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Abstract: Dyspepsia is a significant public health issue that affects the entire world population. In this work, we
formulate and analyze a deterministic model for the population dynamics of Gut bacteria in the presence of antibiotics
and Probiotic supplements. All the possible equilibria and their local stability are obtained. The global stability around
the positive equilibrium point is established. Numerical simulations back up our analytical findings and show the
temporal dynamics of gut microorganisms.
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1. INTRODUCTION

The human large intestine consists not just of cells but is also an ecosystem such as "gut flora,"
one of the trillion different types of bacteria. The majority of these microorganisms have
advantages. A portion of the small and large intestines is home to friendly bacteria. Bacteria cannot

develop in the stomach's acidic environment. The body's gut microorganisms play a variety of
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functions. For instance, gastrointestinal bacteria create the vitamins K and B;,. Limit the spread
of dangerous organisms. Toxins are broken down in the big intestine. Break down the fiber and
some carbohydrates and sugars in meals that cannot be absorbed. Enzymes made by bacteria break
down the carbohydrates in plant cell walls.
Without these bacteria, most of the nutritional content of plant matter would be lost. These
facilitate the digestion of plant meals like spinach [1]. Some of the human gut's microorganisms
are pathogens that can cause sickness. Other bacteria are beneficial and give a wide range of health
advantages. Bacteria in the gut play a crucial part in digestion by assisting your body in breaking
down food and absorbing nutrients [2]. It is an integral part of the human body. Gut bacteria are
essential to human health by delivering crucial nutrients, generating vitamin K, aiding cellulose
digestion, and stimulating angiogenesis and enteric nerve activity. Due to the alteration in their
composition brought on by the gut ecosystem's aberrant alterations by disease, antibiotics, ageing,
stress, lifestyle choices, and poor dietary practices can also be potentially dangerous. Numerous
chronic disorders, such as cancer, inflammatory bowel disease, autism, and obesity, can be brought
on by dysbiosis of the gut bacterial communities [3]-[4]. We are also nourishing the
microorganisms in our guts when we eat. These bacteria like feasting on proteins, carbs and milk
sugars just as we do. The human and the bacteria in our gut gain through this symbiotic eating
connection [5].
Recent research has illuminated the collateral damage that antibiotics due to the bacteria in the
human gut. These medications have been proven to have immediate and occasionally long-lasting
impacts that affect the human gut bacteria's taxonomic, genomic, and functional capabilities. While
increasing and decreasing the membership of particular native taxa, broad-spectrum antibiotics
reduce bacterial diversity [6].
Probiotics are living bacteria that exist naturally in the human body. Our body is continually
infected with both healthy and dangerous microorganisms. When you acquire an illness, more
nasty bacteria enter your system, throwing your system off balance. Good bacteria aid in the

elimination of excess harmful bacteria, restoring equilibrium. Probiotic supplements are a way to
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supply your body with beneficial microorganisms which help the human body digest food [7].
Mathematical modelling is a procedure that involves translating issues from the actual world into
mathematical terms, solving them in a symbolic system, and then testing the results in the original
system. Mathematical models such as biology, ecosystem, and physics are utilized in the natural
sciences. Extensive studies have used mathematical modelling to solve problems describing a
system, investigate the consequences of various elements, and forecast behavior [1], [8]-[14][4].
In this paper, the mathematical model describes the interplay of bacteria in the human gut in the
presence of antibiotic and Probiotic supplements is offered. The rest of the article is set as follows.
The structure of the proposed model is described in Sect. 2. The existence of the possible equilibria
is shown in Sects. 3. The stability property of the equilibria is investigated in Sects. 4. Some
examples and their numeric simulations are presented in Sect. 5 to show the feasibility of the main

results. We end this paper with a brief discussion.

2. MATHEMATICAL MODELLING

Suppose an ecosystem in the large intestine contains two symbiotic bacteria. Let b,(t) and
b,(t) are the population sizes of probiotic and pathogenic at time t. c(t) is the non-
decomposing toxins in the large intestine at time t. a(t) is the concentration of dissolved
antibiotics at time t. Under the above assumptions, the following set of ordinary differential

equations is obtained:

db,

E=7‘1b1[1—w]+ﬁob1—(ﬁ1+h)ab1 — by = fl (bl, b,,c, a),

L2 = szz[ 1- (bﬁ—zzbﬂ] + f1 aby — v, aby, — yoby — paby, = f5(by, by, ¢, a), 1)

dt

% = (co —c)d + q1b,c — qybic = f3(by, by, c,a),

d
d_‘z = W — .U'Oa = fll-(bl' bz, (o8 a);

with the initial conditions b;(0) = 0,b,(0) = 0,c(0) =0 and a(0) = 0. All parameters for

model (1) are assumed to be positive and are clearly described in table 1.
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Table 1 Explanation of system's (1) parameters.

PARAMETER EXPLANATION

1 Growth rate of b;.

T Growth rate of b,.

k Carrying capacity of b; and b,.

Bo The rate of effectiveness of Probiotic supplements.

B1 The transfer rate of good bacteria to harmful bacteria is

due to mutations of good bacteria exposed to antibiotics.

Y1 The rate of eliminating good bacteria by an antibiotic.

Y2 The rate of eliminating harmful bacteria by antibiotics.

U1 The natural death rate of b;.

Uy The natural death rate of b,.

Yo The elimination rate of harmful bacteria by the immune
system.

Co The constant intake of non-decomposing toxins in the

large intestine.

d The natural degradation of non-decomposing toxins in
the large intestine.

q1 The increased rate of non-decomposing toxins due to

a large amount or quantity of harmful bacteria.

q- The decreased rate of non-decomposing toxins due to

a large amount or quantity of good bacteria.

) The concentration rate of antibiotics.

o The degradation rate of antibiotics.

Further, Fig.1 illustrates the schematic sketch of the system (1) under examination.
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Figure 1 the schematic sketch of the system (1)

Theorem 1. All system's (1) solutions b, (t), b,(t),c(t) and a(t) that start with positive initial
conditions (b,(0), b,(0),c(0),a(0)) are also positive.
Proof. By integrating the right-hand functions of the model (1) for b, (t), b,(t),c(t) and a(t),

we get

t
by(t)=b1(0) exP{fO [7’1 [1—w] +Bo—(B1 +y1)a(s)—u1]ds},

¢ b
bz(t)=b2(0)exp{f [r2[1 “’Z(S”Zzbl(s))]:ﬁ 1 C;(;()S)l(s) 2 a(s)—Vo—#z]ds},

c(t)= C(O)exz?{f [——d+ q1b2(s)— ‘hb1(5)]d5}

a(t)=a(0) exp{ fo [% - uo]ds}.

Then by(t) = 0,b,(t) =0,c(t) =0 and a(t) =0 forall ¢ > 0. Therefore, the interior of R}
IS an invariant set.

Theorem 2. All solutions by(t),b,(t),c(t) and a(t) with the initial values
(b1(0), b,(0),c(0),a(0)) whichstartin { c R and satisfy g, > g, are uniformly bounded.
Proof: Let b;(t),b,(t),c(t) and a(t) be an arbitrary system (1) solution with a non-negative

initial condition. Then, for B(t) = b, (t) + b,(t) + c(t) + a(t), we have:
dB _db, db, dc da
dt dt dt dt dt
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(fl—f=r1b1[1—W]+Bobl—(ﬁl+yl)ab1 — Wby + 1yb, [ 1-— W] + By aby — y, ab, — yob,
— paby + (co — ©)d + q1bc — qzbic+ w — poa

Hence, =2+ 8B < rib+Bobisby + Cod + @ = @, where & = min. {uyby + (vo + i2), d, o}

Then, by applying Gronwall's Inequality, the following is obtained:

0 < B(by(t), by (£), c(t),a(t)) < %(1 —e~%) + B(0)e~d
Hence, 0 < gimsup B(t) S%
Thus, all system (1) solutions that are initiated in R} are attracted to the region T =

{(bl,bz,c,a) € RiB :b1+b2+C+aS%}

3. EXISTENCE OF EQUILIBRIA

System (1) has twelve non-negative equilibrium points, namely:

1. s; = (by,0,0,0), where by, = X02tFot1) oyicis when

1

r+ Bo >t (2)

2. s, =(0,b,0,0), where b; = w exists when

2
T, > Yo+ Uy (3)

k[’”1+ﬁo -(B1 —Y1)§0—H1]

1

3. S3 = (51,0,0, a*), where, Bl = and, a* = uﬂ exists when
0

® 4
7’1+ﬁo>(ﬁ1+)’1)u_+ﬂl (4)
0
4. s, =(0,b5,ct,0), where, b} =X0Voi) ang ot = 99 por bt oand ¢t to be
2 2 75 d—qyb} 2

positive, the following would be the case:
T2 > Yo T Uy,

d > q,b. (5)

5. ss = (by,0,¢,0), where by =w> 0 if condition (2) is satisfied, and ¢ =
1
Cod

———>0 if
c(d—q1b1)



STABILITY ANALY SIS OF PATHOGENIC AND PROBIOTIC BACTERIA

, (6)
d > qib,

6. s¢ = (0,by,0,a*), where b, = k(rz_yzi*_y"_HZ) and a* = uﬂ For b, to be positive, the
2 0

following should be the case
T, > Y207 +yot+ 1 (7)

P ~ Kty +kry (ra+) — kT Yo—Ta a2k (11 +
7. s, = (bl,bz,0,0) ., where b, = ToQo kg +kri (T +Up) =Kk Vo —T2a2k (11 +Bo)
riry(1-aa;)

: and b, =

—11¥V1 D2+ k(ri+Bo—11) Clearly b
1 ! ! 1

> 0 if the following condition holds:

k(ry + Bo) > riviby + kuy (8)
It should also be noted that for b, > 0 to be positive, one of the following conditions must be
the case:

a0y + 11 (1 + phy) > 1Yo + ran(r + ﬁo)} (9)
1>aa,

0oy +11( + Up) <1y +1ran(n + ﬁo)}

1< a,a, (10)

8. sg=(b,0,&a"), where b, = MtbozBrvaizinl o o it condition (4) is satisfied, & =

1

d
9% and a* = <.
d+q; by Uo
- k(r: —YowW— - cod W .
9. so = (0,by,c’,a*), where b, = <UzkoTVe®@Vokomhta) 1 — 0L _ ang v = 2 For b, and
T2 d—q1by Ho

¢’ to be positive, the following must be validated:

T2l > V20 + Yolo + Uz (11)
d> CI152
- - - 2 (e —
10,510 = (b b,c7,0) ,  where by = reCuloiamit o) g
“nayaby HABomka) gng o= = —%2 __ Clearly, for by, by and ¢~ to be positive, the
T d—q1b; +q2b;

following conditions must be satisfied:
raaakpy + rpankr (vo + 1) > raazk(r + Bo) + riazkrf, (12)

11y by k|1 Bo—(B14Y1)— )
11. 53, = (b}, b}, 0,a") where b} = —— it By ”O], a’ == and b} is the root of

1 Ko
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the following equation
Ab2+Bb,+c=0, (14)
here
A=r(qa; —1)

akw (B +v1)
Uo

) )
B=r [ﬁk - + az#1l —k [7”2“2(7”1 + Bo) + 27 ,u_ + Uy + a1 64 M_
0 0

C= %lk(k + Bo) — [%:(51 +y) + #1”

Using Descartes's rule of sign [15], Eq. (14) has a unique positive root b; if one of the following
conditions is satisfied:

1. A>0and C<O,

2. A<0and C>0.

Further, for b; to be positive, the following must be the case

/ @ (15)
ryiby <k|ri+Bo—(B1+ )/1)#_
0
12. 54, = (b7, b3, c*,a"), where bi, b;, a*have the same formula as in number 11, and
c* Cod . For c¢* to be positive, the following must be the case:

d-q1b3+q2bg

d + q,by > q1b; (16)

3. STABILITY ANALYSIS
This section explores the local stability behavior of the system (1) 's equilibrium points.

The Jacobin matrix of system (1) at any point, say (by, by, c,a), can be written as:

oby b oc  ga
ofi 9fi 0f1 0f
db; 0b, dac da
0f2 0fz 0fz Of2| _

J=\ob, ob, oc oa|= (aij)4x4’
ofs 0f3 0fs Of3
o b sc oe
L0fs  Ofs Ofs Ofyd

—11@1by

+Bo—Brtyda—p ., ap= P a3 =0, a;u=

Zrl bl—rlal b2

where, aq; =1 + p
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_ —T1a2b2 _ Zrzbz—rzazbl _
—(B1tyb . apy = X + pia , az, = o= Y@= Yo~ H2 , Q3=

0, aza = P1by —v2by , azy = —qzc, az; =qic, azz = —d+q1b, —qzb; , az, =0,
(g1 = Qup = g3 =0, Ay = —lo.
Consequently, the following is obtained.

1. The Jacobian matrix at s; = (by,0,0,0) is given as:

—r1by —r1a1by

P’ X 0 ~(B1 +v1)by
b ~
Jsp=| 0 m-— rzakz s — 0 B1by
| o 0 0 uy
Then, J(s;) has the eigenvalues
A1 = —_r,tgl <0,
Az =13 — rzak251 — U2,
Mz =—d = qzby <0,
A1 = —Uo < 0.
Then s; is alocally asymptotic stable if
ryayb
r, < 2 21+H2 (17)

otherwise, s; is a saddle point.

2. The Jacobian matrix at s, = (0, b}, 0,0)can be written as:

I a, 1, b:
= % + Bo— s 0 0 0
_ —rya,b; —1yb) ;
J(s2) = K K 0 —Y2b,
0 0 —d+gqb, 0
0 0 0 —u,
Then, J(s,) has the following eigenvalues
a1 b:
Ay =11 — . 2+ Bo — 11,
—1,b;)
Ay = <0,
22 .

Az = —d + q1 b,
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Aza = —Ho <0.
That means s, is a locally asymptotical stable point if, and only if, the following conditions are

satisfied:

rl < 1% a1r1b2 + ﬁo + ‘ul, (18)

q1b, < d.

3. The Jacobian matrix at s3 = (Bl, 0,0, a*) can be written as:

[ le.l —Tlalb'l . i
T % 0 —(B1 +v)bs
roa,b .
J(s3) = pra” 1, — 2 kz L Y2a" — Yo — Uy 0 B1by
0 0 —d — q,b, 0
0 0 0 —u,
Then, J(s3) has the eigenvalues
A1+ Az = — r1:1 + 71 — M Y2a" — Yo — Uz,

1 51

rya,b
A31.3; =T(_T2+ 22 1+V2a +V0+#2+ﬁ1a1a)

A3z =—d- g;b; <0
Agz =~ < 0.
That means s3 is a locally asymptotical stable point if, and only if, the following conditions hold:

riby | 7 a2b1

+ 720"+ Yo + iy + Pron @’ R+ 0" g + ).

221

(19)

r, < min. {

4. The Jacobian matrix at s, = (O, bJr, ct, O) can be written as:

r T
n-tE A B 0 0 0
_ T T
J(s4) = —rlzzbz —% 0 —¥2b; |
—q¢ ¢ —d+qb, 0
0 0 0 —po

Then, J(s,) has the following eigenvalues

rlalbz

Ag1 =1 — + Bo — M1,
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.I-
b
Ayz = — 2k2<0,

Ay3 = —d + qlbg,

Aaa = —o <0.
That means s, is a locally asymptotical stable point provided that:
rlb;r
r+Bo < S + U,
q:b} < d

5. The Jacobian matrix at sg = ('1'9'1, 0,c¢, 0) can be written as:

[t 0 0
|
.
](55)=| 0 7‘2_%—)’0—#2 0
l—QZE q:1¢ —d — Q2B1
0 0 0

The eigenvalues of J(ss) can be written as follows:

—T1 '1'7'1
k

251 = < 0,

_ r2a2b1
Asy =1 — ——

— Yo — Ha
Ag3 = —d — qz'b; <0,
Asy =~ <0.
That means s5 is a locally asymptotical stable point if

7‘221

r, <

+ Yo+ Uz

%m+nmq
&m |

S

6. The Jacobian matrix at s = (O, b;, 0, a*) can be written as:

7”105117; N
- X +Bo— (B +ya" —uy 0
—r,a,b, b,
J(se) = TR -
0 0
0 0

Then the eigenvalues of J(sg) are given by

0 0

0 —Y2b,
_d + qle 0

0 —Ho

11

(20)

(11)
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r, a4 b,
Ae1 =11 — 1kl 2"‘30—(/31'*‘)/1)“*—#1»
sz;
Ay =——— <0,
62 "
Aes = _d+CI1b;,
Aea = —Ho < 0.

That means s is a locally asymptotical stable point provided that the following conditions are
satisfied
Q1b; < dl

ra;b, . 22
1kl 2+(,31+V1)a + uy > 11+ Po. (22)

7. The Jacobian matrix at s, = (Bl, 152, 0,0) can be written as:

b - b ~
e 0 ~(B + mbl]
—rya5b 2y ~ ~
Je) =T e 0 Biby = v2b, |
0 0 —d+q.b, —q,b, 0 J
0 0 0 —U o

Then, the eigenvalues of J(F;) are given by

_ 7‘151 7‘252
A71+A72 - - T_ T< 0,

_ 7‘17‘25152
A1 A7 = ——=[1 - aya,],

K2
Az3 = —d + q1b, — q; by,
Aza = —l o <0
That means s, is a locally asymptotical stable point provided that:
1>aa,

q1b, < d + q,b, (22)

8. The Jacobian matrix at Sg = (51, 0,¢, a*) can be written as:

[ nrb —r,a.b ]
- a 0 —(B+y)b
r,a,b .
J(sg) = pa* 1, — 2 kz : —¥2a" — Yo — U 0 B1by
—q,¢ q:¢ —d - CI251 0
0 0 0 —Uo
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Then, the eigenvalues of J(sg) are given by

T151 Tya2by N
Adg1 +Aga = 1y ——— ——————720" — Yo~ la,
k k
b b
Ag1-Agy = 22 (_7"2 + 22220 4 yoa + Yo t 2 + a1f1a )
Ags = —d — q,b, <0,
Aga = —Ho <0
Clearly, sg is a locally asymptotical stable point provided that:
r, < min. {% + %zbl +y2a" +y, + ,uz,rzo;zbl +ya" +yotup + alﬂla*}. (23)
9. The Jacobian matrix at sq = (0, b,’,c’,a*) can be written as:
ria1b,’ N
- X +Bo—(Brtyda — iy 0 0 0
—1ya,b,’ —1yb,’
J(ss) = T 4 pia e
—qc’ q:¢’  —d+q. b 0
0 0 0 —l o |
Then, the eigenvalues of J(sg) are given by
byt %
Ao =11 —rla%*‘ﬁo — (B tyda —
by’
Aoy = — 0,
92 X
Aoz = —d + q1b7',
Aoy = —ip <0
That means sqg is a locally asymptotical stable point if
rya. by’ i 25
1+ Bo < . + (B +ya’ + (25)
q1b; < d.

10. The Jacobian matrix at s;o = (b1, b3, c~, 0)can be written as:

J(s10) =

r —11by —ria,by
k k
—Tzazbz_ T'2b2_

k k
=2 q1C
0 0

0 —(B+y)bi]

0 p1by —v2bs _
_ Y% 0

p

0 —Ho

Then, the eigenvalues of J(s,,) are given by

r1by
Mox + A1o2 = T X

5123

<0,
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r11,by by
1014102 = %(1 —a,a;),

A “© 9
10,3 — - )

o4 = —Ho <O0.

That s;o is a locally asymptotical stable point if:

1> aa,. (26)
11. The Jacobian matrix at s;; = (by, b3,0,a") can be written as:
r1by —T1a,b1 =]
-2 o 0 ~(B1 + b7
—11a, by N pia*by  1by = =
J(s11) = T"‘[ﬂa T Tk 0 B1by —v2b;
2
0 0 0 —U o
Then,
by fia’by 1b3
Mz + A1 =— kl - b, L - kz <0,
rbl (a*f1bT 1b;  riajazb; i
M- A1z = kl ( b> : kz - X 2 —a a1 |,
A1,3 = —d + q1b; — qzb1,
AM1a=—po <O0.
Then, the stability s;; is a locally asymptotical stable point if:
a*pib;  1mby  majazby N
5 K PR )
q:1b; <d+ q,bT.
12. The Jacobian matrix at Sy, = (b1, b3,c*,a”) can be written as:
e @b 0 —(By +ybi]
_r1a2b>2k * _ ﬁla*b; _ rZ_b; * *
J(si) =" & + pia b, & 0 B1b1 — v2b3 )
* * Co
—qzC q:¢ - 0
0 0 0 —Uo
Then,
b  pia’h;  1myb;
Aiz1+ Agpp = — - -

k b, k
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__ bl [ryb; | a’B1b] 7’20‘10‘2bz
M2 Az =— [_ +— - +a*a; B4,
k |k b}
Co
)\12 3 = - < 0
Mg =—u<0.

Then, the stability of S;, alocally asymptotical stable point if:

r2b; a’Byby X 101 b;

T+b—;+aa1ﬁl>T (28)
Now, Using the Lyapunov approach [16], this section delves into the requirements that must be
met for the global stability property of the system to exist (1) at the positive equilibrium point.

Theorem 3. s;, = (b1, b;,c*,a") is globally asymptotically stable if the following conditions

* 12 * 0 2
I—7"1a1_7”2“2 ﬁ1abzl < "nr <ﬁ1b )

k TR 412\ byb;
Co > max CI1 CIZ (29)
4kcc* — '

[,31_)’2]2S r,w '
b, 4kaa*

are satisfied.

Proof: Define:
b, c
>+c3(c—c —cln— )

b,
L12 = <b1 - bl bl ln ) + Cy <b2 bz bz ln
bl bZ

a
+ ¢y (a—a* —a*ln—*)
a

Therefore,
dle:_c1r1<b1—b;)2+[czﬁla_(:zrz“z I8 (by = b) (b, — b)
dt k b,

a1y C2/31bika*
k b,b;

— (B +yv)(a—a’)(by —by) — l l (by — b3)?

_ [02.3117;
b,

— €3q2(by — b1)(c —

* * C3CO *\ 2 * *
+ ;2| (@a—a™) (b, — b3) ——*(C — ")+ c3q,(by — b3)(c — ")
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_ bi(nd+nay)

By choosing the positive constants as: ¢; =c3=c¢, =1,¢c, = — the following is
obtained:
d;liz _ _rl(blz;c 5D B+ y)(a— a)(bs — bE) — %(a e Czkl(bz _ b3)?
[ 4 @ - @ — 5) - s (a0 — e = )
F by = B)(e = ) = PR (0, = b2 = e )
~ qa(by = b)) (c =€) = %

According to condition (29), the following is obtained:

dL 2 2

12 fﬁ X , Co . ,T1 X , W .

=<< — —_ — — — — — —

dt ( 2k (by = bp) + 2cc* (c—c )> ( 2k (by =bp) + 2aa* (@a-a )>
2

_ (\/% (b, — b) + \/ﬁ (c - c*)> (J% (bo = b3) + \g @ a*))z
dLq;

i 0 thus, F;, is Lyapunov stable. Therefore, si, is a globally stable point in the

Then,

interior of R%.

4. NUMERICAL ANALYSIS

Through the use of numerical simulations, the purpose of this part is to identify the essential
parameters of the system that have an impact on the behaviour of the proposed system. The
dynamics of model (1) can be acquired by the numerically solving system (1) with the help of
MATLAB and the Runge-Kutta method. This will give you the model's dynamics. After that, the
time series of the solutions of system (1) for many cases is drawn for the sets of parameters that
are as follows:

rn=027r,=04k=40,a;, =0.1,a, =0.1,6; = 0.16,6, = 0.16, 3, =

0.14, 5, = 0.016,y; = 0.018,y, = 0.017,y, = 0.18,d = 0.32,¢c, = 4,q; =  (30)

0.012,q, = 0.014, w = 0.6, py = 0.118.
Three instances will be considered to comprehend the system (1) model's dynamic behavior and

evaluate antibiotic and probiotic supplementation's effect on the gastrointestinal tract's
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performance. The outcomes of the four instances will then be compared.
» Case 1: the behavior of the system (1) without antibiotic and probiotic supplementation
In this scenario, we examine the behavior of the system (1) in the absence of antibiotic (w = 0)

and probiotic supplementation (B, = 0). Figure 2 illustrates the behaviour of the data given in
(30) with B, = w = 0. It demonstrates the solution settling asymptotically to s;, in Ri(bl'bz'c)
for different initial values. It's clear that the big intestine's non-decomposing toxins and harmful
bacteria are vast. In this particular scenario, there is a significant risk of gut wall inflammation. It

1s also conceivable for harmful bacteria to be transferred from the lumen into the tissue

compartment or circulation.
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Figure 2 Dynamics of the system (1) with the data given by (30) with By = w = 0 and different initial values.

» Case 2: the behavior of the system (1) with probiotic supplementation and without
antibiotic

In this case, system (1) is studied with probiotic supplementation and without antibiotics. Figure

3 explains the behavior of the data given in (30) with (w = 0). It determines the solution

approaching asymptotically to s;9 in Ri(bl’bz’c) for different initial values with significant

decreases in non-decomposing toxins and harmful bacteria.
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Figure 3 Dynamics of the system (1) for the data given by (30) with w = 0.

» Case 3: the behavior of the system (1) with probiotic supplementation and antibiotic
Clearly, for different sets of initial values, the solution of system (1) approach asymptotically to

the globally stable point s, = (b], b3, c*,a*) = (23.13,12.51,2.58,5.08) (see Figure 4).
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Figure 4 Dynamics of the system (1) with the data given by (30).
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5. CONCLUSION

A model consisting of good bacteria, harmful bacteria, toxins and antibiotics in the large intestine
has been studied. The terms of probiotic supplementation of the good bacteria have been included.
The theoretical analysis of the proposed mathematical model shows the existing conditions of the
twelve non-negative equilibrium points. Based on the Routh-Hurwitz stability criteria, the positive
equilibria s;, = (b, b3,c*,a*) Showed asymptotically stable behavior under certain conditions.
Further, using the Lyapunov method, the appropriate states that guarantee the global stability of
the positive equilibria have been established. According to the numerical simulation results, system
movement always happens around the positive equilibria if the system stability conditions are met.
In contrast, the absence of probiotic supplements will increase toxins in the large intestine. That

means the beneficial bacteria play a role in digestion and the enhancement of nutrient absorption.
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