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Abstract. This article investigates the stability property of predator-free equilibrium of a predator-prey-scavenger
model with fear effect and quadratic harvesting. The model was proposed by Mohammed Abdellatif Ahmed and
Dahlia Khaled Bahlool (The influence of fear on the dynamics of a prey-predator-scavenger model with quadratic
harvesting, Commun. Math. Biol. Neurosci., 2022, 2022: 62). By applying the standard comparison theorem
and fluctuation lemma, we show that the conditions which ensure the locally asymptotically stable of predator-free
equilibrium are enough to ensure global attractivity. Our result complements and supplements one of the main
results of Mohammed Abdellatif Ahmed and Dahlia Khaled Bahlool.
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1. INTRODUCTION

Mohammed Abdellatif Ahmed and Dahlia Khaled Bahlool [1] proposed the following prey-

predator-scavenger model with quadratic harvesting:

dX rX »  a1XY ar X7

1 — = ————— DX " — —
0 dT 1+ f(Y+2) bi+X by+X’

*Corresponding author
E-mail address: fdchen@263.net
Received August 16, 2022



2 SIJIA LIN, QIANQIAN LI, QUN ZHU, FENGDE CHEN

dy a3 XY )
il — —d\Y —q1E1Y
dT b rx G TaE
dz X2 +rasYZ —drZ — g ErZ?
—_ — a J— J—
dT by+X 26— ak2s,

where X (¢), Y (¢), and Z(¢) denote the population density of prey, predator and scavenger at time
T, respectively. All the coefficients are positive constants. One could refer to [1] for a more
detailed formulation of the model. The non-dimensional model that corresponds to the system

(1) takes the form

dx r 1 y Z ]
— = X —Xx— — ,
dt L1+ wo(wiy+2) wr+x w3y+x
dy [ WX

2 - = - - :|7

() 7 y_W2+x W5 — W6y
% S P +wgy —wg—w }
dt - Z-W3—|—x 8y 9 10<| -

The model always exists a predator-free equilibrium P,(1,0,0). Concerned with this equilib-
rium’s local and global stability, the authors obtained the following results.

Theorem A P, is locally asymptotically stable if and only if the following conditions are met:

(3) wg < ws(wp+1),

4) w7y <W9(W3—|—1).

Theorem B Suppose that P is locally asymptotically stable, then it is globally asymptotically

stable if the following conditions are met:

w 1
(5) =2 > wowy +—,
o %)
w9 ws 1
(6) — > —B1+wo+—,
w7y w7y w3
where
wa(l+w
gy = L)
w5

Now, let us consider the following example.
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Example 1.1. Consider the following system

dx ( 1 y Z )
— = X —x— —
dt 14+3(y+2) l+x 1+x/’
dy X

7 -5 = < —-3- >7

7 dt Y I+x Y
dz ( X _3_>
a — \14x 777

Here, corresponding to system (2), we choose wg = ws = wg = 3,W| =Wy = W3 = W4 = Wg =

w7 = wg = wjg = 1. By simple computation, we have

(8) wi=1<6=ws(wr+1),
9) wr=1<6=wo(wsz+1),
w5 1
(10) — =3<3+1=wyw; + —,
Wy w2
4 1
(11) P 3 D431 =8B wy+ —.
w7 3 w7 w3

That is, conditions (3) and (4) in Theorem A are satisfied, while none of the conditions (5)
and (6) in Theorem B are met. It follows from Theorem A that the predator-free equilibrium
P:(1,0,0) is locally asymptotically stable. However, since the conditions of Theorem B are not
met, we have no idea of the global stability property of the equilibrium P,(1,0,0). Numeric

simulations (Figures 1-3) show that in this case, P(1,0,0) is globally asymptotically stable.
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FIGURE 1. Dynamic behaviors of the first component x in
system (7) with the initial conditions (x(0),y(0),z(0)) =
(0.5,1,1.5), (1,0.5,1), (1.5,1.5,0.5), and (2,2,2), respec-

tively.
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FIGURE 2. Dynamic behaviors of the second component y
in system (7) with the initial conditions (x(0),y(0),z(0)) =
(0.5,1,1.5), (1,0.5,1), (1.5,1.5,0.5), and (2,2,2), respec-

tively.
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FIGURE 3. Dynamic behaviors of the third component z
in system (7) with the initial conditions (x(0),y(0),z(0)) =
(0.5,1,1.5), (1,0.5,1), (1.5,1.5,0.5), and (2,2,2), respec-

tively.

Above example showed that in the system (2), conditions (5) and (6) in Theorem B are not
the essential ones to ensure the globally asymptotically stable of the predator-free equilibrium
P.

Now, one genuine issue is finding suitable sufficient conditions to ensure the globally asymp-
totically stable of equilibrium Py(1,0,0). This paper aims to put forward some studies on this
direction. Indeed, we will prove the following result.

Theorem 1.1 Assume that (3) and (4) are satisfied, then the predator-free equilibrium Py(1,0,0)
is globally attractive.

Remark 1.1. Theorem 1.1 shows that the conditions (5) and (6) in Theorem B are both re-
dundant. The conditions which ensure the local stability of the predator-free equilibrium are
enough to ensure its globally attractive.

The rest of the paper is organized as follows. We will prove Theorem 1.1 in the next section.
We end this work with a brief discussion. For more works on the predator-prey system with

fear effect, one could refer to [1]-[23] and the references cited therein.
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2. PROOF OF THEOREM 1.1

Lemma 2.1[11] Ifa > 0,b > 0 and x > b — ax, when t > 0 and x(0) > 0, we have

ISR

liminfx(r) >
t—r+o0

Ifa>0,b>0andx <b—ax, whent >0 and x(0) > 0, we have

limsupx(z) <
t— o0

QIS

Lemma 2.2[12]/Fluctuation Lemma] Let x(t) be a bounded differentiable function on [ot,oo).

Then there exist sequences T, — o and 0, — o such that

(i) x (T,) — 0 and x(1,) — limsupx(r) = X as n — oo;
f—ro0
(i) x (6,) — 0 and x(c;,) — litrginfx(t) =Xxasn— oo

Proof of Theorem 1.1. For € > 0 enough small, without loss of generality, from (3) and (4) we

may assume that

W7(1+£)
12 _— €
(12) w3+1+8+W8 < wy,
1+e¢
(13) wa(l+€)
wr+14¢€
and
1 € £
(14) —— >0
l+wo(wie+€) wr ws
hold.

From the positivity of the solution of system (2) and the first equation of system (2), it follows

that
dx r 1 y Z ]
—_— = X — X — —
dt -l—l-W()(W]y—l—Z) wy+x w3+x
r 1
(15) < x —X
L1 4+wo(wiy+2)
< x|1—x]|.
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Applying Lemma 2.1 to the above inequality leads to
(16) limsupx(r) < 1.
t—s4o0
Hence, for aforementioned € > 0, there exists a 77 > 0 such that

(17) x(t)<1+¢ for all t>T.

From the second equation of (2) and (17), it follows that

dy [ W4Xx }
- = —Ws5—W
dr y_W2+x 5 6y
'W4(1+8)
18 < y|2ETE }
(18) < y-wz-l-l—i—s W5 — W6y
'W4(1—|—£) ]
< oyl /s
> y_W2+1+8 Ws

Hence, it follows from (13) and (18) that

W4(1 +£)

(19) y(t) <)’(T1)3XP{(m

—W5>(t—T1)}—>0 as t —> +oo.
For aforementioned € > 0, from (19), there exists a 7, > T} such that

(20) () <e for all t> 1.

For t > T, from the third equation in (2), (17), and (20), we have

dz T ow7x n ]
- = w —Wo— W .
7 Z_W3+x 8y — W9 — W10Z
'W7(1+8)
21 < MUTE) e o — ]
2D < Z_w3+1+£+W8 w9 — w102
r 1+e¢
< : ngg_wg]
wi+1+e€

Hence, it follows from (12) and (21) that

W7(1 +8)

22 () SZ(TZ)CXP{<W3—|-1+8

+W88—W9>(I—T2)}—>0 as t — Hoo.
For aforementioned € > 0, from (22), there exists a 73 > 1> such that

(23) z(t) < e for all t>T;s.
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For t > T3, it follows from the first equation of (2), (17), (20), and (23) that

dx [ 1 y 2 ]
dt 1—|—wo(w1y—|—z) wy+Xx w3-+x
(24) 1 £ €
> x[ —x————].
1 +wo(wie+e€) Wy w3

Applying Lemma 2.1 to (24), leads to

1 € £
(25) liminfx(¢) > ———-——>0.
t—>oo I+wo(wie+€) wy ws

It follows from (17) that x(¢) is bounded. Let x = ltimJirnfx(t), then from (25) we have x > 0.
— oo
According to Fluctuation Lemma there exist sequences 0, — +co such that x/(Gn) — 0 and
x(o,) — litminfx(t) =x as n — co. From (19) and (22) one could easily see that y(o,) —
—oo

0,z(0,) — 0 as n — c. From the first equation of (2), we have

T L 1 y(on) 2(0n)
(26) 0= lim ¥'(0) = lim x(0y) 5 30(an o) O T Ty +x<6n>>'

Since x > 0, above equality is equivalent to

. 1 y(0n) z(0n)
27 lim ( —x(c,) - . ) —0.
@7 A T30 e %) T Tox(oy)  Txa(oy)
Therefore,
(28) x=1
(28) together with (16) leads to
2 1 = liminf <1 <.
(29) imin; x(t) < l,fﬂipx(t) <
That is,
(30) tim x(t) = 1.

(19), (22), and (30) shows that P(1,0,0) is globally attractive. This ends the proof of Theorem
1.1. O
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3. DISCUSSION

Recently, Mohammed Abdellatif Ahmed and Dahlia Khaled Bahlool [1] proposed a predator-
prey-scavenger model with fear effect and quadratic harvesting. The authors investigated the
local and global stability of the equilibria; However, probably due to the complexity of the
system, the conditions obtained by the authors to ensure the global stability of the equilibrium
points of the system are complicated and difficult to verify. We observe that the authors inves-
tigated the global stability of the equilibrium points by constructing some suitable Lyapunov
functions. This method makes it possible obtain sufficient conditions to guarantee the global
stability of the equilibrium points, but such conditions may not be optimal. Some additional
requirements are unavoidable, but for the system itself, it can indeed be redundant. By applying
the differential inequality and fluctuation Lemma, we can show that the conditions in [1] to
ensure the global stability of the predator-free equilibrium are redundant. It seems that this is
the first time that the fluctuation Lemma be applied to the predator-prey system with fear effect.

We hope we can do more work in this direction.
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