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Abstract. Potato virus Y (PVY) is one of the most common widespread vector-borne transmission diseases

through aphids. In recent years, biologists have focused on the effect of vector preference to the spread of PVY. In

this paper, according to transmission mechanism of PVY, a mathematical model of a vector-borne disease includ-

ing preference behavior and vertical transmission of vector is formulated. The basic reproduction number R0 is

calculated by using the next generation matrix method. The existence of a backward bifurcation presents a further

sub-threshold condition below R0 for the spread of the disease by theoretical and numerical analysis. Numerical

simulations suggest that vector preference plays an important role in the spread of PVY.
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1. INTRODUCTION

The spread of plant virus diseases relies on vector transmission, of which nearly 80% are

transmitted by specific vectors [1-3], such as aphids, whiteflies, leafhoppers, and thrips. These

viruses cause drastic reductions in crop yield, especially for tomato, cassava crops, and potato

[4]. Potato (Solanum tuberosum) is the third most important staple food crop in the world
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consumed by approximately 1.3 billion people [5]. One of the most devastating diseases of

potato is potato virus Y (PVY, genus Potyvirus, family Potyviridae), transmitted by the aphid

[6] which causes quality and yield of potatoes in commercial production [7,8]. PVY infection is

a major issue in potatoes because PVY spreads easily and quickly and results in yield losses up

to 85% [9]. PVY is transmitted by aphid to potato in a nonpersistent manner. Acquisition and

inoculation periods are brief (only a few minutes) [6]. Primary symptoms of PVY are mottling

or yellowing of leaflets, necrosis, leaf dropping or sometimes premature death [10].

Aphid is the most efficient vector of PVY [11,12]. Like other insects, aphids exhibit directed

responses to external stimuli, known as preference behavior. It is a complex process for an aphid

to accept or reject a potato which governed by visual, tactile, and chemical cues [13,14]. From

landing the potato leaf surface a few seconds to several minutes, an aphid receives stimulatory

cues communicating whether to continue feeding [15]. If the potato provides appropriate cues,

the aphid settles and feeds deeper [16]. It is reported that aphids can often detect and respond

to the phenotypic differences between healthy and infected potatoes, and then exhibit different

landing and feeding preferences [17]. Phenotypic preference of aphid can directly influence the

transmission rate of PVY.

Recent research on mathematical models of PVY has been mainly focused on the effects of

transmission efficiency, vector behavior, and vector activity [18-20], in which these models have

assumed that vector transmission occurs essentially at random. Research indicates that, after

being infected by PVY virus, the host plant can alter the expression of related genes within its

body, thereby causing changes in the feeding behavior and preferences of the aphids. The aphid

exhibits different preferences for infected and uninfected host plants. It is essential to incor-

porate vector preference behavior into the model construction because vectors with strong host

selection contribute to the spread of plant virus diseases [21-23]. In spite of research regarding

the effect of vector preference on the spread of PVY is relatively rare, there have been some re-

search works recently focused on the impact of vector preference on the transmission of malaria,

West Nile virus, and barley yellow dwarf virus (see [24-27]). Several studies suggest that in-

fected humans may be more attractive to mosquitoes than healthy humans, which shows that

vector preference plays an important role in controlling the spread of malaria [24,25]. Marini et
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al. [26] affirm that vector feeding preferences can have important consequences for the pathogen

invasion, the probability to start an epidemic, and the influence of West Nile virus transmission

rates. Mcelhany et al. [27] indicate that the effect of vector preference for healthy or infected

hosts on the spread of barley yellow dwarf virus. The results show that vector preference for

infected plants influence the probability of disease spread, which depends on the frequency of

diseased plants in the population.

The epidemiology of plant viruses diseases is very sensitive to the vector preference of the

insect vectors [28-30]. However, the simultaneous effects of vector preference and vertical

transmission in potatoes on PVY transmission have never been studied before by using math-

ematical models. In this paper, our main purpose is to investigate how vector preference and

vertical transmission influence the transmission of PVY.

2. MODEL FORMULATION

Following the idea of [24,31], we propose a mathematical model (2.1) that includes landing

and feeding preferences of vector. The proposed model includes healthy, incubation (infected

but not infectious) and infected host potatoes, and non-viruliferous and viruliferous aphids. Let

H(t), L(t), and I(t) denote the density of the three stages of host potatoes and X(t), Y (t) denote

the two stages for the aphids, where the time t is measured on a daily basis. Hence, the total

host potatoes and aphid population are given as

Np(t) = H(t)+L(t)+ I(t), Nv(t) = X(t)+Y (t).

PVY virus is carried by the vector aphid in a nonpersistent manner. After being inoculated

with PVY, aphids are considered as infective aphid. When aphids carrying the virus come

into contact with healthy potatoes, they transmit the virus to the potatoes, resulting in potato

infection after an incubation period. Following the idea of [32,33], the mathematical model

we will establish does not take into account the virus population, but it can exist in the system

through infective aphids.

In the absence of disease, susceptible potatoes grow logistically towards the environmental

carrying capacity, denoted as K, at a rate of r. Therefore, the vital dynamics of the potatoes can
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be described by the equation

rH
(

1− H +L+ I
K

)
.

Aphids show preferences in their interactions with potatoes [17]. Inspired by the idea of [34],

we define v to be the degree to which aphids prefer to land on infected potatoes, then aphids can

be biased either in favour of (v > 1), or against (v < 1), landing on infected potatoes. Similarly,

we define c to be the degree to which aphids prefer to land on incubation period potatoes, aphids

can then be biased either in favour of (c > 1), or against (c < 1), landing on incubation period

potatoes. Hence, the probability that aphid (healthy or infected) lands on a host potato (healthy,

incubation, or infected) is H
H+cL+vI , cL

H+cL+vI , or vI
H+cL+vI (see Fig. 1).

FIGURE 1. Schematic showing how the movement, landing, and feeding be-

haviours of aphids are modelled.

It is considered that there is vertical transmission of the infection among aphids. Let b be the

proportion of aphids get infected due to birth on infectious potatoes. Thus the infection occurs

due to birth from infectious potatoes can be given as following forms:

bX(t)
vI(t)

H + cL(t)+ vI(t)
.

It is noted that a aphid probes a potato directly after landing, but then chooses between settling

for an extended feed or immediately moving off to probe a different potato. The probability of

feeding potentially depends on the state of the potato (healthy, incubation, or infected). We

define ω is the probability that aphids settle to feed on healthy potatoes, η is the probability

that aphids settle to feed on incubation period potatoes and ε is the probability that aphids settle

to feed on infected potatoes, where ω ≤ 1,εω ≤ 1,ηω ≤ 1. Hence, the probability that aphid
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settles for extended feed on a host potato (healthy, incubation, or infected) is ω , ηω , or εω (see

Fig. 1). And the probability that aphid probes a host potato (healthy, incubation, or infected)

but moves elsewhere is 1−ω , 1−ηω , or 1− εω (see Fig. 1).

Based on the idea of [34], in the presence of vector preference, the overall rate at which

healthy potatoes are inoculated is taken as following forms:

Y H(H + cL+ vI)
ωΓ2(H +ηcL+ εvI)2

.
= Φ×ω×Y × H

ωΓ(H +ηcL+ εvI)
,

where

Φ =
H + cL+ vI

ωΓ(H +ηcL+ εvI)
,

represents the average number of potatoes visited by each aphid per unit of time, and

H
ωΓ(H +ηcL+ εvI)

is the probability that a single visit by a aphid is made to a susceptible potato.

Similarly, the overall rate at which susceptible aphids acquire infection should be taken as

forms:
εXvI(H + cL+ vI)

ωΓ2(H +ηcL+ εvI)2
.
= Φ× εω×X× vI

ωΓ(H +ηcL+ εvI)
,

where εω is the probability that a aphid acquires the virus from an infected potato, and

vI
ωΓ(H +ηcL+ εvI)

,

is the probability that an individual visit by a aphid is made to an infected potato.

FIGURE 2. Schematic diagram of the formulated PVY disease dynamic model.
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Taking into account the above considerations and from model structure diagrams (Fig. 1 and

Fig. 2), the PVY transmission dynamics will be governed by the following system of differential

equations:

(2.1)



dH
dt

= rH(1− H +L+ I
K

)− Y H(H + cL+ vI)
ωΓ2(H +ηcL+ εvI)2 ,

dL
dt

=
Y H(H + cL+ vI)

ωΓ2(H +ηcL+ εvI)2 − γL−ρL,

dI
dt

= γL−ρI−gI,

dX
dt

= Λ−bX
vI

H + cL+ vI
+ τY − εXvI(H + cL+ vI)

ωΓ2(H +ηcL+ εvI)2 −mX ,

dY
dt

= bX
vI

H + cL+ vI
+

εXvI(H + cL+ vI)
ωΓ2(H +ηcL+ εvI)2 − (τ +m)Y,

where the description of all parameters of system (2.1) can be seen in Table 1.

The initial condition of system (2.1) is given as

H(0)≥ 0,L(0)≥ 0, I(0)≥ 0,X(0)≥ 0,Y (0)≥ 0.

3. MAIN RESULTS

3.1. Boundedness and Non-negativity of Solutions. The non-linear system (2.1) will be

qualitatively analysed boundedness and non-negativity of solutions. Adding the last two equa-

tions of system (2.1), we have
dNv(t)

dt
= Λ−mNv(t).

Obviously, we have lim
t→∞

Nv(t) =
Λ

m
, which gives the asymptotic relation X =

Λ

m
−Y . Therefore,

we only need to study the following limit system of (2.1):

(3.1)

dH
dt

= rH(1− H +L+ I
K

)− Y H(H + cL+ vI)
ωΓ2(H +ηcL+ εvI)2 , f1(H,L, I,Y ),

dL
dt

=
Y H(H + cL+ vI)

ωΓ2(H +ηcL+ εvI)2 − γL−ρL, f2(H,L, I,Y ),

dI
dt

= γL−ρI−gI , f3(H,L, I,Y ),

dY
dt

= (b
vI

H + cL+ vI
+

εvI(H + cL+ vI)
ωΓ2(H +ηcL+ εvI)2 )(

Λ

m
−Y )− (τ +m)Y , f4(H,L, I,Y ).
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TABLE 1. Description of the variables and parameters for model (2.1).

Variable Description

H Density of susceptible and healthy potatoes

L Density of incubation (infected but not infectious) period potatoes

I Density of infected potatoes

X Density of non-viruliferous aphids

Y Density of viruliferous aphids

Parameter Description

r Net recruitment rate of healthy potatoes through plantation

K Maximum carrying capacity of the field for the potatoes

ρ Natural mortality rate in potatoes

γ Intrinsic incubation rate in potatoes

g Potatoes disease-induced death rate

Λ Recruitment rate of aphids by birth in the crop field or by immigration

b Proportion of aphids get infected due to birth on infectious potatoes

τ Recovery rate of infectious aphids to be susceptible

m Natural mortality rate in aphids

v Bias of aphid to land on infected potatoes

c Bias of aphid to land on incubation period potatoes

ω Probability that aphid settles to feed on a susceptible potato

η Bias of a aphid to settle to feed on an incubation period potato

ε Bias of a aphid to settle to feed on an infected potato

Γ Average time spent feeding on a potato when aphid chooses to settle for extended feed

Denote R4
+

.
= {(H,L, I,Y ) ∈ R4 : H,L, I,Y ≥ 0}, and let γ(t) = (H(t),L(t), I(t),Y (t)) denote

the solution orbit of system (3.1). Then we have the following lemmas.

Lemma 3.1. The sets R4
+ and its interior R̊4

+ are the positively invariant of system (3.1).
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Proof. In order to prove the positively invariant of set R4
+ and R̊4

+, we only show that

(3.2) (H0,L0, I0,Y0) ∈ R4
+ =⇒ γ(t) ∈ R4

+ and (H0,L0, I0,Y0) ∈ R̊4
+ =⇒ γ(t) ∈ R̊4

+,

for all t ≥ 0.

Indeed, if γ(t) is initiated from H-axis with H0 > 0, L0 = I0 =Y0 = 0, then f2(H,0,0,0) = 0,

f3(H,0,0,0) = 0 and f4(H,0,0,0) = 0 imply L(t) = 0, I(t) = 0 and Y (t) = 0 for all t > 0, and

γ(t) remains on the H-axis. Similarly, If γ(t) is initiated from L-axis with L0 > 0, H0 = I0 =Y0 =

0, then f1(0,L,0,0) = 0, f3(0,L,0,0) > 0, and f4(0,L,0,0) = 0 imply H(t) = 0, I(t) > 0 and

Y (t) = 0 for all t > 0 and γ(t) enters into L-I plane. If γ(t) is initiated from I-axis with I0 > 0,

H0 = L0 = Y0 = 0, then f1(0,0, I,0) = 0, f2(0,0, I,0) = 0 and f4(0,0, I,0)> 0 imply H(t) = 0,

L(t) = 0 and Y (t)> 0 for all t > 0, and γ(t) enters into I-Y plane. If γ(t) is initiated from Y -axis

with Y0 > 0, H0 = L0 = I0 = 0, then f1(0,0,0,Y ) = 0, f2(0,0,0,Y ) = 0 and f3(0,0,0,Y ) = 0

imply H(t) = 0, L(t) = 0 and I(t) = 0 for all t > 0, and γ(t) remains on the Y -axis.

If γ(t) is initiated from H-L plane with H0 > 0,L0 > 0, I0 =Y0 = 0, then I(t)> 0 and Y (t) = 0

for all t > 0, and γ(t) enters into H-L-I plane. Similarly, if γ(t) is initiated from H-I plane with

H0 > 0, I0 > 0, L0 =Y0 = 0, then L(t)> 0 and Y (t)> 0 for all t > 0, and γ(t) enters into R̊4
+. If

γ(t) is initiated from H-Y plane with H0 > 0,Y0 > 0, L0 = I0 = 0, then L(t)> 0 and I(t) = 0 for

all t > 0, and γ(t) enters into H-L-Y plane. If γ(t) is initiated from L-I plane with L0 > 0, I0 > 0,

H0 = Y0 = 0, then H(t) = 0 and Y (t)> 0 for all t > 0, and γ(t) enters into L-I-Y plane. If γ(t)

is initiated from L-Y plane with L0 > 0,Y0 > 0, H0 = I0 = 0, then H(t) = 0 and I(t)> 0 for all

t > 0, and γ(t) enters into L-I-Y plane. If γ(t) is initiated from I-Y plane with I0 > 0,Y0 > 0,

H0 = L0 = 0, then H(t) = 0 and L(t) = 0 for all t > 0, and γ(t) remains on the I-Y plane.

Similarly, if γ(t) is initiated from H-L-I, H-L-Y , H-I-Y and L-I-Y planes, then we have

f1(0,L, I,Y ) = 0, f2(H,0, I,Y )> 0, f3(H,L,0,Y )> 0 and f4(H,L, I,0)> 0, respectively, which

corresponds H(t) = 0, L(t)> 0, I(t)> 0 and Y (t)> 0 in sequence for all t > 0, and γ(t) enters

into L-I-Y plane.

Moreover, based on the uniqueness of solution of system (3.1), when (H0,L0, I0,Y0) ∈ R̊4
+,

γ(t) will not touch the four axes in finite time, so γ(t) remains in the inside of R̊4
+. Thus, (3.2)

is verified. �
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Lemma 3.2. All solutions of system (3.1) with the initial values from R4
+ are uniformly bounded.

Proof. Let Np(t) = H(t)+L(t)+ I(t). The derivative of Np(t) along system (3.1) is

dNp(t)
dt

=
dH
dt

+
dL
dt

+
dI
dt

= rH(1−
Np(t)

K
)−ρ(L+ I)−gI

≤ rH(1−
Np(t)

K
)

≤ r
Np(t)

K
(K−Np).

Then we have limsup
t→∞

Np(t) ≤ K. In addition, We know lim
t→∞

Nv(t) = Λ

m . Therefore, all solu-

tions of system (3.1) with the initial values from R4
+ are uniformly bounded. �

By Lemmas 3.1 and 3.2, we have following result.

Lemma 3.3. If the initial conditions (H(0),L(0), I(0),Y (0))T of system (3.1) are in the region

(3.3) Ω =

{
(H, L, I, Y ) ∈ R4

+ | 0≤ H +L+ I ≤ K,0≤ Y ≤ Λ

m

}
,

then all solutions (H(t),L(t), I(t),Y (t))T will enter and remain in Ω.

Based on Lemma 3.3 , we can conclude that it is enough to analyze the dynamic properties

of system (3.1) in Ω, which will be presented in the following subsections.

3.2. The Basic Reproduction Number. In this section, we will calculate the basic reproduc-

tion number of system (3.1). It is easy to see that system (3.1) always has a disease-free equilib-

rium (the absence of infection, that is, L = I = Y = 0), E0 = (K,0,0,0). Let X = (L, I,Y,H)T .

Then model (3.1) can be written as

dX

dt
= F (X )−V (X ),
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where

F (X ) =



Y H(H + cL+ vI)
ωΓ2(H +ηcL+ εvI)2

0(
b

vI
H + cL+ vI

+
εvI(H + cL+ vI)

ωΓ2(H +ηcL+ εvI)2

)
(

Λ

m
−Y )

0


,

V (X ) =



γL+ρL

−γL+ρI +gI

(τ +m)Y

−rH(1− H +L+ I
K

)+
Y H(H + cL+ vI)

ωΓ2(H +ηcL+ εvI)2


.

We can get

F =


0 0

1
ωΓ2

0 0 0

0
Λ

m
(
vb
K

+
εv

ωΓ2K
) 0

 , V =


γ +ρ 0 0

−γ ρ +g 0

0 0 τ +m

 .

The next generation matrix for model (3.1) is described as

FV−1 =


0 0

1
ωΓ2(τ +m)

0 0 0

Λγ

m(γ +ρ)(ρ +g)
(
bv
K

+
εv

ωΓ2K
)

Λ

m(ρ +g)
(
bv
K

+
εv

ωΓ2K
) 0

 .

It then follows that the spectral radius of matrix r(FV−1) =
√

Λvγ(bΓ2ω+ε)
Kω2Γ4m(τ+m)(γ+ρ)(ρ+g) . Ac-

cording to Theorem 2 in [35], the basic reproduction number of model (3.1) is

(3.4) R0 =

√
Λvγ(bΓ2ω + ε)

Kω2Γ4m(τ +m)(γ +ρ)(ρ +g)
.

Theorem 3.1. The disease-free equilibrium E0 is locally asymptotically stable for R0 < 1 and

unstable for R0 > 1.
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Proof. Evaluating the Jacobian matrix of system (3.1) at E0:

J(E0) =



−r −r −r − 1
ωΓ2

0 −(γ +ρ) 0
1

ωΓ2

0 γ −(ρ +g) 0

0 0
Λ

m
(
bv
K

+
vε

KωΓ2 ) −(τ +m)


.

Thus the characteristic equation gives

(3.5) (λ + r)(λ 3 +b1λ
2 +b2λ +b3) = 0,

where

b1 = τ +m+ρ +g+ γ +ρ > 0,

b2 = (ρ +g)(τ +m)+(γ +ρ)(τ +m)+(γ +ρ)(ρ +g)> 0,

b3 = (γ +ρ)(ρ +g)(τ +m)− γΛ

ωΓ2m

(
bv
K + vε

KωΓ2

)
= vγΛ(bωΓ2+ε)

Kω2Γ4mR2
0
− vγΛ

KωΓ2m

(
b+ ε

ωΓ2

)
= vγΛ(bωΓ2+ε)

Kω2Γ4m

(
1

R2
0
−1
)
.

According to the Routh-Hurwitz criterion, we obtain that E0 is locally asymptotically stable

provided that R0 < 1; whereas if R0 > 1, equation (3.5) has a positive eigenvalue. Hence E0

becomes unstable. �

Remark 3.1. Theorem 3.1 illustrates that the disease may be go to the state of extinction if

R0 < 1; otherwise, the disease will be endemic if R0 > 1.

3.3. Bifurcation Analysis. In this section we investigate the center manifold near the crit-

icality (at E0 and R0 = 1) by using the approach developed in [35-37], which is based on the

general center manifold theory [38]. The approach establishes that the normal form representing

the dynamics of the system on the center manifold is given by

(3.6) u̇ = Au2 +Bµu+O(3),
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where

(3.7) A =
v
2

Dxx f (x0,0)w2 =
1
2

n

∑
k,i, j=1

vkwiw j
∂ 2 fk

∂xi∂x j
(x0,0),

(3.8) B = vDxξ f (x0,0)w =
n

∑
k,i

vkwi
∂ 2 fk

∂xi∂ξ
(x0,0).

Note that, in (3.6), µ denotes a bifurcation parameter such that R0 < 1 for µ < 0 and R0 > 1

for µ > 0, the notation O(3) is used to denote terms of third order and higher in u and µ . In (3.7)

and (3.8), the term ξ denotes a bifurcation parameter to be chosen, fi denote the right-hand side

of system (3.1), x denotes the state vector, x0 denotes the disease-free equilibrium E0 and v and

w denote the left and right eigenvectors, respectively, corresponding to the null eigenvalue of

the Jacobian matrix of system (3.1) evaluated at the criticality. Now we take b as a bifurcation

parameter. Solving for b from R0 = 1, we get

b = b̄ =
Kω2Γ4m(γ +ρ)(τ +m)(ρ +g)−Λvγε

ΛvγωΓ2 .

In view of Theorem 4 in [35], we know that a local stability analysis of (3.7) shows that

B > 0. Therefore, the nature of the bifurcation at b = b̄ is given by the sign of coefficient (3.7).

By [35-37], we can conclude that, if A > 0, then system (3.1) exhibits a backward bifurcation

at R0 = 1. If A < 0, then the system exhibits a forward bifurcation at R0 = 1.

Denote

(3.9)

Θ =
Λvγ (rγ +(r+ρ + γ)(ρ +g))(b̄ωΓ2 + ε)

Kω2Γ4mr(g+ρ)2(γ +ρ)
+

Λcvγ
(
−b̄ωΓ2 + ε(1−2η)

)
Kω2Γ4m(ρ +g)(γ +ρ)

+
Λv2γ2 (−b̄ωΓ2 + ε(1−2ε)

)
Kω2Γ4m(γ +ρ)(g+ρ)2 +(m+ τ)

(
c(1−2η)+

vγ(1−2ε)

g+ρ

)
− vγ(b̄ωΓ2 + ε)

ωΓ2(g+ρ)
.

Theorem 3.2. If Θ > 0, then system (3.1) exhibits a backward bifurcation at R0 = 1. If the

reversed inequality holds, then the system exhibits a forward bifurcation at R0 = 1.

Proof. Let us begin by observing that the matrix



A VECTOR PREFERENCE MODEL FOR POTATO VIRUS Y TRANSMISSION 13

J(E0, b̄) =



−r −r −r − 1
ωΓ2

0 −(γ +ρ) 0 1
ωΓ2

0 γ −(ρ +g) 0

0 0 ωΓ2(γ+ρ)(τ+m)(ρ+g)
γ

−(τ +m)


,

admits a simple zero eigenvalue and the other eigenvalues are real and negative. Hence, when

b = b̄ (or, equivalently, when R0 = 1), the disease-free equilibrium E0 is a non-hyperbolic equi-

librium. Denote by v = (v1,v2,v3,v4), and w = (w1,w2,w3,w4)
T , a left and a right eigenvector

associated with the zero eigenvalue, respectively, such that v ·w = 1. We get:

v1 = 0, v2 = ωΓ
2(τ +m)v4, v3 =

ωΓ2(γ +ρ)(τ +m)

γ
v4, v4 = v4.

w1 =−
rγ +(r+ γ +ρ)(ρ +g)

rωΓ2(γ +ρ)(ρ +g)
w4, w2 =

1
ωΓ2(γ +ρ)

w4, w3 =
γ

ωΓ2(γ +ρ)(ρ +g)
w4, w4 =w4.

We can choose w4 and v4 satisfy

w4 · v4 =

[
(τ +m)(γ +g+2ρ)

(γ +ρ)(ρ +g)
+1
]−1

> 0,

such that v ·w = 1.

Taking into account of system (3.1) and considering only the nonzero components of the left

eigenvector v, it follows that

A = v2

[
w2w4

∂ 2 f2

∂L∂Y
(x0, b̄)+w3w4

∂ 2 f2

∂ I∂Y
(x0, b̄)

]
+ v4

[
w1w3

∂ 2 f4

∂H∂ I
(x0, b̄)+w2w3

∂ 2 f4

∂L∂ I
(x0, b̄)+w3w4

∂ 2 f4

∂ I∂Y
(x0, b̄)

]
+

v4

2
w3w3

∂ 2 f4

∂ I∂ I
(x0, b̄).

Now it can be checked that

∂ 2 f2

∂L∂Y
(x0, b̄) =

c(1−2η)

KωΓ2 ,
∂ 2 f2

∂ I∂Y
(x0, b̄) =

v(1−2ε)

KωΓ2 ,

and
∂ 2 f4

∂H∂ I
(x0, b̄) =−

Λv
mK2 (b̄+

ε

ωΓ2 ),
∂ 2 f4

∂L∂ I
(x0, b̄) =

Λcv
mK2 [−b̄+

ε(1−2η)

ωΓ2 ],
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and
∂ 2 f4

∂ I∂ I
(x0, b̄) =

2Λv2

mK2 [−b̄+
ε(1−2ε)

ωΓ2 ],
∂ 2 f4

∂ I∂Y
(x0, b̄) =−

v
K
(b̄+

ε

ωΓ2 ).

Thus, we have

A =
v4w2

4
ωKΓ2(γ +ρ)

Θ,

where Θ is defined in (3.9). Therefore, system (3.1) exhibits backward or forward bifurcation

at R0 = 1 according to the sign of Θ.

�

4. NUMERICAL SIMULATION

In this section, we first provide results from numerical simulations of model (2.1) that demon-

strate and support our theoretical results, and then study the influence of the landing and feeding

preferences on the PVY spread. We need to estimate the model parameters in order to carry out

the numerical simulations. The values of parameters of model (2.1) are given in Table 2.

Fig. 3 shows a backward bifurcation occurs at b = b̄. There exists two threshold values of b,

namely bcrit and b̄. We also observe that the disease-free equilibrium E0 is the only equilibrium

for system (2.1) for b < bcrit ; a couple of endemic equilibria coexist with the disease-free equi-

librium E0 for bcrit < b < b̄; system (2.1) exhibits the disease-free equilibrium and the larger

endemic equilibrium for b > b̄; a backward bifurcation occurs for b = b̄.

Next, in order to show the effects of vector landing preferences v, c and vector feeding prefer-

ences η , ε on the total infective population. On the t-axis, the time index, ranges from 0 to 1200,

we fix the different panels refer to different values of v = c and ε = η that assume respectively

the values of (0.5, 1, 1.5, 4), respectively. The numerical results (see Fig. 4) show that there is

high infected value with vector landing preferences (v = c = 4) and vector feeding preferences

(ε = η = 4); however, there are low infected values with vector landing preferences (v= c= 0.5

and v = c = 1) and vector feeding preferences (ε = η = 0.5 and ε = η = 1). It shows that vector

landing and feeding preferences play a key role in PVY transmission in potatoes.

From Fig. 5, we can observe that the basic reproduction number R0 is independent on the

values of the landing and feeding preferences of aphids on incubation potato plants c and η .

However, the final disease incidence L∞+I∞

H∞+L∞+I∞
decreases as c or η increases. Because the
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TABLE 2. Parameters to be used in the system (2.1) and numerical simulations.

Parameter Baseline values Unit Reference

r 7.3613 day−1 Assumed

K 108.6110 plant [31,39]

ρ 3.7361 day−1 [34]

γ 0.1590 day−1 [40]

g 2.1806 day−1 [34]

Λ 4.1329 vector×day−1 [39]

b 1.5014 day−1 [19]

τ 6.3354 day−1 [41]

m 0.1731 day−1 [31]

v 0.0895 - Assumed

c 3.9271 - Assumed

ω 0.1023 - Assumed

η 0.5755 - Assumed

ε 0.7181 - Assumed

Γ 0.1509 day Assumed

FIGURE 3. Backward bifurcation diagram in the plan (b, I). In this diagram,

solid lines indicate stability and the dashed lines indicate instability.
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(a) (b)

FIGURE 4. The plots of time series: influence of the vector preferences on the

infected host population. (a) v = c = 0.5, v = c = 1, v = c = 1.5, v = c = 4; (b)

ε = η = 0.5, ε = η = 1, ε = η = 1.5, ε = η = 4.

(a) (b)

FIGURE 5. Responses of the basic reproduction number (blue) and equilibrium

incidence (red) to changes in the vector preference parameters: (a) landing pref-

erence c; (b) feeding preference η .

incubation potato plants do not spread the virus, so vector preference behavior to incubation

host will not affect the basic reproductive number, but they will have an impact on the final

disease incidence.
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(a) (b)

FIGURE 6. The responses of the basic reproduction number are simultaneously

altered as both landing preference v and feeding preference ε . Pairs of parame-

ters for which R0 = 1 are again marked with a red curve. (a) Isocline of the basic

reproduction number; (b) Isocline of the final disease incidence.

The effect of landing and feeding preferences to infected host v and ε on the basic repro-

duction number and final disease incidence is shown in Fig. 6. It is observed in Fig. 6(a) (left

panel) that the effect of vector preference on R0 which is given in equation (3.4). The red line

indicates the threshold value where R0 = 1, and the different colors indicate increasing values

of R0 from 0 to 4, with 0.5 steps (blue to yellow). As vector landing and feeding preferences on

infected host increase, R0 increases. The dark blue area indicates the parameter region where

the pathogen is always driven to extinction. Fig. 6(b) (right panel) shows how final disease

incidence is influenced by landing and feeding preferences on infected host. From Fig. 6(b), we

can see that, when landing preference v is very low, the final disease incidence is monotonically

increasing with feeding preference ε increasing (see Fig. 7a); whereas when v > 1.8, the final

disease incidence is initially monotonically increasing to peak value, and then monotonically

decreasing with ε increasing (see Fig. 7b). Similar phenomena are observed regarding param-

eter v as well. The influence of vector behavior on infection incidence can lead to the change

in the final disease scale trend. Indeed, when landing preference v is large and the aphid has a

strong feeding preference ε for infected potatoes, the probability of viruliferous aphids feeding

on infected potato plants is becoming large. This leads to reduce the final disease incidence.
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(a) (b)

(c) (d)

FIGURE 7. Responses of the basic reproduction number (blue) and final disease

incidence (red) to changes in the vector preference of aphids on infected potato

plants: (a) feeding preference ε , fix v = 1; (b) feeding preference ε , fix v =

6; (c) landing preference v, fix ε = 1; (d) landing preference v, fix ε = 6.

5. CONCLUSION

In this paper, we propose and analyze a vector-borne epidemic model for PVY by incorporat-

ing preference behavior and vertical transmission of vector. We compute the basic reproduction

number and discuss the local stability of the disease-free equilibrium. When we choose appro-

priate parameters, there exists a backward bifurcation occurs at b = b̄. If b > b̄, then there is

a unique endemic equilibrium and the disease is uniformly persistent, whereas if b < b̄, there

may be two endemic equilibria, and the endemic equilibrium can coexist with the disease-free

equilibrium. This illustrates that b < b̄ (i.e. R0 < 1) cannot ensure the eradication of the disease,

and decreasing b below the sub-threshold b = bcrit would be a propositional control strategy.
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If bcrit < b < b̄, only when the numbers of infected cases are small enough, it is a sufficient

condition to eliminate PVY. The numerical results indicate that the landing and feeding pref-

erences of aphids on infected potato plants will lead to a more efficient transmission of PVY

virus. However, the final infection incidence of PVY may not necessarily increase with an in-

crease of the preference parameter (v or ε). Further, the number simulation also shows that R0

is independent of the landing and feeding preferences of aphids on incubation potato plants, but

the final infection incidence decreases with an increase of the preference parameter (c or η).

Our investigations suggest that the landing and feeding preferences of aphids on infected

potato plants play an important role in the spread of PVY, and phenotypic preference of aphid

for infected population may increase the risk of PVY transmission. Vertical transmission dra-

matically affect the disease transmission dynamics. The result strongly suggests and supports

the previous observations.
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