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Abstract. The current investigation focuses on the dynamics of a discrete-time predator-prey system with additive
Allee effect. Discretization is accomplished by the use of a piecewise constant argument approach of differential
equations. Firstly, we studied the existence and topological classification of equilibrium points. We then inves-
tigated existence and direction of period-doubling and Neimark-Sacker bifurcations in the system. Moreover, to
control the chaos caused by bifurcation, we employ a hybrid control technique. Finally, all theoretical results are
justified numerically.
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1. INTRODUCTION

Many mathematicians and ecologists are fascinated by the topic of prey-predator interactions.
A prominent trend in relevant theoretical research is the development of increasingly realistic
predator-prey dynamics systems. Its significance may be observed in the many proposed sys-
tems that describe the interaction between prey and predator in various scenarios. Lotka [1],
and Volterra [2] system the basic system for the interaction of two species. Numerous scholars
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have modified this system over the years to provide a more realistic explanation and enhance
comprehension since it ignores many real-world scenarios and complexity. Numerous compo-
nents affect the dynamical properties of the predator-prey systems, such as functional response,
fear, refuge, harvesting, and Allee effect [3, 4, 5, 6, 7].

Leslie [8, 9] introduced the following famous Leslie predator-prey system where the carrying

capacity of the predator is proportional to the number of prey:
ey

where x(¢) and y(¢) represent population densities of prey and predator at time #, respectively.
The parameters a and c are the intrinsic growth rates of prey and predator, respectively. The pa-
rameter b measures the strength of competition among individuals of species x. The parameter
m measures the food quantity the prey provides and is converted to predator birth.

In systemling the predator-prey systems, a key factor in consideration is the Allee effect.
The Allee effect is a biological phenomenon that describes the relationship between population
size or density and growth rate. Generally, it happens when a species’ population has a very
low density, making reproduction and survival difficult. The Allee effect, named after Allee
[10], significantly contributes to population dynamics. Several works in the literature explore
the Allee effect in various population systems [11, 12, 13, 14, 15, 16] and find that it may
significantly influence system dynamics.

After incorporating the Allee effect in system (1), we obtain the following system:
& =x(t)(a—by(1)),
@ dy _ my(t) ¢ _y(t)
=Y =Sy Ghm) )

where ai(;)( i) represents the Allee effect and o > 0 is called the Allee effect constant. We

understand that when « increases, the existing Allee effect on the population becomes stronger,
and the species’ population expansion slows. The Allee effect causes the system’s solutions to
take substantially longer to achieve a stable equilibrium point.

It is important to note that in the case of populations with nonoverlapping generations,

discrete-time systems controlled by difference equations are preferable to continuous ones.
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Existing research indicates that the discrete-time system exhibits more complicated dynamic
behaviors and produces more effective numerical simulation results. [17, 18, 19, 20, 21, 22].
The authors of [23] investigated the bifurcation and chaos control of the discrete-time version
of system (2) by using the forward Euler approach with step size 0 as the bifurcation parameter.
The numerical results in [23] reveal that when a large step size is taken in Euler’s approach,
Neimark-Sacker bifurcation occurs; this fact contradicts the precision of the numerical method
for discretization. To address this shortcoming, we employ the constant piecewise argument

technique [24, 25, 26, 27] to construct the discrete version of system (2), as shown below:

Xpnt+1 = Xpexp(a—byy),

3) :
myn
Y+l = Ynexp (c— Xn<a+yn>>»

The objective of the present work is to explore the stability, bifurcations, and chaos in a dis-
crete predator-prey system with the piecewise-constant argument method (3). More precisely,

our main findings in this paper are as follows:

e The existence and topological classification of equilibrium points are discussed.

e At the interior equilibrium point, we investigate period-doubling(PD) and Neimark-
Sacker(NS) bifurcation.

e About interior equilibrium, the direction and existence conditions for both kinds of bi-
furcations are investigated.

e To control chaos in the system, a hybrid control strategy is used.

e Numerical simulations are performed to illustrate that a discrete system has rich dynam-

ics.

The paper is organized as follows: In Section 2, the existence and topological classifica-
tion of equilibrium points are investigated. The existence and direction of the period-doubling
Neimark-Sacker bifurcations are proved analytically in Section 3. The chaos control system is
developed in Section 4. Detailed numerical simulations and computation analysis are developed

to support the analytical findings in Section 5. Finally, Section 6 draws the conclusion to this

paper.



4 R. AHMED, S. AKHTAR, U. FAROOQ, S. ALI

2. TOPOLOGICAL CLASSIFICATION OF EQUILIBRIUM POINTS

Equilibrium points of the system (3) are determined by solving the following system of equa-

tions:
x = xexp(a — by),
4) 2
_ my
y —yexp(c— x(a+y)>.

Simple computation yields the system (3) has one nontrivial equilibrium point £ =

azm CI).

(bc(aera) 'b

To analyze the local stability properties of the equilibria, we need the Jacobian matrix J at an

arbitrary equilibrium (x,y), which is given as follows:
Ji Jji2
Jey) =" ",
J21 J22
where

__m y2

e x(y+a) my3

. o 7by . o afby . o
11 =€ jio=—be" Px, jo1 =
g g g (y+a)

Y

2
¢TI0 (x(y+ )2 —my2(y+200))
x(y+o)? ’

J =

The following lemma describes the various conditions associated with the local stability anal-

ysis of equilibrium points.

Lemma 2.1. [28]
Let F(6) = 6?4+ A10 +Aq. Assume that F(1) > 0. If 6y, 6, are two roots of F(8) = 0, then
(1) 161] < 1and |6:] < 1iff F(—1) > 0 and Ag < 1,
(2) |61 < land |6y > 1 (or |61 >1and|6:] <1)iff F(—1) <0,
(3) 161] > 1 and |65] > 1 iff F(—1) > 0 and Ag > 1,
(4) 1= —1and |6| £ 1 iff F(—1) = 0and A; #0,2,
(5) 61,6, € Cand |0, = 1iff A3 —4Ag < 0 and Ag = 1.

Let 6, 6, be eigenvalues of J(x,y), then following topological classifications are considered:

(i) (x,y)isasinkiff |6;] <1and|6,| <1,
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(i) (x,y)is asource iff |0;| > 1 and |6,| > 1,
(iii) (x,y) is a saddle point iff |8;| < 1 and [6,| > 1 (or |6;| > 1 and |6>] < 1),
(iv) (x,y) is non-hyperbolic point iff either |6;| = 1 or |6;]| = 1.

The Jacobian matrix J and its characteristic polynomial F(6) for system (3) evaluated at

(12]11

E = (W 7) are computed as follows:
1 —_am
J — ac+bco
(x’y> A(a+ba)  g—ac+ba—2bca,
am a+bo
and
F(6) =67+ (a(—2+c)+2b(—1+c)a)6 N a+a*c+b(l—-2c)a+ac(—1+ba)

a+ba a+bo
By simple computations, we obtain

a+a’c+b(l1—2c)a+ac(—1+ba)
a+ba

a’c—4b(—1+c)o+a(d+c(—2+ba))

a+bo '

F(l)=ac, F(0)=

Y

F(—1)=
Using Lemma 2.1, we discuss the topological classification of E by stating the following result.

Theorem 2.2. The following holds true for equilibrium point E of system (3):

. P —da—4bo . . . . . .
(1) Eis asink ifc < —- @ —dbaraba and if one of the requirements listed below is satisfied.:

(a) 0<a<l,

(b) 1 <a<?2andb >

2a+aa’

(2) E is a saddle point if c > —- o ‘;“_;‘ZZ Ofmba and if one of the requirements listed below is
satisfied:

(a) 0<a<?2,

(b) 2<a<4andb> 22

4o+aa’
(3) E is a source if one of the requirements listed below is satisfied:
(a)a =>4,

—4da—4ba
—2a+a’—4ba+abo’

(b) 1<a<?2, b< 2(Hm,andc<

(c) 2<a<4andb<2“—“

—4do+aa’
2a—a?* —4da—4ba
(d) 2<a<4,b>—F75 andc< atd—dbataba’
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(4) E is a non-hyperbolic point if one of the requirements listed below is satisfied:

—4(1—c) _ —4a+2ac—d’c
(Cl) 1<C§27 a<T,andb—m,

—4+42 —4(1—c _4aq4-2ac—a?
(b) ¢ >2, =2 <a< A and b= R
a(l—a)

(c) c<2, 1<a<2, andb=

o(—2+a)’
4 1-
(d) 2<c<4, 1<a<i andb= G000
. : _ _2 _ _2 :
It is clear that if b = #m or b= #m, then one of the eigenvalues of J(E)

is —1. As a result, there is the potential for period-doubling bifurcation to take place if the

parameters are allowed to change in a close neighborhood of A; or A,, where

—4(1—c) —4a+2ac —d’*c

A — b o ]RS 1 <2 - 2 b=b =

1 {(a, ,om, ) €RYIN<c<2,a< c ' ! 4a—4ca+aca}’
—442¢ —4(1—c¢) —4a+2ac —d’*c

2 {(61, ,e;m,0) €RY e >2, <a< c ’ 27 4o —4ca taca

Furthermore, if b = % orb= %, the eigenvalues of J(E) are unit-modulus complex.
Thus, the system experiences Neimark-Sacker bifurcation if the parameters are varied in a close

neighborhood of A3 or A4, where

Az = {(a,b,c,m,a) € ]Ri

1_
c<2l<a<a beby= 219 1
o(—2+a)

4 1—
2<c<4, 1<a<—,b:b4—u}.
C

Ay =< (a,b o) € R} —
4 {(Cl, ,C, N, )6 + (X(—2+a)

3. BIFURCATION ANALYSIS

In this section, we discuss period-doubling and Neimark-Sacker bifurcations for equilibrium
point E of system (3) by taking b as bifurcation parameter. We began by investigating the
period-doubling bifurcation at £ when parameters vary in a small neighborhood of A;. Similar
investigations can be done for A,.

If b varies in a small neighborhood of b1, then system (3) takes the following form:

Xnt1 = Xpexp(a—biy,),

&)

my?
Yn+1 = YneXp (C - xn(a+yn)> '
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Next, we consider a perturbation of system (5) as follows:

X1 = Xpexp <a — (b1 + S)yn) ;
(6)

_ __my
Ynt1 = Yn€XP\ €= Taty)) |

where € is a perturbation in bifurcation parameter b and |€| < 1. Now, it is noted that by using

a2m

Vo= — G
bre)clat(re)a)’ Vn = In " bre

transformation u, = x,, — ( one can translate the equilibrium point

E to origin. Under this translation, the system (6) becomes

a(4+(—4+a)c)m

Unt1 1 sz | | F(up,vn, €)
(7) - 273 } ac + ’
Vi1 —m —1—=% Vi G(I/tn,Vn,S)

where

F(tn,vn,€) = a1unvy + azv, + asitnV + asvy + asuinvn€ + agva€ + O(([un| + [va| + €])*),
G( _ 3 2 2 3 2 2 2
U, Vn, €) = biu, + bau,vy, + b3uyvi, + bav;, + bsu;, + beun vy, + byv;, + bgie, € + bouy v, €
+ blov,%é‘ +b11un€ +biavy€+ b3+ b14un82 + b15vn82 + b1682 + b1783

+O((Jual + [val +[€])*),

where the values of ay,a»,a3,a4,as,a6,b1,b2,b3,b4,b5,be,b7,bg,b9,b10,b11,b12,b13,b14,b15,
b16,b17 are provided in Appendix A.

Next, we use the following transformation:

(4a—4ac+azc) m- 4dm—4cm+acm

) R I c o
Vn 1 1 Jn
As a result, the system (7) becomes
(9) €n+1 . —1 0 €n + (P(en,fnag)
fn-H 0 _% fn (P(enaf}’l?g)

where
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o (en, fn,€) = cle,s; + cze%fn + C3enfn2 + C4f,13 + C5e% +ceenfn+ C7f3 + cse,%e + coenfrn€

+Cl0f2€ + Cl1en€ + Clafu€ 4 C13E + Cl4e,8” + C15 £, €0 + c16€% + 178

+O0((len] + fal + 1)),

Olen, f[,€) = d1& + dre> fr+ dzenf> + duf> + dse> + dgenf, + d7f> + dge’e + doep fr€

—|—d10f,128 +di1e € +dipfn€+dize —|—d14en82 —|—d15fn82 —|—d1682 +d1783

+O0((leal +1ful +1€))*),

where the values of cy,c2,c3,c4,c5,c6,c7,c8,c9,C10,C11,C12,€13,C14,C15,C16,C17, and

b1,b2,b3,b4,bs,be, b7,bg,bo,b10,b11,b12,b13,b14,b15,b16,b17 are provided in Appendix B.

Next, we determine the center manifold W€ (0,0) of the system (9) at the equilibrium point

(0,0) in a small neighborhood of € = 0. It can be expressed as follows:

WC(Oa()aO) = {(ename) eR’

jh:A@e+ﬂﬁ&+ﬂhaﬁ+m@e?+0«kﬂ+¢dﬁ)}

where
o 413 ___ds _ 2ci3ds +dy — Adn +dedy3
LR R P —1+A2 !
1
M3 =

2 2 22 2
—CTads +2Ac7ds — A ds —c13d 2Acizdi — A d
(_1+,1)3(1+;L)( c13ds +2Ac13ds — A%c13ds — c13di +2Aci3di — ATcady
— c13dediz + Acizdediz — diad13 + 12d12d13 —d7d%3 — )yd7d%3 —dig+Adis +7tzd16

— )L3d16> .

The system (9) restricted to the center manifold W€ (0,0,0) is provided by

ced: ced
F:ep1= —en—f—eﬁq +€cy3 —i—ez(cl — _16+5;t)+en8(c11 — —i—fl)
diz(— (=14 A)cip+c7d13) crd cod 2¢7dsd
2 13 12+ c¢7di3 2 1245 2d13 7ds5d13
£ £ — —
Tt (C1+4) el - T T T T Cir )

c6(2c13ds — (— 1+ A)dy1 +ded13) 2 cody3 C3d123
* —1+A2 ) +ent(cra —14+24  (=1+21)2
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L e12(2eizds — (=14 A)dn +dodi3) _ 2e7d13(2¢13ds — (—1+A)dh +dedi3)
—1+A? (—14+2)2(14+ 1)
1

B (_1+A)3(1+1)C6<(_1 +)L)2C%3d5+(_1+/1)013((_1 +7L)d11 —d6d13)

+ (14 A)(=(=14A)diadi3 +d7d3 + (=14 1)%d6)))

1
EErIETLE

+(1+A)(—(=1+A)diadi3 + dydiz + (— 1+ 1)?dy6))

1
(—1+A)*(1+1)

+ (—1 +ﬂ«2)d13((—1 +)~)C10 — C4d13) +2C7((—1 +A)ZC%3d5

+&3(cy7— —1+A)2ctyds + (=1 + A)eiz((—= 1+ A)diy —ded)3)

+ d13(—(—1+l)3(1+l)615
+(=1+A)ei3((—14A)dn —dedi3) + (14+4) (= (=1 +A)diadrs + drdis

+(=1421)%d16)))).

Now for period-doubling bifurcation, we require that the following two quantities & and 1 are

non-zero, where

(10) 6 :Fsi‘enen‘i‘zﬁene

ced13
22(011+65013— >,
(0.0) —1+4

ceds
=2 <c1 + c% — ) .
0,0) —142

As a consequence of the above study, we reach the following conclusion:

. 1.
( enen)z + §Fenenen

(1) n=

N —

Theorem 3.1. Suppose that (a,b,c,m,a) € A;. The system (3) undergoes period-doubling
bifurcation at equilibrium point E if &,1 defined in (10) and (11) are nonzero and b differs in
a small neighborhood of by = %M' Moreover, if N > 0 (respectively N < 0), then the

period-2 orbits that bifurcate from E are stable (respectively, unstable).

Next, we investigate Neimark-Sacker bifurcation at £ when parameters vary in a small neigh-
borhood of A3z. Similar investigations can be done for A4.

If b varies in a small neighborhood of b3, then system (3) takes the following form:

Xnt1 = Xpexp(a—b3y,),
(12)

my?
Yn+1 = YneXp (C - xn(a+yn)> '
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Next, we consider a perturbation of system (12) as follows:

Xn41 = Xn€Xp (a - (b3 + 'Y))’n> )
(13)

my?
Va1 = Ynexp (c - x,,<a+yn>) ’

where 7 is a perturbation in bifurcation parameter b and |y| < 1. Now, it is noted that by using
a*m vo—vy A
bi)cla+Bina) T I T by

transformation u,, = x,, — ( one can translate the equilibrium point

E to origin. Under this translation, the system (13) becomes

(—2+a)am

Uy 1 === |u, F (uy, vy, €)
(14) = ‘ + :

Vgl ko 1993 Vn G(un,vn,€)
where

(—2+a)cay

acze —2ay+a(—1+ay)
ky1 =

(=24+a)m(—2ay+a(—1+ay))’
(—2+a)cay

e 2ot (—adc+ 402y — daay(—1+c+ ay) +a* (1 +2(—1+c)ay+ a®y?))
(—2ay+a(=1+ay))?

ko =

Y

F(umvm‘g) = a1 UnVn +a2unv,21 +Cl3v,21 +Ll4v,31 + 0((|I/tn| + |Vn|)4),

G(up,vp,€) = blu,% +bou,v, + b3v,% + b4u,31 + b5u%vn + b6unvﬁ + b7v,31 + O((|un| + ]vn\)4),

where
_(t@a 1 (“ltaa N
al_(_2+a)a Y a2_2 (—2—}—61)@ Y|
am (a*+2ay—a(l+ay)) am (a2—|—2a}/—a(l—|—ay))2
asz = ; a4 =

2ca 6(—2+a)co? ’
and values of by,by,b3,b4,bs,bg,b7 are provided in Appendix C.

Let

(15) 0> —p(7)0+4¢(y) =0

be the characteristic equation of the Jacobian matrix of system (14) evaluated at (0,0), where

(7) 1 <3 e 414 %) 2y fdaay(—1+
- a’ce 2orra(—T+ay) e —2oy+a(=1+ay) ) o aoyl— o
Pty (=2ay+a(—1+ay))? 4 !

(=2+a)cay ) ) (=2+a)cay 2
4 T (<1 et ap) - @((—1+ap)? + e TR (1 42(—1 4 Jay+ odPP)) ),
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(—2+a)co
¢ Tavsal-Tray (—a’coy+40?y* —daay(—1+c+ ay)+a* (1+2(—142c)ay+ a’y?))

q(y) = (—2ay+a(—1+ay))? '

The roots of (15) are given by

(16) 0, = @i% 44(y) — p2(7).

Since (a,b,c,m,a) € Az, we have, |0 2| =1 and

Additionally, at ¥ = 0 it is required that 6{‘ , # 1 for k € {1,2,3,4} which is equivalent to

p(0) # —2,—1,0,2. Since (a,b,c,m,a) € As, it follows that p(0) = 2 — ac # +2. Moreover,
p(0) # —1 and p(0) # 0 implies that ac # 3 and ac # 1, respectively.
The following similarity transformation is considered in order to convert the linear part of

(14) into canonical form at y = 0:

(—Z—Q;a)am 0 en

17 =
Vn —g —L/—ac(—4+ac)| | f

Under the transformation (17), the system (14) becomes

enil — 4 —% —ac(—4+ac)| |en D (en, fn)

(18) = I ,
frt1 I/—ac(—4+ac) 1-% f Y (e, fn)

where

(e, fr) = Crey +Caeh fr+ Caenfr +Cafy +Csel + Coenfr+Crf2 +O((len| + | fu])Y),

P(en, ) = Die; + Daepfu+ Denfy + Dafs + Dses+ Deenfn+ D7 fr + O((lea| + | fa])*),

where values of Cy,C,,C3,Cy4,Cs,Cg,C7,D1,D,D3,Dy4, D5, D¢, D7 are provided in Appendix
D.

To examine the direction of the Neimark-Sacker bifurcation, we consider the first Lyapunov
exponent derived as follows:

1—26,)62 1
(199 L=\ |—Re wmzomn — —|my1|* = |moa|* 4 Re(6yma1) ,
1-6; 2 y=0
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where

1 .
ma0 = g [q)enen - q)fnfn + 2lPenfn + l(lPenen - lenfn - zq)enfn)] )

1 .
mll = L_‘_ [q)enen +q)fnfn + l(\Penen +‘Pf”f"):| )

1 .
mo2 = g [q)enen - q)fnfn - 2lPenfn + l(lPenen - lenfn + zq)enfn)] ’
1 .
ma1 = 1_6 [q)enenen + q)enfnfn + \Penenfn + lenfnfn + l(\Penenen + lPenfnfn - q)enenfn - q)fnfnfn)} .

Due to the computations mentioned above, we have the following theorem:

Theorem 3.2. Suppose that (a,b,c,m,a) € As. If ac # 1,3 and L # 0, then equilibrium point

E of system (3) undergoes Neimark-Sacker bifurcation when the bifurcation parameter b varies

in a small neighborhood of bz = aC’((jz_le). In addition, if L <0 (or L > 0), then an attracting

(or repelling) invariant closed curve bifurcates from E for b > bz(or b < b3).

4. CHAOS CONTROL

In this section, we implement the hybrid control approach in system (3) for controlling the
chaos generated by the period-doubling bifurcation and the Neimark-Sacker bifurcation. We

consider the following controlled system, which corresponds to system (3):

Xp+1 = Bxpexp(a—by,) + (1 —B)xn,

(20) .
Ynt1 = Bynexp <c - xn(ayfyn)) + (1= B)yn,

where 0 < B < 1 is the control parameter for the hybrid control method. The equilibrium points
of the controlled system (20) and the uncontrolled system (3) are identical. By appropriate
choice of 3, the bifurcation for E of system (3) can be advanced or delayed or even entirely

obliterated. One can compute Jacobian matrix at E for system (20) as follows:

1 __a@mB_
. ac+bca
J(E) o (a+ba)B  a+ba—acB—2bcof
am a+bo

The trace T and determinant ¢ of J(E) are
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Lo 2a+2ba —acP —2bcaf
a+bo
o a+a*cB?+bo(l —2cB)+acB(—1+bap)
a+bo

Y

The Jury condition states that the equilibrium point E of system (20) is stable if and only if
the following requirements are met:

(

T+0+1>0,

(21) {—T+0+1>0,

c—1<0.

5. NUMERICAL EXAMPLES

Some intriguing numerical examples are offered in this section to validate our theoretical

discussions on various qualitative characteristics of the system.

Example 5.1. We select the parameter values and initial values as follows:
a=15,c=18m=2,00=0.8,x(0)=0.01,y(0) =0.1.

For these values, the equilibrium point of (3) is E = (0.0199124,0.129032). The eigenvalues
of J(E) for these values are Ay = — 1,y = —0.35, which confirms that the system (3) undergoes
period-doubling bifurcation at (0.0199124,0.129032) as bifurcation parameter passes through
by = 11.625. We plot bifurcation diagrams for both prey and predator populations for b €
[11.5,12.5] (see Figure 1a and Figure 1b).

For controlled system (20), we consider the same parameter values with B = 0.98. The
bifurcation diagram for the controlled system depicts that period-doubling bifurcation has been
delayed. See figures Ic,1d. The controlled system is experiencing Neimark-Sacker bifurcation
when b passes through by = 12.4147 (See Figure Ic and Figure 1d). In the original system
(3), the equilibrium point E is stable for b < 11.625, whereas in the controlled system (20), the

equilibrium point E is stable for b < 12.4147.
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FIGURE 1. Bifurcation diagrams of (3) and (20) for f = 0.98,a = 1.5,¢ =
1.8,m=2,0=0.8,x(0) = 0.01,y(0) = 0.1,b € [11.5,12.5].

Example 5.2. We select the parameter values and initial values as follows:

a=15,c=18m=2,0=0.8,x(0)=0.5,y(0) =0.85.

For these values, the equilibrium point of (3) is E = (0.444444,0.8). The eigenvalues of

J(E) for these values are 6; = —0.35 —0.93675i,0, = —0.35+ 0.93675i satisfying |6 2| = 1,

which confirms that the system (3) undergoes Neimark-Sacker bifurcation at (0.444444,0.8) as
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bifurcation parameter b passes through by = 1.875. We plot bifurcation diagrams for both prey

and predator populations for b € [0.94,2.14] (see Figure 2a and Figure 2b).

(A) (B)

FIGURE 2. Bifurcation diagrams of (3) for a = 1.5,¢c = 1.8,m = 2,a =

0.8,x(0) = 0.5,y(0) = 0.85,b € [0.94,2.14].

The equilibrium point E is a sink for these parameter values iff b > 1.875. Figures 3a-
3e depict phase portraits of system (3) for different values of b. The figures show that the
equilibrium point E is a sink for b > 1.875 but becomes unstable at b ~ 1.875, where the
system (3) experiences Neimark-Sacker bifurcation. A smooth invariant curve appears for b <
3.1746, increasing its radius as b decreases. By decreasing the value of b, the invariant curve
disappears suddenly, and some periodic orbit appears, and then again, we have an invariant

curve in place of a periodic orbit.
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FIGURE 3. Phase portraits of (3) fora =1.5,c =1.8,m =2, a = 0.8,x(0) =
0.5,y(0) = 0.85,a € {1.23,1.28,1.83,1.87,1.88}.
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For controlled system (20), we consider the same parameter values with B = 0.95. The
bifurcation diagram for the controlled system depicts that Neimark-Sacker bifurcation has been
delayed. See figures 4a,4b. The controlled system is experiencing Neimark-Sacker bifurcation
when b passes through by = 1.38587 (See Figure 4a and Figure 4b). In the original system
(3), the equilibrium point E is stable for b > 1.875, whereas in the controlled system (20), the

equilibrium point E is stable for b > 1.38587.

(A) (B)

FIGURE 4. Bifurcation diagrams of (20) for B = 0.95,a = 1.5,c = 1.8,m =
2,a=0.8,x(0) =0.5,y(0) =0.85,b € [0.94,2.14].

6. CONCLUSION

We suggested and investigated the discrete-time predator-prey system (3) with the additive
Allee effect in this study utilizing the constant piecewise argument approach. The authors of
[23] investigated the bifurcation and chaos control of the discrete-time version of system (2) by
using the forward Euler approach with step size & as the bifurcation parameter. The numerical
results in [23] reveal that when a large step size is taken in Euler’s approach, Neimark-Sacker
bifurcation occurs; this fact contradicts the precision of the numerical method for discretization.
We employ the constant piecewise argument approach to compensate for this shortcoming to
obtain system (3). The presence of equilibrium points and their topological classification is ex-

amined. Furthermore, it is demonstrated that the population may maintain both period-doubling
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and Neimark-Sacker bifurcation at the equilibrium point E£. Using bifurcation theory and the
center manifold theorem, the parametric conditions for the direction and presence of both types
of bifurcations are derived. A hybrid control method is applied to regulate the chaotic and bi-
furcating behaviors of a discrete-time system. Finally, a few numerical examples are given to

back up the analytical and theoretical findings.

APPENDIX A
2( +(—2+a)c ) B a3(4+(—2—|—a)c)2m B a(4+(—-2+a)c)
“T2@ T (Ara)epa? T R2EGET (Ara)er’ P T G (4ta)oa
_a 244 (—2+a)c)m as = 1. ag = _a(d+ (—4+a)c)m7

4c2o ’ 4c2

4c’ (44 (=2 +a)c)* (6 — 6¢ +c?)

b=~ 3(4+(—4+a)c)mio? ’
by — A+ (2+a)e)* (8 +2(=6+a)c+ (2 —4a)c® +ac’)
(44 (—4+a)c)*m*a? ’
by — _c(4—|—(—2+a)c)2 (324 16(=5+a)c+2(20—18a+a?) ¢* —4 (2 —3a+a?)  + a*c*)
) 4(4+ (—4+a)c)’mo? ’
by = “BEaT (_14+a)c)2a2 (44 (—24a)c)? (384+96(—10+3a)c+8 (80 —72a+9a%) ¢

+6(—24+44a— 18a2+a3) A —6a (4—5a+a )c +a3c5>

2(=2+¢) (44 (=2 +a)c)

b = T G (CAtra)onta
b — _cz(4+ (=2+a)c) (—4— (—2+a)c+ac?)
(4+(—4+a)c)’ma ’
by — (4+(—2+4a)c) (—32—16(—2+a)c —2 (4 —6a+a*) > + a*c?)
8c(4+(—4+a)c)a ’
by — c* (8+2(—124a)c+ (14 —4a)* + (-2 +a)c?)
a(4+ (—4+a)c)>m? ’
_ ¢(32+416(—6+a)c+2(32—20a+a*) * —4 (3 —5a+a*) A+ (—2+a)ac?)
- 2a(4+ (—4+a)c)m :
bio = 16262 (384+32(—32+9a)c+8 (100 —76a +9a*) ¢* +2 (— 112+ 168a — 56a* +3a’) ¢

+ (16 —48a +38a*> — 6a°) ¢* + (-2 +a)a’ 5)



PREDATOR-PREY SYSTEM WITH ADDITIVE ALLEE EFFECT 19

b (1402 a b (4+ (—4+a)c) (—8—2(-3+a)c+ac?) a (44 (—4+a)c)’a?
e am o dac BT a4+ (=24 a))
c(4+(—4+a)c) (2—dc+c*) a?
by =— ) )
a*m
b (4+ (—4+a)c)* (24+6(—6+a)c+ (10— 6a)c* +ac®) o?
15=—

16a2c? ’
(4+ (—4+a)c)® (-8 —2(-2+a)c+ (—2+a)c?) o
8a2c(4+ (—2+a)c)? ’
(4+ (—4+a)c)* (96 +48(—3+a)c+2 (56 —30a+3a*) ¢ + (=28 +26a — 6a%) 3 + (-2 +a)*c*) a*
48a*c?(4+(—2+a)c)? '

big=—

b7 =

APPENDIX B

(44 (=2 +a)c)>(192+96(—5 +a)c + 8(40 — 21a+ 3a?)c? 4 (=72 + 72a — 18a* + a®)c?)
6c¢2(4+ (—4+a)c)*(—4 +ac)o? ’

1=

o =— <(4+ (=2 +a)c)*(—128 — 16(—20+7a)c — 4(60 — 46a + 5a°)c* — 2(—28 + 38a — 10a> + &) ?
—|—(—2+a)2ac4)>/<2c2(4+(—4+a)c)2(—4+ac)062),

c3=— ((4 +(=2+a)c)*(—128 — 64(—4+a)c — 4(44 — 34a+9a*)c* — (=40 + 72a — 364> + @) 3
+a(8—9a+a2)c4)>/<202(4+(—4+a)c)2(—4+a0)062)7

4= ((4 +(—24a)c)*(—48(—2+c)* +a* (2 — 6¢+ ) + 6a*c(12 — 10c 4 3¢?)

—24a(—8+ 14c —7¢ +c3))> / <1zc(4+ (—4+a)c)2(—4+ac)a2>,

(@4 (=2+a))(16+4(—4+a)c+ (—2+a)*c?) 24+ (-2+a)c)2+(—1+a)c)
S=T c(4+(—4+a)e)(—4+ac)a o= c(—4+ac)o ’
A+ (—2+4a)c)(—32+32c—4(2—a+a*)* +d*c?)
2c(4+ (—4+a)c)(—4+ac)al !
o= — (192 +16(—32 + Ta)c + 8(50 — 26a + 3a®)c? +2(—56 + 52a — 14a* + a)c? — (-2 +a)3c?)

2ac*(—4+ac)
1

= AT a0 <—128 —16(=20+7a)c — 4(68 — 55a + Ta*)c* + (88 — 124a + 37a*> — 24°) 3

+(—8+18a —94° —|—a3)c4>,



20 R. AHMED, S. AKHTAR, U. FAROOQ, S. ALI

1

o=  4ac?(—4+ac)

(256 +64(—1043a)c + 8(64 — 42a+Ta*)c* +2(—80 + 96a — 424> + 3a*) >

+ (16 — 32a 4 304> — 6a°)c* + (-2 +a)a2c5> ,

8+ (=6+a)c)(4+(—4+a)c)a _ (24c)@d+(—4+a)c)(2+ac)a
= ac(—4+ac) =T ac(—4+ac) ’

B 2(4—}—(—4—i—cz)c)2062 B (4—1—(—4—|—zl)c)2(—12—2(—9—i—cz)c—|—(—S—i—a)cz)oc2
BT+ (24 a)0) (—dtac) M7 2822 (—4 + ac) ’
e (44 (=4 +a)c)? (164 (—20+6a)c — 6(—1 +a)c? +ac®)a?

4a?c(—4+ac) ’

(44 (=4+a)c)* (=8 —2(-2+a)c+ (-2 +a)?)a?
2a%c(4+ (—2+a)c)?’(—4+ac) ’

Cl6 =
cr7=— <((4 + (=4 +a)c)* (96 +48(—3 +a)c +2(56 — 30a + 3a*)c* + (—28 4 26a — 6a°)c?

+(—2+a)2c4)a4e3>/<1za3c2(4+(—2+a)c)3(—4+ac))>,

g a(4+(—2+a)c)*(—96 —48(—5+a)c —2(80 —42a+7a*)c? +9(—2 +a)*c?)
e 12¢(4+ (—4+a)c)>(—4+ac)a? ’

dy = <a(4+ (=2+a)c)?(—128 — 64(—5+2a)c — 8(30 — 23a + 2a*)c* — 2(—28 +38a — 104> + a*) >
+(—2+a)2ac4)>/<8c(4—|—(—4—|—a)c)2(—4+ac)a2>,

ds = (a(4+ (=2 +a)c)*(—128 — 32(—8 4 3a)c — 8(22 — 17a+3a*)c* — 2(—20 4 36a — 184> +a°)c?
+a(8—9a+a*)c")/(8c(4+ (—4+a)c)*(—4+ac)a?),

dy = — <a(4 4+ (=24a)c)*(—48(—2+4¢)* +a’c* (6 — 6¢ + c*) +2a*c(16 — 30c + 9¢?)

_24a(_12+146_7cz+c3))>/(48(4+(—4+a)c)2(—4+ac)062>7

_a(4+(—2+a)c)(16 +4(—4+a)c+ (—2+a)*c?)

= 44+ (~4+a))(~4+ac)a ’
de — ac(4+4 (—2+a)c)(8(=3+c) — 10a(—2+c) +a’c)
44+ (—4+a)c)(—4+ac)o ’
iy — _ac(4+(—2+a)c)(=8(—4+c)+4a(-4+0) +a*(—2+c¢)c)
84+ (—4+a)c)(—4+ac)a ’
i — (192 +16(—32+7a)c + 8(50 — 26a + 3a*)c* +2(—56 + 52a — 14a®> +a’)c® — (—2+a)3c4)7

8c(—4+ac)



PREDATOR-PREY SYSTEM WITH ADDITIVE ALLEE EFFECT 21

1
do = e <128 +16(—19+7a)c +4(68 — 57a+7a*)c* +2(—44 + 62a — 184> +a’)c?

—(-8+ 18a—9az—|—a3)c4>7

1

do=——"—
10 16¢(—4+ ac)

(256+ 192(—=3 +a)c + 8(64 — 46a + 7a*)c? +2(—80 4 96a — 40a> + 3a°) >

+ (16 —32a+ 304 — 6a°)c* + (—2+a)a2c5> ,

8+ (—=6+a)c)(4+(—4+a)c)a (=24+c)(d+(—4+4a)c)2+ac)a

dyp = — , dip =

4(—4+ac) 4(—4+ac) ’
don = c(44 (—4+a)c)*a? 4+ (=4 +a)c)?(=12—2(=9+a)c+ (=5 +a)c?)a?
BT o@r (m2+a)e)(—4+ac) T 8ac(—4+ac) ’
diee (44 (—4+a)c)* (16 + (=20 + 6a)c — 6(—1 +a)c* +ac®)o?
B 16ac(—4+ac) ’
die e (44 (—4+a)c)} (-8 —2(=2+a)c+ (—2+a)?)a?
1o 8a(4+ (—2+a)c)2(—4+ac) ’
d (44 (—4+a)c)*(96 +48(—3 +a)c +2(56 — 30a+ 3a?)c? + (=28 + 26a — 6a* ) + (—2 +a)>c*)a?
7 48a%c(4+ (—2+a)c)?(—4+ac) ’
APPENDIX C
(=2+a)cay
b e-2rra-14a)) (@ 4+ 2ay —a(l + ay))(—4ay+a(—2+c+2ay))
1=- ,

2(=2+a)PmPa(—2ay+a(—1+ay))?

(—24a)co
by = <c2e “Barra-1+ a7 (@ +2ay—a(l1+ay))(—12a*Y +a* (=1 +c+ ay) +daay(—2 +c+3ay)
—az(l+2(—1—|—c)ay+3a2y2))>/((—2+a)2ma(—2ay+a(—l+ocy))3>,
(=2+a)coy By 3 5 )
by = —( ce 2arrat1an) (a® 42007 — a1 + ay) ) (—48> Y 4+ a® (=2 + ¢+ 2ay) + 8aa* Y (—3 + 2¢ +9ary)
+a4(2—4cay—6a2y2)—4a2ay(1+4cay+9a2y2)+2a3(—1+(—3+4c)ay+(9+2c)a2y2+3a3y3))>
/(2(—2+a)a(a+2ay—aay)4>,
4 ey 2 2 2.2
by = | cte2erratvan (@ 4200y — a(1 4 ay))? (240*Y? — 12aay(—2 + ¢+ 200y) +a? (? + 6¢(—1 + ory)
ro(-1+an?)) [ (6(-2+afara(-2ay+at-1+an) ).

(—2+a)cay
bs = — (c3ezay+a<1+ay> (a*+ 2007 — a(1+ ay))* (48’ Y’ — 4ac®y*(—14+9c + 18ary)



22 R. AHMED, S. AKHTAR, U. FAROOQ, S. ALI
— @ (=2 +c+2ay—2cay+2c?ay— 60>y +9ca’y + 607y} ) +a*(? +4c(—1+ay) +2(—1+ay)?)
+4a2ay(5+c2—12ay+9a272+c(—5+9a}/))))/<2(—2+a)4am2a2(a+2ay—aay)“),

be = (czem(a +20y—a(l+ay)?(960*y* — 16ac’y* (—6 +Tc + 12ay)
+ 820 (4 —Tc+2¢* — 12ay+ 2lcay+ 1802Y?) 4+ 2a° (— 1 + ¢ + 3oy + 2cay — 2 oy + oy
—7ca*y? —303y}) —ddd ay(—2+ c —2ay+4ctay+21ca’y? + 1203 Y%) + a8 (P + de(—1+ ay)
+2(=1+ay)?) +24a* (1 — 12027 + 120y + 3a*y* + 22 ay(2 + ay) + c(—1 — 1oy + 2102y
+7a3y3))))/(2(—2+a)3amoc2(—2ay+a(—l+ay))5>,

by = (cem(a +20y—a(l+ay))> (19207’ —96ac*y* (14 4c+5ay) +32a* >y (=3 — 3¢
+2¢* + 15ay+24cay+15a2y*) — 48a° oy (—1 + (=3 +dc+2c%) ay+3(5 +4c)a*y* + 50°y)
—2a°(343(1—8c)ay+6(—19+3c +4c*) Y +2(51 +60c +2¢*) oy +3(25 + 4c)a*y* +30°Y)
+a8(P+6c(—1+ay)+6(—1+ay)?) —3a’ 2P ay+c(—3—20y+9a*y?) +2(3 - Tay+ o’y
+3037) +6a°(3 — 6ay— 1402y + 1803y +3a* v + 22 ay(1 + ay) +c(—1 — 9oy + 15a%y>
+7037)) 4+ 12a* ay(1 — 16ay+ 60y + 400y + 5a*y* +4c?ay(1+ ay)

+2¢(—1-3ay+18a*y* + 8a3y3)))) / (6(2+a)2aa2(a +20y— aay)6> .

APPENDIX D

(—14a)?a*c*(—6+ac) (—=1+a)%a*(—ac(—4+ac))>/?

T S Fumr 16(—2+a)2o? ’
Cr — (—14a)?d*c(—44ac)(—2+ac) Cre — (—1+a)%a*(—ac(—4+ac))>/?
T 16(—2+a)2a? i 48(—2+a)2a? ’
c (—1+a)a’c(—4+ac) _ (=1+4a)ay/—ac(—4+ac)(—2+ac)
T 8(24a)a 0T 4(—2+a) ’
C— (=1 +a)a’c(—4+ac)
T 8(—2+a)o ’

D =— ( ((—1 +a)?ac(—96 +48(3 +a)c —2(32 +36a +9a*)c? + (124 36a + 124> + 11a°)?

—6a(2—a+2a2)c4+2a3c5))/(48(—2+a)2 —ac(—4+ac)oc2>),



PREDATOR-PREY SYSTEM WITH ADDITIVE ALLEE EFFECT 23

1
Dy= -~ ) a2<—1+a)2a26(4(4—6c+c2)+a3c2<11 —12¢4+2¢)

16(—2+a)?

+2a%c(—6—2¢+5¢%) —da(—4+4c— T + 3c3)) ,

1
D3 =— 5 (=1 +a)?ac\/—ac(—4+ac) (4(2+c) +a(8+28c—12¢%)

16(—2+a)a
+a’c(11—12¢42¢%) 4+ 24° (-3 — 10c—|—7c2)> ,

(—14a)*ac*(—4+ac) (12— 12a(-3+c) + 18a*(—2+c) +a’ (11 — 12c +2¢%))

ne 48(—2+a)’a? )
Ds— (—1+a)a2c(—16—|—4(4+3a)c_ (4+4a—|—5a2) 62+2azc3)
‘ 8(~2+a)y/—ac(—4+ac)a :
Dg — (=1+a)ac (4+6a—4c+a*c(—5+2c)) D, — (—1+a)ey/—ac(—4+ac) (—4+4a+a*(—5+2¢)) |
4(—2+a)a ' S(—2+a)a

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests.

REFERENCES

[1] A.J. Lotka, Elements of physical biology, Williams & Wilkins, (1925).

[2] V. Volterra, Variazioni e fluttuazioni del numero d’individui in specie animali conviventi, Memorie della
Reale Accademia Nazionale dei Lincei, 6 (1926), 31-113.

[3] S. Pal, N. Pal, S. Samanta, et al. Effect of hunting cooperation and fear in a predator-prey model, Ecol.
Complex. 39 (2019), 100770. https://doi.org/10.1016/j.ecocom.2019.100770.

[4] S. Kumar, H. Kharbanda, Chaotic behavior of predator-prey model with group defense and non-linear har-
vesting in prey, Chaos Solitons Fractals. 119 (2019), 19-28. https://doi.org/10.1016/j.chaos.2018.12.011.

[5] Y. Zhou, W. Sun, Y. Song, et al. Hopf bifurcation analysis of a predator—prey model with Holling-II type
functional response and a prey refuge, Nonlinear Dyn. 97 (2019), 1439-1450. https://doi.org/10.1007/s110
71-019-05063-w.

[6] S. Akhtar, R. Ahmed, M. Batool, et al. Stability, bifurcation and chaos control of a discretized Leslie prey-
predator model, Chaos Solitons Fractals. 152 (2021), 111345. https://doi.org/10.1016/j.chaos.2021.111345.

[7] H. Deng, F. Chen, Z. Zhu, et al. Dynamic behaviors of Lotka—Volterra predator—prey model incorporating
predator cannibalism, Adv. Differ. Equ. 2019 (2019), 359. https://doi.org/10.1186/s13662-019-2289-8.

[8] PH. Leslie, Some further notes on the use of matrices in population mathematics, Biometrika. 35 (1948),

213-245. https://doi.org/10.2307/2332342.


https://doi.org/10.1016/j.ecocom.2019.100770
https://doi.org/10.1016/j.chaos.2018.12.011
https://doi.org/10.1007/s11071-019-05063-w
https://doi.org/10.1007/s11071-019-05063-w
https://doi.org/10.1016/j.chaos.2021.111345
https://doi.org/10.1186/s13662-019-2289-8
https://doi.org/10.2307/2332342

24 R. AHMED, S. AKHTAR, U. FAROOQ, S. ALI

[9] PH. Leslie, A stochastic model for studying the properties of certain biological systems by numerical meth-
ods, Biometrika, 45 (1958), 16-31.

[10] W.C. Allee, Animal aggregations: A study in general sociology, University of Chicago Press, Chicago,
(1931).

[11] S. Vinoth, R. Sivasamy, K. Sathiyanathan, et al. The dynamics of a Leslie type predator—prey model with fear
and Allee effect, Adv. Differ. Equ. 2021 (2021), 338. https://doi.org/10.1186/s13662-021-03490-x.

[12] Y. Du, B. Niu, J. Wei, Dynamics in a predator—prey model with cooperative hunting and Allee effect, Math-
ematics. 9 (2021), 3193. https://doi.org/10.3390/math9243193.

[13] H. Molla, S. Sarwardi, S.R. Smith, et al. Dynamics of adding variable prey refuge and an Allee effect to a
predator—prey model, Alexandria Eng. J. 61 (2022), 4175-4188. https://doi.org/10.1016/j.aej.2021.09.039.

[14] Z. Shang, Y. Qiao, Bifurcation analysis of a Leslie-type predator—prey system with simplified Holling type IV
functional response and strong Allee effect on prey, Nonlinear Anal.: Real World Appl. 64 (2022), 103453.
https://doi.org/10.1016/j.nonrwa.2021.103453.

[15] K. Fang, Z. Zhu, F. Chen, et al. Qualitative and bifurcation analysis in a Leslie-Gower model with Allee
effect, Qual. Theory Dyn. Syst. 21 (2022), 86. https://doi.org/10.1007/s12346-022-00591-0.

[16] L. Lai, Z. Zhu, F. Chen, Stability and bifurcation in a predator—prey model with the additive Allee effect and
the fear effect, Mathematics. 8 (2020), 1280. https://doi.org/10.3390/math8081280.

[17] R. Ahmed, Complex dynamics of a fractional-order predator-prey interaction with harvesting, Open J. Dis-
crete Appl. Math. 3 (2020), 24-32. https://doi.org/10.30538/psrp-odam2020.0040.

[18] R. Ahmed, M.S. Yazdani, Complex dynamics of a discrete-time model with prey refuge and Holling type-II
functional response, J. Math. Comput. Sci. 12 (2022), 113. https://doi.org/10.28919/jmcs/7205.

[19] R. Ahmed, A. Ahmad, N. Ali, Stability analysis and Neimark-Sacker bifurcation of a nonstandard finite
difference scheme for Lotka-Volterra prey-predator model, Commun. Math. Biol. Neurosci. 2022 (2022), 61.
https://doi.org/10.28919/cmbn/7534.

[20] Y. Chou, Y. Chow, X. Hu, et al. A Ricker—type predator—prey system with hunting cooperation in discrete
time, Mathematics and Computers in Simulation. 190 (2021), 570-586. https://doi.org/10.1016/j.matcom.2
021.06.003.

[21] Q. Shu, J. Xie, Stability and bifurcation analysis of discrete predator—prey model with nonlinear prey harvest-
ing and prey refuge, Math. Methods Appl. Sci. 45 (2021), 3589-3604. https://doi.org/10.1002/mma.8005.

[22] L. Fei, X. Chen, B. Han, Bifurcation analysis and hybrid control of a discrete-time predator—prey model, J.
Differ. Equ. Appl. 27 (2021), 102-117. https://doi.org/10.1080/10236198.2021.1876038.

[23] S.Isik, F. Kangalgil, On the analysis of stability, bifurcation, and chaos control of discrete-time predator-prey
model with Allee effect on predator, Hacettepe J. Math. Stat. 51 (2022), 404-420. https://doi.org/10.15672/h
ujms.728889.


https://doi.org/10.1186/s13662-021-03490-x
https://doi.org/10.3390/math9243193
https://doi.org/10.1016/j.aej.2021.09.039
https://doi.org/10.1016/j.nonrwa.2021.103453
https://doi.org/10.1007/s12346-022-00591-0
https://doi.org/10.3390/math8081280
https://doi.org/10.30538/psrp-odam2020.0040
https://doi.org/10.28919/jmcs/7205
https://doi.org/10.28919/cmbn/7534
https://doi.org/10.1016/j.matcom.2021.06.003
https://doi.org/10.1016/j.matcom.2021.06.003
https://doi.org/10.1002/mma.8005
https://doi.org/10.1080/10236198.2021.1876038
https://doi.org/10.15672/hujms.728889
https://doi.org/10.15672/hujms.728889

PREDATOR-PREY SYSTEM WITH ADDITIVE ALLEE EFFECT 25

[24] A. Tassaddiq, M.S. Shabbir, Q. Din, et al. Discretization, bifurcation, and control for a class of predator-prey
interactions, Fractal Fract. 6 (2022), 31. https://doi.org/10.3390/fractalfract6010031.

[25] Q. Zhou, F. Chen, S. Lin, Complex dynamics analysis of a discrete amensalism system with a cover for the
first species, Axioms. 11 (2022), 365. https://doi.org/10.3390/axioms11080365.

[26] D. Mukherjee, Global stability and bifurcation analysis in a discrete-time two prey-one predator model with
help, Int. J. Model. Simul. (2022). https://doi.org/10.1080/02286203.2022.2121676.

[27] S. Lin, F. Chen, Z. Li, L. Chen, Complex dynamic behaviors of a modified discrete Leslie-Gower preda-
tor—prey system with fear effect on prey species, Axioms. 11 (2022), 520. https://doi.org/10.3390/axioms11
100520.

[28] A.C.J. Luo, Regularity and complexity in dynamical systems, Springer, New York, 2012. https://doi.org/10.1
007/978-1-4614-1524-4.


https://doi.org/10.3390/fractalfract6010031
https://doi.org/10.3390/axioms11080365
https://doi.org/10.1080/02286203.2022.2121676
https://doi.org/10.3390/axioms11100520
https://doi.org/10.3390/axioms11100520
https://doi.org/10.1007/978-1-4614-1524-4
https://doi.org/10.1007/978-1-4614-1524-4

	1. Introduction
	2. Topological Classification of Equilibrium Points
	3. Bifurcation Analysis
	4. Chaos Control
	5. Numerical Examples
	6. Conclusion
	Appendix A
	Appendix B
	Appendix C
	Appendix D
	Conflict of Interests
	References

