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Abstract. The current investigation focuses on the dynamics of a discrete-time predator-prey system with additive

Allee effect. Discretization is accomplished by the use of a piecewise constant argument approach of differential

equations. Firstly, we studied the existence and topological classification of equilibrium points. We then inves-

tigated existence and direction of period-doubling and Neimark-Sacker bifurcations in the system. Moreover, to

control the chaos caused by bifurcation, we employ a hybrid control technique. Finally, all theoretical results are

justified numerically.
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1. INTRODUCTION

Many mathematicians and ecologists are fascinated by the topic of prey-predator interactions.

A prominent trend in relevant theoretical research is the development of increasingly realistic

predator-prey dynamics systems. Its significance may be observed in the many proposed sys-

tems that describe the interaction between prey and predator in various scenarios. Lotka [1],

and Volterra [2] system the basic system for the interaction of two species. Numerous scholars
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have modified this system over the years to provide a more realistic explanation and enhance

comprehension since it ignores many real-world scenarios and complexity. Numerous compo-

nents affect the dynamical properties of the predator-prey systems, such as functional response,

fear, refuge, harvesting, and Allee effect [3, 4, 5, 6, 7].

Leslie [8, 9] introduced the following famous Leslie predator-prey system where the carrying

capacity of the predator is proportional to the number of prey:

(1)


dx
dt = x(t)(a−by(t)),

dy
dt = y(t)(c− my(t)

x(t) ),

where x(t) and y(t) represent population densities of prey and predator at time t, respectively.

The parameters a and c are the intrinsic growth rates of prey and predator, respectively. The pa-

rameter b measures the strength of competition among individuals of species x. The parameter

m measures the food quantity the prey provides and is converted to predator birth.

In systemling the predator-prey systems, a key factor in consideration is the Allee effect.

The Allee effect is a biological phenomenon that describes the relationship between population

size or density and growth rate. Generally, it happens when a species’ population has a very

low density, making reproduction and survival difficult. The Allee effect, named after Allee

[10], significantly contributes to population dynamics. Several works in the literature explore

the Allee effect in various population systems [11, 12, 13, 14, 15, 16] and find that it may

significantly influence system dynamics.

After incorporating the Allee effect in system (1), we obtain the following system:

(2)


dx
dt = x(t)(a−by(t)),

dy
dt = y(t)

(
c− my(t)

x(t) (
y(t)

α+y(t))

)
,

where y(t)
α+y(t) represents the Allee effect and α > 0 is called the Allee effect constant. We

understand that when α increases, the existing Allee effect on the population becomes stronger,

and the species’ population expansion slows. The Allee effect causes the system’s solutions to

take substantially longer to achieve a stable equilibrium point.

It is important to note that in the case of populations with nonoverlapping generations,

discrete-time systems controlled by difference equations are preferable to continuous ones.
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Existing research indicates that the discrete-time system exhibits more complicated dynamic

behaviors and produces more effective numerical simulation results. [17, 18, 19, 20, 21, 22].

The authors of [23] investigated the bifurcation and chaos control of the discrete-time version

of system (2) by using the forward Euler approach with step size δ as the bifurcation parameter.

The numerical results in [23] reveal that when a large step size is taken in Euler’s approach,

Neimark-Sacker bifurcation occurs; this fact contradicts the precision of the numerical method

for discretization. To address this shortcoming, we employ the constant piecewise argument

technique [24, 25, 26, 27] to construct the discrete version of system (2), as shown below:

(3)


xn+1 = xnexp(a−byn),

yn+1 = ynexp
(

c− my2
n

xn(α+yn)

)
,

The objective of the present work is to explore the stability, bifurcations, and chaos in a dis-

crete predator-prey system with the piecewise-constant argument method (3). More precisely,

our main findings in this paper are as follows:

• The existence and topological classification of equilibrium points are discussed.

• At the interior equilibrium point, we investigate period-doubling(PD) and Neimark-

Sacker(NS) bifurcation.

• About interior equilibrium, the direction and existence conditions for both kinds of bi-

furcations are investigated.

• To control chaos in the system, a hybrid control strategy is used.

• Numerical simulations are performed to illustrate that a discrete system has rich dynam-

ics.

The paper is organized as follows: In Section 2, the existence and topological classifica-

tion of equilibrium points are investigated. The existence and direction of the period-doubling

Neimark-Sacker bifurcations are proved analytically in Section 3. The chaos control system is

developed in Section 4. Detailed numerical simulations and computation analysis are developed

to support the analytical findings in Section 5. Finally, Section 6 draws the conclusion to this

paper.



4 R. AHMED, S. AKHTAR, U. FAROOQ, S. ALI

2. TOPOLOGICAL CLASSIFICATION OF EQUILIBRIUM POINTS

Equilibrium points of the system (3) are determined by solving the following system of equa-

tions:

(4)


x = xexp(a−by),

y = yexp
(

c− my2

x(α+y)

)
.

Simple computation yields the system (3) has one nontrivial equilibrium point E =

( a2m
bc(a+bα) ,

a
b).

To analyze the local stability properties of the equilibria, we need the Jacobian matrix J at an

arbitrary equilibrium (x,y), which is given as follows:

J(x,y) =

 j11 j12

j21 j22

 ,
where

j11 = ea−by, j12 =−bea−byx, j21 =
ec− my2

x(y+α) my3

x2(y+α)
,

j22 =
ec− my2

x(y+α)
(
x(y+α)2−my2(y+2α)

)
x(y+α)2 .

The following lemma describes the various conditions associated with the local stability anal-

ysis of equilibrium points.

Lemma 2.1. [28]

Let F(θ) = θ 2 +A1θ +A0. Assume that F(1)> 0. If θ1,θ2 are two roots of F(θ) = 0, then

(1) |θ1|< 1 and |θ2|< 1 iff F(−1)> 0 and A0 < 1,

(2) |θ1|< 1 and |θ2|> 1 (or |θ1|> 1 and |θ2|< 1) iff F(−1)< 0,

(3) |θ1|> 1 and |θ2|> 1 iff F(−1)> 0 and A0 > 1,

(4) θ1 =−1 and |θ2| 6= 1 iff F(−1) = 0 and A1 6= 0,2,

(5) θ1,θ2 ∈ C and |θ1,2|= 1 iff A2
1−4A0 < 0 and A0 = 1.

Let θ1,θ2 be eigenvalues of J(x,y), then following topological classifications are considered:

(i) (x,y) is a sink iff |θ1|< 1 and |θ2|< 1,
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(ii) (x,y) is a source iff |θ1|> 1 and |θ2|> 1,

(iii) (x,y) is a saddle point iff |θ1|< 1 and |θ2|> 1 (or |θ1|> 1 and |θ2|< 1),

(iv) (x,y) is non-hyperbolic point iff either |θ1|= 1 or |θ2|= 1.

The Jacobian matrix J and its characteristic polynomial F(θ) for system (3) evaluated at

E = ( a2m
bc(a+bα) ,

a
b) are computed as follows:

J(x,y) =

 1 − a2m
ac+bcα

c2(a+bα)
am

a−ac+bα−2bcα

a+bα


and

F(θ) = θ
2 +

(a(−2+ c)+2b(−1+ c)α)θ

a+bα
+

a+a2c+b(1−2c)α +ac(−1+bα)

a+bα

By simple computations, we obtain

F(1) = ac, F(0) =
a+a2c+b(1−2c)α +ac(−1+bα)

a+bα
,

F(−1) =
a2c−4b(−1+ c)α +a(4+ c(−2+bα))

a+bα
.

Using Lemma 2.1, we discuss the topological classification of E by stating the following result.

Theorem 2.2. The following holds true for equilibrium point E of system (3):

(1) E is a sink if c < −4a−4bα

−2a+a2−4bα+abα
and if one of the requirements listed below is satisfied:

(a) 0 < a≤ 1,

(b) 1 < a < 2 and b > a−a2

−2α+aα
,

(2) E is a saddle point if c > −4a−4bα

−2a+a2−4bα+abα
and if one of the requirements listed below is

satisfied:

(a) 0 < a≤ 2,

(b) 2 < a < 4 and b > 2a−a2

−4α+aα
,

(3) E is a source if one of the requirements listed below is satisfied:

(a) a≥ 4,

(b) 1 < a < 2, b < a−a2

−2α+aα
, and c < −4a−4bα

−2a+a2−4bα+abα
,

(c) 2≤ a < 4 and b≤ 2a−a2

−4α+aα
,

(d) 2≤ a < 4, b > 2a−a2

−4α+aα
, and c < −4a−4bα

−2a+a2−4bα+abα
,
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(4) E is a non-hyperbolic point if one of the requirements listed below is satisfied:

(a) 1 < c≤ 2, a < −4(1−c)
c , and b = −4a+2ac−a2c

4α−4cα+acα
,

(b) c > 2, −4+2c
c < a < −4(1−c)

c , and b = −4a+2ac−a2c
4α−4cα+acα

,

(c) c≤ 2, 1 < a < 2, and b = a(1−a)
α(−2+a) ,

(d) 2 < c < 4, 1 < a < 4
c , and b = a(1−a)

α(−2+a) .

It is clear that if b = −4a+2ac−a2c
4α−4cα+acα

or b = −4a+2ac−a2c
4α−4cα+acα

, then one of the eigenvalues of J(E)

is −1. As a result, there is the potential for period-doubling bifurcation to take place if the

parameters are allowed to change in a close neighborhood of Λ1 or Λ2, where

Λ1 =

{
(a,b,c,m,α) ∈ R5

+

∣∣∣∣1 < c≤ 2, a <
−4(1− c)

c
, b = b1 =

−4a+2ac−a2c
4α−4cα +acα

}
,

Λ2 =

{
(a,b,c,m,α) ∈ R5

+

∣∣∣∣c > 2,
−4+2c

c
< a <

−4(1− c)
c

, b = b2 =
−4a+2ac−a2c
4α−4cα +acα

}
.

Furthermore, if b= a(1−a)
α(−2+a) or b= a(1−a)

α(−2+a) , the eigenvalues of J(E) are unit-modulus complex.

Thus, the system experiences Neimark-Sacker bifurcation if the parameters are varied in a close

neighborhood of Λ3 or Λ4, where

Λ3 =

{
(a,b,c,m,α) ∈ R5

+

∣∣∣∣c≤ 2, 1 < a < 2, b = b3 =
a(1−a)

α(−2+a)

}
,

Λ4 =

{
(a,b,c,m,α) ∈ R5

+

∣∣∣∣2 < c < 4, 1 < a <
4
c
, b = b4 =

a(1−a)
α(−2+a)

}
.

3. BIFURCATION ANALYSIS

In this section, we discuss period-doubling and Neimark-Sacker bifurcations for equilibrium

point E of system (3) by taking b as bifurcation parameter. We began by investigating the

period-doubling bifurcation at E when parameters vary in a small neighborhood of Λ1. Similar

investigations can be done for Λ2.

If b varies in a small neighborhood of b1, then system (3) takes the following form:

(5)


xn+1 = xnexp(a−b1yn),

yn+1 = ynexp
(

c− my2
n

xn(α+yn)

)
.
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Next, we consider a perturbation of system (5) as follows:

(6)


xn+1 = xnexp

(
a− (b1 + ε)yn

)
,

yn+1 = ynexp
(

c− my2
n

xn(α+yn)

)
,

where ε is a perturbation in bifurcation parameter b and |ε|� 1. Now, it is noted that by using

transformation un = xn− a2m
(b+ε)c(a+(b+ε)α) , vn = yn− a

b+ε
, one can translate the equilibrium point

E to origin. Under this translation, the system (6) becomes

(7)

un+1

vn+1

=

 1 a(4+(−4+a)c)m
2c2

− 2c3

(4+(−4+a)c)m −1− ac
2

un

vn

+
F(un,vn,ε)

G(un,vn,ε)

 ,
where

F(un,vn,ε) = a1unv2
n +a2v3

n +a3unvn +a4v2
n +a5unvnε +a6v2

nε +O((|un|+ |vn|+ |ε|)4),

G(un,vn,ε) = b1u3
n +b2u2

nvn +b3unv2
n +b4v3

n +b5u2
n +b6unvn +b7v2

n +b8u2
nε +b9unvnε

+b10v2
nε +b11unε +b12vnε +b13ε +b14unε

2 +b15vnε
2 +b16ε

2 +b17ε
3

+O((|un|+ |vn|+ |ε|)4),

where the values of a1,a2,a3,a4,a5,a6,b1,b2,b3,b4,b5,b6,b7,b8,b9,b10,b11,b12,b13,b14,b15,

b16,b17 are provided in Appendix A.

Next, we use the following transformation:

(8)

un

vn

=

−(4a−4ac+a2c)m
4c2 −4m−4cm+acm

c3

1 1

en

fn


As a result, the system (7) becomes

(9)

en+1

fn+1

=

−1 0

0 1− ac
2

en

fn

+
φ(en, fn,ε)

ϕ(en, fn,ε)

 ,
where
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φ(en, fn,ε) = c1e3
n + c2e2

n fn + c3en f 2
n + c4 f 3

n + c5e2
n + c6en fn + c7 f 2

n + c8e2
nε + c9en fnε

+ c10 f 2
n ε + c11enε + c12 fnε + c13ε + c14enε

2 + c15 fnε
2 + c16ε

2 + c17ε
3

+O((|en|+ | fn|+ |ε|)4),

ϕ(en, fn,ε) = d1e3
n +d2e2

n fn +d3en f 2
n +d4 f 3

n +d5e2
n +d6en fn +d7 f 2

n +d8e2
nε +d9en fnε

+d10 f 2
n ε +d11enε +d12 fnε +d13ε +d14enε

2 +d15 fnε
2 +d16ε

2 +d17ε
3

+O((|en|+ | fn|+ |ε|)4),

where the values of c1,c2,c3,c4,c5,c6,c7,c8,c9,c10,c11,c12,c13,c14,c15,c16,c17, and

b1,b2,b3,b4,b5,b6, b7,b8,b9,b10,b11,b12,b13,b14,b15,b16,b17 are provided in Appendix B.

Next, we determine the center manifold WC(0,0) of the system (9) at the equilibrium point

(0,0) in a small neighborhood of ε = 0. It can be expressed as follows:

WC(0,0,0) =
{
(en, fn,γ) ∈ R3

∣∣∣∣ fn = M0ε +M1e2
n +M2enε +M3ε

2 +O((|en|+ |ε|)3)

}
,

where

M0 =−
d13

−1+λ
, M1 =−

d5

−1+λ
, M2 =

2c13d5 +d11−λd11 +d6d13

−1+λ 2 ,

M3 =
1

(−1+λ )3(1+λ )

(
−c2

13d5 +2λc2
13d5−λ

2c2
13d5− c13d11 +2λc13d11−λ

2c13d11

− c13d6d13 +λc13d6d13−d12d13 +λ
2d12d13−d7d2

13−λd7d2
13−d16 +λd16 +λ

2d16

−λ
3d16

)
.

The system (9) restricted to the center manifold WC(0,0,0) is provided by

F̃ : en+1 =−en + e2
nc5 + εc13 + e3

n(c1−
c6d5

−1+λ
)+ enε(c11−

c6d13

−1+λ
)

+ ε
2(c16 +

d13(−(−1+λ )c12 + c7d13)

(−1+λ )2 )+ e2
nε(c8−

c12d5

−1+λ
− c2d13

−1+λ
+

2c7d5d13

(−1+λ )2

+
c6(2c13d5− (−1+λ )d11 +d6d13)

−1+λ 2 )+ enε
2(c14−

c9d13

−1+λ
+

c3d2
13

(−1+λ )2
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+
c12(2c13d5− (−1+λ )d11 +d6d13)

−1+λ 2 − 2c7d13(2c13d5− (−1+λ )d11 +d6d13)

(−1+λ )2(1+λ )

− 1
(−1+λ )3(1+λ )

c6((−1+λ )2c2
13d5 +(−1+λ )c13((−1+λ )d11−d6d13)

+(1+λ )(−(−1+λ )d12d13 +d7d2
13 +(−1+λ )2d16)))

+ ε
3(c17−

1
(−1+λ )3(1+λ )

c12((−1+λ )2c2
13d5 +(−1+λ )c13((−1+λ )d11−d6d13)

+(1+λ )(−(−1+λ )d12d13 +d7d2
13 +(−1+λ )2d16))

+
1

(−1+λ )4(1+λ )
d13(−(−1+λ )3(1+λ )c15

+(−1+λ
2)d13((−1+λ )c10− c4d13)+2c7((−1+λ )2c2

13d5

+(−1+λ )c13((−1+λ )d11−d6d13)+(1+λ )(−(−1+λ )d12d13 +d7d2
13

+(−1+λ )2d16)))).

Now for period-doubling bifurcation, we require that the following two quantities ξ and η are

non-zero, where

ξ = F̃ε F̃enen +2F̃enε

∣∣∣∣
(0,0)

= 2
(

c11 + c5c13−
c6d13

−1+λ

)
,(10)

η =
1
2
(F̃enen)

2 +
1
3

F̃enenen

∣∣∣∣
(0,0)

= 2
(

c1 + c2
5−

c6d5

−1+λ

)
.(11)

As a consequence of the above study, we reach the following conclusion:

Theorem 3.1. Suppose that (a,b,c,m,α) ∈ Λ1. The system (3) undergoes period-doubling

bifurcation at equilibrium point E if ξ ,η defined in (10) and (11) are nonzero and b differs in

a small neighborhood of b1 =
−4a+2ac−a2c
4α−4cα+acα

. Moreover, if η > 0 (respectively η < 0), then the

period-2 orbits that bifurcate from E are stable (respectively, unstable).

Next, we investigate Neimark-Sacker bifurcation at E when parameters vary in a small neigh-

borhood of Λ3. Similar investigations can be done for Λ4.

If b varies in a small neighborhood of b3, then system (3) takes the following form:

(12)


xn+1 = xnexp(a−b3yn),

yn+1 = ynexp
(

c− my2
n

xn(α+yn)

)
.
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Next, we consider a perturbation of system (12) as follows:

(13)


xn+1 = xnexp

(
a− (b3 + γ)yn

)
,

yn+1 = ynexp
(

c− my2
n

xn(α+yn)

)
,

where γ is a perturbation in bifurcation parameter b and |γ|� 1. Now, it is noted that by using

transformation un = xn− a2m
(b+γ)c(a+(b+γ)α) , vn = yn− a

b+γ
, one can translate the equilibrium point

E to origin. Under this translation, the system (13) becomes

(14)

un+1

vn+1

=

 1 (−2+a)am
c

k21 k22

un

vn

+
F(un,vn,ε)

G(un,vn,ε)

 ,
where

k21 =
ac2e

(−2+a)cαγ

−2αγ+a(−1+αγ)

(−2+a)m(−2αγ +a(−1+αγ))
,

k22 =
e

(−2+a)cαγ

−2αγ+a(−1+αγ)
(
−a3c+4α2γ2−4aαγ(−1+ c+αγ)+a2 (1+2(−1+ c)αγ +α2γ2))

(−2αγ +a(−1+αγ))2 ,

F(un,vn,ε) = a1unvn +a2unv2
n +a3v2

n +a4v3
n +O((|un|+ |vn|)4),

G(un,vn,ε) = b1u2
n +b2unvn +b3v2

n +b4u3
n +b5u2

nvn +b6unv2
n +b7v3

n +O((|un|+ |vn|)4),

where

a1 =
(−1+a)a
(−2+a)α

− γ, a2 =
1
2

(
− (−1+a)a
(−2+a)α

+ γ

)2

,

a3 =
am
(
a2 +2αγ−a(1+αγ)

)
2cα

, a4 =
am
(
a2 +2αγ−a(1+αγ)

)2

6(−2+a)cα2 ,

and values of b1,b2,b3,b4,b5,b6,b7 are provided in Appendix C.

Let

(15) θ
2− p(γ)θ +q(γ) = 0

be the characteristic equation of the Jacobian matrix of system (14) evaluated at (0,0), where

p(γ) =− 1
(−2αγ +a(−1+αγ))2

(
a3ce

(−2+a)cαγ

−2αγ+a(−1+αγ) −4(1+ e
(−2+a)cαγ

−2αγ+a(−1+αγ) )α2
γ

2 +4aαγ(−1+αγ

+ e
(−2+a)cαγ

−2αγ+a(−1+αγ) (−1+ c+αγ))−a2((−1+αγ)2 + e
(−2+a)cαγ

−2αγ+a(−1+αγ) (1+2(−1+ c)αγ +α
2
γ

2))

)
,
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q(γ) =
e

(−2+a)cαγ

−2αγ+a(−1+αγ)
(
−a3cαγ +4α2γ2−4aαγ(−1+ c+αγ)+a2

(
1+2(−1+2c)αγ +α2γ2

))
(−2αγ +a(−1+αγ))2 .

The roots of (15) are given by

(16) θ1,2 =
p(γ)

2
± i

2

√
4q(γ)− p2(γ).

Since (a,b,c,m,α) ∈ Λ3, we have, |θ1,2|= 1 and(
d|θ1|
dγ

)
γ=0

=

(
d|θ2|
dγ

)
γ=0

=−(a−2)(a−1)cα

2a
6= 0.

Additionally, at γ = 0 it is required that θ k
1,2 6= 1 for k ∈ {1,2,3,4} which is equivalent to

p(0) 6= −2,−1,0,2. Since (a,b,c,m,α) ∈ Λ3, it follows that p(0) = 2− ac 6= ±2. Moreover,

p(0) 6=−1 and p(0) 6= 0 implies that ac 6= 3 and ac 6= 1, respectively.

The following similarity transformation is considered in order to convert the linear part of

(14) into canonical form at γ = 0:

(17)

un

vn

=

 (−2+a)am
c 0

−ac
2 −1

2

√
−ac(−4+ac)

en

fn

 .
Under the transformation (17), the system (14) becomes

(18)

en+1

fn+1

=

 1− ac
2 −1

2

√
−ac(−4+ac)

1
2

√
−ac(−4+ac) 1− ac

2

en

fn

+
Φ(en, fn)

Ψ(en, fn)

 ,
where

Φ(en, fn) =C1e3
n +C2e2

n fn +C3en f 2
n +C4 f 3

n +C5e2
n +C6en fn +C7 f 2

n +O((|en|+ | fn|)4),

Ψ(en, fn) = D1e3
n +D2e2

n fn +D3en f 2
n +D4 f 3

n +D5e2
n +D6en fn +D7 f 2

n +O((|en|+ | fn|)4),

where values of C1,C2,C3,C4,C5,C6,C7,D1,D2,D3,D4,D5,D6,D7 are provided in Appendix

D.

To examine the direction of the Neimark-Sacker bifurcation, we consider the first Lyapunov

exponent derived as follows:

(19) L =

([
−Re

(
(1−2θ1)θ

2
2

1−θ1
m20m11

)
− 1

2
|m11|2−|m02|2 +Re(θ2m21)

])
γ=0

,
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where

m20 =
1
8
[
Φenen−Φ fn fn +2Ψen fn + i(Ψenen−Ψ fn fn−2Φen fn)

]
,

m11 =
1
4
[
Φenen +Φ fn fn + i(Ψenen +Ψ fn fn)

]
,

m02 =
1
8
[
Φenen−Φ fn fn−2Ψen fn + i(Ψenen−Ψ fn fn +2Φen fn)

]
,

m21 =
1

16
[
Φenenen +Φen fn fn +Ψenen fn +Ψ fn fn fn + i(Ψenenen +Ψen fn fn−Φenen fn−Φ fn fn fn)

]
.

Due to the computations mentioned above, we have the following theorem:

Theorem 3.2. Suppose that (a,b,c,m,α) ∈ Λ3. If ac 6= 1,3 and L 6= 0, then equilibrium point

E of system (3) undergoes Neimark-Sacker bifurcation when the bifurcation parameter b varies

in a small neighborhood of b3 =
a(1−a)

α(−2+a) . In addition, if L < 0 (or L > 0), then an attracting

(or repelling) invariant closed curve bifurcates from E for b > b3(or b < b3).

4. CHAOS CONTROL

In this section, we implement the hybrid control approach in system (3) for controlling the

chaos generated by the period-doubling bifurcation and the Neimark-Sacker bifurcation. We

consider the following controlled system, which corresponds to system (3):

(20)


xn+1 = βxnexp(a−byn)+(1−β )xn,

yn+1 = βynexp
(

c− my2
n

xn(α+yn)

)
+(1−β )yn,

where 0 < β < 1 is the control parameter for the hybrid control method. The equilibrium points

of the controlled system (20) and the uncontrolled system (3) are identical. By appropriate

choice of β , the bifurcation for E of system (3) can be advanced or delayed or even entirely

obliterated. One can compute Jacobian matrix at E for system (20) as follows:

J(E) =

 1 − a2mβ

ac+bcα

c2(a+bα)β
am

a+bα−acβ−2bcαβ

a+bα

 .
The trace τ and determinant σ of J(E) are
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τ =
2a+2bα−acβ −2bcαβ

a+bα
,

σ =
a+a2cβ 2 +bα(1−2cβ )+acβ (−1+bαβ )

a+bα
.

The Jury condition states that the equilibrium point E of system (20) is stable if and only if

the following requirements are met:

(21)


τ +σ +1 > 0,

−τ +σ +1 > 0,

σ −1 < 0.

5. NUMERICAL EXAMPLES

Some intriguing numerical examples are offered in this section to validate our theoretical

discussions on various qualitative characteristics of the system.

Example 5.1. We select the parameter values and initial values as follows:

a = 1.5,c = 1.8,m = 2,α = 0.8,x(0) = 0.01,y(0) = 0.1.

For these values, the equilibrium point of (3) is E = (0.0199124,0.129032). The eigenvalues

of J(E) for these values are λ1 =−1,λ2 =−0.35, which confirms that the system (3) undergoes

period-doubling bifurcation at (0.0199124,0.129032) as bifurcation parameter passes through

b1 = 11.625. We plot bifurcation diagrams for both prey and predator populations for b ∈

[11.5,12.5] (see Figure 1a and Figure 1b).

For controlled system (20), we consider the same parameter values with β = 0.98. The

bifurcation diagram for the controlled system depicts that period-doubling bifurcation has been

delayed. See figures 1c,1d. The controlled system is experiencing Neimark-Sacker bifurcation

when b passes through b1 = 12.4147 (See Figure 1c and Figure 1d). In the original system

(3), the equilibrium point E is stable for b < 11.625, whereas in the controlled system (20), the

equilibrium point E is stable for b < 12.4147.
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(A) (B)

(C) (D)

FIGURE 1. Bifurcation diagrams of (3) and (20) for β = 0.98,a = 1.5,c =

1.8,m = 2,α = 0.8,x(0) = 0.01,y(0) = 0.1,b ∈ [11.5,12.5].

Example 5.2. We select the parameter values and initial values as follows:

a = 1.5,c = 1.8,m = 2,α = 0.8,x(0) = 0.5,y(0) = 0.85.

For these values, the equilibrium point of (3) is E = (0.444444,0.8). The eigenvalues of

J(E) for these values are θ1 =−0.35−0.93675i,θ2 =−0.35+0.93675i satisfying |θ1,2|= 1,

which confirms that the system (3) undergoes Neimark-Sacker bifurcation at (0.444444,0.8) as
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bifurcation parameter b passes through b3 = 1.875. We plot bifurcation diagrams for both prey

and predator populations for b ∈ [0.94,2.14] (see Figure 2a and Figure 2b).

(A) (B)

FIGURE 2. Bifurcation diagrams of (3) for a = 1.5,c = 1.8,m = 2,α =

0.8,x(0) = 0.5,y(0) = 0.85,b ∈ [0.94,2.14].

The equilibrium point E is a sink for these parameter values iff b > 1.875. Figures 3a-

3e depict phase portraits of system (3) for different values of b. The figures show that the

equilibrium point E is a sink for b > 1.875 but becomes unstable at b ≈ 1.875, where the

system (3) experiences Neimark-Sacker bifurcation. A smooth invariant curve appears for b≤

3.1746, increasing its radius as b decreases. By decreasing the value of b, the invariant curve

disappears suddenly, and some periodic orbit appears, and then again, we have an invariant

curve in place of a periodic orbit.
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(A) (B)

(C) (D)

(E)

FIGURE 3. Phase portraits of (3) for a = 1.5,c = 1.8,m = 2,α = 0.8,x(0) =

0.5,y(0) = 0.85,a ∈ {1.23,1.28,1.83,1.87,1.88}.
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For controlled system (20), we consider the same parameter values with β = 0.95. The

bifurcation diagram for the controlled system depicts that Neimark-Sacker bifurcation has been

delayed. See figures 4a,4b. The controlled system is experiencing Neimark-Sacker bifurcation

when b passes through b3 = 1.38587 (See Figure 4a and Figure 4b). In the original system

(3), the equilibrium point E is stable for b > 1.875, whereas in the controlled system (20), the

equilibrium point E is stable for b > 1.38587.

(A) (B)

FIGURE 4. Bifurcation diagrams of (20) for β = 0.95,a = 1.5,c = 1.8,m =

2,α = 0.8,x(0) = 0.5,y(0) = 0.85,b ∈ [0.94,2.14].

6. CONCLUSION

We suggested and investigated the discrete-time predator-prey system (3) with the additive

Allee effect in this study utilizing the constant piecewise argument approach. The authors of

[23] investigated the bifurcation and chaos control of the discrete-time version of system (2) by

using the forward Euler approach with step size δ as the bifurcation parameter. The numerical

results in [23] reveal that when a large step size is taken in Euler’s approach, Neimark-Sacker

bifurcation occurs; this fact contradicts the precision of the numerical method for discretization.

We employ the constant piecewise argument approach to compensate for this shortcoming to

obtain system (3). The presence of equilibrium points and their topological classification is ex-

amined. Furthermore, it is demonstrated that the population may maintain both period-doubling
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and Neimark-Sacker bifurcation at the equilibrium point E. Using bifurcation theory and the

center manifold theorem, the parametric conditions for the direction and presence of both types

of bifurcations are derived. A hybrid control method is applied to regulate the chaotic and bi-

furcating behaviors of a discrete-time system. Finally, a few numerical examples are given to

back up the analytical and theoretical findings.

APPENDIX A

a1 =
a2(4+(−2+a)c)2

2(4+(−4+a)c)2α2 , a2 =
a3(4+(−2+a)c)2m

12c2(4+(−4+a)c)α2 , a3 =
a(4+(−2+a)c)
(4+(−4+a)c)α

,

a4 =
a2(4+(−2+a)c)m

4c2α
, a5 =−1, a6 =−

a(4+(−4+a)c)m
4c2 ,

b1 =−
4c7(4+(−2+a)c)2

(
6−6c+ c2

)
3(4+(−4+a)c)5m3α2 ,

b2 =−
c4(4+(−2+a)c)2

(
8+2(−6+a)c+(2−4a)c2 +ac3

)
(4+(−4+a)c)4m2α2 ,

b3 =−
c(4+(−2+a)c)2

(
32+16(−5+a)c+2

(
20−18a+a2

)
c2−4

(
2−3a+a2

)
c3 +a2c4

)
4(4+(−4+a)c)3mα2 ,

b4 =−
1

48c2(4+(−4+a)c)2α2 (4+(−2+a)c)2
(

384+96(−10+3a)c+8
(
80−72a+9a2)c2

+6
(
−24+44a−18a2 +a3)c3−6a

(
4−5a+a2)c4 +a3c5

)
,

b5 =−
2(−2+ c)c5(4+(−2+a)c)

(4+(−4+a)c)3m2α
,

b6 =−
c2(4+(−2+a)c)

(
−4− (−2+a)c+ac2

)
(4+(−4+a)c)2mα

,

b7 =−
(4+(−2+a)c)

(
−32−16(−2+a)c−2

(
4−6a+a2

)
c2 +a2c3

)
8c(4+(−4+a)c)α

,

b8 =
c4
(
8+2(−12+a)c+(14−4a)c2 +(−2+a)c3

)
a(4+(−4+a)c)2m2 ,

b9 =
c
(
32+16(−6+a)c+2

(
32−20a+a2

)
c2−4

(
3−5a+a2

)
c3 +(−2+a)ac4

)
2a(4+(−4+a)c)m

,

b10 =
1

16ac2

(
384+32(−32+9a)c+8

(
100−76a+9a2)c2 +2

(
−112+168a−56a2 +3a3)c3

+
(
16−48a+38a2−6a3)c4 +(−2+a)a2c5

)
,
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b11 =
(−1+ c)c2 α

am
, b12 =

(4+(−4+a)c)
(
−8−2(−3+a)c+ac2

)
α

4ac
, b13 =

(4+(−4+a)c)2α2

2a(4+(−2+a)c)
,

b14 =−
c(4+(−4+a)c)

(
2−4c+ c2

)
α2

4a2m
,

b15 =−
(4+(−4+a)c)2

(
24+6(−6+a)c+(10−6a)c2 +ac3

)
α2

16a2c2 ,

b16 =−
(4+(−4+a)c)3

(
−8−2(−2+a)c+(−2+a)c2

)
α3

8a2c(4+(−2+a)c)2 ,

b17 =
(4+(−4+a)c)4

(
96+48(−3+a)c+2

(
56−30a+3a2

)
c2 +

(
−28+26a−6a2

)
c3 +(−2+a)2c4

)
α4

48a3c2(4+(−2+a)c)3 .

APPENDIX B

c1 =
(4+(−2+a)c)2(192+96(−5+a)c+8(40−21a+3a2)c2 +(−72+72a−18a2 +a3)c3)

6c2(4+(−4+a)c)2(−4+ac)α2 ,

c2 =−
(
(4+(−2+a)c)2(−128−16(−20+7a)c−4(60−46a+5a2)c2−2(−28+38a−10a2 +a3)c3

+(−2+a)2ac4)

)/(
2c2(4+(−4+a)c)2(−4+ac)α2

)
,

c3 =−
(
(4+(−2+a)c)2(−128−64(−4+a)c−4(44−34a+9a2)c2− (−40+72a−36a2 +a3)c3

+a(8−9a+a2)c4)

)/(
2c2(4+(−4+a)c)2(−4+ac)α2

)
,

c4 =

(
(4+(−2+a)c)2(−48(−2+ c)2 +a3c2(2−6c+ c2)+6a2c(12−10c+3c2)

−24a(−8+14c−7c2 + c3))

)/(
12c(4+(−4+a)c)2(−4+ac)α2

)
,

c5 =−
(4+(−2+a)c)(16+4(−4+a)c+(−2+a)2c2)

c(4+(−4+a)c)(−4+ac)α
, c6 =−

2(4+(−2+a)c)(2+(−1+a)c)
c(−4+ac)α

,

c7 =
(4+(−2+a)c)(−32+32c−4(2−a+a2)c2 +a2c3)

2c(4+(−4+a)c)(−4+ac)α
,

c8 =−
(192+16(−32+7a)c+8(50−26a+3a2)c2 +2(−56+52a−14a2 +a3)c3− (−2+a)3c4)

2ac2(−4+ac)
,

c9 =
1

ac2(−4+ac)

(
−128−16(−20+7a)c−4(68−55a+7a2)c2 +(88−124a+37a2−2a3)c3

+(−8+18a−9a2 +a3)c4
)
,
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c10 =−
1

4ac2(−4+ac)

(
256+64(−10+3a)c+8(64−42a+7a2)c2 +2(−80+96a−42a2 +3a3)c3

+(16−32a+30a2−6a3)c4 +(−2+a)a2c5
)
,

c11 =
(8+(−6+a)c)(4+(−4+a)c)α

ac(−4+ac)
, c12 =−

(−2+ c)(4+(−4+a)c)(2+ac)α
ac(−4+ac)

,

c13 =−
2(4+(−4+a)c)2α2

a(4+(−2+a)c)(−4+ac)
, c14 =−

(4+(−4+a)c)2(−12−2(−9+a)c+(−5+a)c2)α2

2a2c2(−4+ac)
,

c15 =
(4+(−4+a)c)2(16+(−20+6a)c−6(−1+a)c2 +ac3)α2

4a2c2(−4+ac)
,

c16 =
(4+(−4+a)c)3(−8−2(−2+a)c+(−2+a)c2)α3

2a2c(4+(−2+a)c)2(−4+ac)
,

c17 =−
(
((4+(−4+a)c)4(96+48(−3+a)c+2(56−30a+3a2)c2 +(−28+26a−6a2)c3

+(−2+a)2c4)α4
ε

3
)/(

12a3c2(4+(−2+a)c)3(−4+ac))
)
,

d1 =
a(4+(−2+a)c)2(−96−48(−5+a)c−2(80−42a+7a2)c2 +9(−2+a)2c3)

12c(4+(−4+a)c)2(−4+ac)α2 ,

d2 =

(
a(4+(−2+a)c)2(−128−64(−5+2a)c−8(30−23a+2a2)c2−2(−28+38a−10a2 +a3)c3

+(−2+a)2ac4)

)/(
8c(4+(−4+a)c)2(−4+ac)α2

)
,

d3 = (a(4+(−2+a)c)2(−128−32(−8+3a)c−8(22−17a+3a2)c2−2(−20+36a−18a2 +a3)c3

+a(8−9a+a2)c4))/(8c(4+(−4+a)c)2(−4+ac)α2),

d4 =−
(

a(4+(−2+a)c)2(−48(−2+ c)2 +a3c2(6−6c+ c2)+2a2c(16−30c+9c2)

−24a(−12+14c−7c2 + c3))

)/(
48(4+(−4+a)c)2(−4+ac)α2

)
,

d5 =
a(4+(−2+a)c)(16+4(−4+a)c+(−2+a)2c2)

4(4+(−4+a)c)(−4+ac)α
,

d6 =
ac(4+(−2+a)c)(8(−3+ c)−10a(−2+ c)+a2c)

4(4+(−4+a)c)(−4+ac)α
,

d7 =−
ac(4+(−2+a)c)(−8(−4+ c)+4a(−4+ c)+a2(−2+ c)c)

8(4+(−4+a)c)(−4+ac)α
,

d8 =
(192+16(−32+7a)c+8(50−26a+3a2)c2 +2(−56+52a−14a2 +a3)c3− (−2+a)3c4)

8c(−4+ac)
,



PREDATOR-PREY SYSTEM WITH ADDITIVE ALLEE EFFECT 21

d9 =
1

4c(−4+ac)

(
128+16(−19+7a)c+4(68−57a+7a2)c2 +2(−44+62a−18a2 +a3)c3

− (−8+18a−9a2 +a3)c4
)
,

d10 =
1

16c(−4+ac)

(
256+192(−3+a)c+8(64−46a+7a2)c2 +2(−80+96a−40a2 +3a3)c3

+(16−32a+30a2−6a3)c4 +(−2+a)a2c5
)
,

d11 =−
(8+(−6+a)c)(4+(−4+a)c)α

4(−4+ac)
, d12 =

(−2+ c)(4+(−4+a)c)(2+ac)α
4(−4+ac)

,

d13 =
c(4+(−4+a)c)2α2

2(4+(−2+a)c)(−4+ac)
, d14 =

(4+(−4+a)c)2(−12−2(−9+a)c+(−5+a)c2)α2

8ac(−4+ac)
,

d15 =−
(4+(−4+a)c)2(16+(−20+6a)c−6(−1+a)c2 +ac3)α2

16ac(−4+ac)
,

d16 =−
(4+(−4+a)c)3(−8−2(−2+a)c+(−2+a)c2)α3

8a(4+(−2+a)c)2(−4+ac)
,

d17 =
(4+(−4+a)c)4(96+48(−3+a)c+2(56−30a+3a2)c2 +(−28+26a−6a2)c3 +(−2+a)2c4)α4

48a2c(4+(−2+a)c)3(−4+ac)
,

APPENDIX C

b1 =−
c3e

(−2+a)cαγ

−2αγ+a(−1+αγ) (a2 +2αγ−a(1+αγ))(−4αγ +a(−2+ c+2αγ))

2(−2+a)3m2α(−2αγ +a(−1+αγ))2 ,

b2 =

(
c2e

(−2+a)cαγ

−2αγ+a(−1+αγ) (a2 +2αγ−a(1+αγ))(−12α
2
γ

2 +a3(−1+ c+αγ)+4aαγ(−2+ c+3αγ)

−a2(1+2(−1+ c)αγ +3α
2
γ

2))

)/(
(−2+a)2mα(−2αγ +a(−1+αγ))3

)
,

b3 =−
(

ce
(−2+a)cαγ

−2αγ+a(−1+αγ) (a2 +2αγ−a(1+αγ))(−48α
3
γ

3 +a5(−2+ c+2αγ)+8aα
2
γ

2(−3+2c+9αγ)

+a4(2−4cαγ−6α
2
γ

2)−4a2
αγ(1+4cαγ +9α

2
γ

2)+2a3(−1+(−3+4c)αγ +(9+2c)α2
γ

2 +3α
3
γ

3))

)
/(

2(−2+a)α(a+2αγ−aαγ)4
)
,

b4 =

(
c4e

(−2+a)cαγ

−2αγ+a(−1+αγ) (a2 +2αγ−a(1+αγ))2(24α
2
γ

2−12aαγ(−2+ c+2αγ)+a2(c2 +6c(−1+αγ)

+6(−1+αγ)2))

)/(
6(−2+a)5am3

α
2(−2αγ +a(−1+αγ))3

)
,

b5 =−
(

c3e
(−2+a)cαγ

−2αγ+a(−1+αγ) (a2 +2αγ−a(1+αγ))2(48α
3
γ

3−4aα
2
γ

2(−14+9c+18αγ)
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−a3(−2+ c+2αγ−2cαγ +2c2
αγ−6α

2
γ

2 +9cα
2
γ

2 +6α
3
γ

3)+a4(c2 +4c(−1+αγ)+2(−1+αγ)2)

+4a2
αγ(5+ c2−12αγ +9α

2
γ

2 + c(−5+9αγ)))

)/(
2(−2+a)4am2

α
2(a+2αγ−aαγ)4

)
,

b6 =

(
c2e

(−2+a)cαγ

−2αγ+a(−1+αγ) (a2 +2αγ−a(1+αγ))2(96α
4
γ

4−16aα
3
γ

3(−6+7c+12αγ)

+8a2
α

2
γ

2(4−7c+2c2−12αγ +21cαγ +18α
2
γ

2)+2a5(−1+ c+3αγ +2cαγ−2c2
αγ +α

2
γ

2

−7cα
2
γ

2−3α
3
γ

3)−4a3
αγ(−2+ c−2αγ +4c2

αγ +21cα
2
γ

2 +12α
3
γ

3)+a6(c2 +4c(−1+αγ)

+2(−1+αγ)2)+2a4(1−12α
2
γ

2 +12α
3
γ

3 +3α
4
γ

4 +2c2
αγ(2+αγ)+ c(−1−11αγ +21α

2
γ

2

+7α
3
γ

3)))

)/(
2(−2+a)3amα

2(−2αγ +a(−1+αγ))5
)
,

b7 =−
(

ce
(−2+a)cαγ

−2αγ+a(−1+αγ) (a2 +2αγ−a(1+αγ))2(192α
5
γ

5−96aα
4
γ

4(1+4c+5αγ)+32a2
α

3
γ

3(−3−3c

+2c2 +15αγ +24cαγ +15α
2
γ

2)−48a3
α

2
γ

2(−1+(−3+4c+2c2)αγ +3(5+4c)α2
γ

2 +5α
3
γ

3)

−2a5(3+3(1−8c)αγ +6(−19+3c+4c2)α2
γ

2 +2(51+60c+2c2)α3
γ

3 +3(25+4c)α4
γ

4 +3α
5
γ

5)

+a8(c2 +6c(−1+αγ)+6(−1+αγ)2)−3a7(2c2
αγ + c(−3−2αγ +9α

2
γ

2)+2(3−7αγ +α
2
γ

2

+3α
3
γ

3))+6a6(3−6αγ−14α
2
γ

2 +18α
3
γ

3 +3α
4
γ

4 +2c2
αγ(1+αγ)+ c(−1−9αγ +15α

2
γ

2

+7α
3
γ

3))+12a4
αγ(1−16αγ +6α

2
γ

2 +40α
3
γ

3 +5α
4
γ

4 +4c2
αγ(1+αγ)

+2c(−1−3αγ +18α
2
γ

2 +8α
3
γ

3)))

)/(
6(−2+a)2aα

2(a+2αγ−aαγ)6
)
.

APPENDIX D

C1 =−
(−1+a)2a4c2(−6+ac)

48(−2+a)2α2 , C2 =
(−1+a)2a2(−ac(−4+ac))3/2

16(−2+a)2α2 ,

C3 =
(−1+a)2a3c(−4+ac)(−2+ac)

16(−2+a)2α2 , C4 =−
(−1+a)2a2(−ac(−4+ac))3/2

48(−2+a)2α2 ,

C5 =
(−1+a)a2c(−4+ac)

8(−2+a)α
, C6 =

(−1+a)a
√
−ac(−4+ac)(−2+ac)
4(−2+a)α

,

C7 =−
(−1+a)a2c(−4+ac)

8(−2+a)α
,

D1 =−
((

(−1+a)2a3c(−96+48(3+a)c−2(32+36a+9a2)c2 +(12+36a+12a2 +11a3)c3

−6a(2−a+2a2)c4 +2a3c5)

)/(
48(−2+a)2

√
−ac(−4+ac)α2

))
,
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D2 =−
1

16(−2+a)2α2 (−1+a)2a2c
(

4(4−6c+ c2)+a3c2(11−12c+2c2)

+2a2c(−6−2c+5c2)−4a(−4+4c−7c2 +3c3)

)
,

D3 =−
1

16(−2+a)2α2 (−1+a)2ac
√
−ac(−4+ac)

(
−4(2+ c)+a(8+28c−12c2)

+a3c(11−12c+2c2)+2a2(−3−10c+7c2)

)
,

D4 =
(−1+a)2ac2(−4+ac)

(
−12−12a(−3+ c)+18a2(−2+ c)+a3

(
11−12c+2c2

))
48(−2+a)2α2 ,

D5 =
(−1+a)a2c

(
−16+4(4+3a)c−

(
4+4a+5a2

)
c2 +2a2c3

)
8(−2+a)

√
−ac(−4+ac)α

,

D6 =
(−1+a)ac

(
4+6a−4c+a2c(−5+2c)

)
4(−2+a)α

, D7 =
(−1+a)c

√
−ac(−4+ac)

(
−4+4a+a2(−5+2c)

)
8(−2+a)α

.
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