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Abstract. A theoretical knowledge of the global stability of an eco-epidemiological model is not only important in
itself but is also important in understanding the results of numerical simulations. In this paper the global stability
of a fractional-order eco-epidemiological model with infected predator and harvesting is investigated using the
Lyapunov function.
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1. INTRODUCTION

Mathematical models of the relationship between predator and prey in the presence of infec-
tious diseases, which play an important role in the dynamics, are called eco-epidemiological
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models. There have been various studies of such models with disease being present in the
constituent populations. These studies include [1]-[9].

Harvesting can influence the dynamics of eco-epidemiological models. In recent years the
demand for greater resources has resulted in over-exploitation. Therefore there is a need for a
sustainable strategy to protect ecosystems [10].

Mathematical models incorporating fractional differential equations have attracted much at-
tention in recent years. Such models are believed to be more suitable for models that depend
on past history [11, 12]. Further, such models are more realistic and less prone to errors [13].
Studies on fractional-order eco-epidemiological models include [14]-[21]. Ghosh et al. [1]
studied a fractional-order eco-epidemiological model incorporating fear, treatment, and hunting
cooperation effects to explore the memory effect in an ecological system through Caputo-type
fractional-order derivative. In the work by Mukherjee [21], the author investigated a fractional-
order predator—prey system with fear effect. Moustafa et al. [14] described the dynamical
behavior of fractional-order Rosenzweig-MacArthur model allowing for a prey refuge. The
influence of an infectious disease on a prey-predator model equipped with a fractional-order
derivative is studied in [3]. The effect of fractional-order derivative on a prey—predator model
with infection and harvesting is discussed by Moustafa et al. [16]. However, these papers did
not deal with fractional-order eco-epidemiological model with infected predator and harvesting
as such.

This paper is a theoretical study of the global stability of a fractional-order eco-
epidemiological model with infected predator and harvesting. There has, so far as we are aware,

been no theoretical studies of such a model.

2. MODEL DESCRIPTION

This paper investigates the global dynamic properties of a generalisation of the integer-order
eco-epidemiological model introduced in [22]. The Caputo fractional derivative of order ¢
(DY) is introduced and harvesting (H) is included. This generalised(fractional) model can be

written as:

x) -2 _ == x(0) = xo,

‘Dix(t) = (1—— y
x() = k at+x a-+x
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mixy  Ayz
Diy(t) = SRLALI. 0) =
(t) tr bt 1y, ¥(0) = yo,
myxz  Ayz
‘Diz(t) = —= —drz— Hz, z(0) = 2o,
z(t) a+x+b—i—y 22— Hz, z(0) = 2o

where g € (0,1). The population is divided into: prey population density (x), susceptible preda-

tor population density (y) and infected predator population density (z).

3.

EQUILIBRIUM POINTS AND GLOBAL STABILITY

So as to evaluate the equilibrium points of model (1), let

Dix(t) = 0, “DPy(r) = 0 and “Dz(r) = 0.

Thus, the equilibrium points of model (1) are as follows:

2)

(1) Ep = (0,0,0), which always exists.
(2) E; = (k,0,0), which always exists.
() E, = ( ad, rdl(k+a))(9{01 — 1)(a—|—xz),0> , which exists if Ry > 1 and m; > d,

my—dy’ Clk(ml—d]
ad1
mi—dy’

(4) Ey = (mjﬁ 2,0, £ (g — 1)(a+X3)>, which exists if Rop > 1 and my >
where, x3 = #EC

where, x; =

(5) E4 = (x4,y4,24) Where

_ b(C(a+x4) —moxy) e b(mixq —di(a+x4))
M (A=) (atxa) T mxa+ (A—C)(a+xa)

and that x4 needs to be a positive root of the following cubic polynomial:

3 2
xX4” +vixg” +voxg+v3 =0,

where
a(A —
vi=a—k+ %,
_a(a—2k)rA + §(bkcy — a(a — 2k)r) — bkcy(dy —my) — k(ar +bcy)my
T (A=) |
_ak(ar(C—A)+b(c1C —cady))
ST A m)

In accordance with Theorem 3.4 in [23], the analytical conditions about the existence of

the equilibrium point E4 can be illustrated in Table 1, Table 2 and Table 3.
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TABLE 1. ® > 0.

Conditions Equilibria of model (1)

v <0,vy € R, v3 >0 Two distinct positive equilibria
v > 0,v2 <0,v3 >0 Two distinct positive equilibria
v > 0,v; € R, v3 <0 One positive equilibrium

v <0,v2 >0,v3 <0 Three distinct positive equilibria

v1 <0,v <0,v3 <0 One positive equilibrium

TABLE 2. ® =0.

Conditions Equilibria of model (1)

v <0,vp € R, vz >0 Two same positive equilibria
vi >0,v, <0,v3 >0 Two same positive equilibria
vi > 0,v; € R, v3 <0 One positive equilibrium

v <0,v2 >0,v3 <0 Two same positive equilibria

v1 <0,v2 <0,v3 <0 One positive equilibrium

TABLE 3. ® < 0.

Conditions Equilibria of model (1)

For any value ofvy, v € R, v3 >0 No positive equilibrium exists

For any value ofvy, v € R, v3 <0 One positive equilibrium.

with
® = 18vivyvz — 4\/?\/3 + V%V% — 4\% — 27v%.
The following theorems investigate the global stability of the equilibrium points Ey, E>, E3
and E4.

Theorem 1. The equilibrium point E| of model (1) is globally asymptotically stable if di >

mln{a+k, L }andC>mln{ 2 ,a+k+7t}.
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Proof. The following positive definite Lyapunov function can be considered:

X

V:x—k—kln(k

)+%y2+%z2+y+z.

Calculating the g-order derivative of V along the solution of model (1) and using Lemma 3.1

in [24],

—k
‘DIV < (XT) Dix+y°Dly+z°Diz+Dly+°Diz

e X\ ay oz
= k)(r(l k) a+x a+x)

A A
+ m]X__Z_dl y2+ M_{__y_ ZZ
a+x b+y a+x b+y

—div—

i 1y—08z

:—f(x—k)z— CIXy €22 crky n crkz
k a+x a+x a+x a+x

A A
+<m1x __Z_dl)yz+ (M+_y_ )Zz
a+x b+y a+x b+y

—div—

atx T 1y CZ

< Tk mk 2y mak +A-¢) 2
—_ x_ — — ——— —_—

< )y pay z

Thus, DV < 0if dy > min { 224, %} and { > min {2, 224 13} By Lemma 4.6 in [25], it

is proof that the equilibrium point E; is globally asymptotically stable. 0

Theorem 2. The equilibrium point E> of model (1) is globally asymptotically stable if y, <

r(a+xp)a Ays | mpk | Loxp
c1k and b +a+k+ a <C'

Proof. The following positive definite Lyapunov function is considered.

X
V=L (x—xz—len (—)) +y—y2—»In (l) +z.
X2 Y2

By calculating the g-order derivative of V' along the solution of model (1) and using Lemma

3.11n [24],
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rx c1y 22
k a+x a+x

mix Az J > myxz  Ayz

at+x b+y

<L(x— —
sLix x2)<k a+xy k a+x a+x

+( ) mix Az mixo myxz  Ayz ¢
Yoy at+x b+y a+x a+x b+y ¢

(amy — aLcy — Leyxp)

<L (L_f) (r—x2)2+ (x—x2)(y—y2)
(a+x)(a+x) &k (a+x)(a+x)
Ayrz  mpxz  Leyzx Leaxoz
- + -z
b+y a+x a+x a-+x

c1y2 r (x—x2)(y—y2)
=t (M ) %) =) ) (ke — L)

A mok  Lcox
+Z< 2 2 242

_|_

b +a+k+ a _§>

Suppose L = (il"jrlxz). Thus, D7 < 0 when y; < r(a:—xkz)a and )% + Z%’i + % < . Hence the
[

theorem is proved.

Theorem 3. The equilibrium point E3 of model (1) is globally asymptotically stable if 73 <

r(a+x3)a mik | Mcixs Az
or - and o+ p <di.

Proof. It can be used the following positive definite Lyapunov function.

|% :M(x—x3—x3ln (£>) +y+z—23—2z3ln <£) .
X3 23

Computing the time derivative of V along the solution of model (1) and utilizing Lemma 3.1 in

[24],

DIV <M (x—x3) <r— .

mixy  Ayz myx Ay
2 4 _ B AN
+a—i—x b+y yt(E-2a) (a+x+b+y )

rx rx C C C
§M(x—x3)<—3——+ 223 1y zz)

k k a+tx3 a+x a+x

mxy Ayz (Z_ZS)(mzx max3 Ay )

2 4 _
a+x b+y 1+ a+x a+x3 b+y
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€223 r 2, (x—x3)(z—23)
M| ——FFF"F— - ) (x—x3)"+ amy —aMcy; — Mcrx
: (<a+x><a+x3> k)< ) () at) 9T AMe2 — Moows)
A mixy Mcixy Mcix
_Ayzs Xy 1}’Jr 13y—d1y

b+y a+x a+x a-t+x

<M (a(c2Z3 - f) () + B EZB) () ange, — beywy)

a+x3) k (a+x)(a+x3)
mk Mcix3 Az
e S 4.
Ty (a+k - a b 1)
Suppose M = Cz(‘;"fm. Thus, DY < 0 when z3 < r(a;;—x,f)a and Z%z + % — % < d;. Hence
the theorem is proved. ]

Theorem 4. The equilibrium point E4 of model (1) is globally asymptotically stable if Ev?* +
AV2za+Eyaza+ Ayiza — Epza — Apyaza — Eyap — Apyaza < 0 and r > k(c1ys+ c2za).

Proof. The following positive definite Lyapunov function can be used.

X y z
V =N (x—x4—x4ln (—)) +y—y4—y4ln <—) + N> (z—14—z4ln (—)) .
X4 Y4 4

Computing the time derivative of V along the solution of model (1) and utilizing using Lemma

3.11in [24],

k a+x a+x a+x b+y
mpx Ay
+M(z—z — =
2 4)( Fx bty )

rX4 rX . C1Y4 c1y €224 €27
k k a+x4s a+x a+x4s a+x

mix  mjxa Az Az
+0 y4)(a—|—x a+X4+b—|—y4 b+y)

mMaX — Mmoxs Ay Ays
No (7 — _ _
FN2(2—2) (a+x a+x4+b—|—y b+y4)

C1y4+ 224 r 2 (x—x4)(y —ya)
=M ((a +x)(atxg) %) (e =)™ (am = Niera =Nieixa) (a+x)(a+xq)

(x—x4)(z—z4) DA(y—y4)(z—24)

Nomya—Nycza—N -
_|_< Hnoa 1¢2a 1C2X4) (a—l—x)(a+x4) (b+y)(b+y4)

Aza(y—ya)*  Aya(y—ya)(z—z4)  NoAb(y—ya)(z—z4)
(b+y)(b+ys)  (b+y)(b+ya) (b+y)(b+ya)
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(x —x4)(y —y4)
(a+x)(a+xq)

r 2
<N <C1y4 + 24 — %) (x —x4)"+ (am; — Nyc1a — Nicixa)

(x —xq)(z—24)
(a+x)(a+xq)

( Y4)(Z—Z4) lz4(y—y4)2
TNAL=AD= A  oya) T BB )

+ (szza —Njcra— N C2X4)

r 2
<N <C1y4+0224 — %) (x —x4)"+ (am; — Nyc1a — Nicixa)

(x —xa) (y —y4)
(a+x)(a+xq)

(x—x4)(z—24)

(a+x)(a+xs)

éyz + Ay za+ Eyaza+ Ayjza — Eyza — Ayyaza — Eyaz — Ayyaza
(b+y)(b+ya)

+ (szza —Njcra— Ny C2X4)

r

X — X4 — V4
§N1 (61y4+c2z4_§) (X—X4)2+(am1—N1C1a—NchX4)( )(y y )

(a+x)(a+xq)

(x—x4)(z—z4)
(a+x)(a+x4)
5\’ + AV224+ Eyaza+ Ayiza — Epza — Apyaza — Eyap — 1P)’4Z4
(b+)(b+y4)
where & = NyAb — Ab — Ay,4. Suppose Ny =

+ (Nympa — Nycaa — Nicoxy)

m Ngz% and v < z, y < p. Thus,
DIV (x,y,z) <0, when V2 +Av2z + Eyaza + Ayjza — Epza — Apyaza — Eyap — Apyaza <0
and r > k(c1y4 + c2z4). By Lemma 4.6 in [25], it is proof that Ej4 is globally asymptotically
stable.

O

Now, the proof of the existence of transcritical bifurcation around the equilibrium point

E|(k,0,0) is given by using Sotomayor’s theorem.

Theorem 5 (Transcritical bifurcation around E;). The fractional-order model (1) undergoes a
transcritical bifurcation with respect to the bifurcation parameter H around E) (k,0,0) when

H=H, = —dy and keeping Ry < 1, while no saddle-node bifurcation can occur.

Proof. The Jacobian matrix for the model (1) around E| when H = H,, is as follows:

c1k ook
T Tk Tark
3) J(El): 0 d; (9{01—1) 0

0 0 0
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A straightforward computation indicates that the Jacobian matrix (3) has zero eigenvalue

us. Here, i = —r < 0 and pp = dj (Ro1 — 1) < when Roy < 1. Let V = (v, vo, v3)T =

( —cokvs

Tarh)? 0, v3)T and W = (11, 1, ‘L'3)T = (0, 0, ‘L'3)T be the two eigenvectors corresponding to

the zero eigenvalue of the matrices J(E1) and (J(E;))7, respectively. Where v3 and 73 are any

non zero real numbers. Therefore,
W (Fu(E1,Hi1)) =0,

W (DFy(E\,Hy1)V) = —v313 #0,

szl Vo V3 2amp Vi Vs
b3 (a+k)?

WT(D?F(E\,H;)(V,V)) = ( > 73 #0.

By Sotomayor’s Theorem for local bifurcation [26], the fractional-order model (1) has a tran-
scritical bifurcation around £} when H = H,,| = %’i —d» as H passes through the value H;, 1,

a

while no saddle-node bifurcation can occur. L]

4. CONCLUSION

In this paper, a fractional-order eco-epidemiological model with infected predator and har-
vesting has been formulated and analyzed. The equilibrium points were identified and their
global properties were investigated. The existence of transcritical bifurcation was shown using
Sotomayor’s theorem. The threshold parameters (R, and Ry, ) were used to determine the

existence conditions of the equilibrium points.
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