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Abstract. In this paper, we developed a new discrete-time mathematical model as a promising approach to un-
derstand and analyze the progression of disease complications related to excessive alcohol consumption, namely
potential drinkers (P;), moderate drinkers (M;), heavy drinkers (H;), and heavy drinkers (C; ;) with different disease
complications and quitters of drinking (Q;) . First, we study the local stability using mathematical theories such as
the Routh-Hurwitz criteria and propose three control measures. The Pontryagin maximum principle is employed
to characterize the optimality of the controls. This new model makes it possible to optimize strategies aimed at
reducing alcohol abuse with complications, prevention and treatment, taking into account the many factors that
contribute to these complications. this model offers new perspectives for a better understanding of these disease
complications and the development of more effective treatments to improve public health. Numerical simulations
of the model are performed using MATLAB.
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1. INTRODUCTION

Many people around the world are affected by addiction, which has become a veritable
scourge in contemporary society. Addiction has devastating consequences on the lives of those
affected, as well as on those around, whether through the consumption of substances such as al-
cohol, illicit drugs, prescription medications, tobacco or even certain food products, or through
compulsive behaviors such as pathological gambling, compulsive shopping, video games or
excessive use of social networks.The addict is recognizable by his actions and behavior, as he
often seeks only what makes him happy and provides him with what he’s addicted to, thus
wasting his own and his body’s right. He is careless, nervous, averse to others and won’t accept
advice. His body weakens and his behavior becomes somewhat aggressive. He wreaks havoc
on society, his family and his environment because he doesn’t play his part and can prevent
others from playing theirs, and becomes a bad example to those around him, especially children
[4].

In this work , we will focus on excessive alcohol consumption, which can lead to physical
health complications such as liver cirrhosis, cardiovascular disease, and certain types of cancer.
It can also contribute to mental and emotional problems such as memory loss, poor concentra-
tion, anxiety, depression and even cognitive impairment. It can also affect our relationships,
work, and social lives. According to a report published by the World Health Organization
(WHO), alcohol abuse caused more than three million deaths in 2016 (5.3 of all deaths), or
one in 20 deaths. More than three-quarters of these deaths were among men. Alcohol misuse
accounts for more than 5% of the global burden of disease. Among the population aged 15-49
years, alcohol consumption was the leading risk factor worldwide in 2016, with 3.8 of female
deaths and 12.2% of male deaths attributable to Alcohol consumption [2].

There are many opportunities to reduce the harmful use of alcohol globally, including the
global alcohol action plan 2022-2030 to strengthen the implementation of the Global Strategy
to Reduce Harmful Use of Alcohol, increased health awareness among populations, reductions
in youth alcohol use observed in many countries, confirmation of the role of alcohol control
policies in reducing health and gender inequalities, and increasing evidence on the effective-

ness and cost-effectiveness of a wide range of alcohol control measures[2, 3, 8].
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The modeling and analysis of alcohol consumption has attracted the attention of several math-
ematical researchers who have done a lot of work to understand the dynamics and analysis of
alcohol consumption to reduce its harmful effects on the drinker and society, as well as to min-
imize the number of dependents. For example, S. H. Ma et al. [15] modeled alcoholism as
a contagious disease and used optimal control to study their mathematical model with aware-
ness programs and time delays. A. Essounaini et al.[17] developed a mathematical model of
excessive alcohol consumption with n complications and discussed the stability of the local and
global equilibrium without and with excessive alcohol consumption and the sensitivity analysis
of Ry. X. Y. Wang et al [1]proposed and analyzed a non-linear alcoholism model and used
optimal control for the purpose of hindering interaction between susceptible individuals and
infected individuals. H. F. Huo et al [10] proposed a new social epidemic model to depict alco-
holism with media coverage which was proven to be an effective way in pushing people to quit
drinking. I. k. Adu et al [14] used a non-linear SHT R mathematical model to study the dynam-
ics of drinking epidemic,they divided their population into four classes: non-drinkers (S), heavy
drinkers (H), drinkers receiving treatment (T) and recovered drinkers (R). They discussed the
existence and stability of drinking-free and endemic equilibrium. Khajji et al. [13] proposed
a discrete alcohol model that divided the population into six compartments. They formulated
an optimal control problem with three controls: the first one represents awareness programs for
potential drinkers,the second one is the effort to encourage the rich people to go to the private
treatment center, and the third one is follow-up and psychological support for temporary quit-
ters of drinking. The authors used Prontryagins maximum principle to find optimal strategies
that minimize the number of drinkers and maximize the number of heavy drinkers who join an
addiction treatment center. See also [4, 7, 9, 12, 19] and other references which are interested
in mathematical models with discrete time. In this research, we adopt discrete-time modeling,
motivated by the fact that relevant data are collected at discrete intervals, such as per day, week,
month, or year, the utility for representing discrete events, mathematical simplicity, and ease
of digital implementation. This approach can prove to be very important for the modeling and

analysis of epidemiological and public health phenomena.
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So, we will study the dynamics and analysis of a mathematical alcohol model
PM;H,C; C;2C;3.....C; ,Q; which contains the following additions:

- discrete -time mathematical modeling.

- n Compartments (Ci;j) represents the number of the heavy drinkers with different disease
complications associated with excessive alcohol consumption.

- Mortality induced by heavy drinkers and heavy drinkers with disease complications.
In this paper, we propose a new discrete-time mathematical model P,M;H;C; 1C; >C; 3.....C; , O, to
understand the progression of disease complications related to excessive alcohol consumption
in Section 2. In section 3, we discuss local stability without and with disease complications
and in sectio 4, we present the optimal control problem for the proposed model where we give
some results concerning the existence of the optimal controls and we characterize these optimal
controls using Pontryagin’s Maximum Principle. Also, numerical simulations Also numerical

and discussion are given in Section 5. Finally, we conclude the paper in Section 6.

2. A MATHEMATICAL MODEL

We suggest a discrete model P,M;H;C; 1C; »C; 3.....C; ,Q; to characterize population dynamics
and observe interactions between drinking classes. The population is separated into n+4 com-
partments, including potential drinkers P;, moderate drinkers M;, heavy drinkers H;, and heavy
drinkers with different complications Ci(t) and quitters of drinking Q(t).

The following diagram will show the direction of movement of individuals between compart-

ments in Figure (1).

Figure 1. Schematic diagram of the n+4 drinking classes in the model
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We examine the system of six non-linear differential equations(2.1):

(

P=Pi+b— B, B pp,
Mip1=Mi+ B 28— (Bt ) M,
Hiy1=Hi+ BoMi—(p+ o+ &— ; oj)H, 2.1)

CjJ.;.]ZC]l—FOCJ (,LL—FY]—FS)

Qi+1= 0;+0oH;+ _Zl ViCji— MO,
\ =

Potential drinkers P;:
Pri=Pi+b— B, B pp, (2.2)

Potential drinkers P, denote individuals who are over the age of majority, are augmented by
the recruitment rate denotes b and diminished by the rates Bl% and uP; , where u is the
natural mortality rate, ; is the passing rate from P; to M; .

Moderate drinkers M;:

M= M; + B 28— (Bot-p) M; (2.3)

PiM; rates and diminished by B>M; and uM,; rates,

Moderate drinkers M; are augmented by B~
where [3, is the rate of passing from M; to H;.
Heavy drinkers H;:
n
Hi1= Hi+ BaMi— (1 + 0 + 8~ Zl aj)H, (2.4)
j=
The heavy drinker number H; includes dependent individuals. The compartment becomes
bigger as the number of excessive drinkers increases at 3,M; and decreases at opH;, f o;H
and (U + 8p)H;. Where 0y is the mortality rate induced by H; a

Heavy drinkers with complication C; ;:

Cit J— C,J—f—OC, <H+'}’J+5 ) (2.5)

Excessive drinkers with liver complications related to prolonged and heavy alcohol consump-
tion (alcoholic hepatitis and fibrosis and cirrhosis), is augmented by the rate o;H; and dimin-

ished by the rates ¥;C; ; , uC; j and po;. where 9; is the death rate induced by complication j in
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excessive drinkers.
For more informations see article [9]
Quit drinking Q;:
Qir1=0;+ H;+ il viCi,j — 1O, (2.6)
=
Q; denotes individuals who definitively and temporally stop drinking, grows by the rates
0pH; and il Y;Ci,; and diminishes by the rate uQ;.
j=

Total population size is given by N with
NZP,‘-I-M,‘—}—HZ'—I—C,"I—{—C,'Q—I— ..... +Ci,n+Qi-

3. LOCAL STABILITY ANALYSIS

3.1. The drinking-free equilibrium. In this paragraph, we examine the local stability of the

beverage-free equilibrium.

Theorem 3.1. The beverage-free equilibrium E° (ﬁ, 0, 0) of the system(2.1) is asymptotically
stable if Ry < 1 and unstable if Ry > 1.

Proof We now consider the stability local of the drinking-free equilibrium, for the system

diffined by(2.1), the matrix jacobian is given by:

1= B —p —Bi% 0

J(E) = B 1+ Bi%—B—n 0 3.1)

0 B> 1—(u+oco+60+jéaj)
The Jacobian matrix for equilibrium without alcohol consumption is given by the following

formula
1—p —Bi 0
J(E®) = 0 1+B—p—u 0 (3.2)
0 B, = (u+a+&+ ¥ )

J=1
where Py = ﬁ =N.

The equation characteristic of this matrix is given by

det(J(E®) — A1) =0
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where I3 is a square identity matrix of oder 3.

The following eigenvalues have been obtained:

Alzl—lyl
12:1—<ﬁ2+u—ﬁ1)=1—(u+Bz)(1—uﬁlﬁz> (3.3)
ha=1—(u+aotdot ¥ o)
=
B
R — 3.4
T u+Bs o

Consequently, all the characteristic equation’s eigenvalues are negative if Ry < 1.
As a result, we conclude that the equilibrium without alcohol consumption is locally asymp-

totically stable if Ry < 1 and unstable if Ry > 1.

3.2. Endemic equilibrium. In this specific section, we examine the local stability of the equi-
librium in the presence of drink.

To equilibrate the current consumption of the system in equation (1), setting P;1= P;,

M, 1= M, and H;;1= H;. On condition that at last one of the compartments infected is not
null. We test system equilibrium (2.1) by putting the right side of system equation (2.1) null,
then solution for P, M and H;".

We have obtained the following system (3.5)
Piy1=Pi+b—pi 55 —up,
M= M+, 2% — (B ) M; (3.5)
n
Hip 1= Hi+B,Mi— (1 + ot + o+ Zl oj)H,
j:

Using the equation for the turn in system (11), we have

p+aop+8+ '21 o—1 (3.6)

M; = —

According to the two equation of system (11), we have

x _ a7 | tBr)—1
Py =N |t (3.7)
pr— b (3.8)
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From the first equation in the system (3.5), we have

MF — bRo—1) (3.9)
I Bi
H_* — bﬁz(Ro—l)n
B1 (pA4-00+8o+ ‘ZI ;)
J=

(3.10)
Theorem 3.2. when Ry > 1, E[ is locally asymptotically stable .

Proof We define E;" (P, M} ,H;") as the system’s endemic equilibrium (11) and P/ # 0,M; # 0

The Jacobian matrix is

M* P*
1—Bi3—u —Bi3 0
M g
J(E) = B3 1+ B 5 —B—u 0 (3.11)
n
0 B2 l—(H+a+d+ ¥ )

j=1
n
The eigenvalues of the matrix J(E;) are 4; = 1 — (u + op+ 6o+ Y. ;) and the others are
j=1
determined with the characteristic equation of this matrix is

det(J(E}) — k) =0

where [ is a square identity matrix of order 2.

P(l):lz—i—all—i—az (3.12)
where

M* P
— B, i _ Bt 2
a1 =P+t Bt p— Py

M P P M
= il 1 — B 1 270 i
o= (B 1) (Bru-p 1)

When R > 1,the calculation yields

P(1)=1+a; +a, = 0

P(-1)=1-a; +a, = 0

Fur thermore, the constant term satsifies a, > 0

By routh- Hurwitz Criterrion[11], the system(1) is locally asymptotically stable if a; > 0,

ar >0,a3>0,and aja; > as.
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The jury criterion [11] implies that the two both roots A,and A3 , of the equation P(1) =0
satisfy || < land |A3| < 1 The of linearization theory implies that the positive equilibrium
E! (P*,M? H) of system (11) is locally asymptotically stable if Ry > 1, i.e, the endemic equi-

librium E of system (3.5) is locally asymptotically stable.

4. THE OPTIMAL CONTROL PROBLEM

Our objective in this proposed strategy of control is to minimize the number of heavy drinkers
H; and the heavy drinkers with i complication C;, maximize the number of the quitters of drink-
ing Q; and also minimize the cost spent in an awereness program and treatment.

In the model (1) we include three controls u;, v; and w; . The control u; represents the awere-
ness programs effort ( education programs, media...) applied on the potential drinkers to protect
the potential drinkers not to be drinkers. The second control v; measures the effort of treatment
applied on the heavy drinkers.We note that the control function (1 — €)v; represents the fraction
of the heavy drinkers who will be treated and go to moderate drinkers and the fraction €v; of
those leaving the heavy drinkers who will be treated and quit drinking. Finaly, w; measures the
effort the treatment applied on the heavy drinkers with i complication.We note that the control
function (1 — ) )w; represents the fraction of the heavy drinkers with i complications who will
be treated and go to moderate drinkers and the fraction yw; of those leaving the heavy drinkers
with i complications who will be treated and quit drinking. So the controlled mathematical

system is given by the following system of differential equations(4.1).

(

Piy1=Pi+b— By 5 —uP—u;P;

M= Mﬁ&%—ﬁzMi—NMﬁ(l —&)v;Hi+(1—x)w,Cji

Hi 1= Hi+B,M;— (1 + ag + 8o+ Zl a;)H ;—v;H; (4.1)
J:

Cj7k+1:Cj7,'+OCjHi— (u+6j+yj)C,~7j—w,-Cj7,~ and j:{l,z, ....... ,n}

n
Qir1= Qi+0oH;—uQ;+u;Pi+evili+xw,C; i+ 'Zl aj H,
]:

\

where P, > 0, M; > 0, H; > 0, C;; > 0 and Q; > 0 are the given initial states.
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Then, the problem is to minimize the objective functional

J(u,v,w) =Hr — Qr + i‘, Cir+ i (Hk+ iCLk—Qk—i—% ui + Tk V24 zn“ BT w2
= k=1 j=1 j=1 42
Where the parameters Ay x,A ; and A3y are the strictly positive cost coefficients. They are
selected to weigh the relative importance of u;,v; and w; .
In other words, we seek the optimal controls uy, v, and wy such that:

J(”/t")lt?W;;) = min J(Mk,Vk,W‘k), (43)
(mv,w)erd i

where U, is the set of admissible controls defined by:where Uad is the set of admissible control

defined by

Ui = {(w,v,w):u=(uoui,...ur—1),v=>0ovi,....vr—1),w = (Wowi, ..., wr_1) :

ai < wip<bi;ci<vipx<dse<wiy<fi;k=0,1,2..T -1} 4.4)

4.1. Characterization of optimal controls. We apply the Pontryagin’s Maximum
Principle[5, 6, 7]. The key idea is introducing the adjoint function to attach the system of
difference equations to the objective functional resulting in the formation of a function called
the Hamiltonian. This principle converts the problem of finding the control to optimize the
objective functional subject to the state difference equations with initial condition to find the
control to optimize Hamiltonian pointwise (with respect to the control).

Now we have the Hamiltonian I:Ik , defined by:

4

FI_H nC — 1&2 &2 - Bj?k 2 v )u 45

k= i+ Z Jk Qk+ 2 Mk+ 2 vk+ Z 2 wj7k+ Z l7k+1f;~yk+1 ( . )
j=1 j=1 =

where f; is the right side of the system of of difference equations (4.1) of the k" state variable

at time step K+ 1.

Theorem 4.1. Given an optimal control (uf,vi,wy) € U>, and the solutions P, M} , H} , G
and Qj ,of corresponding state system (2.1), there exist adjoint functions Ay x, Ao, A3 Aji3k

and , Ay 4 satisfying the equations



EXCESSIVE ALCOHOL CONSUMPTION WITH n COMPLICATIONS 11

M :% = (hhr1 =M k+2)ﬁ1ﬂ% + (Antdhrt — A 1)+ A g1 (1= 1) A e
Mg = aM = (A2ks1— M k+1)l31N + B2 (M3as1 — Aoprt) +Agsr (1= ).
A3 g = aH’k =1+ (Apgapr1 — Aojer1)€vi+ 0j(Ag kg1 — A3 41) + O A4

—(H+ao+ 6+ L &) A3 k1 + L QA3 1 + A2kt (4.6)
J= J=

o
Ajrsk = ges = 1= (4 Y+ 8) A gt + (Curasst = Ajaa 1) Wi
+Yidntart + Ao gt (1= 2)Wj+ Aji3 k41

oH,
| Antak = 5o, = 1 Bnsa kit + Anga i

with the transversality conditions
MT)=2(T)=0,M(T)=1,A13(T)=1 and X a(T)=—-1 j={1,2,.....,n} (4.7)
Furthermore, The optimal controls u?,v; and w} are given by:
Y, = mn l,max O, A_1 (Al.,k—i—l — An+4,k+l) Pk . (48)
" : 1
vV, = min (1,max (O, A_z {137](4_1 — 81n+4,k—|—1 — (1 — 8)127]{4_1 } Hk>) . 4.9)

wy = min (l,max (07 oy { (Mis3 1 — XAnsaprr — (1= %) Aoges1 } Cj,k)) . (4.10)
j

Proof The Hamiltonian Hj, is given by

. n Ay A, B
H, = Hk+zcj7k—Qk+ 2 7 ZT
= =1
PMy,
+A1 k1 {Pk+b—ﬁ1 —Npk—ukpk}

PcM

+127k+1 {Mk—Fﬁl —ﬁsz—uMk—}—(l — S)kak+(1 — X)chk,j}

n
+23. k41 {Hk+l32Mk—(H + o+ 8+ Y aj)HkJrVka}
Jj=1

+)~j+3,k+1 {Ci7j+O£ij+ (6]' + '}’j) Hi—wiCi } j={12,...n}

n
+An+47k+1 {QH‘OC()Hk—LLQk+ukPk+£Vka+XWij7k+ Z Qj Hk}
=1
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The adjoint equations and transversality conditions can be obtained by using Pontryagin’s Max-

imum Principle given in [13] such that

A apk A(T) =0
Aoy = aMk M (T) =0
Aak aHk )L3(T): 4.11)

Ajiap = WM? Aj4a(T) =1

[ Angap = 3—2”;, Mna(T) = —1

The optimal controls #; ,v; and w; can be solved from the optimality condition,

o0H, o0H, o0H,
=0, — =0and — =0. 4.12
Er an oWy (4.12)
that is
0H;
Fr Ay g+ (Apsa gt — Agg1) Pe=0.
0H;
5 = A i+ { A3 g1 + €A1 + (1 — €)As i1 J He =0
OH;
T s Bjwjk+ (As g1 — A1) Ciji = 0.
J,
So, we have
* . 1
U, = mn (l,max <O, m ()Ll,k—o—l — )Ln+4,k+l) Pk>) . (413)
" . 1
vy = min (l,max (0, Arr {3441 — EXypagrr — (1 — E)AZ,HI}Hk)) : (4.14)

* . 1
W = min (LmaX (0 B {%+3 k1 — XAnaprr — (1 _X>)Lz,k+l}ci,j,k>) . (4.15)
17

By the bounds in (U x Vg X Wyq) of the controls, it is easy to obtain u,v; and wj,k in the

form of (33-34-35).

5. NUMERICAL SIMULATION

In this section, we will numerically solve the optimal control problem for our
PM;H,C; 1C;2C;3.....C; ,Q; model. Here, we obtain the optimality system from the state and

adjoint equations. The proposed optimal control strategy is obtained by solving the optimal
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system which consists of five differential equations and boundary conditions. The optimality
system can be solved using an iterative method.

Using an initial estimate for the control variables,u,vand w, the state variables P;M;H;C; ;
and Q are solved forward and the adjoint variables for j = 1;2;3;4;5 are solved backward at
time step k = 7o and k = 7. If the new values of the state and adjoint variables differ from the
previous values, the new values are used to update wy, worandwsy, and the process is repeated
until the system converges. We present some numerical simulations to illustrate our theoretical
results, we consider the system (1) with the following parameter values b = 65,N = 1000,d =
0,002;q = 0,02;m = 0,065;b; = 0,75; by = 0,14;a; = 0,001;a, = 0,001;a3 = 0,001;g; =
0,001; g2, = 0,002, and the initial values Py = 600; M — 0 = 200; Hp = 100;Cy = 60 and Qp =
40.

5.1. Discussion. Any large-scale expansion of alcohol consumption would be disastrous be-
cause of the impact of epidemics on global health systems and economies. This is why we are
developing a vision to counter this phenomenon and avoid its human and economic impacts
through the four control strategies described above (section (6)). These strategies have proved
effective in reducing the number of people suffering from serious health problems (see figures
(2)(c) and (d) and (f) and (g) and (8)(h) ), especially the combination between the two controls
u and v (see figures (i) and (1) ), but the best strategy is the combination between the three
controls u and v and w (see figures (e) and (k) ), which reduces the burden on the health system
and avoids this phenomenon. Our control programs (combining the three controls) have also
proved capable of reducing the number of cancer-related complications (see figure (e)), thereby

reducing any potential personal and economic impact of this phenomenon.
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Figure

Figure 3. The number of heady drinkers with complications C; with and without

control v

Figure 4. The number of heady drinkers with complications C; with and without
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6. CONCLUSION

In this study, we propose a scenario for combating the effect and dynamics of disease devel-
opment in excessive alcohol consumers of this model, drawing on lessons learned from Alcohol
drinking to minimize the diseases serious effects on humanity and global economies. This is
accomplished through the use of four different control strategies. The optimal controls are
characterized using Pontryagin maximum principle, and the optimality system is resolved us-
ing an iterative approach. Finally, using MATLAB, numerical simulations are run to verify the

theoretical analysis.
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