Available online at http://scik.org

Commun. Math. Biol. Neurosci. 2023, 2023:124
https://doi.org/10.28919/cmbn/8120

ISSN: 2052-2541

A STOCHASTICALLY PERTURBED HIV-1 AND HIV-2 EPIDEMIC MODEL WITH
DRUG RESISTANCE

YOUSSRA HAJRI, EL MEHDI FARAH*, AMINA ALLALI, SAIDA AMINE

Laboratory of Mathematics , Computer Science and Applications, Faculty of Sciences and Technologies, Hassan II

University of Casablanca, PO Box 146, 20650 Mohammedia, Morocco

Copyright © 2023 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits unre-

stricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, a stochastic HIV-1 and HIV-2 epidemic model with drug resistance is presented to study the
effect of white noise intensities. We firstly prove the existence and uniqueness of the global positive solution for the
proposed stochastic model. The extinction of our studied disease is derived with sufficient conditions. In addition,
the persistence in the mean of the infection is also established. Finally, numerical simulations for different noises
disturbance are performed to illustrate the performance of our theoretical study.
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1. INTRODUCTION

Mathematical modeling of infectious diseases is a field of research that uses mathematical tools
to study the spread and control of infectious diseases within a population. By using this approach,
we can better understand diseases and their transmission mechanisms, assess the effectiveness of
prevention and control measures, and make more informed decisions about public health [1, 2].

A multi-strain epidemic model is used to study and simulate the spread of an epidemic involving
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several strains of a pathogen such as VIH [3], influenza [4], Tuberculosis [5], Other researchers are
exploring the modeling of diseases with multiple strains [6, 7, 8, 9].

In addition to deterministic models, mathematical models need to account for environmental
white noise, which provides an additional level of realism relative to deterministic models [10, 11,
12, 13, 14, 15, 16, 17].

The aim of this study is to improve the deterministic HIV-1 and HIV-2 epidemic model recently
proposed in [3]. The authors are studied a deterministically a HIV-1 and HIV-2 epidemic model

with drug resistance.

( %(;) — A= BiS()1 (1) — BaS(t) I (r) — uS(e),
dlcll_t(’) = BiS(OI1 (1) — (6 + oy + )1 (1),
B B,5(0)n) - 8-+ 00+ )10,
(1.1) 4DR()
a = @h(0)+h(t) = (1—p)nDr(t) = (np + 1)Dr(1),
d’z_y) — (1 —p)NDg(t) + 6111 (t) + 6215(t) — (d + w)A(1),
| B np0g(0) - R ().

Here S is the susceptibles, I} is HIV-1 infective individuals, I, HIV-2 infective individuals, Dg
drug resistance individuals, A are AIDS individuals and R is the removed ones. The parameters in
the model (1.1) are positive constants, where: A is recruitment rate, ! is natural mortality rate, 3;
is the infection rate of the HIV-1 strain, 3 is the infection rate of the HIV-2 strain, 6; rate at which
HIV-1 infected people progress to AIDS stage, 8, rate at which HIV-2 infected people progress to
AIDS stage, w; progression rate from HIV-1 to drug resistance compartment, @, progression rate
from HIV-2 to drug resistance compartment, p therapy efficacy, 11 removed rate of drug resistance,
d AIDS induced death rate.

The diseases are both transmitted by contact between the individuals in the susceptible compart-
ment and those in /1 and /, compartments with two bilinear incidence rates. We assume that the
populations who live in an environment with random accidents are mainly affected by the contact

rate, in the environment will manifest themselves mainly as fluctuations in the bilinear response
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rate, so that B turn into B + o1B(¢) and B, turn into 8, + 02B(t) where B(t) = (B (t),B,(t)) is a
standard Brownian motion with intensities 7 > 0 and ¢, > 0. Hence, we reach a stochastic version

of model (1.1) as follows

ds(t) = (A —BiS(t)1(t) — BaS(t) (1) — uS(t)) dr

—01S(1)11(1)dB, (1) — 028(t) 12 (1)dBa (1),

dl, (Z‘) = (ﬁls(t)ll (Z‘) — (91 + —I—[.L)Il(t)> dr + (715([)[1 (t)dBl (l‘),
12 dh (1) = (ﬁzS(I)Iz(t) — (6 +wm+ u)lz(t)> dr + 0>8(t) > (1)dB, (1),

dDg(1) = (ahh (t) + @ (t) — (1 — p)NDg(r) — (np +u>DR(t)) dr,

dA(r) = ((1 —P)NDg(1) + 6111 (1) + 6212 (r) — (d+u)A(t>> dr,

dR(1) = (npDR(t) —uR(t>> dr

FIGURE 1. The diagram of the stochastic HIV-1 and HIV-2 model (1.2).
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The rest of the paper is organized as follows. In the next section, we establish the existence and
uniqueness of the solution for the stochastic system (1.2). In section , we analyze the conditions
for disease extinction. In Section 4, the persistence in mean is established. Section 5 presents

numerical examples that illustrate the theoretical results. Finally, Section 6 concludes the paper.

2. EXISTENCE AND UNIQUENESS OF THE GLOBAL POSITIVE SOLUTION

In this section, we present the notations, definitions, and lemmas that were employed to analyze
our main findings.
Consider a filtration {.%, },> with a complete probability space (Q,.%,{.Z},>,,P) that fulfills the
usual conditions with increasing and right continuous while .% is the set of P-null sets.
Joh(0)d6

For arbitrary integrable function 4 on [0, 4-o0), define (h(t)) = —

Definition 1. (1) The diseases I} and I, are said to go extinction if lim I;(t) = 0 and

t—+oo
tgrllwlz (l‘) =0.
(2) The diseases I and I will be persist in mean if 3 ¢ > 0 and ¢, > 0 such that ltir_>nJirnf<Il (1)) =

c1 and ltir_>nJir£1of<Iz(t)> > 0.
Remark 2. Let the set

L= {(8(r), i(t), b(1), Dr(1), A(r), R(t) € R : S(t) +11(r) + Lo (1) + Dr(1) + A(r) + R(r) < —}

= >

The total population N(t) = S(t) + I,(t) + I(t) + Dg(t) + A(t) + R(t) in systems (1.1) and (1.2)

verifies, the equation
dN (1)

< A—UN(t
g SA-RNQ),
which gives by integration
A, A A
N(t) < e " (N(0) — =) + — < max(N(0), =),
(r) (N(0) u> I ( ()“)

A
If (S(0), 1,(0), L(0), Dg(0), A(0), R(0)) € T, then N(r) < m almost surely. Thus, the set T is
almost surely positively invariant by the systems (1.1) and (1.2) respectively, throughout the rest,

we assume that (S(0), 1;(0), L(0), Dg(0), A(0), R(0)) €T
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Theorem 3. For any initial value (S(0), 1;(0), 1,(0), Dr(0), A(0), R(0)) € I, there exists a unique
solution (S(t), I (t), L(t), Dr(t), A(t), R(t)) of system (1.2) ont > 0 and the solution will remain

in I" with probability one for all t > 0 almost surely.

Proof. Since the coefficients of system (1.2) satisfy the local Lipscitz condition, then for any given
initial value (S(0), 7;(0), L(0), Dr(0), A(0), R(0)) € I, there exists a unique local solution
(S(2), I1(t), L(t), Dgr(t), A(t), R(t)) € "ont € [0, 7,), where T, is the explosion time. To prove
that this solution is global, we need only to show that 7, = o almost surely.

To this end, let pg > 1 be sufficiently large such that S(0),7;(0),12(0),Dg(0),A(0) and R(0) all lie

1
within the interval [—, po] , for each integer p > py, define the stopping time
pPo

% =inf{r €[0,%):5() ¢ <l—ﬂ,p>, orIy(1) ¢ %,p), or (1) ¢ <%,p>, or Dx(r) ¢ g,p),

(2.1) 1 1
orA(t) ¢ (E,p), orR(t) ¢ (;717)},

Where throughout this paper, we set inf() = o (@ denotes the emptyset). Clearly, 7, is increasing as
p —> oo,

Set T, = liT Tp, whence T < 7, almost surely. If 7., = oo almost surely is true, then 7, = o
p—rteo

almost surely and (S(¢),71(t),(t),Dr(t),A(t),R(t)) € RS almost surely for all # > 0. In other
words, to show that 7., = oo almost surely. If this statement is not true, then there exists a pair of

constants .7 > 0 and € € (0, 1) such that

(2.2) P{t.< T} >¢
Hence, there exist an integer p; > po such that

(2.3) P{t, < 7} >eforall p > p;

Let a ¢>-function 7 : Ri — Ri by

(2.4)
W(S,II,IQ,DR,A,R) = (S— 1 —IOgS) + (11 —1 —lOgll) + (12 —1 —10g12> + (DR —1 —lOgDR)

+(A—1—1logA)+ (R—1—1logR)
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Clearly, 7 is positive definite. Applying Itd’s formula to 7', we get
(2.5) d¥(S,5,L,Dg,A,R) =2V (S,I1,I,Dg,A,R)dt + 1 (I} — S)dB, (t) + 62 (I, — S)dB;(t)
where £V : ]R?_ — R® is defined by

27 = (1) (A= BiSWh () - RSO - ()

+ (1 — 111) (BiS(0)11 (1) — (61 + @1 + W) (1))

N ( _ Ilz) (BoS()Dr(2) — (6 + @ + W) (1))
N (1 _ DLR) (@11 (1) + @12 (1) — (1 - p)NDr(1) — (np + L) 1))
+(1_% ((1—p)NDg(t)+ 6111 (t) + 621 (t) — (d + 1)A(t))

272 272 2¢2 2¢2
ol o3l; oyS® 058
<A+6U+0+or+ 6+ +n+d+Pili+ fala+ 121+ 222 12 22
<:=C
where C is a positive constant. Therefore, we have
(2.6) ddf/(S,I],Iz,DR,A,R) < Cdt+ o (11 —S)dBl (l‘) + 62([2 —S)de(t)

Integrating both sides of (2.6) from 0 to 7, A .7 = min{7,,.7 } and taking the expectations on both

sides, we have
Ev <S(’L'p NT)L(tyNT ), L(ty NT),Dr(ty NT),A(Tp N T ),R(Tp N 9))
< #(5(01110)2:0).Dx(0).A(0).R(0)) 7

LetQ,={wecQ:17,=1,(0) < .7} for p> p; and in view of (2.3), we have P(Q,) > €. Note
that for every o € Q,, there exists S(7,, ®) or I;(7,, ®) or Ir(T,,®) or Dg(T,,w) or A(T,,®) or

1
R(7,,w) equals either p or —. Then, ”V(S(‘L’,, NT),L(tyNT ), L(ty N T ),Dr(Tpy N T ),A(Tp A
p
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1
T),R(tp A 9)) is not less than either p — 1 —log p or — — 1 +log p. Therefore,
P

7/<5(pr;7),11(1',7/\9),12(1',,/\9),DR(’L',,/\9),A(T,,/\ 9),R(’cp/\9)>

1
> (p—l—logp) A (——H—logp)
p

Then we attain
”f/(S(O),Il (0),12(0),DR(0),A(0),R(0)) +CT

(2.7) > E(19p7/<s(7p7 ®),11(Tp, @), (Tp, @), DR(Tp, ®),A(Tp, @), R(T), (0)))

1
28<p—1—10gp> A (——H—logp)
p

where 1 Q,(0) is the indicator function of ,,. Letting p — oo, we get
(2.8) o0 > 7/(S(O),Il(0),[2(0),DR(O),A(O),R(O)) +CT = oo,
is a contradiction. Hence, we must have 7., = c. This completes the proof. O

Lemma 4. ( [18], Strong Law of Large Numbers) Let M = {M, }~ be a real-valued continuous

local martingale vanishing att = 0. Then

. M,M .
hmsupu <o as. = lim—=0 a.s.
—>o0 t [—oo t

3. EXTINCTION
We already have proved from the previous section that our model has a unique global positive

bounded solution. Our main goal in this section is the investigation of the conditions under which

disease will die out or persist in our stochastic model (1.2).

Bi
V2(601 + @ + 1)

Proposition 5. If o1 > , then the HIV-1 infection disease of system (1.2) go to

extinction almost surely.

Proof. Let (S(¢),1;(t),1x(t),Dg(t),A(t),R(t)) be a solution of system (1.2) with initial value
(5(0),11(0),12(0), D&(0),A(0),R(0)) € T.
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Applying 1t6’s formula to system (1.2), we obtain

dinl;(t) = (ﬁlS(Z) — (01 +w +u)— @) dr 4+ 015(¢)dB (1)
o < —6—12 (S(z)—&)2+ﬁ—%—(91+w1+u) dr + 01S8(¢)dB (¢)
-\ 2 o} 207 ’

Integrating both sides of (3.1) from O to ¢ and dividing by ¢, we get

2 M;(t) InI;(0
ﬁ12)+ (), A1 (0)
261 t t

(3.2) mh@é—(@rum+w—

where M, (t) = [} 61S(x)dB;(x) is the local continuous martingale satisfying M;(0) = 0, and by

M (t

lemma 4, we get lim 10
t—+4o

Since o] > L, taking the limit superior of both sides of (3.2) leads to
2(9] “+ o +[.L)

=0.

2
S—(91+(01+H—%) <0,
i

lim sup
t—4oo

In/y (l)
t

which implies lim;_; 1«1} () = 0. a.s. This completes the proof of Proposition. U

B

Proposition 6. If 6, >
V2(62+an + )

, then the HIV-2 infection disease of system (1.2) go to

extinction almost surely.

Proof. Let (S(¢),1;(t),1x(t),Dg(t),A(t),R(t)) be a solution of system (1.2) with initial value
(8(0),11(0),12(0), Dx(0),A(0),R(0)) € T.

Applying It6’s formula to system (1.2), we obtain

2¢2
dinkh(t) = (ﬁzS(t) — G+ +u)— %(I)) dr 4+ 0,5(¢)dB (1)
(3.3) 52 5, 5 ﬁz
< (—72 (S(t) - 6—22) + 2—;22 — (6, +mn+ u)) dr + 0,5(1)dBy (1),

Integrating both sides of (3.3) from O to ¢ and dividing by ¢, we get

2 My(t) Inh(0
ﬁ22 n 2()+H2()
262 t t

(3.4) mmﬁs—0%+@+m—

where M;(t) = [§ 625(x)dB,(x) is the local continuous martingale satisfying M,(0) = 0, and by

My (t
lemma 4, we get lim ﬁ =0.
t—+o f
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Since 0, > e , taking the limit superior of both sides of (3.4) leads to
2(62+wy+p)
Ink(t 7
lim sup nb(t) < — 92+a}2+,u—ﬁ—22 <0,
which implies lim;_, 1 I>(f) = 0. a.s. This completes the proof of Proposition. U

Bi
2(61+w;+1)

L, the HIV-1 and HIV-2 infectious diseases of system (1.2) die out almost surely. In
2(6r+mp+p)

other words, large white noise stochastic disturbance yields the HIV-1 and HIV-2 extinct. There-

Remark 7. Proposition 5 and Proposition 6 shows that when ©1 > and oy >

fore, we presume that the white noise stochastic disturbance is not too large in the rest of this

manuscript.
Let
B — BIA 612‘/\2
P (0o +p)  2u% (6 + o +p)
" ﬁzA (722 A2

u(br+@+pu) 2u*(62+w+u)
Theorem 8. Ler (S(t),1;(t),1(t),Dg(t),A(t),R(t)) be a solution of system (1.2) with initial value
(5(0),1,(0),12(0),Dg(0),A(0),R(0)) € I'. Then
(1) If #y <1 and o1< 2”Tﬁl, the HIV-1 disease of system (1.2) go to extinction almost

surely, i.e.

lim I, (1) = 0.

t—>+o0

(2) If %5 <1 and o0, < 2”—/\[32, the HIV-2 disease of system (1.2) go to extinction almost

surely, i.e.

lim L(t) = 0.

f—>+oo

Meanwhile,

A
lim S(r)=—, lim Dg(t) =0, lim A(t) =0and lim R(t) =0.

t—>-o0 W e t—r+o0 t—ro0
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Proof. Firstly, for both sides of (3.1), integrating from O to ¢ first and then dividing by ¢ yields

Infi(t) 1 ! o2S%(x) M;(t) InI;(0)
W2 (Bist -0 o - ) gr M0 00
BiA oA?\  Mi(t)  Inl;(0)
3.5) < (T—(el-i—wl—i—ll)— 22 + ; + ;
o ﬁlA B 612/\2 B > Ml(l‘) 11’111(0)
_(Gl+w1+“)(u(61+w1+u) T 1)+ ; + ;

where M, (t) = [} 61S(x)dB;(x) is the local continuous martingale satisfying M;(0) = 0, and by

M (1)
t
Taking the superior limit of both sides of (3.5) yields

=0.

lemma 4, we get lim
t—roo

<O+ +u)(Z—-1)<0

which implies lim;_; 1. 1 () = 0.

Secondly, for both sides of (3.3), integrating from O to ¢ first and then dividing by ¢ yields

. o 242 M InZ, (0
BoA osA*\  My(t) Ink(0)
(3.6) < (7—(92+a)2+u)— e t—
i BA 22 - ) Ma(1) | Ink(0)
_(92+a)2+”>(u(92+a>2+u) W(ororm )0 T

where My (t) = [} 628(x)dBa(x) is the local continuous martingale satisfying M>(0) = 0, and by

M,(t
lemma 4, we get lim ﬁ =0.
t—+oc f

Taking the superior limit of both sides of (3.6) yields

<(B+wm+p) (% —1)<0

which implies lim;_, 1 I (¢) = 0.
Lastly, without loss of generality, we may assume that 0 < [;(t) < & and 0 < I,(¢) < & for all

t > 0, by the first equation of system (1.2), we have

ds . .
(3.7) % >A— (u+beta1£1 —1—[3282—1—6181 }Bl(l‘)’ + 026 ’BQ(I)‘)S(I)
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As €1 — 0 and & — 0, taking the inferior limit of both sides of (3.7) yields

A
liminfS(z) > —
t—>+o0 u
and
A
limsupS(¢) < —
t—+oo u
Then,
A
lim S(r) = —.
t—r+oo u

Since lim;— 1o 11 (t) = 0 and lim; 1 > (t) = 0, then, lim;—, ;o Dg(t) = 0. a.s, lim;, ;. A(f) =0

and lim;_, 1« R(#) = 0. a.s. This finishes the proof of Theorem (8). O

Remark 9. From Theorem 8, we show that the HIV-1 and HIV-2 diseases will die out f the white
noise stochastic disturbance are large than certain values or Z; < 1 and %5 < 1, and the white

noise stochastic disturbance are not large.

4. PERSISTENCE IN MEAN

This section is devoted to determine sufficient conditions for the persistence of the infectious

disease.

Theorem 10. Let (S(¢),1,(¢),1x(t),Dr(t),A(t),R(t)) be a solution of system (1.2) with initial value
(5(0),11(0),2(0), D&(0),A(0),R(0)) € T

/2
(i) If #; > 1,%5 <1and 6, < ‘L/L\ﬁz then the disease HIV-2 will go extinct and the disease

HIV-1 will persist, furthermore, I, satisfies

liminf (7, (£)) > () + @y + ) (2] —1).

t oo

2
(ii) If %5 > 1,%] < 1and 61 <1/ L/L\BI then the disease HIV-1 will go extinct and the disease

HIV-2 will persist, furthermore, I, satisfies

liminf (L(r)) > (6> + @ + ) (%5 — 1).

f—oo
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(iii) If #; > 1 and %5 > 1, then the HIV-1 and HIV-2 infectious diseases I\ and I are permanent

in mean, furthermore, Iy and I satisfy

liminf (1, (t) + L(¢)) > :

P 7 [(B1 01+ 1) (i = 1)+ (62 + - p1) (%5 — )],

where

Bi+B Bi+pB

i U (92+(1)2+[l)}.

Winax = max{(@l + o+ Uu)

Proof. Case (i). By Theorem 8, since %#; < 1 and 0, < ZﬁTZ“, then we have lim;_, 1. [ (1) = 0.
Since #Z] > 1, for € small enough, such that 0 < I,(¢) < € for all 7 large enough and

Bi(A—(B+m+p)e) of A’ o
L(6r+aw+p) 2u? (6 + o + 1)

Integrating from O to ¢ and dividing by ¢ on both sides of system (1.2) yields

5 50)=S(0)  h()=1(0) , () ~B(0)
t t t

X ()
=A—p(S@)) — (61 + @1 +p) (N1(2) = (62+ @ + 1) (L(1))
>A—p(S()) — (O + @ +u)(h(1) — (B+mm+u)e
then we get
A—(Gr+m+p)e  (61+w+n1) X ()

(S(t)) > m - i (I(1)) e

Applying Itd’s formula gives

22
d(Infy (1)) = [ﬁls@ O+ p) - I “)] 0t + 1S(1)dBy (1)
@.1) .
> |f315(l‘) — (6 + o +pun)— 621‘;\2 ] dr + 01S8(¢)dB (t)

Integrating from O to ¢ and dividing by ¢ on both sides of (4.1), gives

n —In 272
(1 Il(t) tl 11(0)) Zﬁ1<S(t)>_ (91+w1+.u+(;1‘l:\2 )+M1t(t)
@2 2 (AEEREE (0104 () - 2

Ml(t) 612/\2
+ ; (91+wl+u+ 22
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B BiA=(B+mm+p)e) oZA? B
(4.3) __erm+“ﬂ 16+ +p) 2u2 (61 + @ +p) q

BB+ tu) <11(t))—B1X(t)+M1(t),

u u t
So, we get,
Iny (1) BiA— (Bt mm+pe)  ofA
(4.4) ! Zerm+“ﬂ p(6)+ o+ u) 2u? (61 + @)+ 1) q
BB+ @ +u) <Il(t)>_l31X(f)+M1(I)+ln11(0),
u u t t

where M (t) = [} 01S(x)dB (x) is the local continuous martingale satisfying M;(0) = 0, and by
M (t
lemma 4, we get lim M) =0and lim X(¢) =0.
e f f—r+oo

Taking the inferior limit of both sides of (4.4) yields

o Bi(A—(6,+an+p)e) ofA®
liminf (1, (t)) > (6; + @ - -1
iminf (7, (z)) = (61 + o1 + ) 1 (61 + o + 1) 20% (61 + @1 + 1)

Letting € — 0 yields

liminf (Z; (1)) > (61 + @1 + 1) (Z] —1).

t—+oo
By the similar arguments as in Case (i), one can prove the second case.

Case (iii). Notice that

(6, +wr+ 1)

{h(1)) = (h(1) —

<S<I)> _ % . (91 + @ —I—‘LL)

X(1)
=

Let define,

By Ito’s formula, we have

dv(t) = l([)’] +B2)S(t) — <91+w1+u+$> — (62+wz+u+#)] dr

+018(t)dB (1) + 025(1)dB, (1)

4.5)
02\

zk&+&ﬁ@—(&+m+u+iﬂ)—(%+@+u+§f)kr

+015(¢)dB; (1) + 025(¢)dB, (1)
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Integrating both sides of (4.5) from O to # and dividing by ¢ yields

() _7(0)
ot

(4.6) Z%+&MW»—@Hmww+6%ﬁ—<%+@+u+ﬁﬁ>+Mm,

i
2u? 2u? t
The inequality (4.6) can be rewritten as

Y _710) A A
u

oA

— =2 (BB =

t

oIAT\  M(t
(61+a)1+u+ : ) ()

2u? +

)-(92+(02+H+ ,

4.7
(B+mm+p)

(6 + o +u)

—(Bi1+B2) (Ii(2)) = (B1 + B) (L(t)) — (Bi +B2) X (1)

Hence
(4.8)
(L1(1)) +(L(1)) =

0ZA2

[([31 +B2) 2 - (91 + o +p+ 21N2

_B1+B2X([)_7/(t)+7/(0)]’
u t t

where M(t) = [;01S(x)dB(x) + [j 028(x)dBa(x) is the local continuous martingale satisfying

M(t
M(0) =0, and by lemma 4, we get lim M) =0, lim X(¢) =0 and lim;_; 4o @ =0.

t—4oo f t—+oo

Taking the inferior limit of both sides of (4.8) yields

1
liminf (I (t) + L(t)) >
iminf (h (1) + h(1)) 2 77—

622A2> M(t)

2u? +

>—<92+(02-H1+ .

Wmax

(61 + o1 +u)(Z) —1)+ (6 + o+ u) (% —1)],

where

Wmaxzmax{(91+w1+u) ﬁl;ﬁ2, ﬁl:ﬁz

(62 + @+ 1) } .
This completes the proof. 0
5. NUMERICAL SIMULATIONS

This section will illustrate the mathematical results obtained in the previous section. To do this,
we give the following system, which is a discretization transformation of system (1.2), using the

Euler-Maruyama method for stochastic differential equations, as given in [19].
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S"=( A= BiS"I} — BoS" 15 — uS”> At — 61 ST 8 VAL — 028" 3 G iV A,
I = BiS"I} — (6 + o —i—,u)l?) At + 015”1?517,1\/5,

L = BS"l; — (62 + +I~l)1§> At+ 028" 1 5 0V N,

(5.1)

Di =| oulf + ol — (1 —p)nDi— (np +u)D?e> At

A"=| (1—p)nDr+ 6111 + 6,17 — (d+u)A”) At,

R = npD} — /,LR”) At

where Cl,n, CZ,n are mutually independent N(0O, 1) random variables, with At is the step size. In the
following, we give some numerical simulations of the stochastic model (1.2) and its corresponding
deterministic model (1.1).

First, we set the following parameters values: A=4, f; =0.08, B, =0.012, 6; =0.27, 6, =0.25,
®; =0.2, =0.15,p=0.48,1=0.05,d = 0.3, u = 0.2 and (o}, 62) = (0.01, 0.009). Within

/2 /2
this parameters % = 1.1533 > 1, #; = 0.3197 < 1, 61 < l“/‘\ﬁl =0.0632 and 0, < L/L\ﬁz =

0.0245. Thus, conditions of Theorem 10 are fulfilled for the stochastic model (1.2) and the disease

HIV-1 persists while the disease HIV-2 will die out. Clearly, Fig.2 supports the Theorem 10.
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FIGURE 2. Dynamic of the deterministic and the stochastic models (1.1)-(1.2) de-

scribing the persistence of /; (¢) and the extinction of I(¢).

In Fig.3, we take the parameters values: A =4, B; = 0.051, B, = 0.06, 6; = 0.7, 6, = 0.25,
01 =02, 0 =0.15,p=0.48,1=0.05,d =03, u =0.2 and (61, 62) = (().049, 0.01). Based

on the above parameters, we have Z| = 0.4152 < 1, %5 = 1.9667 > 1,

2upy
A

2uB

= 0.0505 and
A an

= 0.0548. Obviously, we obtain from Fig.3 that the disease HIV-1 will die out while the

disease HIV-2 persists. This result is consistent with the theoretical result given in Theorem 10.
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FIGURE 3. Dynamic of the deterministic and the stochastic models (1.1)-(1.2) de-

scribing the extinction of 7 (7) and the persistence of I(¢).

Finally, using the parameters values A =4, ; = 0.095, 3, =0.09, 6, =0.27, 6, =0.25, 0; =
0.2, =0.15,p =0.48, 1 =0.05,d = 0.3, u = 0.2 and (07, 02) = (0.013, 0.012). With these
parameters we have, Z| = 2.7854 > 1, and %5 = 2.9520 > 1. Fig. 4 shows that the stochastic
model (1.2) solution fluctuate for a large time around the endemic equilibrium of model (1.1).

Hence, the diseases HIV-1 and HIV-2 persist.

5 =-Without Brownian noise| |
—With Brownian noise

0 10 20 30 40 50
time

~-Without Brownian noise
—W.ith Brownian noise

0 10 20 30 40 50
time

FIGURE 4. Dynamic of the deterministic and the stochastic models (1.1)-(1.2) de-

scribing the persistence of 7; (¢) and I(¢).
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6. CONCLUSION AND DISCUSSION

In this research, we have delved into a comprehensive study of a stochastic epidemic model,
which incorporates both HIV-1 and HIV-2, taking into account a critical aspect often encountered
in real-world scenarios: drug resistance. Our analysis has yielded several important findings and
contributions to our understanding of the dynamics of these infections in a stochastic environment.

First and foremost, we have rigorously established that the solutions of the stochastic system are
not only positive but also bounded. This is a fundamental result, ensuring the biological relevance
of our model’s predictions. It confirms that our mathematical framework accurately captures the
dynamics of HIV-1 and HIV-2 infections within populations affected by drug resistance.

Furthermore, we have identified and documented precise conditions governing the extinction
and persistence of these diseases. These conditions are invaluable for healthcare practitioners and
policymakers, as they provide insights into when and how interventions should be implemented to
control and manage the spread of HIV-1 and HIV-2, particularly in cases involving drug-resistant
strains. By recognizing the factors that drive these diseases toward extinction or persistence, we
empower public health efforts to be more effective and targeted.

To strengthen the validity and applicability of our theoretical findings, we have conducted nu-
merical simulations. These simulations serve as practical demonstrations of the outcomes predicted
by our model under various scenarios. Through these simulations, we have not only validated our
theoretical results but also provided a visual representation of how different factors, such as drug
resistance, can influence the course of the HIV-1 and HIV-2 epidemics. This combination of theory
and simulation contributes to a more holistic understanding of the complex dynamics at play in
these infectious diseases.

In summary, this study has not only enhanced our comprehension of stochastic HIV-1 and HIV-2
epidemic models but has also provided valuable insights for disease control strategies. Our findings
offer a solid foundation for future research in this field, and we hope they will be of practical use
to those working tirelessly to combat the spread of these infections, particularly in the face of drug

resistance challenges.
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