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Abstract. In this study, we propose an advanced stochastic mathematical model that delves into the intricate dy-
namics of multi-strain COVID-19 transmission. By accounting for environmental fluctuations, we introduce white
noise into each compartment of the multi-strain system, enriching our understanding of its behavior. Rigorous
proofs establish the system’s existence and uniqueness, providing a robust foundation for further exploration. We
investigate key control measures within the model, specifically focusing on vaccination and targeted treatment for
each strain’s compartment, as potent strategies to curtail the spread of multi-strain COVID-19. Moreover, our
analysis extends to the realm of stochastic optimal control, where we examine the associated optimality conditions
of the stochastic maximum Pontryagin. The ultimate goal is to reduce infections through precise control measures,
paving the way for evidence-based policies that can effectively manage the pandemic’s impact. By offering deep
insights into multi-strain COVID-19 propagation, our innovative model contributes significantly to the fight against
the virus, guiding the development of proactive strategies and public health interventions.
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1. INTRODUCTION

Coronaviruses encompass a family of viruses capable of inducing respiratory illnesses in hu-
mans. The name "coronavirus" originates from the distinctive crown-like spikes that adorn the
surface of the virus. Among these viruses, a specific strain named SARS-CoV-2 is accountable
for the development of the disease known as COVID-19. The emergence of this novel strain
was initially documented in December 2019 in Wuhan, China, and swiftly disseminated across
the globe. COVID-19 can manifest a spectrum of respiratory symptoms, ranging from mild
to severe, with potentially fatal outcomes in certain cases. The primary mode of viral entry
into the body is through direct contact with infected individuals, including activities such as
sneezing, talking, singing, breathing, or through physical interactions like handshakes. Addi-
tionally, the virus can spread indirectly via contact with contaminated surfaces or objects that
have been in contact with an infected person. Viral evolution is an inherent phenomenon that
occurs as viruses disseminate within populations. As the virus undergoes alterations that de-
viate significantly from the original strain, these modifications are labeled as "variants". To
detect and analyze these variants, scientists utilize genetic sequencing methods to scrutinize the
viral genetic material. Through comparative analysis of the genetic sequences, researchers can
discern noteworthy changes that have transpired in the virus’s genetic composition. [Centers
for Disease Control and Prevention. (2021). COVID-19: How it spreads. Retrieved from [16]
Since the global spread of the SARS-CoV-2 virus, the causative agent of COVID-19, numerous
variants have emerged and been identified in multiple countries worldwide [18]. One prominent
example is the Omicron variant, scientifically known as variant B.1.1.529. The World Health
Organization (WHO) was first notified of the Omicron variant on November 24, 2021, and sub-
sequently classified it as a variant of concern on November 26, 2021, following guidance from
the Technical Advisory Group on Virus Evolution [18]. This classification was primarily based
on information originating from South Africa, which indicated that the Omicron variant car-
ries a substantial number of mutations and has been associated with detrimental changes in the
epidemiology of COVID-19 [1].

The Delta variant, designated as a variant of concern by the World Health Organization

(WHO) on May 11, 2021, has become the prevailing strain circulating worldwide. It exhibits
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heightened transmissibility compared to earlier virus strains and has contributed to a significant
increase in the number of COVID-19 cases and fatalities on a global scale [1].

RELATED WORK

In recent years, there has been a notable upswing in research dedicated to the modeling of
infectious diseases [2, 3, 4]. At the forefront of this field is the SIR model, a fundamental frame-
work that sheds light on the intricate dynamics among three pivotal populations: the susceptible
(S), the infected (I), and the recovered (R). First proposed by Kermack and Mc Kendricks in
1927 [5], the SIR model has garnered substantial recognition due to its aptitude in capturing the
nuanced behavior of infectious diseases. In their research, Jaouad Danane et al. [6] delves into
the intricate dynamics of a stochastic model that aims to understand the behavior of COVID-
19 when an isolation strategy is implemented. Their study sheds light on the effectiveness of
such a strategy in mitigating the spread of the disease. On a related note, R. Aboulaich et
al. [7] conduct an in-depth investigation to identify optimal treatment regimens that minimize
the overall tumor burden. Their research focuses on a diffusion process and proposes a novel
stochastic optimal control model. The study specifically explores the potential of the Bacillus
Calmette-Guerin (BCG) bacterium as an immunotherapeutic agent for combating superficial
bladder cancer. The findings contribute to advancing our understanding of treatment strate-
gies for this particular form of cancer. In a pioneering investigation by Hassan Laarabi et al.
[8], an exceptional exploration was conducted on a mathematical model for a SIR epidemic,
encompassing a saturated incidence rate. Their study operates within the realm of nonlinear
optimal control, opening up new avenues for innovative approaches. Notably, they employ op-
timal vaccination strategies to minimize the count of susceptible and infected individuals, while
simultaneously maximizing the population of recovered individuals. This comprehensive anal-
ysis provides invaluable insights into effective control measures and contributes significantly
to the ongoing endeavors in combating epidemics. Abdelfatah Kouidere et al. [9] present an
advanced continuous mathematical model that effectively captures the transmission dynamics
of COVID-19 virus within the human population. The model comprehensively incorporates
various stages, including susceptible, exposed, infected, quarantined, hospitalized, and recov-

ered individuals, providing a holistic representation of the disease’s spread. Kassahun Getnet
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Mekonen et al. [10] have made a significant contribution by extending the deterministic mathe-
matical model to shed light on the coinfection of COVID-19 and Tuberculosis (TB) through an
optimal control framework. They enhance the deterministic model by incorporating four essen-
tial control measures: preventive efforts against TB, preventive techniques against COVID-19,
infection treatments, and medical care for COVID-19. By integrating these measures, the study
offers valuable insights and optimal strategies for effectively managing both diseases. In their
discrete mathematical model, Amine El Bhih et al. [11] examined optimal control strategies
for combating the spread of Covid-19. Their study focused on six population compartments
(SEICWCR) representing susceptible, exposed, infected, infected with complications, infected
multimorbidity with complications, and recovered individuals. They proposed an effective ap-
proach utilizing four controls: media and education for sensitizing and preventing the disease
among susceptible individuals, home quarantine for infected individuals, hospital quarantine
for infected individuals with complications, and hospital quarantine with necessary breathing
assistance for infected individuals with multimorbidity and complications. In the realm of infec-
tious disease modeling, Masaaki Ishikawa [12] conducted a notable study on stochastic models.
His research delved into a population comprising four compartments: susceptible, infected,
recovered, and vaccinated individuals. Ishikawa specifically explored the optimal vaccination
strategy within the context of stochastic optimal control problems. By addressing the uncertain-
ties inherent in disease dynamics, his work provides valuable insights into effective vaccination
planning and management. Further models of problems of optimal control and population dy-
namics can be seen in [19, 20, 21, 22, 23].

PROBLEM STATEMENT

The new Corona virus appeared at the end of 2019 in China, and then spread throughout the
world, and it was not long before several mutated strains appeared for this virus, for example, the
mutated strain Delta and the mutated strain Omicron, etc. With the emergence of these mutated
strains, the thing that made us predict the emergence of strains new mutant in the future. We
assume in this paper that n mutated strains will appear denote by I, 15,13, ...,1,. and each strain
I; spreads with infection rate f3;. The propagation of these mutated strains is subject to several

environmental fluctuations, so an infection rate f3; will be become ; + W (¢) where w(t) wiener
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process which describe environment fluctuation, the aim of this paper is controlling the spread
of these mutant strains that reduce the number of people infected with each mutated strain and

increasing the number of the recovered.

2. DETERMINISTIC MODEL

2.1. The deterministic model without controls. The following proportions P(t),s(r),i;(t),
and r(t) represent respectively the number of the entire population, the number of susceptible
to infection, the number of infectious of mutant strain /;, and the number of recovered at time 7.

we assume that the population size is constant which denote by N(r) = S(¢) + X7, Li(r) +
R(t) = 1, where S(t) = %)) represent percentage of susceptible to infection at time ¢,

Ii(t) = @, J = 1,....,n represent the percentage of infectious of mutant strain /; and

R(t) = P(p) represent the percentage of recovered people.

The following model is the deterministic model witch describe interactions between the var-

ious compartments of this population.

dd(t) A= Bili(1)S(t) — uS(r).
0 ) — BLOSE) — (h+ o+ i=1,2...n.
RO — 5 yl(1) — uR ().

where f3; transmission rate the I; mutant strain , i death rate (we assume that natural death rate
is equal to the birth rate), ¥; recovery rate from /; mutant strain and ; presents the death rate

due to /; mutant strain.

3. A STOCHASTIC MODEL

3.1. The Stochastic model without controls. Because actual infectious diseases include ran-
dom fluctuations induced by changes in the environment and weather, we evaluate the transmis-
sion rate with a random fluctuation. by substituting the transmission rate of each mutant strain

with:

Bi — Bi +&idW(1)
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where W;(¢) denote the wiener process, we propose the following stochastic model that describe

the interactions between the different compartments of population.
ds(t) = {A—XiL, Bili(t)S(t) — uS(r) } dt — XL &ili(¢) S(t)dWi(t).
2) dLi(t) = {Bili(t)S(t) — (y; + @ + w)L; } dt + EL;(2)S(t)dW;(t) i=1,2...,n
dR(t) = {Z0 | %li(t) — uR(t) } dt.
The quantities S(0) = So,7;(0) = I?,R(0) = Ry, (i = 1,2....n) are the initial conditions, where
& (i =1,2,.....n) are constants that indicate the intensities of fluctuations caused by in the

environment and weather, (Wi(¢))c[1 7] is an independent Brownian motion.

3.2. Existence and Uniqueness of Solutions and Sufficient Conditions. The state system

(2) can be rewritten as follows

dX(t) = f(t,X(t))dt + o (t.X;)dW (1)

3)
X(0)=Xy gevin.
where
A= BL()S(r) — uS(r) ()
Bili(t)S(t) — (v + @1 + 1) Ii(1)
%) = ﬁzlz(f)S(f)—(.}’erwerH)Iz X — 12@
Budn(£)S(2) — (Y0 + @ + 1)1y In(t)
T uli(e) — RR(1) R()
and
0 —&LS —&DLS ... —ELS 0
0 &S 0 0 0
o, — 0 0 &bLS 0 ... 0
0 0 o0 ELS O
0 0 0 0 0

In this section, we prove the existence and uniqueness the solution of the stochastic differen-

tial equation (3).
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Theorem 3.1. For any initial condition X (0) = X, € [0, 1] the stochastic differential equation

(3) has a unique solution.

Proof. We will make sure that the conditions of theorem [13, 17] are verified:

The function F(.,.) is composed of measurable functions, therefore it is measurable. Simi-
larly, for o(.,.).

Dlet X; = (S(¢),1(t),L(t),...I,(t),R(¢)) € [0,1]"2, we have

o (e X0+ (2, %) H—\/225212 (1)$*(1) +

2
$ ((A—Zﬁil,-(t)S(t) S(1) ) +Z [Bili(1)S(t) — (i + @i + w)I; (Z )
i=1 =

Let’s find a majoration for each of the terms under the radicals.

The first term:
nERIR(1)S*(r) < 2y &P because 1;,S € [0,1]
The second term:
(A=Y, Bili(1)S(t) — pS(0)]* < N>+ [Ty Bili(1)S(1) + uS(0)]?
<A [X Bili(r) + u)>S(1)?

<A+ (n+ 1Ty B (1) + 12]S(0)?

<A+ (n+1)[YL, B?+p12S(t)>  because I; € [0,1]
The third term: leti € {,2,.....,n}

[Bili(1)S (1) — (i + i + u)[)* < BAI(1)S* (1) + (i + i+ 1) 17

< [BAS*(1) + (13 + o + )21

<B4 (vi+wi+u)?| 7 whereS; €0,1]

The fourth term:
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(X7 i) — RV < [Ty wli(0)]? + W2R(1)?
<YL RLO? + uPR()?
<nY",v*+u’R(t)> where; € [0,1]

So we have

lo(t.X)|+|1f X)) < \@jt
=

\/A2+ (n+1)] ZB2+u +ZB2 (7 + @i+ 1)? 12+n2y, + U2R(t)?
i=1 i=1

We set

i=1

Cmax{<n+1>[fﬁﬁ+u2]7[B,-2+(%+wi+u)] <A2+”ZJ’2> +2Zéz i=1,..n }
Then
lo(£.X0) |+ || £(£,X)]| < C(1+[[X]]).

We will investigate in following the other condition of theorems [13, 17]:

Let

/! / / /

X(t)=(S(t),L(t),L(t),....L,(¢),R(t)), and Y (t) = (S (¢),1,(2),], (1), ...,In(t),R'(t)); t€10,7].
We have

2
17, %) = f(,Y)| +]o(t.X) —o(t.Y))| = {(Zﬁt —Ii(t )S(t)]+u[5/(f)—5(f)]>

M 2y, 08 ()~ LSO
We put the expressions as follows, ar::ll getting the majoration of each one of them:
A= (X2 BUOS (1)~ L(0)S©)] + IS (1) - S())
B = ((y,- o+ W) — 1) - BIL©)S @) —Ii(t)S(t)]> Ci=1,2,.n
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€= (WIR (1) =R~ T WL (0) — (1))
E =231, (1) (0) - LS.

For expression A:

A= B 0S (0) — ()] + IS (1) — ()
= 0 B3 (1) 4+ (0h(1) = S (Oh(2) ~ 1(0)S(0)] + IS (1) = S(0)]
= X7 B ()0~ 1)+ (14 Ky BT () 5 (6) = S(0)]

Then by using the inequality of Cauchy-Schwarz[5] we get:

2 2
A <2 [(Zﬁisl(ﬁ[lg(f)—li(f)]) + ((ﬂ‘l‘ziﬁili(l)) [S/(l)—S(f)]) ]
i=1 i=
gz[

§2[niﬁi2[1£(f)—li +(n+1) (u +ZI3 ) S(t)]zl,

becauseS() Ii(r) € [0,1].

M=

BES(I(6) = ()] + (n+1) (u +ZB212 ) (t)—S(f)]2]

1

For expressions

Then
By = (Y @i+ ) [[0) = (o)) = BiS (0)[1;(0) = (0)] = BiEi(1)[S (1) = (1)
= (nt o+ —BS () [10) = 1) = BL()[S () = 5()
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Then
B2 < (nt ot =B ©) 10~ HOP + BRI 0)—S0)P
< (O @)+ B2S(0) ) 5 0) L0 + B[S (1) = S(0)?
< (307 + P + 1)+ BES2(0) ) i (0) — (1) + B[S (1) = S(0)2
< (307 + 07 + 1) + B7) (1) —I(O) +B71S (1) S, because §'(1).1() €10, 1].

For expression C we have:

2
C? < u?[R (1) —R(t)*+ (Z ¥l (1) _Ii(l)]>

i=1

i=1

<P’[R (1)~ R(@)* +n (Z VL (1) —1i<t>12>

For expression E we have

E=2 Zl & (1108 () = 1) (0] + (1S (1) - Ii<r>s<r>1)2

VAN
N
1=
KA
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N
~
—
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|
o=~
—
~
N—
U
—
~
=
)
+
~
—~
-~
N—
%)
—~
-~
N—
|
~
—~
-~
N—
o)
—~
-~
=
(%]
N————

I
_

e
S
%!

20) (1100~ 00) 4 1 8970 (150 =500

[\
N

—

S

<4,

Y- &2 (1)~ 100) +4 182 (150~ S0)) " becauses @)1 € 0.1

Let’s find the majoration of:

s

i=1 i=1

A%+ iB? +C2<2n i BIL(t) — (1) +2(n+1) (;ﬂ + iﬁ?) NOENOIE
+ X (7 + 0 +42)+ B7) 1)~ KR + 1 BEIS () - S(0F
+n<zyz )+u[ R (1)~ R()
< |2tn+1) <u2+ 213) ; ZB] S () - SO

+ i (2nB? +3( + 0F + 12) + B2 +n?) [L;(£) — (1) + L3[R () — R(1))?

i=1
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(2n+3) iﬁf 2+ D] [S (1) = S1)]?

i=1

ﬁ (2n+ DB+ (n+3)1 +3 (0] +1%)) [11(6) — ()] + 2[R (1) - R(1))?

So we have

1

1£(0.X) — (1Y)l +|0(.X) — o (1.1,)] = <A2+f33+c2> VE.

i=1
We put
D= [((2n+3) "L BE+2(n+ 1)UV ((2n+1)Bf+(n+3)ﬁ+3(w}+u2)) L= 1,...42

v (2\/2;171;2)

Then

1f (6. %) = f(t.Y)|| + |o(t.X,) — o(t.Y;) < D||X; = Yi||.

According to the Existence and Uniqueness Theorem [13, 17], the EDS (3) admits a unique
solution.

O

3.3. The Stochastic model with controls. So the objective of this paper is controlling the
spread of these mutated strains and not letting them get out of control, otherwise there will
be an unprecedented environment. to avoid the latter, we add controls to this model. and the

previous model will become as shown in the following:

S(1) = {A—Z1 BLi(0)S(1) — u(t)S() — (1)} di — E1 Edi(1)S(6)dWi o).
@ dhi(t) = {Bi(1)S(1) — (% + o+ )L — vi(0) (1) } dt + &i(1)S(1)dWi(7) i=1,2...n.
dR(t) = {Z \ %li(t) — uR(t) + X1 vi(0)I;(1) } dr.
where u(t) presents the percentage of vaccinated at time ¢, and v;(¢) represents the treatment
for infected people of mutant strain /; the role of control u(z) is to protect as many people as
possible from infection, and roles of controls v;,i = 1,...,n are to provide treatments for the

infected people of each mutant strain /;.

3.4. A Stochastic Optimal Control Approach.
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3.4.1. The Hamiltonian function and Cost function. we consider the cost function J(u,v) such
that
i [ 1
J(u,v):E{/o (;Ail,-(t)—BR( t)+ = ZDV )dH— ;KIZ ty }
where A;,B,D;,K; are positive constants. Our objective is to reduce the number of infected
persons while also reducing systemic expenses by striving to maximize the number of people
recovered from each /; mutant strain. In other words, we are looking for the optimal control

(u*,v*) such that:

Jw* v <J(u,v), Vue U, Vv eV.

where U and V are admissible controls sets defined as;

Ul0,t¢] = {u(t) : u(t) # — progressively measurable, u(t) € [0,una| Vt € [0,27]}
V[0,t¢] = {vi(t) : vi(t) F: — progressively measurable, vi(t) € [0,v]"*|Vt € |0,f], i=1,2,.....n}

Then we define the Hamiltonian function H as

H = po[A =YL Bili(1)S(t) — u(t)S(t) — uS()] + XiZy pi [Bili (1) S(1) — (% + @i + )i = vi(0)1i(1)] +

Pt [Ef=y Wli() = HR(1) + X1 vi(O ()] + [Ei2y Aili(1) + BR(t) + 5162 (1) + 3 Xy Divi (1) +
3 X Kl (1)) = go Xy &ili () S() + Xy 4i&ili(1)S (1)

where (po, p1,...., Pn+1) and (qo,q1,----,qn+1) are adjoint vectors

we set as x* (1) = [S*(¢),I{ (1), (1), ..., I (¢),R*(t)] and v* = [v{, v}, .....,v;]".

The following follows from the stochastic maximum principle:

—8H(X*,M*,V*,p,Q)
dx

dp(t) = dt +q(t))dW ()

H((x*u*v',p,q))= min H(x",u,v,p,
( p.9)) i ( p:q))

After calculation we obtain the fallowing:

dS* (1) = PG gt 6 (x* (1))aW (1)

- Zn: Bil; (£)S(1)" —u”(1)S™(1) — uS™(1) | dt — Zn: Sil; (1)S™(1)aw (1)
i=1

i=1
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dI*(t) = [Bi; (1)S(1)" — (Vi + &+ W)L () —viL7 ()] dt + Gl () S(2)"dW (1)
(i=1,2,...,n)
dR*(t) = [XiLy vili(t) — uR(r) + Xy vi(t)1i(1)] dt
dpo(t) = deqo(r))dvv(r)
- [po <_i‘iﬁilz’(l) —M(ﬂ—#) +ipi[ﬁili(t>] _ClOi‘iéiIi(l)‘f‘iQiéili(t) dt
i= i=1 i= i=1

+qo(1))dW (1)
dpi(t) =~ 4y g gi(1))dW (1)
= —{—poBiS(t) + pilBiS(t) — (% + @i+ ) —vi()] + pu1 (% +vi(1)) +Ai — qo&iS(t) + q:&:S(¢) } dt
+qi(1))dW (1), i=1....... n
dppy1 (1) = L2 Gy 1 g3 (0)AW (1) = (Pag1 L+ B)dt + it (1)) dW (7)

3.4.2. Optimal Control Characterization and Necessary Conditions. We derivative the

Hamiltonian function with respect to u,v; i=1......n

8H(‘x*7u*7v*?p’q) :0 aH(x*’u*7v*7p’q)

u dv; =0

%*(t). Therefore

0= maxmin {2500, o]

and v;(t) = L=Pee)C () Therefore

’ V(t) = max {mm { (pi — Par)I* (2) 7v?1ax} 70}

D,

‘We obtain u =

CONCLUSION

In conclusion, our study introduces a cutting-edge stochastic mathematical model that un-
ravels the intricate dynamics of multi-strain COVID-19 transmission. The incorporation of
environmental fluctuations through white noise enriches the model’s accuracy and realism, bol-
stering the credibility of our findings. The rigorous proofs of existence and uniqueness establish

a solid foundation for further exploration in this critical area of research. Our analysis of control
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measures, including vaccination and targeted treatment, underscores their indispensable role in
curbing the spread of multi-strain COVID-19, offering practical solutions for public health of-
ficials and policymakers.

Moreover, our investigation into stochastic optimal control provides invaluable insights for
designing evidence-based policies that effectively reduce infections. These findings have sig-
nificant implications for managing the pandemic’s impact and safeguarding global health. In
summary, our innovative stochastic model makes a substantial contribution to the battle against
multi-strain COVID-19, serving as a vital resource for shaping public health strategies and
guiding policy development to protect communities worldwide. As the pandemic continues to
evolve, the knowledge gained from this study remains crucial in empowering efforts to combat

the virus and build resilient healthcare systems for a more secure future.
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