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Abstract. COVID-19 exposed most of the world healthcare systems as many countries were compelled to request

for international support. The disease spreads through contact with bodily fluids of the infected person. COVID-

19 poses great threat to people in old age with the disease’s severity risks factor borne by them. In this study,

we developed a Covid-19 that explains the transmission mechanism of the disease. Model’s equilibrium points

were determined and local stability analyses of the model at equilibrium was carried out. The analyses showed

that disease free-equilibrium is stable when R0 < 1 and unstable when R0 > 1. Global stability analyses were also

performed for the models using analytic methods of Lyapunov function approach. The model is then extended

to optimal control by adding time-dependent controls. The model was analysed qualitatively with Pontryagin’s

Maximum principle. Numerical simulations were carried out for the model by designing an iterative scheme

that used a fourth-order Runge Kutta method. The numerical analyses also determine the effective strategy in

controlling the disease. Best control strategy is education and sensitisation of the public on the dangers and

possible causes of the infection.
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1. INTRODUCTION

The high transmissible viral disease that transcended the nations of the world, and plaguing

humanity with respiratory difficulty symptoms and death became a public heath concern

in 2020 when WHO confirmed the outbreak in Hubei, China. The disease surge to other

nations, with high number of case fatalities recorded in almost every part of the world.

COVID-19 exposed most of the world health systems, and caused most countries to request for

international support. The disease increased number of bed users as it escalated the condition

of those with underlying factors [1].

The disease spreads through contact with bodily fluids of the infected. COVID-19 poses great

threat to people in old age, with the disease’s severity risks factor borne by them. As a result

of the implications of the disease on aged and individuals with underlying factor, the older

generation were encouraged to adhere various preventive protocols outlined by the World

Health Organization (WHO). In the later parts of 2021, there was a breakthrough in vaccine

development, and several vaccines were manufactured to support pharmaceutical intervention

of the disease. The vaccine roll outs have drastically lowered the number of COVID cases

and reduced hospitalization in many parts of the world. Further, in some cases and regions,

the reported compilations induced in the vaccinated host far out weighs the benefits of the

vaccines, and that has been hurting the smooth execution of the vaccination programs [2].

Authors in [3] proposed and analysed a compartmental mathematical model on coronavirus

infections to predict highest priority for management and control transmission dynamics

with limited resources of the COVID-19 or SARS-CoV-2 virus outbreak in India based on

accessible data documented within the period of 30th January, 2020 to 30th April, 2020.

The basic reproduction number R0 was computed which further was used to study the model

predictions and simulation as the sensitivity indices of the R0 was conducted to measures the

initial transmission of the coronavirus.

Epidemiological models generally explain the transmission dynamics of infections and can

predict the persistence or die out of the infection with time. An optimal control can be

incorporated into these models to determine the most effective control measures that comes

with less costs [4, 5, 6, 7].
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Authors in [8] investigated an age-structure mathematical model to quantify effectiveness of

social distances interventions within a midsized city in the Europe and United States. However,

the study aimed at evaluating effectiveness of these interventions as the study provided esti-

mated proportion of cases, deaths and hospitalizations in medium-sized cities averted within

key and short-term challenges as social distancing interventions were in place. The results of

the study highlighted timely interventions of social distancing to limits the rate of infection

which showed averted in deaths, new cases and hospitalizations with modest reductions contact

among the adults population while social intervention strategies were in place.

[9] formulated and proposed a mathematical model that incorporates dynamics behavior

of isolation class of the infected humans and risk of future spread of endemic coronavirus

infection when it spreads through a community. The model formulated was designed on the

assumption that same rate of contacts of the exposed and infection classes with susceptible

individuals as the total population was divided into five classes; susceptible class, exposed

class, infected class, quarantine individuals and recovered class. The study however discussed

the positivity of individual classes with all the solutions of system remained non-negative as

t ≥ 0. The local and global stability of the proposed model were carried out depended on the

basic reproduction number.

Authors in [10] studied a mathematical model to investigate the design of optimal control

strategies for early severe SARS-CoV-2 transmission based on the data published in Wuhan

and surrounding areas. The study first investigated the state-space and epidemic economic

concerns and prevention associated with critical parameters were simultaneously considered

from different factors. The study also proposed a multi-objective genetic algorithms for

efficient optimal design strategies of numerous weights and single cost functions obtained the

best solutions were combined.

Researchers in [11] developed a mathematical model using both nonlinear fractional and

ordinary differential equation of the novel corona virus disease outbreak in 2019. The study

tried to investigate the transmission rate of human to human infection and control measures of

the disease. Their model considered simple transmission rate of the infection. Total population

is divided into six individuals with natural human mortality into susceptible population. The
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results of the nonlinear ordinary differential equation better predict the best-fit and future

situation of corona virus in Nigeria.

2. MODEL DESCRIPTION AND FORMULATION

The model is categorized into five compartments based on disease status such as; Suscepti-

ble, (S), Exposed, (Ec), Infected, (Ic), Treatment, (Tc) and Recovery, Rc. The model assumes

that individuals are recruited into the susceptible population at rate Λ. β is the rate at which

susceptible individuals are infected when they come in contact with an infected person. The rate

of progression of the disease from the exposed to the infected compartment is given by α . In-

fected individuals seek treatment at a rate γ , while a fraction of the infected individuals recover

and move to the recovery compartment. Treated individual also recover at rate σ . The model

assumes that recovered individuals may loss the immunity after some time and becomes sus-

ceptible at rate ρ . µ is natural death. Table 1 shows the parameter values used in the Covid-19

model and their descriptions.

TABLE 1. COVID-19 Model and Parameter description

Parameter Description

Λ The rate at which individuals enter the susceptible population

β The transmission rate

α Rate at which exposed people become infected

γ Recruitment rate into treated compartment

(1− γ) Recruitment rate into recovery compartment

σ Recruitment rate from treated into recovery compartment.

µ Natural death rate

Based on these assumption, the system of ordinary differential equations for the proposed

COVID model in Figure 1 is given by;
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FIGURE 1. Schematic diagram of the COVID Model

(1)



d
dt

S = Λ−βSIc−µS+ρRc

d
dt

Ec = βSIc− (µ +α)Ec

d
dt

Ic = αEc− (1− γ)Ic− (µ +δ + γ)Ic

d
dt

Tc = γIc− (µ +σ)Tc

d
dt

Rc = σTc +(1− γ)Ic− (µ +ρ)Rc

3. MODEL ANALYSIS

3.1. Positivity of solutions.

(2)
ds
dt

= Λ−S (β Ic +µ)+PRc

ds
dt
≥ −S (β Ic +µ)

ds
s
≥ − (β Ic +µ)dt∫ ds

s
≥ −

∫
(β Ic +µ)dt

lns≥ − (β Ic +µ) t +C



6 OTOO, GYAN, ADUSEI, GYAMFI, OSMAN

At t = 0,S = S0

lnS0 = c

lnS≥ − (β Ic +µ) t + lnS0

lnS− lnS0≥ − (β Ic +µ) t

ln
(

S
S0

)
≥ − (β Ic +µ) t

S
S0
≥ e−(β Ic+µ)t

S≥ S0e−(β Ic+µ)t

S≥ 0

Same applies for;
dE
dt , dI

dt , dR
dt , dT

dt .

Hence;

E≥ 0, I≥ 0,R≥ 0,T≥ 0

3.2. Feasibility Region.

N = S+Ec + Ic +Tc +Rc

dN
dt = ds

dt +
dEc
dt + dIc

dt ++dTc
dt ++dRc

dt

dN
dt = Λ−µN−δ Ic− γIc

dN
dt ≤ Λ−µN

dN
Λ−µN ≤ dt
dN

−µ(N−Λ

µ
)
≤ dt

dN
(N−Λ

µ
)
≤ −µdt

ln
(

N− Λ

µ

)
≤ −µt + c

At t = 0,N = N0

ln
(

N0− Λ

µ

)
≤ c

ln
(

N− Λ

µ

)
≤ −µt + ln

(
N0− Λ

µ

)
ln
(

N−Λ

µ

N0−Λ

µ

)
≤ −µt
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N−Λ

µ

N0−Λ

µ

)
≤ e−µt

As t→ ∞(
N−Λ

µ

N0−Λ

µ

)
≤ 0

N− Λ

µ
≤ 0

N ≤ Λ

µ

Therefore, the positive solution set is an invariant set of the model and is given by;

(3) ∩=

(
Cs,Ec, Ic,Tc,Rc ε Rs

+ : N≤Λ

µ

)
DISEASE-FREE EQUILIBRIUM

When no infection exist in the system 1, then , the system is said to have a disease-free

equilibrium. The equilibrium point is given by setting the left hand side of the state system 1 to

zero, and solving for each variable of the state system [12, 13]. Hence, we get

(4)



0 = Λ−βSIc−µS+ρRc

0 = βSIc− (µ +α)Ec

0 = αEc− (1− γ)Ic− (µ +δ + γ)Ic

0 = γIc− (µ +σ)Tc

0 = σTc +(1− γ)Ic− (µ +ρ)Rc

Obviously, when there is no infection in the system, Ec = Ic = Tc = Rc = 0. Therefore, each

compartment of system 4 would be equal to zero except the first compartment. Since Ec = Ic =

Tc = Rc = 0. Thus, we have

(5)
{

0 = Λ−µS

From 5, solving for S gives

S =
Λ

µ
.

Hence, the disease-free equilibrium point D0 is given by

(6) D0 = (S0,Ec0, Ic0,Tc0,Rc0) = (
Λ

µ
,0,0,0,0)
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4. BASIC REPRODUCTION NUMBER R0

The basic reproductive number is threshold value that governs the persistence or die out of

the disease [14, 15, 16, 17]. From model system 1, the infectious compartments are;

d
dt

Ec = βSIc− (µ +α)Ec

d
dt

Ic = αEc− (1− γ)Ic− (µ +δ + γ)Ic

d
dt

Tc = γIc− (µ +σ)Tc

We refer to the infectious system and derive matrices F and V as follows;

F =


βSIc

0

0

 , V =


(µ +α)Ec

(µ +δ + γ)Ic +(1− γ)Ic− γEc

(µ +σ)Tc− γIc


The Jacobian matrix of F is given by

(7)

F =


0 βS 0

0 0 0

0 0 0




Evaluating Matrix F at the disease free equilibrium (S0,Ec0, Ic0,Tc0 ,Rc0) = (
Λ

µ
,0,0,0,0)

gives

F =


0 β

Λ

µ
0

0 0 0

0 0 0


In the same way, the Jacobian of the matrix V is given by

(8) V =


(µ +α) 0 0

−α (µ +δ + γ)+(1− γ) 0

0 0 (µ +σ)− γ
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Evaluating matrix V at the disease free equilibrium (S0,Ec0, Ic0,Tc0,Rc0) = (
Λ

µ
,0,0,0,0)

gives

(9) V =


(µ +α) 0 0

−α (µ +δ + γ)+(1− γ) 0

0 0 (µ +σ)− γ


The inverse matrix of the matrix V is given by

(10) V−′ =


1

(µ +α)
0 0

α

(µ +α)(µ +δ + γ)+(1− γ)

1
(µ +δ + γ)+(1− γ)

0

0 0
1

(µ +σ)− γ


Now,

(11)

FV−′ =


0 β

Λ

µ
0

0 0 0

0 0 0




1
(µ +α)

0 0

α

(µ +α)(µ +δ + γ)+(1− γ)

1
(µ +δ + γ)+(1− γ)

0

0 0
1

(µ +σ)− γ


Hence, the basic reproduction number R0 is given by

R0 =
βΛ

µ(µ +α)
(
(µ +δ + γ)+(1− γ)

)
4.1. Endemic equilibrium. When the disease under consideration exists in the system, the

system is likely to be endemic at the long run. Endemic equilibrium

EQ = (S∗,E∗C, I
∗
C,T

∗
C ,R

∗
C) of the COVID model system 1 given is

S∗ =
Λ+ρR∗c
β I∗c +µ

,

E∗c =
βS∗I∗c
µ +α

,

I∗c =
αE∗c

(µ +α)(µ +δ + γ)+(1− γ)
,

T ∗c =
γI∗c

(µ +α)
,

R∗c =
σT ∗c +(1− γ)I∗c

µ +ρ
.
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4.2. Stability analysis at the disease free equilibrium. The subsection 4.2 examines the

stability of the the model system (1) at the disease-free equilibrium. The linearization method

is employed to study the model system (1) stability. Using the linearised Jacobian matrix LJD is

given by

(12) LJD =



−β Ic−µ 0 −βS 0 ρ

β Ic −(µ +α) βS 0 0

0 α −(1− γ)− (µ +δ + γ) 0 0

0 0 γ −(µ +σ) 0

0 0 (1− γ) σ (−µ +ρ)


When the Jacobian 12 is evaluated at the disease-free equilibrium (

Λ

µ
,0,0,0,0), the following

matrix is generated;

(13) (A−λ I) =



−µ−λ 0 −β
Λ

µ
0 ρ

0 −(µ +α)−λ β
Λ

µ
0 0

0 α −(1− γ)− (µ +δ + γ)−λ 0 0

0 0 γ −(µ +σ)−λ 0

0 0 (1− γ) σ −(µ +ρ)−λ


Clearly, λ1 =−µ ,λ2 =−(µ +ρ) ,λ3 =−(µ +σ),

It follows that the remaining matrix is given by

(14) H =

−(µ +α)−λ β
Λ

µ

α −(1− γ)− (µ +δ + γ)−λ


Matrix 14 is strictly diagonally dominant since |− (µ +α)−λ | > β

Λ

µ
and |− (1− γ)− (µ +

δ + γ)−λ |> α . Hence, from Gershgorin circle theorem ??, model system 1 is locally asymp-

totically stable at the disease free equilibrium.

5. GLOBAL STABILITY OF THE DISEASE-FREE EQUILIBRIUM

The subsection 5 studies the stability of the disease-free equilibrium of model system 1 by

constructing a suitable Lyapunov function for the model 1.
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Theorem 1. The disease-free equilibrium D0 = (S0,Ec0, Ic0,Tc0 ,Rc0) = (
Λ

µ
,0,0,0,0) is globally

asymptotically stable in R5
+ if R0 < 1.

Proof. We construct a Lyapunov function L(S,EC, IC,TC,RC) : R5→ R+, for disease-free equi-

librium point defined as

(15) L =
( 1

d1d2

)
EC +

1
d2

(IC
α

)
,

where d1 = (µ +α), d2 =
(
(µ +δ + γ)+(1− γ)

)
(16)

dL
dt

=
( 1

d1d2

)dEC

dt
+

1
d2α

dIC
dt

,

(17)
dL
dt

=
( 1

d1d2

)
(βSIc− (µ +α)Ec)+

1
d2α

(αEc− (1− γ)Ic− (µ +δ + γ)Ic),

dL
dt

=
( 1

d1d2

)
(βSIc−d1Ec)+

1
d2α

(αEc−d2Ic),

dL
dt

=
( 1

d1d2

)
(βSIc)−

( 1
d2

)
(Ec)+

1
d2α

(αEc)−
1
α
(Ic),

(18)
dL
dt

=
( 1

d1d2

)
(βSIc)−

1
α
(Ic),

But s =
Λ

µ
at the disease-free equilibrium. Hence,

(19)
dL
dt

=
( 1

d1d2

)
β

Λ

µ
Ic−

1
α
(Ic),

dL
dt

= R0Ic−
1
α
(Ic),

(20)
dL
dt

= (R0−
1
α
)Ic,

It follows that
dL
dt
≤ 0 when α < 1 for R0 < 1. Further, it can be noted that

dL
dt

= 0, when

Ic = 0. Hence, from [?], the disease-free equilibrium, D0 is globally asymptotically stable when

R0 < 1. �
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6. STABILITY-ENDEMIC EQUILIBRIUM

The subsection 6 studies the stability of the COVID model system 1 at the endemic equilib-

rium. Model system 1 would be linearised by Linearisation approach [18, 19, 20]. The Jacobian

matrix is given by

(21)



−β I∗c −µ 0 −βS∗ 0 ρ

β I∗c −(µ +α) βS∗ 0 0

0 α −(1− γ)− (µ +δ + γ) 0 0

0 0 γ −(µ +σ) 0

0 0 (1− γ) σ (−µ +ρ)


Hence, (A−qI) becomes

(22)



−(β I∗c −µ)−q 0 −βS∗ 0 ρ

β I∗c −(µ +α)−q βS∗ 0 0

0 α −
(
(1− γ)− (µ +δ + γ)

)
−q 0 0

0 0 γ −(µ +σ)−q 0

0 0 (1− γ) σ (−µ +ρ)−q



The real part of matrix 22 eigenvalues would not be negative since the matrix 22 is not strictly

diagonally dominant. Hence, by Gershgorin circle theorem [21], model system 1 is unstable.

6.1. Global Stability of the endemic equilibrium. The subsection 6.1 examines the global

stability of the endemic equilibruim of the COVID model (1) by constructing a suitable Lya-

punov function for model system model (1). The analysis is given as follows.

Theorem 2. Given that S = S∗, EC = E∗C, IC = I∗C, TC = T ∗C , and RC = R∗C, then, the endemic

equilibrium E∗Q of the COVID model (1)is globally asymptotically stable in R+5 whenever R0 >

1.

Proof. We define a lyapunov function

(23) L : {(S,EC, IC,TC,RC) ∈ ϕ‖S,EC, IC,TC,RC > 0}→ R
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given by

L(S,EC, IC,TC,RC) =
(
S−S∗−S∗ln

S
S∗
)
+
(
EC−E∗C−E∗Cln

EC

E∗C

)
+
(
IC− I∗C− I∗Cln

IC
I∗C

)
+
(
TC−T ∗C −T ∗C ln

TC

T ∗C

)
+
(
RC−R∗C−R∗Cln

RC

R∗C

)
The time derivative of L becomes

dL
dt

=
(S−S∗

S

)dS
dt

+
(EC−E∗C

EC

)dEC

dt
+
(IC− I∗C

IC

)dIC
dt

+
(TC−T ∗C

TC

)dTc

dt
+
(RC−R∗C

RC

)dRC

dt

(24)

dL
dt

=
(S−S∗

S

)(
Λ−β (S−S∗)(Ic− I∗c )−µ(S−S∗)+ρ(Rc−R∗c)

)
+
(EC−E∗C

EC

)(
β (S−S∗)(Ic− I∗c )− (µ +α)(Ec−E∗c )

)
+
(IC− I∗C

IC

)(
α(Ec−E∗c )− (1− γ)(Ic− I∗c )− (µ +δ + γ)(Ic− I∗c )

)
+
(TC−T ∗C

TC

)(
γ(Ic− I∗c )− (µ +σ)(Tc−T ∗c )

)
+
(RC−R∗C

RC

)(
σ(Tc−T ∗c )+(1− γ)(Ic− I∗c )− (µ +ρ)(Rc−R∗c)

)
dL
dt

=
(
Λ
(S−S∗

S

)
−β

((S−S∗)2

S

)
(Ic− I∗c )−µ

((S−S∗)2

S

)
+ρ(Rc−R∗c)

(S−S∗

S

))
+
(
β (S−S∗)

(EC−E∗C
EC

)
(Ic− I∗c )− (µ +α)

((EC−E∗C)
2

EC

))
+
(
α(Ec−E∗c )

(IC− I∗C
IC

)
− (1− γ)

((IC− I∗C)
2

IC

)
− (µ +δ + γ)

((IC− I∗C)
2

IC

))
+
(
γ(Ic− I∗c )

(TC−T ∗C
TC

)
− (µ +σ)

((TC−T ∗C )
2

TC

)
+
(
σ(Tc−T ∗c )

(RC−R∗C
RC

)
+(1− γ)(Ic− I∗c )

(RC−R∗C
RC

)
− (µ +ρ)

((RC−R∗C)
2

RC

))
dL
dt

=
(
Λ−Λ

(S∗

S

)
−β

((S−S∗)2

S

)
(Ic− I∗c )−µ

((S−S∗)2

S

)
+ρ(Rc−R∗c)

(S−S∗

S

))
+
(
β (S−S∗)

(EC−E∗C
EC

)
(Ic− I∗c )− (µ +α)

((EC−E∗C)
2

EC

))
+
(
α(Ec−E∗c )

(IC− I∗C
IC

)
− (1− γ)

((IC− I∗C)
2

IC

)
− (µ +δ + γ)

((IC− I∗C)
2

IC

))
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+
(
γ(Ic− I∗c )

(TC−T ∗C
TC

)
− (µ +σ)

((TC−T ∗C )
2

TC

)
+
(
σ(Tc−T ∗c )

(RC−R∗C
RC

)
+(1− γ)(Ic− I∗c )

(RC−R∗C
RC

)
− (µ +ρ)

((RC−R∗C)
2

RC

))
Using the relation d = d1−d2 give

d1 = Λ+ρ(Rc−R∗c)
(S−S∗

S

)
+
(
β (S−S∗)

(EC−E∗C
EC

)
(Ic− I∗c )+

(
α(Ec−E∗c )

(IC− I∗C
IC

)
+
(
γ(Ic− I∗c )

(TC−T ∗C
TC

)
+
(
σ(Tc−T ∗c )

(RC−R∗C
RC

)
+(1− γ)(Ic− I∗c )

(RC−R∗C
RC

)
and

(25)

d2 = Λ
(S∗

S

)
+β

((S−S∗)2

S

)
(Ic− I∗c )+µ

((S−S∗)2

S

)
+(µ +α)

((EC−E∗C)
2

EC

)
+(1− γ)

((IC− I∗C)
2

IC

)
+ (µ +δ + γ)

((IC− I∗C)
2

IC

)
+(µ +σ)

((TC−T ∗C )
2

TC

)
+(µ +ρ)

((RC−R∗C)
2

RC

)
As observed the d1 < d2, which implies that

dL
dt
≤ 0 if d1 < d2. Hence, it follows that

dL
dt

= 0

when S = S∗, EC = E∗C, IC = I∗C, TC = T ∗C , and RC = R∗C. Therefore the largest compact invariant

set {S,EC, IC,TC,RC ∈ ∆ :
dL
dt

= 0} is the singleton EQ, where EQ is the endemic equilibrium.

Hence from [22], EQ is globally asymptotically stable in ∆ . �

6.2. Sensitivity Analysis. A normalised forward sensitivity index of a variable y, which solely

depends deferentially on a parameter x, defined as;

(26) A y
x =

∂y
∂x
∗ x

y

TABLE 2. Covid-19 model parameters and sensitivity index

Parameters Sensitivity index (+ve/-ve)

Λ +

β +

α +

γ -

σ +

δ +
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The most sensitive parameter is the recruitment rate of individuals into the susceptible com-

partment as in the analysis of Table 2.

7. COVID-19 MODEL EXTENSION TO OPTIMAL CONTROL

The subsection 7 construct an optimal control model for the state model 1 by introducing a

time-dependent controls of u1, denoting education and u2, denotes a vaccination control. Con-

trol model assesses the performance of the considered controls in minimizing the exposed,

infected and treated individuals. Hence, the following nonlinear differential equation model is

derived;

(27)



d
dt

S = Λ− (1−u1)βSIc−µS+ρRc−u2S

d
dt

Ec = (1−u1)βSIc− (µ +α)Ec

d
dt

Ic = αEc− (1− γ)Ic− (µ +δ + γ)Ic

d
dt

Tc = γIc− (µ +σ)Tc

d
dt

Rc = σTc +(1− γ)Ic− (µ +ρ)Rc +u2S

With the main objective of minimizing the exposed, infected and treated individuals, we con-

sider a quadratic function as in [23, 4], that minimizes the exposed, infected and treated indi-

viduals through education u1 and vaccination u2. Hence, the objective functional J is given

by;

(28) J(u1,u2) =
∫ t f

o

[
H1Ec +H2Ic +H3Tc +

1
2
(D1u2

1 +D2u2
2)

]
.dt

Considering the objective functional (28), the quantities H1,H2 and H3 are the weight constants

of the exposed, infected and treated individuals. In addition, the terms
D1u2

1
2

, and
D2u2

2
2

are the

cost that comes with minimizing the exposed, infected and treated individuals. Hence, we seek

an optimal control u∗1,u
∗
2 such that

(29) J(u∗1,u
∗
2) = min{J(u1,u2) : (u1,u2) ∈U}

where

(30) U = {(u1,u2)| 0≤ ui ≤ 1, i = 1,2, Lebesgue measurable}
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Now, the analytic method of Pontryagin’s maximum principle [24], would be employed to con-

verts system 27 and 28 into a problem of minimizing the Hamiltonian H with respect to the

controls u1 and u2, where;

H f =

[
H1Ec +H2Ic +H3Tc +

1
2
(D1u2

1 +D2u2
2)

]
+λ1{Λ− (1−u1)βSIc−µS+ρRc−u2S}

+λ2{(1−u1)βSIc− (µ +α)Ec}

+λ3{αEc− (1− γ)Ic− (µ +δ + γ)Ic}

+λ4{γIc− (µ +σ)Tc}

+λ5{σTc +(1− γ)Ic− (µ +ρ)Rc +u2S},(31)

Theorem 3. There exists an optimal control U∗ = (u∗1,u
∗
2) ∈U such that

(32) J (u∗1,u
∗
2) = min

U
J (u1,u2),

subject to the control system (27) with the initial conditions.

Proof. We refer to the work by [25] to prove the existence of optimal control of model 37. As

observed, the state and control variables are non-negative. We also observe that in minimizing

the control problem, the necessary and convexity of the objective functional in u1 and u2 are

satisfied. The control space

U = {u|u1,u2 are measurable, 0≤ u1,u2 ≤ umax < ∞, t ∈ [0, t f ]}

is also convex and closed by definition. The optimal system is bounded which verifies the

compactness needed for existence of the optimal control. Also, the integrand in the functional

28,
[

H1Ec+H2Ic+H3Tc+
1
2
(D1u2

1+D2u2
2)

]
is convex on the control u. Therefore, we see that

there exist a constant q > 1, positive numbers u1 and u2 such that,

J(u1,u2)≥ u1
(
|u1|2 + |u2|2

)q
2 −u2.

Hence, there exist an optimal control. In the quest to find optimal solution, the Pontryagin’s

maximum principle [24] is applied to the Hamiltonian 31 such that if (x,u) is an optimal solution

of the optimal control problem, then there exist a non-trivial vector function λ = (λ1 . . . λ5)
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satisfying the below equation;

(33)

dz
dt

=
∂H(t,x,u,λ )

∂λ

0 =
∂H(t,x,u,λ )

∂u
dλ

dt
=−∂H(t,x,u,λ )

∂ z

Hence, the necessary condition associated to the Hamiltonian (31) is applied.

Theorem 4. Given that S,Ec, Ic,Tc and RC are optimal state solutions with associated optimal

control variables (u∗1,u
∗
2) for the optimal control problem 27 and 28, then there exist adjoint

variables λi for i = 1, . . . ,5, satisfying;

λ
′
1 =−

∂H
∂S

= (λ1−λ2)(1−u1)β IC +(λ1−λ5)u2 +µλ1

λ
′
2 =−

∂H
∂Ec

= (λ2−λ3)α +µλ2−H1

λ
′
3 =−

∂H
∂ Ic

= (λ1−λ2)(1−u1)βS+(λ3−λ5)(1−α)+(λ3−λ4)γ +(µ +δ )λ3−H2

λ
′
4 =−

∂H
∂Tc

= (λ4−λ5)σ +µλ4−H3

λ
′
5 =−

∂H
∂Rc

= (λ5−λ1)ρ +µλ5(34)

with boundary condition;

(35) λi(t f ) = 0, i = 1,2, . . . ,5

The optimal control u∗1 and u∗2 are given by

u′1 = min

{
1,max

{
0,

(
(λ2−λ1)

βSIC
D1

)}}

u′2 = min

{
1,max

{
0,

(
(λ1−λ5)

S
D2

)}}
(36)

�

Proof. The adjoint and boundary conditions are derived by applying the Hamiltonian 31. Thus

we equate S = S∗, Ec = E∗c , Ic = I∗c , TC = T ∗c , and RC = R∗C and differentiating the Hamiltonain
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with respect to S,Ec, Ic,Tc and RC to obtain 34. Further, the equations
∂H
∂u1

= 0 and
∂H
∂u2

= 0 are

determined on the interior of the control set and using the optimal conditions and the property of

the control space u1 and u2, and we derive 36. From 36, The control is characterize by solving

the optimal system. Thus, the transversality and the characterization of the optimal control

(u1,u2) are use in solving the optimal system. �

The controls u∗1 and u∗2 when substituted into the control system (37) gives;

(37)



d
dt

S = Λ−
(

1−min

{
1,max

{
0,

(
(λ2−λ1)

βSIC
D1

)}})
βSIc−µS

+ρRc−min

{
1,max

{
0,

(
(λ1−λ5)

S
D2

)}}
S

d
dt

Ec =

(
1−min

{
1,max

{
0,

(
(λ2−λ1)

βSIC
D1

)}})
βSIc− (µ +α)Ec

d
dt

Ic = αEc− (1− γ)Ic− (µ +δ + γ)Ic

d
dt

Tc = γIc− (µ +σ)Tc

d
dt

Rc = σTc +(1− γ)Ic− (µ +ρ)Rc +min

{
1,max

{
0,

(
(λ1−λ5)

S
D2

)}}
S

8. NUMERICAL RESULTS

We conduct numerical simulations on optimal control strategies on the Cov-19 model using

parameter values in 3. This is done by solving the optimal system consisting of state equations

27, the objective functional 28, adjoint equations 33, transversality conditions 34 and the char-

acterisation 36. This is done by applying an iterative scheme using a fourth order Range-Kutta

to solve state equations by guessing controls over time [21].
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TABLE 3. COVID-19 Model and Parameters

Parameter Baseline Source

Λ (10−1000) [26].

β 1.8980 estimated

α 1.8228 estimated

γ 0.074 [27]

σ 0.0083 [27]

δ 0.15 [26]

µ 0.000042578 [26]

8.1. Effects of varying contact rate β on populations. Generally, contact rate, β has an

effect on disease transmission. We look at this effects on the dynamics of disease transmission

by varying the contact rate. Figure 2 shows the effects of β on susceptible and infected Covid-

19 populations with time.

A decrease in the value of β corresponds to a decrease in susceptible Covid-19 population.

However, an increase in the value of β corresponds to an increase in susceptible population. As

the value of β increases, there is a corresponding increment in Covid-19 infected population as

indicated in Figure 2.

FIGURE 2. Effects of varying contact rate

.
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8.2. Strategy 1: Optimal vaccination of susceptible population. Using vaccination control

on susceptible population, we optimise the objective functional by setting the other control to

zero. This has an effects on susceptible, exposed, treated, and Covid-19 infected populations as

shown in Figure 3 and 4 respectively.

There have been an increase in susceptible population as a result of vaccination and a decrease

in the number of population infected with the disease. Moreover, populations exposed to the

infection have reduced exponentially as indicated in Figure 4.

FIGURE 3. plot of phase portraits with u1 and u2

FIGURE 4. plot of phase portraits with u1 and u2
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8.3. Strategy 2: Optimal education/sensitisation of susceptible population. Using educa-

tion as a control on susceptible population, we optimise the objective functional by setting the

other control to zero. This has a very small effects on susceptible and treated populations. But

has an exponential effect on infected and treatment population as shown in Figure 5 and 6 re-

spectively.

There have been an decrease in exposed population as a result of education oe sensitisation and

a decrease in the number of population infected with the disease as indicated in Figure 6.

FIGURE 5. plot of phase portraits with u1 and u2

FIGURE 6. plot of phase portraits with u1 and u2
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9. CONCLUSION

In this study, we developed a Covid-19 that explains the transmission mechanism of the dis-

ease. Model’s equilibrium points were determined and local stability analyses of the model at

equilibrium points was carried out. The analyses showed that disease free-equilibrium is stable

when R0 < 1 and unstable when R0 > 1. Global stability analyses was also performed for the

models using analytic methods of Lyapunov function approach.

The model is then extended to optimal control by adding time-dependent controls. Numerical

simulations was carried out for the model by designing an iterative scheme that used a fourth-

order Runge-Kutta method. The best strategy is education and sensitisation of the public on the

dangers and possible causes of the infection.

Using vaccination as a control on susceptible population, this has an effect on susceptible, ex-

posed, treated, and Covid-19 infected populations as shown in Figure 3 and 4 respectively.

Moreover, population exposed to the infection have reduced exponentially as indicated in Fig-

ure 4.

Using education as a control on susceptible population, this has a very small effects on suscepti-

ble and treated populations. But has an exponential effect on infected and treatment population

as shown in Figure 5 and 6 respectively. There have been an decrease in exposed population

as a result of education and a decrease in the number of population infected with the disease as

indicated in Figure 6.
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