem to minimize the objective function
that takes into account the number of susceptible, exposed, infected individuals, and the cost of
implementing the strategies associated with controls u;, i = 1,2.

We define the objective function J as follows:

t
@) Jur,uz) = /O !

1 i=2
CiS(1) + CE() + Gl (1) + 5 Y. piuf(r) | dt,
i=1

where C; > 0, i = 1,2,3 are the balancing weight constants of the susceptible, exposed and
infected individuals respectively, whereas p; > 0 are the balancing cost factors on the respective
controls u;, for i = 1,2, and ¢/ is the final time.

Then, our aim is to find an optimal control pair u* = (u},u;) such that
3) J(uj,uy) = mg%n J(uy,uz),
where
4 Q= {(u1,u2) : ui(t) is lebesgue measurable, 0 <u;(r) <1, t€[0,t],for i=1,2}
is the set of admissible controls.

Theorem 1. Consider the optimal control problem (3) associated with the system (1), then there

exists an optimal control pair u* = (uj,u3) in Q such that

J(ui,u5) =min {J(uy,u), (uj,uy) € Q}.
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Proof. To prove the existence of an optimal control pair, we use the following conditions given
in [7]:

1. The set of solutions to the system (1) with control variables in € is non-empty.

2. Convexity and closure of the set Q.

3. Convexity of the integrand of the objective functional on €.

4. The state system can be written as linear fonction of control variables with coefficients de-
pending on time and state variables.

5. There exist constants v, D> > 0 and v3 > 1 such that the integrand of (2) is bounded below

7m3\2 .

by vy (| Uy ’2 + | uy ’2) D).

We verify the first condition thanks to a result of Lukes [10] which ensures the existence of
solutions for the state system (1) with constant coefficients.
By definition, the controls set Q is closed. Furthermore, let v,w € Q, where v = (v, v,) and
w = (wy,wy). It follows, for € € [0,1] we have ev;+ (1 —€)w; € Q, i = 1,2, satisfiying the
convexity proprety of the controls set Q.
Let 2" = (S,E,Q,I,R) and u = (uj,up) € Q, the objective functional J in (2) has an integrand
of the Lagrangian form defined as
i=2
L(Xu)=CiS(t)+CE(t)+C3I(t) +5 ¥ piur(t).
i=1
Letv= (vi,12) € Qand w = (wy,w2) € Q. Then, for 6 € [0, 1] we have
L(X,0v+(1—0)w) =C1S(1) +CE(1) +C3I(1) + L X3 pi (Bvi + (1— 0) wy)?,
and
1 =2 1 =2
0L (X v)+(1-0)ZL (2 ,w)=C1S(t)+CE(t) +C3I(t) + 59 Y pivi+ 3 (1-6) Y piw?.
i=1 i=1
Therefore,
i=2
L, 0v+(1-0)w)— (0L (Zv)+(1-6)Z(Z,w)) = % (92— 9) ):,p,-(vi—w,-)2
i=1
< 0, since 6 €0,1],

implying that the integrand . (2", u) of the objective functional J is convex on €.
Also, the state system (1) is clearly linear in control variables u; and u, with coeffecient

depending on state variables.
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Lastly, the fifth property is verified as follows:

i=2
LX) > 3T pad
i=1

2
> v (Ju ?+ | |2)U3\ -2,

where v] = %min{pl,pz}, v, > 0and v3 = 2. O

3.1. Characterization of optimal controls.

After establishing the existence of the optimal control that minimizes the objective functional
J, we will characterize this optimal control by applying the Pontryagin’s Maximum Principle to
the Hamiltonian.
Let 2" = (S,E,Q,I,R) , u= (uj,up) € Q and A = (41,243,243, A4, A5) the adjoint variable. The

Hamiltonian function is defined as

5 TEmAN= GSO+CEO+GI+ %i_zzp,-u%m a0 B0 | 2,0 ED
i=1
) 22 1y T 4 25y O

Necessary condition that (2" (¢),u"(¢)) be can optimal solution for the optimal control problem

is the existence of a non-trivial vector function A(¢) = (A (¢),A2(¢), A3(t), A4(t),As(2)) such that

dZ  JH(Z(t),u*(1),Ar),1)
dr oA
(6) L *(t%a u;(t),A(t),o
dA(r) B IH(Z (1), u*(t),A(t),1)
a o '

Theorem 2. Given an optimal control u* = (uj,u}) and corresponding solutions Z* =
(S*,E*,Q",I*,R*) that minimize J(u) over Q. Then, there exist adjoint variables A;, i =
1,2,---,5 satisfying

d};t(t) = —Ci+[aE(r)+BI)] [ (1) = A2 ()] +ur (1) (A1 (1) = A3(2)) + ua (1) (A1 (1) — As(2))
_H'LA‘I(Z‘)?
A2 (1)

o = ~CtaSO)i() =] +ui() () = A1) + 0 (2(1) = A4(1) + pAa 1),
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dAs(t
S5 (a(0) — Aale) + 1 (s (e) — As(0)) + s (),
D an@)
20— GBSO M)~ 22(0)] 42 (Aale) = As(0)) + (0 + 40) M),
dAs(t
S~ 0+ ) 250,
where the transversality conditions A;(tf) =0, i =1,2,--- 5. Moreover, the following charac-

terization holds:

W) = max{ minf 1, SO = As(0) TET) (Aa(t) = A3(1))

wi(1) = max{ minf 1, 210 ﬁz(ﬂ]S URENEY

503,

Proof. The adjoint equations (7) is derived from the Pontryagin’s Maximum Principle by taking
the partial derivatives of the Hamiltonian (5) with respect to the corresponding state variables,
so that

dA JH dy JH

dr —9S 7 dt OE

ah_ om dn_ om
d 90 ' dt 9l

dis__om
dt ~ OR’

with transversality terminal conditions A (ff) =0, k=1,2,3,4,5. Furthermore, to get character-
ization of the optimal controls given by (8) we solve the following partiel differential equations
on the interior of the control set Q:

JH .
8_u1 =0 for u

JH .
a_uz =0 for u,
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we use the optimality conditions, then

0 if vi<0
ui(t)=4q vi if 0<vi<l
1 if vi>1

fori = 1,2 where

§7(1) (M (1) = A3(1)) + E* (1) (Ma (1) — A3 (1))

vi = P
1
o @)= As(0)]S* (@)
v2 —
P2
This completes the proof. 0

4. SIMULATION

In this section, we give numerical results of the optimal control of the COVID-19 pandemic
model (1). The simulations are carried out using MATLAB. The results are simulated for one
year, divided into 1 month sections. The data is collected based heavily on the model parameters
and coefficients values in [1].

The evolution of the five states without and with controls are represented in figures (2a) and
(2b), respectively. The number of susceptible individuals (S) (blue) decreases less rapidly in the
case without control, because the recovered individuals may also be susceptible in our SEQIRS
model, while the number of infected individuals increases due to the uncontrolled spread of
the virus. On the other hand, by introducing intervention strategies that combine the effort
of preventive measures (quarantine and isolation) and vaccination. As shown in Figure (2b),
the number of susceptible (S) (blue), exposed (E) (red), and infected (I) (purple) individuals
reduces more rapidly when controls are in use than the case without controls and the number of
recoveries (R) (green) increases to a high level.

To find the best control strategy, we simulate the evolution of each state with controls applied
separately. Our goal is to determine the optimal control strategies for each state to reduce or

limit the spread of viruses.
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states without control states with control

states

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 ] 0.1 0.2 0.3 0.4 0.5 06 0.7 0.8 0.9 1
time time

(a) States without controls (b) States with controls

FIGURE 2. Comparison of states with and without controls

In what follows, we consider always strategies using controls u#; and u; separately as shown
in figures (3a), (4a) and (5a) and combined as shown in figures (3b), (4b) and (5b), to minimize
the number of susceptible, exposed and infected individuals.

It can be observed in all the different cases considered that the number of exposed, suscep-
tible, and infected decrease more rapidly in the presence of the optimal control strategies than
when the controls are absent.

Figure (3a) shows the effect of vaccination u; and preventive measures u, separately on
susceptible individuals, by comparing figures (3a) and (3b) we notice that the optimal control
strategy which combines the use of u; and u; is more efficient.

From figures (4a) and (5a), it can easily be seen that when the preventive measures u; are
applied, the number of exposed and infected individuals is considerably reduced compared to

the exposed and infected individuals having the measure of combined control of u; and u5.

05 S in comparison with control u1 and control u2 05 S with and without control
’ —ut ’ without control

045 —u2| —with control

0.4
0.35

0.3 0.2

0.25

0.2

0.15 0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

time time

(a) Comparison of two controls (b) With and without controls

FIGURE 3. Susceptible individuals S
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025 E in comparison with control u1 and control u2 0.25 E with and without control
’ —ut ’ without control
—u2 —with control
0.2
02
0.15
w 0.15 w
01
01
0.05
0.05 0
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
time time
(a) Comparison of two controls (b) With and without controls

FIGURE 4. Exposed individuals E

| in comparison with control u1 and control u2 I with and without control
034 —ut 04 without control
—u2]| —with control
0.32
0.35
0.3
—0.28 — 03
0.26
0.25
0.24
0.22 0.2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time time
(a) Comparison of two controls (b) With and without controls

FIGURE 5. Infected individuals I

Finally, we simulated separate and combined controls to examine the evolution of recovered
individuals (R) as shown in Fig (6). The vaccination strategy u, influences significantly and
sufficiently to maximize recovered individuals compared to individuals without optimal con-
trols. However, u; is not a preferable strategy since it doesn’t have any reel impact on the state
(R).

Roi?3 comparison without, with both controls u1 and u2 combined and seperated
X T T T A T

without

L L L i L
0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
time

FIGURE 6. Recoverd individuals R states
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5. CONCLUSION

This study aimed to formulate a model of COVID-19 transmission by considering two control
variables as vaccination and preventive measures such as confinement and isolation. Also, its
objective was to determine the best optimal control strategy to minimize the spread of COVID-
19, limiting as much as possible the number of deaths and infections due to this pandemic.
We have shown the existence of optimal controls by minimizing the number of susceptible,
exposed, and infected individuals taking into account the cost of implementation. Using Pon-
tryagin’s Maximum Principle the optimal control strategies are determined. In addition, numer-
ical simulations have been performed to illustrate and verify the analytical results. We found
that each of the optimal control strategies was effective, necessary, and had a positive impact
on minimizing the number of susceptible, exposed, and infected individuals compared with the

uncontrolled system, therefore maximizing the number of recovered individuals.
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