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Abstract. In the present work, we consider a spatio-temporal model to describe the evolution of covid19 in an area
Q (Q can be a city, a country,..). Taking into account the financial means of the considered country, we suppose
that the number of available vaccines is destined to a region ®; C Q (m; can be an industrial city, a university city.
..) and we suppose that the available treatments are dedicated to a region ®,; C Q (M7 can be a military city,..),
it is not excluded that ®; = ®,. To minimize the number of infection with minimal cost, we apply an optimal
regional control strategy to stop the death of infected individuals in the considered area. Much of this work has
been devoted to mathematical study, where the existence of the optimal controls and the solutions of the state
system are proven, an optimal control characterization in terms of state and adjoint functions are provided, and the
optimality system is solved numerically using a forward-backward sweep method. Our numerical results suggest
that when vaccination and treatment procedures are used together, the control approach becomes more effective in

protecting a specific region from epidemic transmission from neighboring regions.
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1. INTRODUCTION

Mathematical modeling in epidemiology is a pertinent instrument for public health decision
makers. In principle, public policy considerations should be supported by experiments that
can directly measure the impact of public health measures, but for operational purposes, such
experiments are not always feasible. This is where the contribution of mathematical modelling
to the evaluation and anticipation of the effects of public health programs is significant. The first
mathematical models that describe an infectious illness date back to Bernouilli [1, 2] in 1766.
In 1911, Sir Ronald Ross [3] provided the first mathematical model of malaria transmission.
In 1927, W.O. Kermak and A.G. McKendrick applied the ideas of Ronald Ross to the studies
of the transmission dynamics of human infectious diseases. More particularly, Kermack and
Mckendrick applied Ross’ ideas to diseases whose transmission dynamics were dependent on
the frequency and intensity of interactions between susceptible and infectious individuals. Their
results [4], published in 1927, continue to hold a central role in the mathematical analysis
of infectious diseases. Recently, several diseases have been modeled using the SIR model
[5, 6, 7, 8]. Nevertheless, in the last models, it was often assumed that the distribution of
the population was homogeneous in the study space, which does not represent the truth, as
we can see in the cities or countries where we live. This is not the case. There are areas of
low, medium, and high density, so we cannot say that a person living in a low-density area
will have the same number of meetings as a person living in a high-density area, for example.
This observation made it possible to introduce spatial behavior into the SIR epidemiological
model by including the diffusion term in these different compartments, which involves that
the population is dispersed over a spatial region and that it requires time for an infection to
propagate within this region [9, 10].

Nowadays, the whole world is aware of one of the most dangerous pandemics that humanity
has ever witnessed. The Coronavirus, or the so-called COVID-19 pandemic, started in Wuhan,
the Chinese city, in early December 2019. Since its appearance, it has created a state of panic
and terror among all different countries worldwide, and caused the deaths of millions of people
on this planet, triggering global severe social and economic damage, including the largest

global economic recession since the great depression, and the postponement or cancellation
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of sporting, religious, political, and cultural events. Significant shortages of supplies and
equipment were exacerbated by panic buying, and schools, universities, as well as colleges
were closed at national or local levels in 190 countries, affecting about 73.5% of students all
over the world [11, 12, 13]. By direct contact, the virus can be transmitted from an infected
person to others by shaking hands and touching contaminated surfaces. As a consequence,
the infection affects different organs in the human body, such as the eyes, nose, and mouth.
The outbreak appeared first in Wuhan, then spread to all Chinese provinces. Cases have also
been reported in many other Asian and European states, as people move, possibly carrying
Covid-19 to intercontinental destinations and so far from Wuhan to the United States and
Canada, so as to spread around the world at a breakneck speed. In addition, the World Health
Organization (WHO) officially announced on January 30 that the virus outbreak was a public
health emergency of international concern [14] and confirmed that the outbreak turned into a
pandemic on March 11.

The control of epidemics is of increasing importance to governments and public health
officials. Specifically, the goal is to understand the spatial dynamics of the spread of infectious
diseases in order to develop prevention and intervention strategies to reduce their impact on
the population. It is hoped that the interaction of spatial factors in mathematical models of
infectious diseases will lead to a better understanding, prediction, and control of this movement
behavior. Thus, there is no need to justify the critical importance of spatial dynamics in the
description and analysis of infectious diseases. In comparison, few focus on the spatio-temporal
pattern, a related and important concept in mathematical epidemiological models. Because of
the movement of thousands of people from one region to another, the existence of a spatial
component has a remarkable probability. In this case, an epidemic can spread rapidly over a
large area regardless of borders. The geographic scale is therefore central to a multitude of
studies of diseases, which become spatially mobile in different regions by moving from one
area to another.

According to numerous research studies taking into account the spatial aspect of an epidemic
spread [15, 16, 17], we study an extension of the basic SIR model, in which we integrate

the spatial behavior of the population and two terms of control strategies, representing the
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vaccination and the treatment program. The main motivation is to work on the effect of the
treatment and vaccination program on the spread of COVID-19 in a specific area in order to
minimize the number of infected individuals and to reduce the cost of our controls. Therefore,
this work is committed to the mathematical study of the existence and characterization of
spatiotemporal optimal control that minimizes the density of the infected people, the cost of
the treatment, and the vaccination program. It is important to note here that our work is
distinguished from some other associated studies cited in this article, such as [18, 19, 20, 21]
because our work uses two distributional controls that represent the percentage of susceptible
and infected individuals vaccinated and treated respectively for the SIR diffusion reaction
system.

The structure of this work is the following; Section 2 is staunched to the basic mathematical
model and the associated optimal control problem. Section 3, we demonstrate the existence of
a global strong solution for our system. In section 4, we prove the existence of an optimal
solution. Neccesary optimality conditions are confirmed in section 5. As application, the
numerical results related to our control problem are given in section 6. In the end, we conclude

the article in section 7.

2. THE BASIC MATHEMATICAL MODEL

2.1. The model without controls. Most of the work in modeling the dynamics of viral
diseases has used SIR models to understand and predict their spread [22, 23]. In this work, we
formulate an optimal control problem based on a spatiotemporal epidemic model. We presume
that the population habitat is a spatially heterogeneous environment, where the residents show
a tendency to move to regions and their densities will be conditional on space. We give an
extension of these models by introducing the spatial behavior of the population by adding the
term of spatial diffusion. We write S(z,x), I(¢,x) and R(z,x) to indicate that the populations
have spatial and temporal behavior for the susceptible population density, infected population
density and removed population density, respectively. The time ¢ belongs to a finite interval
[0,T], while x varies in a bounded domain Q C R?. The population dynamics is given by the

following system
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3—;9:A+7»AS—bSI—mS
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(1) g:BAIerSI—(g+m+k)1 (t,x) €0 =10,T] x Q
oR

with the homogenous Neumann boundary conditions

S OJR oI

@ m o

=0, (t,x)€X=[0,T]x0Q

where % is the outward normal derivative, Ais the birth rate, b is the effective contact rate, m is
the natural mortality rate, g is the recovery rate, k is the induced death rate of Covid-19. A, B and
v are the self-diffusion coefficients for the susceptible, infected and removed individuals. The

initial distribution of the three populations is supposed to be
3) §(0,x) =80>0, R(0,x) =Ry >0and I(0,x) =1p >0

2.2. The model with controls. As a strategy of control, we adopt a regional
treatment program, so into the model (1), we include two controls u(.)Xw,(.) and
()X, (.) where u(.)and v(.) € L*(0,T;R) and Y, is the characteristic function of ®. The
control u), represents the percentage of the sensible that is vaccinated per unit of time in the
region m; while the controle vy q,represents the percentage of the treated infections per time in
the region m,. The two controls represent the effect of the therapeutic treatment applied to the
infected and susceptible persons who act in the subdomains ®;,®; C Q. The dynamic of the

regional controlled system is given by

(0S
5 = A+AAS — bSI — mS — u), (x)S
4) g:BM+%%%yMH%H—Wm@ﬂ (1,x) €Q=1[0,T] x &
OR
(3 = YAR + gI — mR + VY, (X)] + u) e, (X)S
) B_R_I_ (tx)ex=[0.1]x00

m on  on
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(6) S(0,x)=S0>0, R(0,x) =Ry >0and [(0,x) =1y >0, x€Q

Our goal is to minimize the density of infected individuals also to maximize the removed ones
in both regions ®; and ®;, and also to reduce the cost of treatment program. Mathematically,

our problem is to minimize the objective functional

p
@) J((S,1,R) ,u,v) = [1lI72(0) = IRl 72(0) + E(HuHiZ([O,ﬂxml) + {17210, x)
under the control set U,; defined by
(8) Uad = { (Uwn>VXwn) € (L2 ([0,T] x L*(Q)))*; 0<u < land 0<v < 1}

and where p is a positive weight associated with the control. Indeed, let’s consider

e W12 (]0,T];H (Q)) the space of all absolutely continuous functions f : [0, 7] — H (Q)

having the property that %—]: e W2 ([0,T];H (Q)) where H(Q) = (L? (Q))3.

o L(T,Q)=L?(0,T;H*(Q))NL=(0,T;H' (Q))

3. EXISTENCE OF GLOBAL SOLUTION

We study in this section the existence of a (global) strong solution, of system (4-6), as
our mathematical model is related to a population evolution, then for biological reasons, the
populations S, I and R should remain non-negative and bounded.

Let ¢ = (c1,¢2,¢3) = (S,1,R) the solution of the system (4-6) with ¢® = (So,lo,R0) =

(c(l), cg, cg) . Denote by A the linear operator defined as follow

A:D(A) CH(Q) — H(Q)

(€))
Ac = (Mc1,BAc2,YAc3) € D(A) Ve € D(A)
_ 2q))}, % 92 _de
(10) D(A) = {CE (H* (Q)) o = o =0,a.e eag}

Theorem 1. Let Q be a bounded domain from R?, with the boundary of class C*t* 0, > 0. As

the rates b,m,g,k > 0, (u,v) € Uyg, ® € D(A) and c? > 0on Q (for i =1,2,3), the system
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(4-6) has a unique (global) strong solution c € W12 ([0,T]; H (Q)) such that
c1,¢2,¢3 € L(T,Q)NL”(Q)

In addition, there exists I > 0 independent of (u,v) (and of the corresponding solution c ) such
that forat € [0,T]

i

(11) ' 5,

. )+ HCiHLZ(o,T,m(Q)) +lleill gy + llcill =gy < T fori=1,2,3
L*(Q

Proof. For the proof of the existence of a (global) strong solution for system (4-6), let

fi(c(t)) =A—bcicr —mey —uyp, (x)c
(12) falc(t)) =bcica—(g+m+k)co —vw,(x)c2 1t €]0,T]

f3(c(t)) = g — me3 + VYo, (X)c2 + U)o, (X)c1
The nonlinear term in (12) and we consider the function f(c(t)) =
(fi(c(t)),f2(c(t),f3(c(z))), then we can be rewritten the system (4-6) in the space
H () under the form

dc
gZAC‘Ff(C(t))’ IE[O’T]
c(0)=¢"

As the operator A defined in (9-10) is dissipating and self-adjoint and generates a Cp-semigroup
of contractions on H (Q) see [24] and [25], since |c;| < N fori=1,2,3 where N is a constant,
that represents the total population. Thus function f = (f1, f2, f3) becomes Lipschitz continuous
in ¢ = (c1,c2,c¢3) uniformly with respect to ¢ € [0,T], problem (4-6) admits a unique strong
solution ¢ = (c1,¢2,¢3) € W2 ([0,T]; H(Q)) (See [26, 27]), with ¢1,¢2,¢3 € L? (0,T; H*(Q)).

In order to prove that ¢ € L= (Q), we put M = max{Hf,-HLm(Q) : ”c?HL""(Q) fori= 1,2,3}, it

is obvious to see that the function V; (¢t,x) = ¢; — Mt — Hc(l) satisfies the system

=)

(13) %(t,x) = AV + fi(t,c(t))—M 1t €][0,T]
Vi(0,x) = c(l)_Hc(l)HL“(Q)

The solution of this system can be written

Vi(1) = S(0) (e~ llet =(q) + /0 S(t—5)(fi (c(s)) — M) ds,
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with {S(¢),¢ > 0} is the Cp-semi-group generated by the operator A : D (B) C L? (Q) — L* (Q)
where Au = AAc; and D (A) = {cl cH*(Q), %—;1
fi(c(s))—M <0, it follows that V; (¢,x) <0,V (¢t,x) € Q.

:O,a.eE)Q} Smcec1 Hcl||L°° <0and

According to the same manner we can prove that the function V; (¢,x) = ¢; + Mt + ||c(1) ‘ ‘ 12(Q)

is nonnegative. Then |c; (¢,x)| < Mt + || HL‘X’ V(t,x) € Q and analogously
(14) lei(t,x)| < Mt + HC?HLOO(Q)V(t,x) €Q  fori=2,3
Thus, we have proved that ¢c; € L*(Q) V (¢,x) € Q fori = 1,2,3.

By the first equation of (4) one obtains

I JolOe1|* dsdx —2\ [ Jo 5t %1 Aeydsdx

= fo Jo (A=bcicr —mey — uyo, (x)c1)? dsdx

Using the regularity of ¢y and the Greens formula, we can write

Jo fQ

2Xfé anaL['Acldsdx = Ao Ve |2a’x—7ufQ ‘Vc(l)‘zdx

Then

ac‘ a’sdx—f—?uzfé fQ |Acl|2dsdx+7uf9 |Vcl|2dx—7ufQ |Vc(l)|2dx

- f(; fQ (A —bcicy —mey — u) e, (x)c1)2dsdx

JoJal%

Since ¢V € H*(Q) and ||¢;]| 1=(gyfor i =1,2,3 are bounded independently of v and u, we submit
that ¢; € L~ (0,T,H' (Q)) and the first inequality in (14) holds for i = 1. The remaining cases
can be treated similarly.

Let show the positiveness of ¢y, ¢ and ¢3, first we show the positiveness of up, we set ¢, =

cy —c, with
cy (t,x) = sup{ca(t,x),0} andc; (t,x) =inf{c2(t,x),0}

One multiplies the second equation of the system (4) by ¢, integrates over Q, we have

2dz (fg(cz) (7,%) dx) Jo |BVey (t,x) ‘ dx+(g+m+k) [o (c;)" (t,x) dx
—b [y (cz_) (t,x)dx+ [, X () (V (c5) ) (t,x)dx
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As ¢; < N then —bc; > —bN , we have —~— (fg (cz) (t,x) dx) > —b [N (c z_)z(t,x)dx.

Gronwall’s inequality leads to

/Q<Cz)2 (t,x)dx < e"’N/ () (0,x)dx

Q

Then

One deduces that ¢; (x,2) > 0, V (¢,x) € Q. In addition, we consider the system

( ac1
= = Mer+A=beie —mey — o, (Ve
(15)
dc3
\ g = ’YAC3 +gC2 —mc3 + VX(D2 (X)CZ + MX(Dl (X)C]
where

F(c1,¢3) = A—bcica —mey — u), (X)ci

G (c1,¢3) = gca —me3 + v, (X)c2 + u)e, (¥)c1
It is obvious to see that the functions F' and G are continuously differentiable satisfying
F(0,c3) = A and G(c1,0) = gc2 + V), (X)c2 + ), (x)c; for all c1,c3 > 0. Since initial data
of system (4-6) are non-negative, we deduce the positivity of ¢ and ¢, [28]. One deduces that
c1(x,2) >0, c2(x,2) > 0and 3 (x,) >0V (t,x) € Q. O

4. THE EXISTENCE OF THE OPTIMAL SOLUTION

In this section, we will prove the existence of an optimal control for problem (4-6) subject to

reaction diffusion system and (u,v) € U,y. The main result of this section is the following.

Theorem 2. Under the conditions of theorem (1) the optimal control problem (4-6) admits an

optimal solution (c*,u*,v*).
Proof. Let
(16) J* =inf{J(c,u,v)}

where (u,v) € Uyq and c is the solution of (4-6).
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Obviously J*is finite. Therefore there exists a sequence(c”,u”,v") with (u",V") € Uy, " =

(ch,ch,ct) e W2 ([0,T];H(Q)), such that

(
a n
% = M + A = bl s —me] —u"Y e, (x)cf
(17) acg n n AN n n n
§:[3Ac2+bclcz—(g+m+k)c2—v Yo, (X)Ch (t,x) € Q
5 = YACS + gc — mchy + VY, (X) 5 + U Yo, (x)c]
oc  ac Ik
(18) -5 (1) €
(19) A0,x)=c) fori=1,2,3 xeQ
and
1
(20) J<J(" W) <JT 4 - (Vn>1)
n

Since H'(Q) is compactly embedded in L?(Q), we infer that ¢f(t) is compact in

n

d
L? (Q). Show that {c/ (¢),n > 1} is equicontinuous in C ([0,7] : L* (Q)). As % is bounded in

L?(Q), i =1,2,3, this implies that for all 5,7 € [0, ]

1) <Klr—s|

@7 ends— [ (@P

Q

for any s, € [0,7T]. The Ascoli-Arzela Theorem (See [24]) implies that ¢ is compact in
C ([0,T]: L?(2)). We conclude that there exist a subsquence denoted again ¢} such that

¢ — ¢} in L* (Q), uniformly with respect to 7.

Analogously ¢! — cfin L* (Q), i = 2,3 uniformly with respect to ¢.

The boundedness of AcY in L?(Q) implies its weak convergence in L% (Q) on a subsequence

denoted again Ac? then for all distribution y

/\pAc?:/c?Aw%/c;“Aw:/wAc;"
Q Q Q Q

Which implies that Ac} — Ac}in L?(Q) fori=1,2,3 . Here and everywhere below the sign —

denotes the weak convergence in the specified space. Estimates lead to
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dcf dcf ., .
5 5 inL*(Q),i=1,2,3

cf —crinl*(0,T:H*(Q)),i=1,2,3

f —crinL>(0,T:H'(Q)),i=1,2,3
Writing cfc — cic; = (f —c}) b+ ¢} (4 — ;) and making use of the convergences c!
— cfin L?(Q), i = 1,2 and of the boundedness of ¢}, ¢} in L (Q), one arrives at c'c — c}chin
L?(Q). We also haveV" — v* and «" — u*in L? (Q) on a subsequence denoted again v" and u".
Since U, is a closed and convex set in L? (Q), it is weakly closed, so (u*,v*) € U, and as above
U, (X)€T = Yoy (X)urc} in L2 ([0,T] x ©) also V', (X)c — v¥Ya, (x)ciin L2([0,T] X ®).
Now we may pass to the limit in L2 (Q) as n — oo in (17-19) to deduce that (c*, (u*,v*)) is an

optimal solution. 0

5. NECESSARY OPTIMALITY CONDITIONS

In this section, we establish the optimality condition corresponding to problem (1)and we

investigate a characterization of optimal control.

Theorem 3. The mapping c : Uy — WH2([0,T],H(Q)) with ¢; € L(T,Q) is Gateaux
u*

u
differentiable with respect to w* = . Forw = € Uy, ! (w)w* = C is the unique

p* v

solution in W12 ([0, T],H(Q)) with C; € L(T,Q) of the problem

(aa—f =ACH+JCH Gw sur Q
(22)
C(0.x)=0
with
—bcy —m—uYe, (x) —bc} 0
J= bch Bl —g—m—k—vYw, (x) 0 |,

U Yooy (X) g+ Vv, (%) —m



12 M. KARIM, S.B. RHILA, H. BOUTAYEB, M. RACHIK

—C X, (X) 0
G= 0 — 3, (X)
e (%) €3y (%)
Proof. In order to establish the result of this theorem, let (¢*,w*) be an optimal pair and w® =
w* +ew (€ > 0) € L?(Q). Denote by ¢* = (c%,c5,¢5) and ¢* = (c},c5,c4) the solution of (17-
19) corresponding to w® and w*, respectively. Put ¢§ = ¢} +¢eC*® fori =1,2,3

Subtracting system (17-19) corresponding ¢* from the system corresponding toc® we get

(23)
JC} * * * * *
o = MCE+ (=bcy —m—u"Y o, () Cf + (=bey) C; — ™Yo, (X)¢]
dC5 * * * * *
G = BACE +besCs + (Bej — g —m—k =%, (1)) C5 = Vay ()¢5 (x,1) €Q=1[0,T] x Q
aCE

o = YAGS + ("X, (%)) CT + (8 + V" Xa, (%)) C5 = mC5 + u Yo, (¥) €] +V W, () €

oct _ac _ Gy

9 m ~on o

=0(t,x) €£=10,T] x 0Q

(25) Ct(0,x) =0x€Q, fori=1,2,3

Now we show that C¢ are bounded in L? (Q) uniformly with respect to € and that cf in L* (Q).

To this end, denote

—bc§ —m—uYp, (x) —bci 0
JE = b Bei—g—m—k— v, (x) O
U X e, (%) g+ V%o, (%) —m
—CXo, (%) 0
md G= | 0 et ®

Xon (X)X, ()
Then the system (23-25) can be written in the form
9 = ACE+JECE+ Gw on [0, T}

(26)
C(0)=0
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We consider (S (z),t > 0) the semi-group generated by A, then the solution of system(26) is

given by

(27) Ct (1) = /OIS(t —5)J%(s)C%(s) ds—l—/O[S(t —5)(Gw) (s)ds,

since the elements of the matrix J¢ are bounded uniformly with respect to €, the Gronwall’s

inequality we guide to

e8) ISl <T

for some constant I' > 0 (i = 1,2,3). Then

(29) lef = c7ll2) = €l I 2(g)

Thus ¢¢ — cfin L*(Q), i = 1,2,3. Let

—bcs —m—uY gy, (x) —bci 0
J = bc; BCT —g—m—k—V*sz (x) O
U Y, (%) 8+ Ve, (%) —m
_CTXOM (x) 0
and G = 0 _CSX(Dz (x)

CiXo (x) 5 X (x)

Then the system (23-25) can be written as

;

%L = AC+JC+Gwon [0,T]

(30)
c(0)=0
and its solution is given by
a1 c= [ sG-ss6)CE)ds+ [ 5a-9)Gm)ds

By (27) and (31) one deduces that

(32) CE(t)—C (1) = /0 (= 5) 7 (5) (CE— C) +-C (5) (JE (s) — J (s)) .
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Since all the elements of the matrix J*tend to the corresponding elements of the matrix J in
L*(Q), by using the Gronwall’s inequality, we derive that Thus Ct — Cfin L? (Q) as € — 0, for
i=1,2,3. 0

Let p = (p1,p2,p3) the adjoint variable, we can write the dual system associated to our

problem
(9
_a_f_Ap—J*p:D*DC* ZE[O,T]
(33) p(T,x)=0
dp
£ _p
LN

where w* is the optimal control, ¢* = (c*{, 5, c§) is the optimal state and D is the matrix defined

00 0
byD=] 01 0
00 —1

Lemma 4. Under hypotheses of theorem 1, if (c¢*,(u*,v*)) is an optimal pair, then the dual
system (33) admits a unique strong solution p € W2 ([0,T],H(Q)) with p; = (p1,p2,p3) €
L(T,Q) fori=1,2,3.

Proof. The lemma can be proved by making the change of variable s = T — ¢ and the change of
functions g; (s,x) = p; (T —s,x) = p; (t,x),(t,x) € Q,i=1,2,3. And applying the same method

as in the proof above. 0

Now, we can find the first order necessary condition by applying standard optimality
techniques, analyzing the objective functional and utilizing relationships between the state and

adjoint equations [29].

Theorem 5. Let w*be an optimal control of (23-25) and let ¢* € W2 (0,T; H(Q)) with ¢} €

L(T,Q) fori=1,2,3 be the optimal state, that is c¢* is the solution to (1.2) with the control w*.
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Then, there exists a unique solution p € W' (0, T,H(Q)) of the linear problem

(

———Ap J*p = D*Dc* t€[0,T]

(34) p(T,x)=0
p
Lo =
and
(35)

u* = min <l,max (0,%1()6)@1 —p3))) andv* = min <l,max (0,%@@2 —p3))) :

Proof. Suppose w* is an optimal control and ¢* = (cf,c5,c%) = (c1,c2,¢3) (W*) are the

h
corresponding state variables. Putting w® = w* +¢eh € Uyy,h = "e (L*(0,T:L*(Q)))?

hy
and corresponding state solution ¢® = (c§,c5,¢5) = (c1,¢2,¢3) (WF).

Since the minimum of the objective functional is attained at w*, we have

TO9") (B) = lime 0 (7 (47) —J (w°))

= limg_,0— / / 8% — (c5)*dxdt — / / )? — (c4)*dxdt
4 “Vdxd )2

p xdt + p )-dxdt)
= lzmgﬂo / / C2 — CZ C2 + 02 dth / /

+p / / (eh1)? 4 2hyu*dxdt +p / / (ehy)? + 2hyv*dxdt)
0 Q 0 Q

V(5 + ¢5)dxdt

. £—c3 . *+eh)—c} .
as llme%oczscz = llmsaow% = h(wW)h, 5§ — C;’nLZ(Q)a”dC‘;’C; =

L>(Q), same forc.

Then we obtain

J(w*)(h) = 2f0 Jolc;—c3)e )hdxdt—i—prO thlu*dxdt—i—prO Jo hav*dxdt
= 2f0 DC 7DC>H(Q)+2pf0 w ,]’l (LZ(Q))zdl‘

Since J is Gateaux differentiable at w* and U,q is convex, it is seen that J (w*) (z—w*) > 0 for

allze U,y
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/

T T
.fwﬂ@—wﬂzz/“axtDonwap/ W 2= W) 12
0 0

‘We have

T T
/O<DC*7DC>H(Q) = /0 (D*Dc”,C) ) dt

T
= / <—a—p—Ap—Jp,C> di

T
— / <P,a—C—AC—JC> dt
0 ot H(Q)

= [ PGy

T
= /0 <G*P, (Z—W*»(Lz(g))z dt

We deduce that J (w*) (z—w*) > 0 for all z € U,q equivalent to fOT (G*P,(z—=w")) (12(q))2 dt = 0

for all z € U,q. By standard arguments varying z, we get

1
w*=_—__G*P
p
Afterwards
ut = M(‘Dl —p3) and V* = M(p2 _PS)

p
As (u*,v*) € Uyy, we have

u' = min <1,max <0, %m(pl —p3))) andv* = min (l,max (0, %M(pz —p3))>

O

6. NUMERICAL SIMULATIONS

In this section, we present the numerical results that illustrate and reinforce the effect of
our control strategy. This strategy consists of applying two terms of control, representing the
vaccination and the treatment program, in order to fight against the spread of the COVID-19
disease. We developed a code in MATLAB and simulated our results using different data.
Regarding the numerical method, we give numerical simulations of our optimality system,

which is formulated by state equations with initial conditions and boundary conditions (4-6),
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adjoint equations with transversality conditions, and a characterization of the optimal control.
We apply the forward-backward sweep method (FBSM) [30] to solve our optimality system in
an iterative process. The state equations are solved using a direct method in time by employing
Euler explicit method, in order to discretize the second order derivatives ASy , Alr , and
AR we use the second order Euler explicit method, initial control variables are guessed in
the beginning of the iterative method, next, the adjoint equations are solved backward in time.
Finally, the control variables are updated with the current state and adjoint solutions. The
iterative process is repeated until reaching a tolerance criterion.

To show the importance of our work, and without loss of generality, we consider a 40km x
30km rectangular grid denoted. We assume that the susceptible individuals are homogeneously
distributed, with 45 in each 1km x 1km subdomain, except in the subdomain Q| = cell(20; 15)
, when the disease starts at the middle of Q ; where we introduce 5 infectious, and keep 40
susceptible. All simulations are performed using the parameter values in Table 1. For all figures
below, the red part of the colored bars contains a very large number of individuals, while the
blue part contains the smaller numbers.

In Fig.1 (a), Fig.1 (b) and Fig.1 (c), we present simulations illustrating the dynamics of
susceptible, infected and cured individuals in the case where no control strategy is yet proposed
(see differential system (1). We note that in all these figures presented here, the simulations give
us an idea of the spread of the disease in the case where the infection starts in the middle, in
order to show the effect of the spatial factor, and the contribution of mobility in the transmission

of Covid-19.
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TABLE 1. Initial conditions and parameters values

Parameter Value Description

45 fOl’ Q j . . .

So Initial susceptible population
40 forQ
0 forQ; o .

) Initial infected population
5 forQy

Ro 0 Initial immune population

k 0.01 Mortality due to infection

d 0.02 Natural mortality rate

b 0.24 Transmission rate

g 0.02 Recovery rate

A 0.01 birth rate

AB,y=1,23 0.6 Diffusion coefficient

@

(b

©

FIGURE 1. States of system without controls. (a) Susceptibles behavior in
the absence of control. (b) Infectives behavior in the absence of control. (c)

Removed behavior in the absence of control
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We can see more clearly that the number of susceptible individuals has decreased, and the
disease is spreading rapidly to reach the whole population, which indicates the danger of the
disease. Regarding the class of cured individuals, there are a few cured individuals (about 5
persons). These remarks observed in the simulations lead us to consider the definition of an
appropriate control strategy.

As a demonstration and clarification of the utility of our Covid-19 transmission control
strategy, we present a regional control aimed at preserving a specific region from the impact
of Covid-19 transmission from neighboring regions. We consider two treatment areas as
a rectangle ®; = [20,30] x [0,15] at the border, and @, = [10,20] x [15,25] in the center.
This strategy consists of the introduction of two controls, the first being vaccination to slow
the spread of infection and the second being integrated treatment to reduce actively infected
individuals. The main objective is to show the effectiveness of our vaccination and treatment
procedures in controlling the spread of Covid-19 virus disease in two different regions; the
assumption is that a patient is treated in a region ®;,i = 1,2 immediately after infection with

Covid-19 virus.

t=1

=200 =250 20

FIGURE 2. Susceptible behavior within Q with control in regions ®; and ®;.

Once our spatio-temporal control strategy based on vaccination and treatment is introduced,
we can clearly infer its effect in slowing the spread of infection in the ®;, i = 1,2 areas.

Specifically, in Figure 3, after r = 250, the density of infected people decreases from 30
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individuals per cell (in the absence of control) to O individuals per cell (in the presence of
control treatment) in the ®;, i = 1,2 zones, while there is no changes outside ®;, i = 1,2 where

the number of infected remains the same (see Figs. 3, 4).

FIGURE 3. Infected behavior within Q with control in region ;.

t=1 t=50

=250 20

FIGURE 4. Infected behavior within  with control in region ;.
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t=

=1 =50 =100

FIGURE 5. Recovered behavior within € with control in region ®;.

q
X

=50 =100

FIGURE 6. Recovered behavior within € with control in region ®,.

Finally, as a comparison of the behavior of the susceptible population, Figs. 1 and 2 show
the disappearance of this group in the absence and presence of control. But the difference of
these two cases, is the epidemiological movement of susceptible individuals, in the first case,
susceptible individuals are transferred to the infected class, as it is shown in Figl(a) and Figl(b),
but in the second case, susceptible individuals are transferred to the removed class in the areas

targeted, while there is no change outside these areas, as it is shown in Figs. 5 and 6. Which
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is very advantageous and reflects the importance of our regional control strategy in the fight

against the spread of Covid-19 in specific areas, as it can be seen in Figs. 5 and 6.

7. CONCLUSION

In this article, we present an interesting application theory to study the optimal combination
of vaccination and treatment strategies for spatiotemporal epidemic models described by a
system of partial differential equations. The control variable is the spatial and temporal
distribution of the vaccine and treatment. The existence of solutions to the state system and
the existence of optimal controls have been proved. For our given functional objective, optimal
control is characterized in terms of the corresponding state and adjoint functions. A numerical
simulation is executed, showing that optimal control of treatment time is very efficacious in

reducing the total number of infections for diverse scripts of COVID-19.
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