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Abstract. This paper studies a bioeconomic model of three species of small pelagic marine species in Moroccan
coastal areas: Sardine, Sardinella and shark. The model combines competition and predation. Two areas are
proposed, one is polluted and the other is not. The model combines a biological part describing the evolution of
the biomass of stocks subjected to fishing mortality and an economic part explaining the mortality rate. We study
the existence and stability of equilibrium states through eigenvalue analysis and the Routh-Hirwitz criterion, then
introduce economic approaches to determine the effort needed to maximize the fishermen’s income. Numerical
simulations are performed. The objective of this paper is to study the impact of pollution on the existence, evolution
of biomass and predation, fishing effort, catches, and profits.
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1. INTRODUCTION

Marine pollution is defined as the direct or indirect introduction of wastes, substances, or
energy, including underwater sound sources of human origin, which results or is likely to result
in adverse effects on living resources and marine ecosystems [1]. The consequences of marine
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pollution include a loss of biodiversity [2], risks to human health [3], impediments to marine
activities such as fishing, tourism, and recreation [4], and reductions in the amenity value of the
marine environment.

This pollution can stem from human activities in the catchment area, including industrial,
agricultural, urban, or port origins, that reach the marine environment directly through dis-
charges into the sea or indirectly through rivers [S]. However, the true impact of marine pollu-
tion on the environment is difficult to determine as the precise quantities of pollutants that reach
the sea are not fully understood [6]. Further research is needed to deepen our knowledge on the
transfer of pollutants within watersheds and their fate in transition zones.

Our study focuses on the Moroccan coasts, which, due to its geographical location between
Europe and Africa, and between the Mediterranean and the Atlantic, offers a diverse range
of ecosystems and marine species. The Mediterranean Sea is a highly productive area for
fish, with numerous commercially important species caught in the region [7]. Fishing in the
Mediterranean Sea is largely based on the exploitation of pelagic fish species, such as Sardine
and Sardinella, and 450 species of fish in total are related to oceanic species found on the coasts
of Portugal or Morocco.

We examine two different areas in the Mediterranean Sea: a polluted area (Area A) and a non-
polluted area (Area B). Our focus is on the predator shark, and its relationship with small pelagic
species such as Sardine and Sardinella, considering the negative impact of pollution on their
existence, evolution, and exploitation. Within the framework of a differential equation-based
prey-predator and competition model, our results demonstrate the importance of continuous
monitoring of the marine environment to assess its health.

In this context, we can cite these works to demonstrate the importance of incorporating the
effects of pollution in bioeconomic models in order to understand the impacts of human ac-
tivities on marine ecosystems. In this work [8], the authors developed a bioeconomic model
to examine the impacts of marine pollution on a fishery system. The model incorporated both
biological and economic components, and the authors found that pollution can have significant

impacts on the long-term sustainability of the fishery.
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In [9], The authors developed a bioeconomic model to assess the impact of pollution on
marine biodiversity conservation. The model incorporated economic and ecological variables,
including the effects of fishing effort, pollution, and the interplay between predator and prey
species.

In this work [10], the athors used a bioeconomic model to evaluate the impacts of marine
pollution on fishing activities. The model considers the effects of pollution on fishing costs, rev-
enue, and effort, and assesses the implications for fishing communities. We can cite also [11],
where the authors study the predation interaction between phytoplankton and zooplankton un-
der their exploitation in multi-fishing zones using a bioeconomic spatiotemporal discrete model.
The entire domain is represented by a grid of colored cells, with two harvesting control strate-
gies used to guarantee the survival of the organisms.

This work will study a bioeconomic model of three fish populations, Sardine, Sardinella, and
shark, combining competition and predation. Our model is based on hypotheses that the three
fish populations grow according to a logistic equation and that predators compete with each
other for space and food. The bioeconomic model considers the negative effect of pollution
on fishing effort, catches, fishermen’s profits, and biomasses. In the first part of the work, we
will determine the equilibrium points of the biological system and study their stabilities. In a
subsequent part, we will introduce economic approaches to determine the effort necessary to
maximize each fisherman’s net economic income and perform numerical simulations to see the

impact of pollution on fishing effort, catches, and profits.

2. BIOLOGICAL MODEL DESCRIPTION, FORMULATION, AND ANALYSIS

2.1. The mathematical model and the hypotheses. In this study we are interested in the
study of three marine populations which are of the prey-predator type. The preys are distributed
in two different zones: the first zone is a unpolluted zone A and the second a polluted zone B.
These prey are the preferred prey of predators.

In the unpolluted zone A, the evolution of the biomass of prey in this zone is defined by
x4.They grow according to a logistic equation with growth rate r; and carrying capacity K;.This

population is preyed with the response rate ;.
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In the second area; the polluted area B, the evolution of the biomass of prey in this zone is
defined by xp. They grow according to a logistic equation with growth rate r, and carrying ca-
pacity K. This population is preyed with the response rate o. These preys die by the pollution
of this zone by the rate 0. So it is clear that r, > §.

The evolution of the biomass of predators is defined by y.These predators feed on prey from
both polluted and unpolluted areas where B, 3, represent the rate of conversion to predators
of prey in non polluted zone and polluted zone respectively. The coefficient d represents the
natural mortality coefficient of the predator population. The parameters y denote the coefficients
of toxicity mortality by feeding on prey from the polluted area. So it is clear that a3, > v,d <
o Bk and 6 < o f3o.

Based on these given assumptions, we find the system that describes the evolution of the

biomass of these three marine populations
N =rnaa ) (1-52) — o (0)y (1)

(
(1) ip (1) = raxg (1) (1 —%’)) — o (1) y () — Sxp (1)
y(t) = —dy(t) + ouPixa(t)y(t) + aafoxp (1) y (1) — vy () xp(2)

XA

Subject to initial conditions: x4 (0) > 0,x5(0) > 0,y(0) > 0.
All the parametres used in this model are assumed to be positive and all variables are not

negative. Then the model proposed of the three populations can be rewritten as
(2) XB (Z‘ ) = XB

Note that
fA—r1< K()) oy ()

3) fo=rs(1-52) — oy (1) - 8
f=—d+a1Bixa(t) + afrxp (t) — vxp(t)

The system (1) is defined in the field

Q = {(xa,x5,y €ER/x4(0) > 0,x5(0) >0,y(0) >0)}
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2.2. Positivity and boundedness of the solutions.

Theorem 1. All the solutions of the system (2.1) with the initial conditions are positive and
bounded.

Proof. According to the system of equations (2.1) and the initial conditions we have

xa (1) = x4 (0)exp [y fa(xa(7),x5(7),¥(7)) >0
“4) XB (t) —XB( )expfofB(xA(T)7xB(T),y<T)) >0
y(t) = y(0)exp [§ f(xa(7),x5(7),y(7)) >0

So, All the solutions are positive.

2) We consider
¢ = B1B2xa + 0 frxp + 01 Bry
its derivative with respect to time is given by
= BB (1 - ﬁ—i) + Bi3Ba2izx2 (1 - f,—i) + B13B23izx; (1 - f—z)

—  (BasBs1aiz + B32001) x1x2 — B3 P31 (miy p1)x1 — BiaBaa(ma + p2)xa

— PizPas(msz+p3)xs

< BB (1 - c_1) + B13Ba2izx2 (1 - 5) + B13Pazizxs (1 - )cc—j)
For all n > 0, we have

2 2 2
Cji_(fﬂLn(P( 1) < 01/323ﬁ31< ) +021313[332(4+—n)+c3ﬁl3ﬁZ3(4+—n)
) '3

d
Then, there exists € > 0, with d_(f +ne(t) < €. By applying the theory of differential inequality,

we obtain
0< o) < §+ ¢(x1(0),x2(0),x3(0) —% e
SO,
0< lim o(r) < n

Hence, all the solutions of the system with initial value in Ri are included in the following

domain

{(xl,xz,x3) eR/p< %+C,VC > 0}
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3. THE STEADY STATES OF THE SYSTEM

We propose to study the existence of equilibrium states and the stability of the interior equi-

librium point of our model [12].

3.1. Existence of different equilibrium points. The equilibrium states of the system are so-

lutions of the following system

raa (0) (1= %) = ans (1)y (1) =0
5) rﬂﬂﬂ@—%%)—@@@ﬁ@%ﬁ@@%zo
—dy (t) + ouPixa (t)y (t) + oafoxp (t)y(t) — vy (t) xp(t) =0
This system of equations has eight solutions
it The trivial equilibrium point P;(0,0,0) and the axial equilibrium points
P (K1,0,0),

Py (0, L (8K~ Kara) 0)
Py (K1~ L (5K~ Kara) 0)

ii: The equilibrium points in the plane (x4,y) is Ps (xgs),O,y(5)> , where

(5) _ 4a
*a a1 B

5) -1, __d
y o rl 0612[31[(1 rl

iii: The equilibrium points in the plane (xp,y) is Py (O,xl(i,ﬁ)7 y(6)> , where

6) ____ 4
BT Ty ab
y(6) _ _dn—Yy6K +yKrr+800 Ky~ BrKory

o5 B Ky —yor K>

iv: The equilibrium points Py <x£‘7) ,xg) , y(7)> , where

7
Xg ) = K1
(7 ___d
BT Ty b
y(7) _ _dn—Y8Ky+ YK+ Ky — 0 prKory

o3 B Ko — Y0 K>
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() (%)

v: The internal equilibrium point is P (xA ,Xp ,y(*)> , where

(%) _ Ay
Xy~ = 2
o BiK1r+05 B Kari =y Kary
x(*) — JAY)
B o BiKira+05 BaKori —yonKor
y) = Az

o BiKiro+05 B Kor1 — Yo Kory

with

g
I

doyKiry — Y804 K1Ka + you K1 Kary — Yoo K1 Kory + 05 oK1 Koy
+ Sy KiKy — oK Kor
dopKor) — 808 B1K Ky + a1 K1 Kory — oy an B1 K Koy

>
[\S)
Il

As driry+yKariry — YOKory + 80 BoKory — oy 1K riry — e B Kori

The system of (3.1) has several solutions, but only one of them can give the coexistence of the

biomass of the three species; this solution is the point P <x£‘*) , xé*) , y(*))

4. THE STABILITY OF THE STEADY STATES

The variational matrix of system (2.1) is as follow

Ji1 0 — 01 XA
J= 0 J» — 00 Xp
iy ofry—=06y  Ji
where
Jii=n (1 - %) —ary
I =12 (1 - Fg) —ay(t) -6

J33 = —d + o1 B1xa + o Poxp — Yxp

Proposition 1. The steady state P;(0,0,0) is unstable.

The variational matrix of system at the steady state P;(0,0,0) is
r 0 0

Ji = 0 1’2—6 0
0 0 —d
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The eigenvalues of P, are

7(,1:I”1>0
12:r2—5>0
7L3:—d<0

Proposition 2. The steady state P, (K1,0,0) is unstable as shown in Figure 1.

The variational matrix of system at the steady state P; (K1,0,0) is

—r 0 0
Jr= 0 I’2—3 0
0 0 —d + a; Bk

The eigenvalues of P, are
M=-r<0
4 /12 =r)— 0>0

\ A3Z—d—|—061[31k1 >0

1.31

14.001 -
11305 -

14.0005 - n3r

X
11295

1129 -

13.9995

11.285

13.999

| | | | | | | | | P | | | | | | | |
50 100 150 200 250 300 350 400 450 5 100 150 200 250 300 350 400 450
Time Time

0.08
0.07
0.06
0.05

N 0.04

0.03

0.02
0.01
oF

0.01L ! ! ! ! ! ! L L L
0 50 100 150 200 250 300 350 400 450
Time

FIGURE 1. Dynamical behaviour and Phase portraits of the three populations for
r = 0.8, rp = 0.85, K| = 14, K> = 12, 6= 0.05, o = 0.2, Oh = 0.3, ﬁl =0.18,
Br=02,y=0.12andd =0.2
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Proposition 3. The steady state Ps <0, —% (0Ky — Kor) ,0) is unstable, see Figure 2.

The variational matrix of system at the steady state P3 (O, —% (0K — Kor) ,O) i

r 0 0
B=10 nt2S—r)-35 % (5K, — Kar)
0 0 —d — % (6K —Kara) (0232 — )

The eigenvalues of P; are

AM=-r+26>0
Ka=—d— L (8Kr—Karz) (02— 7) > 0

11.296

1401+ 112947

11.292 1
14.005

11.29 1
11.288 1

11.286

13.995
11.284

1399 1 11.282 1

11.28 1

13.985

. . . . . . . . . . I I I I I I I I
50 100 150 200 250 300 350 400 450 500 0 5 100 150 200 250 300 350 400 450
Time Time
-3
%10 i

0 50 100 150 200 250 300 350 400 450
Time

FIGURE 2. Dynamical behaviour and Phase portraits of the three populations for
r1=08,mn=085 K =14,K, =12, 6= 0.05, a; =0.2, ap = 0.3, ﬁl =0.18,
B=0.2,y=0.12andd = 0.2

Proposition 4. The steady state Py <K 1, —% (0Ky — Kors) ,0) is stable, as shown in Figure 3.
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The variational matrix of system at the steady state Py <K1 , —% (0Ky — Kor) ,O) is

—r 0 —apk
Jy = 0 r2—|—2(3—r2)—5 (:—22(51(2_[{2’"2)
0 0 —d + oy Brky —712(5K2—K2r2)(0€2[32—7’)

The eigenvalues of P, are
;Ll =-rn<o0
M=-rn+6<0
A= —d+ o Bik) — % (0Ky — Karz) (02 —7) <O

A | |

| | | | | | | | | | | | | | | | | |
0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500

Time Time
35
sl
251

0 50 100 150 200 250 300 350 400 450 500
Time

FIGURE 3. Dynamical behaviour and Phase portraits of the three populations for
r = 0.8, rp = 0.85, K = 14, K>, = 12, 6= 0.05, o = 0.2, O = 0.3, ﬁl =0.18,
B>=0.2,y=0.03and d =0.2

Proposition 5. The steady state Ps <x(5) ,0, y(5 )> , Where

(5) _ 4
*A a1 P

)1, __d
Y a7k d
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is unstable, see Figure 4.

The variational matrix of system at the steady state Ps (xgs) ,0, y(5 )> , where

5 _ d
A T whr
5) 1 d
y( ) o1 mrl
is
3d
a 1(051[31/61) 0 By
Js = 0 rz—az(a%rl _—0612[3111{1 rl)—5 0
nBi—g%) ari— 0‘12[311[(1 ri(p—y) -2

The eigenvalues of Ps are
Al = —rl(%) <0
— (L — —d )
h=nr Otz(all’l (xlzﬁlKlrl) 0>0

Az =—-2d <0

48

4.6

4.4

4.2

0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500

Time Time

341 1 54
3 1 4.5
29
N 28
2.7

26

25
24
231
L L

0 50 100 150 200 250 300 350 400 450 500
Time

T

FIGURE 4. Dynamical behaviour and Phase portraits of the three populations for

r1=038,rn=0.85K =10,K, =12,8 =0.05, a; = 0.2, op = 0.3, B; = 0.18,

B=02,y=0.12and d =0.2

11
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Proposition 6. The steady state P <0,x1(36) , y(6)> , where

6) ____4d
BT Ty ap
y(6) _ _dn—Yy6K+yKrr+80 Ky~ BrKory

o5 B Ky —yor K>

nothing can be concluded, see Figure 5.

The variational matrix of system at the steady state Py <O,x§36) , y(6)> , where

© _ _ d
BT T B
y(6) _ _dn =YKy +YKrr+800 Ky~ BrKory
;B Kr—yr Ky
1s:
ri— oy y© 0 0
_ 2d 6 d
= 0 nltggeg) - -8 ey
o Biy® ¥ (fr —7) 0

The eigenvalues of P are

7Ll =r— (le(6) <0
A= rﬂl—kmrl) —(Xzy(6) —-6>0
A3=0

_ dr—Y8Ky +YKr 1+ 80 B Kr—0n B Koo
o3 B Ko~y K, )

where y(0) =
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1| | |
u it

0 50 100 150 200 250 300 350 400 450 0 50 100 150 200 250 300 350 400 450 500
Time Time

3.5

25

0 50 100 150 200 250 300 350 400 450 500
Time

FIGURE 5. Dynamical behaviour and Phase portraits of the three populations for
ry = 0.8, ry = 0.85, K| = 14, K> = 12, o= 0.05, o = 0.2, o = 0.3, B] =0.18,
B=0.2,y=0.03andd =0.2

Proposition 7. The steady state Py (x/(p ,xg) ) y(7)> , where

x1(47) =K >0
7N _ __d
BT T wp 0
y(7) _ _dr—ySK+yKora+ 805Ky — o fr Koy <0

o5 B K~y K>

is unstable, see Figure 6.

The variational matrix of system at the steady state P; <x£‘7) ,xg) , y(7)> , where

7
x1(4 ) = Kl
(7 ___d
BT Ty b
y(7) _ _dn—YsKy+YKor+8 Ko — 0 frKory

o3 B Ko — Y0 K>

13
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is:

—ri —ouyt’) 0 —auk
1= 0 r2(1 + sz—%Xdzﬁsz) o Otzym -0 o 705[2152
o Biy”) y (B —7) a1 B1K;

The eigenvalues of P; are

11 =—ry— OCly(7) <0

— 2d 7
A =r(l+ kzy—azﬁsz) — oy =58>0
13 = OtlﬁlKl >0

h (7) __ _ dn—ySKy+YKor+8mBhKr— B Kor
where y/) = > .
o5 B2 Ky —yon Ko
14 124
138
122
13.6
134 12
X 132 7 > 18
13
11.6
12.8
12.6 4 114
124 Il Il Il Il Il Il Il Il Il 112 Il Il Il Il Il Il Il Il Il
0 50 100 150 200 250 300 350 400 450 i 0 50 100 150 200 250 300 350 400 450 500

Time Time

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Time

FIGURE 6. Dynamical behaviour and Phase portraits of the three populations for
r = 0.8, ) = 0.85, K = 14, K> = 12, o= 0.05, o = 0.2, o = 0.3, Bl =0.18,
Br=02,y=0.03and d =0.2
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Proposition 8. The steady state Py <x£‘*) ,xé*) , y(*)) , where

x(*) _ Ay
A o BiKira+02 BoKori — Y0 Kor
(*) _ Ay
Xp — 3 2
aiBiKir+ozaKari —yonKor
y(*) _ Az

N o BiKir2+03 BoKar) —you Kory

with

Ay

dayKiry — Y80y K1Ka + you K1 Kara — Yoo K1 Kary + 05 oK1 K1y
+ da10BK Ky — 010K Kor

Ay dopyKory — 807 B1K1 Ky + 0 B1 K1 Kary — o 0o Bi K1 Koy

Az driry+ YKorira — Y8Kor + 80 o Kory — oy 1K rira — 0 foKor ra

is unstable.

The variational matrix of system at the steady state Py (xg*) ,xgk) , y(*)> , is

(%)

ri(1— ZXI?] ) — oy 0 —alxg*)
(*)
Jg = 0 ri(1— 2x£2 )— oy — 8 —Ocle(;)
o By yW(@p—y) (o7’
where
L) A
A o BiKira+03 BoKori —yonKor
x(*) _ Ay
B oF BiKira+05 B Kori — Yo Koy
) = — A
o BiKira+03 BaKori — Yy Kor
with

A =K (aira(d+vKz) + 0 Ka (00 + aary)) — K1 Kz (Y(00u 4 aary) + 0 0 Bars)

A = Koy (d — 0 ﬁ]K]) — OClzﬁlKle (5 — rz)
Az = (driry+ yKariry — Y0Kor) + S BaKory — oy BiKirira — ap BaKor i r2)

15
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In this cace, the characteristic polynomial is given by: P(A) = agA> +ajA? 4+ azA + a3 where
(
apg=1

ay = kirlx:g + %rzxz - i* >0

a = o ﬁley* — 00Xy (8 —onPa) — <k11 rix; + % rsz> + 15 k rirnxyxg >0
a3 = 52 (x3)%y" (8 — ofa) + (” (g ) (07 (B — o (0o — 8))
zﬁ

]rl(xA) Y _klk rerXA 2 >0

\

By using the conditions of stability of Routh-Hurwitz, one can proof that ag,a,a>,a3 and aga —

apas are positive.

Then the interior equilibrium point Pg (x/(:) ,xg) , y(*)) is locally asymptotically stable, as shown

in the Figure 7.

14
6+
12+
5
10+ 4
x b >3
6 2
4H 1
2 0
0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450
Time Time
3gF T T T T T T T T T ] _—_._,_.———‘_'_7—4—.-
32
361 1
315

4 60 80 100 120 140 160 180 200 -1 3.3 34 3.5
Time 3.2 3%

FIGURE 7. Dynamical behaviour and Phase portraits of the three populations for
r1=0.8,m7=0285K =10,K,=12,6 =0.05, 0y =0.2, atp, = 0.3, ﬁl =0.18,
B=0.2,y=0.12andd =0.2
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5. PROFIT MAXIMISIZATION

The main objective of this part is to maximize the profits of the fishing fleets which exploit
these marine species from their fishing effort (see [13]). For it, the three species proposed in

this model are assumed to be caught by three fishing fleets. So the model becomes as follows

S

o (1) = ra (1) (1= 42) — @y (1) () — 1 Ev
xp(t) = raxp (1) (1 - x%—g”) —opxp (t)y(t) — Oxp (t) — qaErxp (2)

y(t) = —dy(t)+ouPixa(t)y(t) + o foxp (t)y(t) — vxpy (t) — q3E3y

where ¢g; represents the catchability coefficient and (Ei j) represents the fishing effort de-

1<i,j<3
ployed by fishing fleets to capture the species, it is defined as the product of fishing activity and
fishing power.

The solution of the system (2) at bioeconomic equilibrium is given by

xq4 = b1 E1+bEy+bi3E3+x)
xp = b1 E1 +bnEs+byEs+xp
Yy =b31E1 +b32Ey + b33 Ez +y*

where
( by = —— QK Ky (Y—02B2)q1
ofBiKir—aKyr (Y- B2)
by = — K\ Ko (Y= Br)92
of BiKira—0Kari (Y—02)
biz=—— o Kig3rn
aiBiKirn—oKor (Y—a )
= douKir+(8—r)(aiKiKs(0apr 7))~ Ki Kori (Y—0afs)
A a2 BiKir— 0 Kari (Y— 00 32)
by = — . oo fiKiKaq
aiBiKirn—Kori (Y- )
by = — a2BiKiKrgn
aiBiKir—0Kar (Y—02f2)
_ 0 Krq3ry
bay = - oZBiKira— o Kori (Y— 00 32)
)C* - Kz(azr] (d—alﬁ]K])—alzﬁ|K|(5—r2))
B a2 BiKir— o Kori (Y— 00 2)
b3 = — aifiKigir
aiBiKirn—oKr (y—ofs)
by = —— Kaqori (Y—00)
aiBiKirn—oKor (Y- )
_ q3riry
bys = a?PiKir— o Kyri (Y— o f52)
x _ 11((rn—=06)(Kx(0pfr—y))—drataipiKira)
Y a?BiKira— o Kor (Y— 02 f52)
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If we set E = (Ey, Ep, E3)".Y* = (x5,x5,5*)" and B = (—b;)) with b;; < 0 fori=1,2,3.

1<i,j<3

Then we can write the solution of the system(2) in the following matrix form
X =—-BE+X"

We want to maximize the profits of the fishing fleets that exploit these marine species. Accord-

ing to Gordon, the profit formula is defined by
IL(E) = (TR); — (TC);

where (TR); = p; x H;j is the Total Revenue with p; represents the price, H;; = ¢,E;;X; is the
catches of species j by fisherman i (X; = x4,X> = xp,X3 =), E;j is the effort of the fisherman
i to exploit the species j and (TC); = <ci,Ei > is Total Cost with ¢/ a constant cost per unit of
harvesting effort of the fisherman i. We note that H; = % H;; the total catches of species j by
all fishermen. !

Therefore the final formula of Total Revenue
(TR); = p1Hi + p2Hp + p3Hp = (E', —pgBE' + pqY* — pgBE’)
We thus obtain the final formula of the profit of fisherman i is given by
I;(E) = (E',— pgBE' + pqY* — ¢' — pgBE’)

In order to maximize the profits of the fishermen, we must first of all take into consideration
the maintenance of the biodiversity of the three marine species, so we will assume that all the
biomasses remain positive ¥ = —BY +Y* > 0 i.e. for the fisherman i we must have BE' <
BE/ —Y*.

Each of the three fleets tries to maximize their profits and achieve a fishing effort that is an
optimal response to the effort of the other fishing fleets. And so, we have a Nash equilibrium
situation where the strategy of each fishing fleet is optimal, taking into account the strategy of
the other fishing fleets (see [14] and [15]). This problem can be translated mathematically into

the following three problems:
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The first fishing fleet must solve this problem (P),

.

max I1 (El) = <E1,—quE1 + pgY* — ¢! — pgBE? —quE3>
subject to BE' < —BE? —BE?+Y*
E'>0

E?, E? given

\

The seconde fishing fleet must solve this problem (P),

max 1 (Ez) = <E2, —pgBE? 4 pqY* — ¢* — pgBE! —quE3>
subject to BE? < —BE' —BE3+Y*
E?>0

E' E? given

\
The third fishing fleet must solve this problem (P),

.

max I1 (E3) = <E3, —pgBE3 4 pqY* — ¢ — pgBE! —quE2>
subject to BE3 < —BE! —BE*>+Y*
E3>>0

E' E? given

\

The point (E', E?, E?) is called the Nash equilibrium point if and only if E' is a solution of the
problem (P), for given E3,E? and E? is a solution of the problem (P), for given E', E3and E?
is a solution of the problem (P); for given E!, E2.

In order to find our Nash equilibrium point we will use the essential conditions of Karush-
Kuhn-Tucker (KKT). By applying these conditions to the first problem (P), this will give us

the existence of constants u' € R3,v! € R? and u! € R3 such that

2pgBE' — pqY* + ¢! + pgBE?* + pgBE® —u' —BTu' =0
(KKT);{ BE!'+v!=—-BE?>-BE?+Y*
(0B = (1) =0

By applying the conditions of (KKT) to the second problem (P),, this will give us the existence

of constants u> € R3, v € Ri_ and u? € Ri such that
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2pgBE? — pqY* + ¢* + pgBE"' + pgBE>® —u* — BT u*> =0
(KKT),< BE*+v?=—BE' —BE?+Y*
(8.2%) = (12.2) =0
In the same way, by applying the essential conditions of (KKT) to (P);, this will give us the

existence of constants u°> € R3,13 € Ri and ,u3 € Ri such that

2pgBE? — pqY* + ¢ + pgBE"' + pgBE* — > — BT u®> =0
(KKT)3§ BE?>+v3 < —BE' —BE?>+Y*
<u3,E3> _ <H3’V3> —0

From the previous problems we get the following expressions

(Wl = 2pgBE' — pqY* + c' + pgBE? + pgBE? — BT u!
u? = 2pgBE? — pqY* + ¢* + pgBE" + pgBE? — BT i
u3 = 2pgBE> — pqY* + ¢ + pgBE" + pgBE? — BT i?
vl =v?=y3=—BE' - BE? - BE3+Y*

<ui,Ei> = <,LLi,vi> =0Vi=1,2,3
Wopiviand EF >0 Vi=1,2,3

\

We have the scalar product of ' and V' is zero and to maintain the biodiversity of the three
marine species, it is natural to assume that all biomasses remain strictly positive, i.e. Y* > 0
then v/ > 0 and u’ = 0,Vi = 1,2,3. We note v := v! =v> =17 therefore the previous system
become

u' = 2pgBE' + pgBE? + pgBE? + ¢! — pgY*

u?> = pgBE' +2pgBE? + pgBE?> 4 ¢* — pgY*

u® = pgBE' + pgBE? 4+ 2pgBE> 4 ¢* — pgY*

v=—BE! - BE?> - BE®+Y*

( By = (@i v) =0 Yi=1,2,3

Wi viand EF>0 Vi=1,2,3

\

We can also write it in the following matrix form w = NL + g where
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ul 2pgB  pgB pgB BT E! cl — pgy*
2 2 2 *
u B 2pgB B 1 E c-—pqgY
W N = Pq pgb  pq L= and g — pq
u’ pgB  pgB 2pgB I E? 3 — pqY*
1% —B —B -B 1 0 Y™

The generalized Nash equilibrium problem is equivalent to the following Linear Complemen-

tarity Problem LCP(N, g) : find vectors w, L € R'6such that

w=NL+qg>0
Lw>0
LTw=0

The LCP(N,q) has a unique solution for every ¢ if and only if N is a P—matrix.

Ar = =2p1q1b11 >0

Ay =4p*q*b11byy — bizby >0

A3 = b1ab31by3 + ba1b13bzy + 8p ¢ bbbz — 2pgbyy > 0

Ay = 12p*q*b3,bnbss + 2pgbi1biabsibas + 2pgbiibabisbyy — 3p?q*bt bazbyy — 4p?
q*b11b12ba1b33 —4p*qPb11b13banbs >0

As =18p°q° b3 b3,b33 +4p>q*b11b12b2ob31b23 +4p* G b11b21b13baobsy — 6p> P b11b13b3, b1 —
6P ¢ b1 bxabysbzy — 8p P bi1b1obibrbss > 0

Ae = 27p5¢0h} b%,03;, + 8P @Pbiibaibisbubynbsy + 8p qPbiibiabynbsibyzbyy —
12p*q*b11b12b21b22b3; — 12p*g*b11b13b3,b31b33 — 12p*g* b3 basbasbarbsz > 0

A7 = 36p’q'b}\bo,b3, — 183 | b1abaibnb3, — 18p ¢°b3 bisbi,b3ibss — 16p7¢ b3,
baba3bibsz + 12p*q*b3 b1obanbs1basbss + 12p*q*b3 ba1b13baabasbss > 0

As = 48p8qPb} b3,b3; — 24p5qh3 b13b3,b31bss — 24pSqh3 b3,bysbyabss — 27p%q°h3,
b1aby1b3,b%; + 18p g7 b3 b1ab3,b31basbsz + 18p° ¢ b2 by bi3b3,b3abss > 0

Ay = 64p°¢°b3 b3,b3; — 36p’q b3 b1abab3,b3; — 36p q b b13b3,b31b3; — 36p’q’b3,
b3,b23b32b35 + 27 p0q0h3 b12b3,b31basb3, + 27 p0q0h3 ba1b13b3,bab3; > 0

A = 32p°¢°by b3,b3; + 16p°q°by b3,b3 + 64p b b3,b35 — 12p7q by bioby,b3; —
12775}, b+ 165° 400 Dbl + 1654 50, Db — 6097768, bzbos b
12p7q' b3, b1obaibyb3;  —  18pSq0h3 b3,basbsabl, —  60pTq b3 bisbi,baib3; —
9p5¢ht b3,basbsably,  —  12p7q’b3 bisb3,b3ibly  —  36pTq b3 b3,basbiab3;  +
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45p°q°hT b1ab3,b31bo3b3s +  45p°q°hi bab13b3,bxb3y + 9p0qPhy biabisbs,bysby; +
9p%q®h3 1 b1abisbybaabiy  +  9p®qth biab3,baibasbi,  +  9p°qPhi baibisby,biabyy  —
12p"q" b3, b12b13b3yba3b3; — 12p" q' b3 b1ab13b3,b32b33 > 0

A >0

A >0

Since the matrix N of our problem is P—matrix, we can deduce that the linear complementarity

problem LCP(N,g) admits one and only one solution. The solution is given by

El — lB_l (Y*_i)

4 Pq

2 _ 1p-—1 x 2

B =1p (v -2)

E3 = lB—l (Y*_i)

4 Pq

where

R _o
K1q1r 0 q1
-1 _ __1 _o
B 0 Kzf]zr 9

wb —Ly—amp) 0
Finally, we obtain the fishing effort that maximizes the profit of the first fisherman for caching

the prey population in non-polluted zone as follow

mn= i (6 ) o (i)
1= -X — -y
4\Kigi \prar ) a1 \p3@3

the fishing effort that maximizes the profit of the first fisherman for caching the prey population

in polluted zone as follow

1 ) c! o) c!
) 2
4\Kgx \p22 %) @2 \p3q3

the fishing effort that maximizes the profit of the first fisherman for caching the predator popu-

1 c! — o c!
= (0 () T )
q3 \ P141 q3 p2q2

the fishing effort that maximizes the profit of the second fisherman for caching the prey popu-

lation as follow

lation in non-polluted zone as follow

= (s ) o (i)
21 = -X — -y
4\Kigi \pia1 ) a1 \ ;@3
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the fishing effort that maximizes the profit of the second fisherman for caching the prey popu-

lation in polluted zone as follow

1 ) c? o) c?
)
4\Kgpa \p22 %) @2 \p3g3

the fishing effort that maximizes the profit of the second fisherman for caching the predator

population as follow

1 2 — o 2
E23 = — (alﬁ (xz — ¢ ) -+ y 2ﬁ2 ( ¢ —XE))
4 q3 P1q1 q3 P2q>

the fishing effort that maximizes the profit of the third fisherman for caching the prey population

in non-polluted zone as follow

1 r 3 ap [ c3
1) ()
4\Kigi \prqx A q1 \ P393

the fishing effort that maximizes the profit of the third fisherman for caching the prey population

in polluted zone as follow

1 r 3 o [ c3
o) 22 )
4\ Kxga \poqp % 9 \ P393

the fishing effort that maximizes the profit of the third fisherman for caching the predator pop-

ulation as follow

1 3 —o 3
E33 = — (alﬁ (XZ — ¢ ) -+ y Zﬁz ( ¢ —XE))
4 q3 Piq1 q3 P29

6. NUMERICAL SIMULATION

In this part, we will see the impact of pollution on the profits of fishermen, their fishing effort
as well as on the catches made by these fishermen.

According to Figure 8 which represents the evolution of catches according to the rate of pollu-
tion, where the bars in blue represent the catches made of the first species, the bars in orange
represent the catches made by the fishing fleets of the second species and the bars in gray are
the catches of the third species, while the yellow bars are the total catches of the three species
made by the fishing fleets.

For the catches of the first species is higher followed by the catches of the second species then

the catches of the third species. For the catches of the first species, we note that the catches
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are almost stable with a small variation which is almost negligible even if the pollution rate

increases.

Catches

i

Catches1 W (Catches2 W (Catches3 M Total catches

FIGURE 8. Evolution of catches in relation to pollution rate

For the catches of the second species, we notice that from the value 0.1 to the value 0.4 of the
pollution rate, the catches are almost stable with a very small decrease and from the pollution
rate equal to 0.5 up to the value 1 we notice a large reduction in catches.

For the captures of the third species, we note that from the value 0.1 to the value 0.4 of the
pollution rate, the captures are almost stable and from the pollution rate equal to 0.5 to the value
1 we notice a large decrease in the level of catches of this species. Thus, the total catches of

these three marine species are also decreasing.

Profits
01

Profit 1
~a-Profit 2

Profit 3

Total profits

FIGURE 9. Evolution of profits according to the variation of the pollution rate

For the profits, we obtained the results mentioned in Figure 9, where the orange lines rep-

resent the profits made by the exploitation of the first species, the yellow line represents the
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profits made by the exploitation of the second species while the green line the profits made by
the exploitation of the third species and the last blue line represents the total profit from the
exploitation of the three marine species. For the profits made by the exploitation of the first
species and which is in an unpolluted area, we note that the profits are almost the same and are
stable. For the profits made by the exploitation of the second species and which is in a polluted
area, we notice that from the pollution rate equal to 0.1 to 0.4, a decrease then from the value
0.5 to the value 1 we notice a very large decrease in profits. The same applies to the profits
made by the exploitation of the third species; which is the predator of the two previous marine
species, we notice at first that the profits are almost stable from the value 0.1 up to the value
0.4 with a very small decrease and after this value 0.4, the profits start to decrease very quickly
each time the level of pollution increases.

Fishing Effort

TWWWT"

™ Fishing effort1 M= Fishinfeffort 2 ™ Fishing effort 3 Total Fishing effort

Illlw

FIGURE 10. Evolution of the fishing effort according to the variation of the

pollution rate.

We now move on to the fishing effort deployed by fishermen to capture these three marine
species where the orange bars represent the fishing effort deployed to capture the first species,
the yellow bars represent the fishing effort deployed to capture the second species and the green
bars represent the fishing effort deployed to catch the first species while the blue curve repre-
sents the total fishing effort as shown in Figure 10. We note that the fishing effort deployed to
catch the first species is almost the same for all values of the pollution rate. For the fishing effort
deployed to catch the second species, we notice that from the pollution rate equal to 0.1 up to

the value 0.4 the effort was almost stable then from the value 0.5 up to the value 1 we notice
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a large decrease in fishing effort. Similarly for the fishing effort deployed to capture the third
species, we note that the effort was stable from the value 0.1 up to the value 0.4 and after this
value we notice a large decrease in the level of the fishing effort. The explanation that can be
given for the results obtained in Figures 8, 9 and 10 is that for the first species which is found in
an unpolluted environment, the fishing effort, the catches and the profits have not changed since
this area is not polluted and this species has no direct interaction with other species found in a
polluted area. For the second species which is in a polluted area and which is the prey of the
third species, where the latter feeds on the two species the first which is found in an unpolluted
area and the second in a polluted area, the second species after a certain higher value this species
begins to be reduced by this pollution and even to die which directly affects the predator which
is gradually reduced and its biomass too. This reduction in the level of the second and third
species thus implies a reduction in the level of fishing effort because pollution makes marine
species more vulnerable to capture. This reduction in the level of fishing effort thus implies a
reduction in the level of captures and therefore a reduction in the level of captures since this-
Pollution has a negative effect on the seabed and the entire ecosystem because it can kill these

species or cause diseases that can be transmitted to humans.

7. CONCLUSION

In this work, we conclude that the effect of pollution on fishery resources is significant, partic-
ularly for both polluted and unpolluted marine areas. Our bioeconomic model, which considers
the interplay between competition and predation among three fish populations (Sardine, Sar-
dinella, and Shark) and the impact of pollution on fishing effort, catches, fishermen’s profits,
and biomasses, is proposed as a tool to study this issue. Our results showed the importance of
controlling the exploitation of this marine population in ensuring their sustainability, and high-
lighted the critical role that pollution plays in affecting the mortality rates of fishery resources
in both polluted and unpolluted marine areas also has a significant impact on fishing effort,

catches, and profits in the fishery industry.
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