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Abstract. The dynamics of dengue disease with reinfection and three control techniques are proposed in this
research. The epidemic model includes a saturated incident function in virus transmission among humans. The
vertical transmission of the virus in vectors and a reinfection scenario in the human population are added to the
proposed dengue epidemic model. In relation to the basic reproduction number Ry, the existence and stability of
the equilibrium points of the proposed epidemic model are studied. The equilibrium states of the epidemic model
are examined for both local and global stability. For the basic reproduction number Ry, a sensitivity analysis is
carried out in relation to various parameters. Bifurcation analysis is performed for the proposed model, and the
bifurcation parameter is identified. In the proposed dengue epidemic model, we introduce three time-dependent
controls: protection control, treatment control, and insecticide spray control. In the proposed model, a control
problem is identified and analytically solved. The conditions for the optimal control strategies for the control
problem are derived using Pontryagin’s maximal principle. In order to demonstrate the effectiveness of the control
measures, numerical simulations are used. Finally, suggestions for preventing the spread of the dengue virus are

presented.
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1. INTRODUCTION

Humans who are bitten by dengue infected mosquitoes contract the dengue virus. Aedes ae-
gypti mosquitoes and, to a lesser extent, Ae. albopictus mosquitoes are primarily responsible for
the disease’s transmission. Dengue virus is the name of the virus that causes dengue (DENV).
There are four different DENV serotypes, and there can be a maximum of four infections caused
by each virus. Severe dengue is the primary cause of illness and death in many Asian and Latin
American nations. It needs to be managed by health professionals. A specific treatment is not
available for dengue or severe dengue. Death rates from severe dengue are reduced to about 1%
when disease progression is identified early and patients have access to quality medical care.
Dengue is a tropical and subtropical disease that mostly affects urban and semi-urban regions.
About half of the world’s population is now at risk due to the rapid increase in dengue inci-
dence worldwide.Although it’s estimated that between 100 and 400 million illnesses happen
each year, more than 80% of them are typically mild and asymptomatic. For the prevention and
management of dengue, effective vector control techniques are crucial. Long-term community
involvement can significantly enhance vector control efforts. DENV can cause a severe flu-like
illness, but most people who get it only feel moderately sick. This can occasionally progress
to severe dengue, a potentially fatal consequence [1]. In various tropical regions of the world,
dengue fever, a viral disease spread by mosquitoes, has returned in a significant way because
the disease’s severe form results in a lot of illness and death [2]. In the realm of epidemiologi-
cal research, understanding and modeling the dynamics of infectious diseases is of paramount
importance. The global burden of diseases like dengue fever necessitates the development of
intricate models that can provide insights into the factors driving their spread. This comprehen-
sive review delves into a myriad of dengue epidemic models and their variants, each designed
to capture specific aspects of the disease’s behavior and transmission patterns.

These models span a spectrum of complexities, taking into account various factors that in-
fluence dengue transmission dynamics. Notable among them are the models that tackle general

dengue epidemics (3,4, 5,6,7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20], which form the
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foundation for understanding the overall spread of the disease. Going beyond the basics, re-
searchers have explored dengue models with relapse [21], examining the potential for recurrent
infections.

A significant branch of research involves optimizing control strategies, leading to dengue
models with optimal control [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. These models aim to
identify interventions that could effectively curb the disease’s impact. Additionally, researchers
have examined the influence of pulse and periodic behaviors on dengue dynamics [33], adding
an element of temporal variability to the models.

The evolution of dengue doesn’t unfold in isolation, and the interaction between different
strains adds complexity to the scenario. Multi-strain dengue models [34, 35, 36, 37, 38, 39,
40, 41] consider the coexistence and competition among multiple dengue strains. Temperature
and climate effects are also crucial factors affecting dengue transmission, and models have been
developed to incorporate these [42, 43, 44].

Innovative approaches to disease control are explored in dengue models with Wolbachia bac-
terium controls [45, 46, 47, 48], seeking to harness biological methods to limit transmission.
Furthermore, dengue models accommodating seasonal variations in vector population [49, 50]
provide insights into the disease’s behavior under changing ecological conditions.

Given the pressing need for effective preventive measures, dengue models with vaccine strate-
gies [51, 52] delve into understanding the potential impact of vaccination campaigns. The dy-
namics of sequential transmission [53] and the influence of age of infection [54] on disease
outcomes have also been analyzed.

Considering the interplay between dengue and the immune system, models exploring sec-
ondary dengue infections [55, 56] and reinfections with the same serotype [57] contribute to a
deeper comprehension of immunity patterns. Moreover, the role of treatment in controlling the
disease has been examined in certain models [58]. Real-world factors, such as human move-
ments, have a substantial impact on disease spread. Dengue models accounting for human
mobility [59] provide insights into how population movements can influence transmission dy-

namics. The influence of age structure [60, 61] have also been investigated to understand their
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implications on dengue transmission.
Vertical Transmission in existing Dengue models:

In recent years, several research papers have focused on the mathematical modeling of ver-
tical transmission of dengue transmission among vectors, providing insights into the role of
this mode of transmission in dengue dynamics [62, 63]. Several studies have focused on the
role of vertical transmission, which occurs when the virus is transmitted from infected female
mosquitoes to their offspring. Vertical transmission refers to the transmission of a pathogen
from an infected female mosquito to her offspring [64]. In the case of dengue, vertical trans-
mission can occur in Aedes mosquitoes, such as Aedes aegypti and Aedes albopictus. Infected
female mosquitoes can pass the dengue virus to their eggs, resulting in infected larvae and sub-
sequent infected adult mosquitoes. This mechanism of transmission has significant implications
for the persistence and spread of dengue within mosquito populations.

Dengue Transmission: Research Gaps and Analysis:

Research on modeling and analysing a dengue transmission model incorporating vertical
transmission, non-monotonic incident function, bifurcation, optimal control, sensitivity, and nu-
merical analysis is severely limited. Despite the significance of these factors in understanding
and controlling the spread of dengue, there remains a scarcity of comprehensive studies encom-
passing all these aspects. Vertical transmission, which involves the dengue virus transmission
from infected mother mosquitoes to their offspring, has been identified as a crucial factor in
dengue dynamics. Additionally, incorporating non-monotonic incident functions [65] accounts
for the nonlinear relationship between the mosquito population and the transmission rate. Bi-
furcation analysis aids in identifying critical thresholds and transitions in the system’s behavior.
Optimal control strategies enable the development of effective interventions to mitigate dengue
transmission [66]. Sensitivity and numerical analysis provide insights into the robustness and
accuracy of the model [67]. Given the limited research in this area, further investigations are
necessary to enhance our understanding of dengue dynamics and facilitate the development of
targeted control measures. In this comprehensive review, we embark on a journey through a

multitude of dengue epidemic models and their diverse adaptations. Each model represents a
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unique perspective on understanding the complex interplay of factors governing dengue trans-
mission, offering valuable insights for public health interventions and policies moving forward.
Analyzing the dynamics of dengue virus transmission and developing the most effective preven-
tative measures are the main goals of this research. The model incorporates a non-monotonic
incident function for disease transmission among the susceptible host population. In the model,
vertical virus transmission among vectors is studied. The reinfection of the human population
after its recovery is well studied. The vector population is subdivided into adult and egg pop-
ulations. Following a study of the model’s dynamical analysis, a model with optimum control
taking into account the effective controls for the eradication of the dengue virus is investigated.

We offer a brief literature overview of the numerous mathematical models that relate to the
spread of the dengue virus among humans in this section. The remainder of the paper is struc-
tured as follows: In section (2), the model’s formulation and a description of its various param-
eters are covered. The fundamental characteristics of the model are described in Section (3). In
Section (4), the model’s stationary points, existence, and fundamental reproduction number are
presented. Section (5) discusses the stability analysis of the system at the equilibrium points.
Sections (6) and (7), respectively, present the model’s sensitivity and bifurcation analyses. The
optimal control analysis of the control problem is covered in Section (8). The numerical analysis

is covered in Section (9). Finally, Section (10) summarises all the research results.

2. CONCEPTUALIZATION OF DENGUE REINFECTION MODEL

A deterministic mathematical model with the vertical transmission in vectors with reinfec-
tion is formulated with a transfer diagram given in figure (1). The saturated incident function
in human transmission is used while formulating the model. p(1 — ¢y) o1, measures the infec-

tion force of the disease and H—# measures the inhibition effect from the behavioral change

of the susceptible individuals when their number increases. The function p“fﬁ%

tends to a
saturation level when I,,, the infected vector population at any time t gets large [68, 69]. The
four classes that make up the entire human population are: the susceptible human class (Sy (1)),
the exposed human class (E, (7)), the infected human class (/,(¢)), and the recovered human

class (Ry(t)). The entire adult mosquito population is classified into three classes: suscepti-

ble mosquitoes class (S,,(¢)), exposed mosquitoes class (E,,(¢)), and infected mosquitoes class
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(I (2)). Infected eggs class (I,(¢) and susceptible eggs class (S.(7)) comprise the two classes
that make up the total population of mosquito eggs. The life stages of a mosquito say egg,
larva, and pupa are termed in this model as egg population. The following assumptions gov-
ern the development of the mathematical model: (i) It is considered that the recruitment rate
of mosquito egg population and susceptible humans are constant. (ii) For both human and
mosquito populations, the natural death rates are taken into account. (iii) When infected adult
mosquitoes bite susceptible humans, a horizontal virus infection from the infected mosquitoes
to the susceptible human occurs. The transmission coefficient is m%w. (iv) When the
susceptible adult mosquitoes bite the infected person, the infected human transmits the virus
horizontally to the susceptible adult mosquitoes, and the transmission coefficient is provided
by p(1 —c1)lyS,. (v) The humans recovered from dengue disease can be susceptible to the
same serotype dengue virus [70], and the transmission coefficient is given by 0R),. Tables (1),

(3), and (2) provide descriptions of the various state variables, control variables, and system

parameters, respectively.

(

B —q-ploaahs g, 4 5R,
T = P (B B
i = BiEy— (y+d+p+ber)
B = (y+ber)l— (5+1)Ry
(D % =S, —p(l—c1)0lSy— (& + pe3)Sm
dEy,

ar :p(l—cl)azthm—(ﬁ2+§+pC3)Em
% = B+ Ol — (é +pc3)lm
B =W _Qnl, — (¢ + pc3)Se

\ % =0nl,— (¢ +pc3) L,

The preliminary condition is

) Sp>0,E, > 0,1, > 0,R, > 0,5, >0,Epy > 0,1, >0,S, > 0,1, > 0.
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TABLE 1. Description of the state variables of the model-(1) of dengue trans-

mission.
State variable Description of populations at a time t.

Su(t) Number of the susceptible human population.
Ep(1) Number of the exposed human population.
In(1) Number of dengue virus-infected human population.
Ry (1) Number of recovered human population from the dengue infection.
S (1) Number of susceptible mosquito population.
E,(t) Number of exposed mosquito population.
Ln(1) Number of dengue virus-infected mosquito population.
Se(?) Number of susceptible egg population.
L(1) Number of infected egg population.

TABLE 2. An overview of the parameters of the dengue transmission model-(1).

Parameter Description
Q Human population recruitment rate.
oy, 0 Rate of disease transmission within human and mosquito populations, respectively.
B, B2 Progression rate from exposed to infected human and mosquito population, respectively.
u, & Natural death rate for human and mosquito population, respectively.
15} The rate at which the recovered humans become susceptible.
d The disease induced mortality rate of humans.
k Saturation factor.
V4 The natural recovery rate of humans.
b, p Effectiveness of the control ¢, and c3, respectively.
() The development rate of Aedes Aegypti mosquitoes.
0 The total number of Aedes Aegypti mosquitoes eggs laid per mosquito in lifetime.
T The vertical transmission rate of Aedes Aegypti mosquitoes.
¥ Recruitment rate of Aedes Aegypti mosquitoes eggs per day.

TABLE 3. Description of three control parameters of the system (1)

Control Parameter Description

Protection controls like the use of bednets, mosquito repellent creams, etc.
Treatment control for humans infected with either of the serotype viruses.

Insecticide spray control against mosquitoes.
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The effective biting rate of female Aedes Aegypti mosquitoes is p=x {1, where J is the
number of bites per human in a given amount of time, { is the proportion of infected bites that

resulted in infection, and 7 is the ratio of mosquito counts to human numbers.

Ry

FIGURE 1. Dengue virus transmission diagram has three populations, namely
the human population, the adult Aedes aegypti mosquito population, and the egg

population.

3. PRIMARY CHARACTERISTICS OF PROPOSED DENGUE REINFECTION MODEL

The positivity and uniform boundedness of the system(1) solution with initial condition (2)
are examined in this part, along with the determination of the positively invariant region for the

system (1) solutions.

3.1. Non-negativity property in solutions of Dengue reinfection model.

The non-negativity characteristic of solutions of the model (1) is shown in this subsection.

Theorem 1. For each t > 0, the solution trajectories of the system (1) with the preliminaries

conditions (2) are non-negative.

Proof. Let us assume that fi = 1+ U, r =yY+d+U+bca, s =Y+bcr, fa=0+ U, fs =
E+pes, fo = Bo+ & + pes, f7 = ¢ + pcz. From the first equation of the system (1) us-
ing the preliminary condition Sj,(0) > 0, we get S, = Q — (’)(I_ICJIF—W —l—/,LSh) + OR;, >

— (W +/.L> Sy and hence % > — <W +,LL> dt. After integrating, we get
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p(l1—cp)ayim

Sh(t) > Su(0)e BT

we get Ej, = m%w — fiE, > — f1E), and dE—Ii” > — fidt. Hence Ej(t) > E;(0)e~ b fidt =

ﬂth > 0 for t > 0. Using the second equation of system (1),

E;,(0)e=/1" > 0 for all > 0. Similarly from other equations of the system (1) with preliminary
condition (2), we get I(t) > I,(0)e™ %024 = I, (0)e 72, R,(t) > Ry(0)e™ o fadt = R, (0)e 4,
Sp(t) > Sw(0)e= hPU—calntfs)dt - 0 E. (1) > Epu(0)efs > 0, Ly(t) > In(0)e /5" > 0,
S, > S.(0)e™ /1" >0, I(t) > I,(0)e~/7 > 0. Hence solutions of the system (1) with prelimi-

nary conditions (2) are non-negative for ¢ > 0. U

3.2. Uniform boundedness of the solutions of Dengue reinfection model.

Theorem 2. All solutions of the system (1) with preliminary conditions (2) are uniformly

bounded in the region ® = {(Sy, Ep, Iy, Ry, Smy Emy I, Se, L) € R3|O <N(t) < %}

Proof. Let Nj(t), Ny (t), and N,(t) represent the total humans, adult Aedes Aegypti mosquitoes,
Aedes Aegypti egg population respectively. Suppose N(f) represents the entire population at
any time t. Hence

N . ... . . L,
E:Sh+Eh+Ih+Rh+Sm+Em+Im+Se+Ie
3) =Q—u(Sp+E,+1,+Ry) —dly — E(Su+ En + L) — pc3(Sm+ Em + 1) +¥ — pc3(Se + 1)
= Q+Y — uN;, —dl, — EN,, — pc3Ny — pesN,

For m = min(u, &), we get

dN
= +mN = Q+Y¥ — uN;, — dl, — ENy — peaNy — pe3Ne +m(Nj, 4+ Ny + Ne)
4) <Q+W¥— (U—m)N,— (& —m)N,
<Q+Y¥
Hence
dN
5 E—I—mNﬁQ—I—‘{’

By applying the theory of Differential inequality,

(6) 0<N() < 2%

. (1—e™)+N(0)e ™
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ast — oo, we get

Q+Y¥
m

(7 0<N(t) <

Thus every solution of the system (1) with preliminary conditions (2) which initiate in Ri are
uniformly bounded and are restricted inside ® = {(Sp, Ep, I, Ry Sms Emy Ins Se, o) € R, : 0 <
N(t) < EE m = min(u,§)} O

4. STATIONARY POINTS AND THEIR EXISTENCE OF THE DENGUE MODEL

The system (1) has two equilibrium points, which are as follows: a disease-free equilibrium

(DFE) Qg and a unique endemic equilibrium (EE) Q:

(1) The disease-free equilibrium (DFE) point is Qp = (SY,Ep,I?,RY, 8%, EQ, 19,50, 10),

mi—=m» ere

Wheresgz%>0,E2:O,I}?:O,R2:O,S,91—ﬂ>O,E,%:0,I,91:0,52:%>0,

T A
=o.
(2) The endemic equilibrium (EE) point is Q1 = (S}, E;, I}, R}, i, Eps Ly, S I ), where
o — Jifofs fo(1+klm)(f5.f7—7O) >0
h = (1=c1)?a100B1p* (fom09—fs fo f1—TP209) I+ ¥ ’
I* — f5f6(fo7_7t9¢)Im > 0
h = (1—c1)oap(fen09—fs fo f1—nP209) In+ ¥ ’
Er — fofsfe(fsf1—mO@)In >0
h = (1—c)oaPip(fen09—fs fo f1— P20 ) In+ ¥ ’
R — f3fsfe(fsf1—m0Q)Im > 0. 5 — Um0 fsfof1—mBr609)lntPr0¥
h = (1=c1)faoap (fom09—fs fo f1—TB209) I+ ¥ > Em fsf1B2

O’Eﬁz%ﬁ;7—w>0,szzw>0,ljz%>o_

Here fi =B+ U, o=7v+d+u+ber, f3=7+bcr, fa=06+1,fs =&+ pc3, fo =
B>+ & + pcs, f7 = ¢ + pc3. We assume that f5f; — w6 > 0.

Obviously, (fem0¢ — fsfef1 — nP209) L, + P20 > 0 if and only if 0 < I,, < A, where,

A= B9
Jo(fsf1—m0¢)+7B,00

0,17 > 0 if and only if f5f; —w6¢ > 0 and O < [, < A. Substituting the values of

> 0. Hence S, > 0,E; >0,I; >0,R, >0,S,, >0,E, >0,5; >

Sy Ep L Ry, Sy, Eny, Sy, 17 in the first equation of the system (1), a quadratic equation is

er-e

obtained in I}, given by

(8) AL+ AL+ A3 =0
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where

Ay = fsfok(fifafakp + (1 —cr)on(fifafa — f3B16)p)(fsf1 —m69)
+ (1= 1) fakou 0o Pip* (f5 fo.f1+ W (—fo + B2) 09)Q

Ar = fsfoRf1fafakit + (1 —cr)ou (fifafa— f3818)p)(f5./7 — w60 9)
+ (1= e famanPip?(fsfofr = ¢ (n(fs — B2)6 +kBr¥))Q

As = filfafs okt (fs.f1 = 709) — (1= 1) faot1 a1 Bop9 PO
= fifafafsfett(fsfr —m09) [1—Rj)

where

Ro— \/(1 —c1)?p%oy i B9 PQ
’ fifafsfou(fsfr—m09)

11

called basic reproduction number (BRN) for the Dengue system (1) derived in the next

section. Since 0 < [, < A, we get A > 0 and Az < 0 if and only if Ry > 1. Hence by the

Descarte’s rule of sign, equation (8) has exactly only a positive root. Hence Q; exists if

Ry > 1 in the region Y = { (S, Ep, Iy, R, Sm, Emy Iy Ses L) € ]R?F 0<N() < Q;;—‘P,O <

I, < min(A, Q;—T),m =min(u, &)}

The BRN is the average number of secondary infections caused by a single infection. It’s one of

the most important threshold values for numerically representing the spread of a virus infection.

At Q = (S, Ep, Iny Ry, Sy Emy Iy Se, 1) € Y, the Jacobian matrix is given by J(Q), where

(1)

J(Q) =

p(l—c)aily pl—caySy

i, © D ° 0 0 O T O
% =fi 0 0 0 0o P ((11;3{11)5 15 0
0 B —f 0 0 0 0 0
0 0 3 —f4 0 0 0 0
0 0 —p(l—c)mSy 0 —(p(I—c)aly+fs) O 0 0
0 0 p(l—ci)omSy 0 p(1—ci)onl, —fe 0 0
0 0 0 0 0 B2 —fs 0
0 0 0 0 0 0 Len  f
0 0 0 0 0 0 on 0

S & o o o o o o<

I
ey
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The asymptotic stability of Qg corresponds to eigenvalues of the characteristic equation of
J(Qo) being of negative real parts, as confirmed by the computation of Basic reproduction
number using the next-generation matrix approach. Let us assume x(¢) = (E, I, Em, In, I.)"

and hence the system (1) is expressed as

(12) x(ty=F -V
1— S
P(]"i—])c;‘:]h fiEn
0 —BiEn+ faly
where 7 (x) = | p(1—cy)opl,Sn and 7Y(x)= foEm
0 _ﬁZEm - (P]e + fSIm
The Jacobian matrices of above matrices at Q are as follows.
0 0 o U=cupd 0 0 0 0
0 0 0 0 0 —B1 f» O 0 0
— (1=c1)opp¢¥ —
F 0 —%7— 0 0 0 and V 0 0 f 0 0
0 0 0 0 0 0 0 —B f5 —¢
0 0 0 0 0 0O 0 0 -—-mb fy
The next-generation matrix for system (1)is given by
0 0 (I—e)froupopQ  (1—c))fr01pQ  (1—c)oypQ¢
feu(fsfr—m09)  u(fsfr—n09) u(fsfr—m69)
0 0 0 0 0
-1 _ | (=c)opip¢¥ (1—ci)ampd¥
Ev st Tt 0 0 0
0 0 0 0 0
0 0 0 0 0
p (FV~1), the spectral radius of FV ! is the BRN given by:
_ (I =c1)*pPon i BP0
(13) Ry =
filfafsfeu(fsfr —¢m0)

5. STABILITY ANALYSIS OF THE DENGUE REINFECTION MODEL

This section performs a stability analysis on the endemic equilibrium (EE) point Q; and the
disease free equilibrium (DFE) point Qp and numerically verified in the numerical section. The

Hurwitz-Routh criterion and Lasallae’s invariance principle are used in the stabilty analysis.
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5.1. Local stability analysis of DFE. This subsection discusses about the local stability anal-
ysis of DFE. The Hurwitz-Routh criteria is used to define the conditions for the local asymptotic

stability of the system (1) around the point Qy.

Theorem 3. If Ry < 1 and some few additional conditions are met, the disease-free equilibrium

point Qg is locally asymptotically stable in ©.

Proof. The Jacobian matrix at Qg is J(Qo) given by:

p(l—c))oyQ
TR 0 § 0 0 -—EM=UER oo 0
. p(l—c))oyQ
0 fi 0 0 0 0 7”' ! 0 0
0 B —f 0 0 0 0 0 0
0 0 f £ 0 0 0 0 0
(14) JQ)=|o0 o -Plpmt® o _g o 0 6 0
0 o Blwmi® o o g 0 0 0
0 0 0 0 0 B> —fs 0 (]
0 0 0 0 0 0 ot —f; 0
0 0 0 0 0 0 or 0 —f
The determinantal equation of J(Qyp) is given by
(15) [/(Qo) —AI[ =0

simplifying equation (15), we get (fa+A)(fs +A)(f7+A)(A +u)P(L) =0, where

(16) P(ﬂ,) 2154—31144—32134—33124—341 + B;

Bi=fith+fst+fetfr

By=fsfo+ (fs+fo)fit+ s+ fet+ i)+ fillat fs+fo+f1)— 0P

By = fafsfe+ fofsfi+ fafof1+ f5fof1— (f2+ f6 )OO + fi(fsfo + (fs + fo) 7
+h(fs+fs+ /1) —709)

Bs = fofe(fsfr—mO09)+ fi(fofsfe+ fofsfi+ fofefi+ fsfef1— (fa+ fo)n09)

(1=c1)? P fop’9 Q)
Sfsfin

7)
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PR )
Bs = fifafe(fsfr—mO¢) — (1=cy) a1 B Brp o VQ)
(%) fsu

= fifafo(fsfr —m6¢) (1—R3)

Obviously By > 0 and Bs > 0 if and only if R(z) < 1. The Hurwitz- Routh criteria states that
the polynomial P(A1) = 0 with real coefficients have all roots negative or roots with negative
real parts if and only if B; > 0,i = 1,2,3,4,5, B{B,B3 > B3 + B}B4 and (B1Bs — Bs)(B1B2B3 —
B3 — B3B4) > Bs(B1By — B3)? + B BZ. Therefore, if Ry < 1 and the aforementioned conditions

are met, the DFE point Qy is locally asymptotically stable; otherwise, it is unstable. 0

5.2. Global stability analysis of DFE. Using the conditions of the Castillo-Chavez technique
[71], we analyse the global asymptotic stability (GAS) of Qg based on the value of Ry in this
section. The feasible region @1 = {(Sy, Ep, In, Riy Sy Emy I, Se, Ie) € O Sp, < S%,Sm <svs, <
S91 is used to demonstrate the GAS of Q. First, the positively invariant property of the region

®; is established. It is obvious that ®; C ®

Theorem 4. The region ©1 = {(Sp. En, Iy, R, Sms Emy I, Se. Ie) € ©: 8, < 89,8, < 89, S, < S}

is a positively invariant set for the Dengue system (1)

Proof. From Dengue system (1), we obtain

Sh —0o_ p(l —cl)allmSh _

‘LLSh + 6Rh
(19) 1+ kI,

SQ—[.LSh+6Rh

Here Sj, < Q — uS;, + S8Ry, for all values of Ry, () > 0. Hence
(20) S < Q- s,

If $5,(0) € Oy, then S,(0) < S?. Hence

Q Q
1) &ms—wﬂﬁmmfw+5§5:$
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In ®y, S, < 5. Hence using % =0S.—p(l—c1)0l;Sy — (& + pc3)Sm, we get,
Sy =08, —p(1—c1)0lSm — f5Su
(22) < 9Se — f5Sm
< 0Sy — f5Sm

After simplification, we get,

0 0
Sm(t) < — (¢S€ —Sm(O)) e 4 % = — (89— $,,(0)) e /5" + 55,

(23) /s 5

< S

Hence , S, < 89, S,, < 89, V¢ > 0 if the preliminary conditions (S;(0),S,(0),S.(0)) € ©;. The

region O is thus a positively invariant set that draws all of the system (1) solutions in Ri. U
Theorem 5. The DEF point Qg in O is GAS If Ry < 1.

Proof. The system (1) is expressed by
(24) X=KX,I),I =L(X,I)

Where, in this instance, dot indicates differentiation with respect to t, X = (Sy,Su,Se,Rp,)7,

I - (Eh7Emalh7Im7Ie)Ta

p(lfcl)aIImSh _f]Eh

o_ P(l—li—w — 1S, + S8Ry, Tkl
(PS (1 ) I.S fS p(l_cl)a2IhSm_f6Em
—pl—c1)0lpdm—fs
K(X,I)= ‘ " "L = BrEy — faln
W — 0nl, — f4S.
BZEm + ¢Ie - fSIm
3l — faRy,
Gnlm—fﬂe
Further more
1—c Q
A0 0 elboae p(—c)an (S)— . ) In
0 —fp Pl=pme® g 0 p(1—c1)on (S%—Su) Iy
D= B] 0 _f2 0 0 ) lA‘(le): 0
0 B 0 —fs () 0
0 0 0 orn —f 0
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0
Q—[,LSh+5Rh 0
Se—f5S, R
KX, = #3e — 155m Lx,)| =|o]|, where D=L;(X*,0), L(X,I)=DI—-L(X,I)
1=0 ¥ — f78. 1=0 0
0

—faRy,

Solving the system % =K(X,0), we get dcﬁh = —f4Ry, ‘% =Q—uS,+0oRy, % =S, — f55m

d

Se __ . e e . . . 0 . .
and ¢ =¥ — f7S, and after simplifying, we get tlLrth(t) =0, tlggSe (t)=S,, and tlggSh(t) =

52 respectively. The solutions of Cil—)f = K(X,0) does not always depend on the initial conditions
S1(0), S (0), S¢(0) and R;(0). As a result, for the solution (Sy,(¢), Sy (), Se(t) Ry(2)) of ‘% =
K(X,0), the asymptotic nature is independent of the conditions (2) in ®;, assuring that the
equilibrium point X* = (59,59, 82, RY) is globally asymptotically stable and as a result, the first
condition of the Castillo-Chavez approach [71] is met. Further in @1, Sj, < Sg, Sy < S,%, S, < SS

and hence in the region @1,

Sh
(25) p(l—ci)oy (82— 1+klm) Ly >p(1=c)ay (S)—Sp) In >0
(26) p(1—ci)ap (S, —Sm) 1 >0

Hence f,(X ,I) > 0, which satisfies the condition-2 of Castillo-Chavez method [71]. As a result,

Q()iSGASin®1 if Ry < 1. O

5.3. Endemic equilibrium. In this section, we examine the local asymptotic stability (LAS)

and global asymptotic stability (GAS) of Q.

5.3.1. Local asymptotic stability of endemic equilibrium.

Theorem 6. If Ry > 1 and all of the conditions in the proof are satisfied, the EE point Q1 of the
system (1) is LASin Y C ©.
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Proof.
27
,p(ll—jlggm’; —u 0 0 S 0 0 7’)((111[121),’;:);1;2 0 0
Mgt -h 0 0 0 0 gy 00
0 Bi —f 0 0 0 0 0 0
0 0 f ~fa 0 0 0 0 0
J(Q1) = 0 0 —p(l—cosS;, 0 —(p(l—ci)awlj+f5) 0 0 o 0
0 0 p(lfcl)(sz,*n 0 p(lfcl)(xgljf 7f6 0 0 0
0 0 0 0 0 B2 L (U
0 0 0 0 0 0 -6 —~f; O
0 0 0 0 0 0 on 0 —f
The characteristic polynomial of (27 ) is given by
(28) /(Q1) —Al|=0
The polynomial in A is
(29) (A+f7)P(A)=0
where
_ 1338 7 6 5 4 3 2
(30) P(A) =A°+ DA +boA° + b3A° +bgA™ + bsA” +bgA” + b7A + bg

One latent roots of (29) is A = — f7 < 0. The remaining latent roots of (29) are analysed using
the polynomial equation P(1)

The coefficients of (30) are as follows:

@Bl bhh=-ai—as+ i+t fatfs+fotfr
(32) by = fifh+ fifa+ fofa+ fifs+ fofs + fafs + fifs+ fofe+ fafe + fsfe tai(as — fi — fa— fa
—f—fo—f)+ i+t h+hiatfs+fofi—alfi+fh+fat+fs+fo+fir)—n0d

(33)

by = fifafa+ fifafs + fifafs + fafafs + fifafe + fifafe + fafafe + fifsfe + fofsfe +
Jafsfe + f1/207 + [ifafr + fafaf7 + f1fsf7 + fofsfr + fafsfr + fifefr + fafef7 +
fafof1+ fsfof1— [1m00 — om0 — a0 — femO —as(fafs + fafo+ fsfo+ (fa+
fs+fe)fit+hlfat+fs+fot+ i)+ illat fat fs+fo+ f1) —w09) —ai(fafs+
fofs+ fafs+ fofe+ fafe+ fsfo+ (ot fat+ fs+fo) fi+ filh+ fat fs+ fo+ f1) —
as(fi+ o+ fat fs+ fo+ f1) —mO9P)
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(34)

by = fifafafs+ fifafafs+ [ifafsfe + fifafsfo+ fafafsfe — as(fofafs + fafsfe+ fo(fa+
fs)fo+ filfafs+ (fat f5)fo+ o(fat f5s+ f6))) + fifafafs + fifafsfr+ fifafsfr+
Nfafsfr + f[ifafefr + fifafef1 + fafafef1 + fifsfef7 + fafsfefr + fafsfef1 —
as(fafs + (fa + f5)fo + Lolfa + f5 + fo) + filfa + fa+ f5s + f6)) f1 — axaz 1 B +
fB1ép + asm(fy + fo + fa + fo — B2)0¢ — w(fafs + f2(fa + f6) + fi(fa + fa +
fo) + 15B2)00 +ai(—fofafs — fofafo— fofsfe — fafsfe— fofaf1— fofsfr— fafsfr—
fofefi — fafefi — fsfef1 + f3B16 + (fa+ fa + fo)mO — fi(fsfe + (fs + fo)f7 +
falfs+fo+ f)+olfa+fs+fo+ f1) —mOO) +as(fafs+ fafs+ fsfo+ (fa+ fs+
fo) i+ falfat+fs+fo+ f1) + il + fat fs+ fe+ f1) —709))

(35)

bs = fifafafsfe + f1Sofafsf1 + fifafaSef7 + f1fafsfef7 + fifafsfef7 + foSfafsfef1 —
wazfaP1Br — arasfsPiBo — araz f1B1 B2 — axazfifott + f3fsP1op + fafeBrou +
ffiBiou—as(fofafsfe+ (fofafs+ fafsfe+ fo(fa+ fs)fe) f1+ fi(fafsfe+ fsfef1+
falfs+ fo) f1 + ol fsfo+ (s + fo) f1+ falfs+ fo+ 1)) + 3B101) + asm(fofs +
fofe+ fafe + [i(fa+ fat fo—B2) — (fo+ f2)B2) 00 — w(f1fofa+ fifafs+ fifafs +
fofafo+ (i + a4 fa)fsB2) 00 +ai(—fafafsfe — fofafsf1 — fafafof1 — fofsSeSr —
fafsfofr— fi(fafsfe + fsfof1+ fa(fs + fo) 1+ o fsfe+ (fs + fo) f1+ fa(fs + fo +
1))+ 315810+ f3f6B10 + f3 1816 + fi(fa+ fa+ f6) RO + (fafo + fa(fa+ fo) +
fsB2)0¢ + as(fafsfs + fafsfr + fafef1 + fsfof1 — f3B10 — m(fa + fo — B2)0¢ +
L(fefritfs(fo+f1)+ falfs+fo+ f1) —mOQ) + fi(fsfo + (fs + fo) f1+ fulfs + fo +
f)+lfa+fs+ fo+ f1) —m09)))

(36)

be = fifafafsfef1—as(fifafafsfo+ fofafsfof1+ fi(fafafs+ fafsfe+ fa(fat f5)fe) f1) —
wazfafsPiBr — axazfafiB1Br — axasfsfrBi1Br — azaz faPiBoit — azasfsPifout —
aaz f1B1Ba+ f3 fs feBrop + f3 fs f1B1O - f3 fo 18101 —as f3(f5s + fo + f1) B S +
asm(fofa(fo — B2) + fi(fafa + fofs + fafs — (fo + f2)B2))0¢ — mO(f1fafafs +
LfafsBe+ fi(fa+ fa) 5B+ f3B161)0 +ai(—fafafsfofr— fi(fafafsfs+ (fafafs +
fafsfo + fo(fa + f5)f6) 1) + fafsfeBi6 + f3fsfiB16 + f3fef1B16 + fim(fafs +
folfa + fo) + f5B2)00 + w(fafafs + (fo + fa)fsB2 — f3810)0¢ + as(fafafsfs +
fofafsfi+ ffafefi+ fafsfofi+ fafsfefi— 315816 — f3f6B16 — f3.f1816 — m(fofa+
fofe + fafs — (fo+ f4)B2) 00 + fi(fafsfe + fafsfr+ fafefr + fsfof1 — m(fa+ fo —
B2)00 + fo(fsfo+ (fs+ fo) f1+ falfs+ fo+ f1) —m09))))

(37)

b1 = fsfsfefiBiou — axazPiBo(fafsfr + fsfi + fa(fs + 1)) — mnO(fifafafsBr +
f3f6Br1ou)¢ +as(—f3B10u(fof7 + f5(fo + f1) — ®OO) — fifofa(fsfefr + m(—fo +
B2)09)) +ai(fsfef1(—fifafa+ f3810) + w(fifafafs+ fafafsBe+ fi(fo+ fa)fsBo —
f316B16)00 + as(—=f3B16(fef7 + f5(fs + f1) — mOO) + fofa(fsfefr + m(—fe +
B2)00)+ fi(fafafsfes+ fafafsfi+ fofafs i+ fofsfef1+ fafsfof1— m(fafa+ fofo+
fafe— (2 + 12)B2)09)))
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(38)

by = a1 (f1fofa— f3B818)(asfs fo 1+ m(—asfo+ (as+ f5)B2)00) + Bii(—fs5 fr(aras fa +
asf3f60) + f3m(asfo — (as + f5)B2) 56 ¢)

l1—c I:;Ia (I—CI)S*O‘IP 1—c I,;;OC
Where a) =—u— %, a) = —W, asz = %, ag = —<1 —cl)S,’;Oczp and
as = —fs — (1 —c1)I;app. In accordance with the Hurwitz-Routh criterion, the polynomial

(30) has eight roots that are all either negative or have roots that have negative real parts if and
only if the determinants of all Hurwitz matrices H;, j = 1,2,3,...,8 are positive.

The Hurwitz matrices are defined follows:

by 1 0 0 ... 0
by 1 O by bp by 1 ... O
by 1
(39) Hy = (b1),H, = Hy= |by by by| andH,= |bs by by by ... 0O
by by
bs by b
0 0 0 0 ... by

But the EE point Q; exists in Y if Ryp > 1 and hence Q; is LAS in Y if Ry > 1 along with the
conditions detH; >0, j =1,2,3,...,8 are satisfied.
O

5.3.2. Global asymptotic stability of endemic equilibrium. This section analyses the global

asymptotic stability (GAS) of the endemic equilibrium (EE) point Q.

Theorem 7. If Ry > 1,the EE point Q| is GASin Y C @, if (—1)"|D;| >0, i=1,2,3,...,9,

where the expression for D; is mentioned in the proof.

Proof. Let’s construct a suitable Lyapunov function. L (Sy,Ep, Iy, Ry, Smy Em,In,Se, L) as fol-
lows:
(40)
L= (8- 8;+8;l0g (%)) + (B~ By + Eytog (7)) + (1 — 1+ Itog (7)) +
(R~ Ry + Ritog (1)) + (Sn =S5+ Sptog () + (Ew— By, + Eplog () ) +
(Im — I, + 1 log <%>>
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Using the EE point Qy in L, we get,

dL Sp—S:\ ds L—I;\ dI, Ry dR dSy
(1) a = ) e () e (M) e+ (M) i (o) G+
En—E, \ dEy m dly e\ dSe dl,
(B ) i () e () e+ (%) %
Using Qg in the system (1), we get, Q — % — uS; +0R; =0, p(]ﬁ—w fE; =

0, ﬁlE;: — fHlF =0, f31;: — faR; =0, ¢S —p(1 —Cl)Oézl;;S;L — 1585, =0, p(l —Cl)azl;;SL —
JeE, =0, ﬁzE;; +oI; — fsl; =0,Y—0nl, — fS; =0, 0nl, — f71; = 0. Hence

Sh— S;kz dsSy Q+0R; * p(l—ci)a * * o) * *
(5 ) = = (5585 (518307~ ety (= )S1=53) + &5 =S )

Eh—EZ) dE; _ p(1-ci)ouly
h

* * 1- Sy * *
dt Ej,(1+kl,) (Sh_Sh)(Eh_Eh)+E}ll)(c—l)mi')(Eh—Eh)(M—Im)

(T+kly) (1K,

|m

S = Ry =)+ BBy — ES) (I~ I)

m dSm —c * * * —C * *
> d[ _pa 1)803(1h+f5) (S _Sm)z Si(s — S (Se—SF) — p(1 Sml)az (S — S5V (I _Ih)

(
(
(Rh—RZ> B LRy =R+ L~ 1) Ry~ R})
(
(

= — Lo (B — Ejp)? + LU=l (s, — 55 ) (E, — E})
1 S ES ES
+%<Em—Em>ah—lh>

In— 15\ dlyy
( )" B I BB B~ I3) + (e~ L) (e — 1Y)

S.— S\ dS ) )
(35 ) G = S5 = =105~ 52)
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Now, we express L= YTMY, where

YT = (=S EvmEf =} Ri—R} Su—Sy En—Ej In—1lj Se—S; L—I)

m
o : . Q+5R;
and M = (m;;), 1 <i,j <9 is areal and symmetric matrix and m; = — S5 ) mn = 0,
h
l—c1)op (I f: ' ;
mz3 = —%, Myy = —%, mss = Ucla(litfs) )Sm(h 3 e = —g—i, my; = —{—j, mgg = —giz,
l—cy)oy S
mgg = —%, my = mp1 = W’ mi3 = m3; = 0, myg = my; = 2s,> Mis = Ms1 = 0,

_ _ _ _ _ _ _ _ _ _ P1 _ _
mig=me; =0,m7 =my; =0,mig =mg; =0, mig =mg; =0, mpz =mzy = % mo4 =mygy =0,

p(l—ci)oySy
1+kly,) (1+kL)E)°

mas = msy =0, mae = msey = 0, mag = mgy = 0, mag = moy = 0, my7 =my = 5

1—ci)op 1—cy OCQS*
m3q = my3 = 2%, mys = msy = —L0-al® ZS,,,) , m3g = mgz = 2U=a)®S, in “, mz7 = m3 =0,

myg = mg3 = 0, mzg = mo3 = 0, mys = msg = 0, mye = mes = 0, my7 = myy = 0,

1—cy)opl
myg = mgq = 0,my9 = mog = 0, msg = mes = %, msg = mgs = % ms7 = mgs5 =0,
m m
_ _ — _ 2 _ _ _ _ _ _ U
msg = mos = 0, mg7 = m76 = zlﬁTm meg = mge = 0, mgg = mog = 0, mzg = mg7 = —f—se,
m7g = Mg7 = %, mgg = mog = 0. Here the EE point Q; is GAS, if L < 0 which is same

mte

stating that the real quadratic form Y7 MY is negative definite. The real symmetric matrix
M must be negative definite for the negativity of the real quadratic form Y7 MY as per the

Frobenius theorem . Hence the following condition to be satisfied.

mip mpy M3 o... my
mpy My M3 ... My .

If D; = ,then (—1)"|D;| >0,i=1,2,3,...,9.
myy Moy Mgz ... My;

6. SENSITIVITY ANALYSIS

Sensitivity analysis was carried out on the system (1) to see how various variables impacted
the spread of dengue fever in the host population. In this analysis, the variables that sig-
nificantly affect the system’s Basic Reproduction Number (1) are identified. By analysing
the characteristics in connection to the basic reproduction number, the health authorities can
more effectively control the spread of the disease. The design of experiments, data as-
similation, and the simplification of complicated non-linear models are all aided by sensi-

tivity analysis. The normalised forward sensitivity index of Ry that depends differentiably
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on a parameter m is defined as Fff{’ = %Rﬂo. Here Ry = \/ (;:;;3;?62&}(35 I_%E\PG%Q,

=Bi+U, fr=Y+d+U+ber, f3=y+bcr, fa=8+U, fs=E+pc3, fo=Pa+E +pe3, fr=
¢ + pc3. The sensitivity index of Ry, which is dependent on a number of characteristics

of system (1) , is as follows: FRO =1>0, Fg(’ =05>0, FRO =05>0, FRU =05>0,
F —0.5>0, FRO 0.034 >0, FRO 0.036365 ~0 FRO ~0.003918794-(0.189485+1.5u) <0,

where,

B~ 0.0681P; B, — 0. 07273+ﬁ2 (0.061+1£)(0.128485 1 1)
e = (S ORI 180, 120 = —grhig <018 =0, T8 =
#Sssw <0, Ty = — st < O Iy = ~319, 75:316;%; fﬁéiﬁptﬁéﬁiﬁgﬁﬁ%ﬁl;}))) <0,
F§O:%>O rI;O—107298 To7208=8 > 0 I = TR n’FRO = <0,
T e T -

tive parameter’s slight variation will result in a significant quantitative variation. To ensure that
a small variation in a least sensitive parameter does not result in a big variation, it is important
to accurately estimate it. This way, estimating such least sensitive parameters need not require
much effort. Table (4) displays the sensitivity indices of the dengue reinfection model (1) in re-
lation to BRN as well as the baseline value of the parameters considered for sensitivity analysis
(Rp). With sensitivity index 1, which shows that an increase (decrease) in the effective mosquito
biting rate, p by 10% will be immediately followed by an increase (decrease) in Ry by 10%,
it 1s obvious that mosquito biting is the most sensitive parameter. Similarly, a 10% increase
(decrease) in the parameters Q, ¥, a; and o, will be followed immediately by a 5% increase
(decrease) in the Ry value. The parameters p, b, c1, ¢z, and c¢3 are significant in the context
of epidemiology among those with a negative sensitivity index. The sensitivity index of the
parameter p, the effectiveness of the control c3, is -0.3 for p = 0.5. According to figure(5)(B),
for instance, an increase in the efficiency of the control c3, let’s say p, by 10% would result in a
relative decrease in Ry value of 3%. Figures (2), (3), (4), (5), (6), (7), (8) shows the sensitivity

indices of Ry relative to various parameters of the system (1).
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FIGURE 2. Sensitivity index of Ry relative to progression rates: (A) Humans

exposed to infected, B, (B) Vectors exposed to infected, f3;.
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FIGURE 3. The sensitivity index of Ry relative to (A) The natural mortality of

the human population, u, (B) The natural death rate of the vector population, &.
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FIGURE 4. The sensitivity index of Ry relative to (A) The natural recovery rate
of humans from the dengue disease, ¥, (B) The disease induced death rate of the

humans, d.
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FIGURE 5. The sensitivity index of R relative to (A) The effectiveness of the

control ¢,,(B) The effectiveness of the control c3.
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FIGURE 6. Sensitivity index of Ry relative to: (A) Development rate of Aedes

aeypti mosquitoes, ¢, (B) Number of Aedes Aegypti mosquito eggs laid per day,
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FIGURE 7. Sensitivity index of R relative to: (A) Vertical transmission rate of

Aedes Aeypti mosquitoes, 7, (B) Protection control c;.
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FIGURE 8. The sensitivity index of Ry relative to (A) The treatment control ¢,
for the humans infected with either of the serotype viruses, (B) The Insecticide

spray control ¢3 against mosquitoes .

Parameters values Sensitivity index Sign of sensitivity index
o 0331795 TR =1 *

o 0677 TR = *

v 0.8 =05 *

o 0059 I = *

o 0051 TR = *

B, 0061 T = Sﬁ‘éﬁﬁl *

B 0.065 F’gg = 0O i

i 0.068 Iy = — Lo )

¢ SRS O

v 0.061 T} =—grd )

d 0065 TR — m ’

S 0.08 F[; neutral
L ] l"f neutral
b 0071 TR =—se02b )

p 0.07 FIE 20, 75?1336/75(%;%;36/;1(%2—6( 413213)3(;;%2)872!)))) )

p 0.854 Ty = pooisots *

6 0103 = 95 *

,r 0068 TR =gz -

o 0025 T8 =—L _

o 0035 TR =-—gais ]

o 0.039 F§3 _ ¢3(28.8054+¢3(51.565+(24.1929+2¢3)c3))

~ 21.1744+¢3(57.6108+¢3(51.565+¢3(16.1286+¢3)))

TABLE 4. The sensitivity indices of Ry relative to various parameters of the

system (1) with assumed parameter values as given in the table
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7. ANALYSIS OF BIFURCATION IN DENGUE REINFECTION MODEL
To analyse the bifurcation character of system (1), the Castilla-Chavez and Song [72] tech-

nique is applied.

Theorem 8. When a < O, the system (1) experiences forward bifurcation at oy = o (i.e. at

Ry = 1), and the proof provides the expressions for o and a.

Proof. Let S, = x1, Ej, = x2, I = x3, Ry = x4, S = x5, Epy = X6, Ln = x7, S = xg, and I, = xo9

and the transformed system is

p(l —6‘1)O£1)C7X1

=0 - s
i 1 + k7 Hx1 o+ 0y
& — p(l—Cl)OCI)C7xl —(ﬁ —l—u)x
2 1+kX7 1 2

=Bixo— (y+d+p+bcy)x;
X4 = (Y+bca)x3— (6+ 1) xs

“2) = gxg — p(1 —c1)onx3xs — (& + pe3)xs

= p(1 —c1)axzxs — (B2 + & + pe3) x6

= Baxe + ox9 — (& + pe3) x7
xg =W —0mx7 — (@ + pc3) xg

= O7tx7 — (@ + pc3) xg
Human disease transmission rate (¢1) is taken into account as a bifurcation parameter with the

constraint Ry = 1. Hence

(43)
o = HBr ) (ber+d+y+p)(c3p+E)(csp+Bo+E) (3> + c3pG +c3p9 — 169 +E9)
: (1—=2c1+c1) P Bp?p yQ

DFE of the transformed system (42) is Qg = (x1 ,xg,x3,xg,xg,xg,xg,xg,xg) where x(]) = > 0,
x2 =0, x3 0, x4 0, x5 = ;?;I: >0, x6 0, x7 0, x8 f > 0, and x9 0. The llneanzatlon
matrix of the transformed system (42) at Qg is denoted as J(Qp) at equation (14). One zero

eigenvalue exists in the system’s jacobian at o = @ (Rp = 1), but all other eigenvalues have
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a negative real part. As a result, using the central manifold theory, the dynamics of the trans-
formed system (42) near to o = o (Ro = 1) are studied. According to the central manifold

hypothesis [72], the following calculations are necessary.
The right eigenvector for J(Qg) when Ry = 1 is W = (wy,wa, w3, wa, ws, we, w7, ws, wo)l

computed using J(Qp) - W = 0 and hence

_ pQ(=1+c)wrou (fifafs—6f3B1) _ pQ(l—ci)wyoy _ pQ(l—ci)wra1 B
Wi = U2 fifafs W2 = Hh W3 = Lfif2 ?
Wy = pQ(1—ci)fswrou B
wfifafa )
wg = —FOW1 o — TOW o _ Owr(mOLS1fof5+P7 W0 0p i —2p Y Qc oy 0 Bi+p° QT B
QJZ ’ py fi Wi fof2 fr ’
_ —TmOQwitfsfiwy
W6 = f1B2

The left eigenvector of jacobian matrix J(Qp) when Ry = 1 is V=(v{,v2,Vv3,v4, Vs, Ve, V7, Vs, V9)

u(wOdvy—fsfrva)

computed using V.J(Qp) = 0 and hence we get, v; =0 for i = 1,4,5,8, v, = PO(—Tre fra

_ (Wfi(mOPvr—fsfrv7) _viB _ 0w : : " _
V3= Tt fmpB V6= 0 VO= g Then, v7 is computed using the condition V.W =1
and hence
(44)

vy = fifofof?

OO f1 fofow1—TOQ f1 fr frwi—TOQ f1 fo frwi—TO o fo frwi+[1 fo fs [3wr+ 11 fofo fowr+f1 fs fo fawr+ o fs fo frwa

The bifurcation coefficients are given by

0 92F(Qo, o)
a= VIWWj——————
k,i,;zl 8xi8xj
) > 9*Fi(Qo, o)
1(Qo, 0f
b=
k izj:_IVk ' 8xi8oc1

The following expressions give the bifurcation coefficients a and b after simplifica-
tion, we get a = 4L,b = BL where Ay = 2fiwi(ufifaf2fe(—mOO + fsf7)Rufifofs +
p(—1+cr)ai(—fifafa + 8f3B1)) + p20Q(—1 + c1)* faci i (ROLf1 fofs + PPYQ(—1 +
c1)?0100P1) B2, Az = PP fifafa 13 (Fafs fo+ fi(fafs + (ot 15) 16)) f7 + mODR(f1 fofs — (fofs+
Hi(fa+ 1)) 1) Bt = fifafsfr (fsf1—709), By = ((fafsfo + fi(fafs + (2 + f5)f6)) 7 +
m09(fifafs — (fafs + fi(f2+ f6))f7)) o As aresult, when a < 0, the system (42) at Ro = 1

experiences forward bifurcation. In forward bifurcation, when Ry > 1, a stable endemic
equilibrium coexists with an unstable disease-free equilibrium point. Using the parame-

ter values from table (5), we get Ry = 8.94728, o = 0.000206111, a = —0.0169782w7,

T
b=120.437,W = (w1, w2, w3, w4, Ws, We,w7,Ws,w9)" , V = (v1,v2V3,V4,V5,Vs,V7,V8,V9), Where
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wi = —0.0497201w7, wy = 0.0219654w7, w3 = 0.00593772w7, wa = 0.00316881w7, ws =
—1.03352w7, we = 0.0335247w7, wg = —0.282452w7, wo = 0.282452w7, v| = 0, v, = 2883732

wy
1.2534
wy

—0.0169782w7 < 0 and b = 20.437 > 0. Hence there exists a forward bifurcation at ; =

0.421353 N 0.7615
wy ’ 7 — w7

, vg =0, \A)ZM. Here a =

va =0, v5s =0, vg = >

V3 =

o = 0.000206111 which is represented in figure (9)(A)- (9)(C) relative to the infected com-
partments of the system (1). The significance of the forward bifurcation at Ry = 1 is that, even
though EE and DFE coexist when Ry > 1, the DFE is unstable and the EE is stable, indicating

that the disease will likely remain within the host population in the long term. 0J

Bifurcation plot
T T T

Bifurcation plot
T T

0.04 1 Stable EE branch

Stable EE branch

BP .

Stable DFE branch E o
UnStable DFE branch Stable DFE branch UnStable DFE branch

o
Stable DFE Branch UnStable DFE Branch

(©)

FIGURE 9. Bifurcation plot of the infected populations (A) I, , (B) I, (C) I,

against the bifurcation parameter ¢ using the values from table (5)

8. CONTROL PROBLEM WITH OPTIMAL SOLUTIONS

This section examines a system (1) related optimal control problem with three controls.
The three control variables used in this optimal control problem are c|(t), c2(), and c3(t),
where ¢ (7) denotes a protection control, such as the usage of bed nets or creams to ward off

mosquitoes, and c,(¢) indicates treatment control for people who have either of the serotype
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viruses, whereas c3(¢) stands for the insecticide spray control that eliminates mosquitoes. Re-
ducing the number of infected individuals, infected vectors, and infected eggs, and the cost
of implementing the control strategies are the key goals of this control problem. The control
problem with three controls is listed below.

;

By =g el=glhoS g, 1 5R),

dE 1-c IS
G = PR — (B + 1) Ey

BBy -y bes)

W = (y+ber(t) Iy — (8 + 1) Ry
(46) B =98, —p(1—c1(0)0alySn— (& +pes(t)Sn
Lo = p(1—c1(1))0alySn— (B2 +& + pes(t)) En
U = BoE+ Ol — (& + ps(t)) In

% =W —0nl,— (¢ + pc3(t)) S,

(e =0l —(¢+pe3(0)) 1
with preliminary condition(2) and the objective functional [73, 74] is defined as

47
J(c1(t),c2(t),c3(1)) = /Otg (W1ER(2) + Waliy(t) +W3Ep (1) + Waly (1) + W5l (1) + %C%(I)

+ %C%(z‘) +-—c3(t)]ar

Here, Wy, W;, W3, W, and W5 represent the corresponding per capita losses caused by the pres-
ence of the exposed human population, infected human population, exposed mosquito popula-
tion, infected mosquito population, and infected egg populations respectively. The constants
Ws, W7 and Wg, respectively, represent the costs involved in the effort to implement protec-
tion controls, such as the use of bed nets, mosquito repellent creams, and other similar mea-
sures, treatment controls for people infected with either of the serotype viruses and insecticide
spray controls that kill mosquitoes. The time interval is assumed to be [0,z,]. The problem is
to find the optimal control functions cj(¢), ¢5(¢) and c3(¢) such that the objective functional

J(ci(t),c2(t),c3(t)) is minimized, i.e., J(cj(t),c;(t),c3(t)) = min{J(c1,c2,¢3);(c1,¢2,¢3) €
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U.}, where the control set U, is defined as

U.={(c1,c2,¢3);0<¢; <1,i=1,2,3; ¢; is Lebesgue measurable function on [0, 1]; 7 € [0,7,]}.

8.1. Existence of the optimal controls. This subsection demonstrates the existence of an
optimum control (cj(¢),c5(¢),c3(t)) that minimises the objective functional J subject to the

new system (46) with initial conditions (2)).

Theorem 9. The optimal control (c|(t),c5(t),c5(t)) exists for the control system (46) with ini-
tial conditions (2) such that J(c}(t),c5(t),c3(t)) = min{J(c1,c2,¢3); (c1,¢2,¢3) € U}, with the
control set U, = {(c1,¢2,¢3);0 < ¢; < 1,i =1,2,3;¢t € [0,1,]} and c; is Lebesgue measurable

function on [0, 1].

Proof. Since the control system (46) has bounded coefficients, the set of control variables and
the accompanying state variables are not empty [75]. The control set U, is thus by definition
closed and convex. Since the state solutions are bounded, the right side of the control system
(46) is similarly bounded. Hence, the integrand of the objective functional is convex on U.,.
Since the state variables are bounded, there exists constants /; > 0, [, > 0 and p > 1 such that
WER(t) + Waly,(t) + W3Ep(t) + Wal (t) + WsL(£) + 262 (£) + 523 (1) + B3 (1) > 1 (Jer]? +
e+ e3Pt — b

Hence by the properties satisfied as above [75], there exist an optimal control (¢} (¢),c3(t),c3(1))

which minimizes the objective functional J. 0

8.2. Characterization. The necessary conditions for the optimal control variables ¢} (¢),c5(t),

and ¢5(¢) is derived using the Pontryagin’s Maximum Principle [30, 25].

Theorem 10. For the control system (46), there are optimal control variables
(c7(1),¢5(t),c5()), and corresponding solutions (S, Ey Iy, Ry, Sy, En, I, S3, 1)) whose objec-
tive functional J over Uc is minimised. The existence of continuous functions A;(t) is related to

the explicit optimum control variables.

Proof. The Hamiltonian is defined as
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(48)
W W Wi
H = (WlEha) o+ Walh(1) -+ WAEn (1) + Wal (1) +Wsle (1) + =21 () + = c3(0) + gc%m)
p(l—cl(t))allmSh p(l—cl(t))allmSh
+ M (Q— T AL —USy+8Ry | + 22 AL —(B1+u)E,

+ A3 (BLlEy— (Y +d +u+bey(t) 1)
+Aq ((Y+bea(t)) I — (6 + 1) Ry) + A5(9S. — p(1 —c1(t)) 02Dy S — (& + pe3(t))Sm)
+ 26 (p(1—c1(t)02lpSm — (B2 + & + pe3(t)) Em) + A7 (B2Em + @ — (& + pe3(t)) In)

+ A8 (V= 07l — (¢ + pe3(1)) Se) + Ao (87l — (¢ + pes (1)) Le)

where the adjoint functions A;(¢), i = 1 to 9 to be determined.

: dM _ _9OH dAd _ _9H dA3 _ _9H dAy _ _9H dAs _ _JH dls _ _ JH
Using, "G = =35y @& = 9By & — o & — oRy & — oS di — o, 2
di oH dA JH d JH i g
5= — 9, = — 95, d—’/lt" ==L the adjoint system is given by
(49)

A, = I+ (=1 + 1 () n0h (—A1 +A2)p

1+ 1,k
7(:2 =-Wi+pB (7(«2 — 13) +Au

A3=-Wo+dA3+YA3+bca(t) (A3 — M) — YA+ 1w — (—1+¢1(1))Snon(As — Ag)p

7L4 = —511 —2,4(—5 — u)

As = —(1—c1(0)hondep — As(—c3(t)p — & — (1 =1 (1)) Ihoap)

A = —W3 — o7 — As(—c3(t)p— B2 — &)

—(1 —|—Imk)2(W4 + 7m0 (—Ag+Ao) — A7(c3(t)p+ 5)) —(=14c1(2))Spou (A —A2)p
(1+1,k)?

A=

As = —2Ag(—c3(t)p— @) — A5

Ao = —Ws —Ao(—c3(t)p— @) — 179

with the conditions for transversality provided by Ai(tf) = 0 for i = 1 to

9. Using the optimality conditions g—g = 0, 9H _ 0, oH  _ 0,

9C3 o
(InShou (=A1 +22) 1 Sm 0o (= As+A6) HpdmkSim 0 (—As+2s)) P
(1+Imk)w6 ’

we get,

L
Cl_
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=l C}‘ :p(SmlS_._Em)'()_._v{/r;zﬂ+SGA'8+IEA'9) . Since 0 < ¢; < 1, we get,

(50)

(LnSpou (—A1 + A2) + InSm 0 (—As + Ag) + InlnkSm 02 (—As + A¢) ) p]

c] = min{max{0, (L L) We b1}
¢5 = min{max{0, M}, 1}
Wy
c3 = min{max{0, PSnhs + Enle +V€,ml7 +Sea 1) b1}
8

Using (46), (49) and (50), the optimality system is given by

—CT(t))OC]ImSh . p(l—c’[(t))oc]ImSh
—us OR,, E;, = —
[+l H3h 0% S I+,

I =BiE,— (y+d+pu+bcs5(t) I, Ry = (y+bcs(t)) 1, — (6 +u) Ry,

s,—a_PU

(B1+u) Ep,

S =0Se—p(1 =i (1)) 0lySn — (§+pc3(6))Sm, En = p(1—c1(1)0alySn— (B2 + & + pc3(t)) Em

Iy = BaEm + 01, — (& + pci(t)) I, Se=Y¥—0nl, — (¢ +PC§(t))Seaie = 0%l — (¢ + pe5(1)) L

(1 —|—Imk)/11u+ (1 —CT(Z))ImOQ()L] —12)
1+ 1,k

K= P =Bl — )+ dop — Wy

X3 =dAs + YA +bcs(t) (A — Ag) + Az o+ (1 — ¢ (1)) S0 (As — Ag)p — Wa — Y4

Ao =24(8+1) = 81, As = As(c3(t)p+ & + (1 — i (1) lhoap) — (1 — ¢} (1) naAep

Ao = e(3(1)p + Po+ &) = W3 = Bady, As = As(3(1)p + 0) = A9, Ao = Ao(c5(t)p+ @) — A7 — Ws

(14 Lk (O (As — Ao) + A (e3(1)p+ &) —Wa) + (1=} (1))Suon (1 — a)p

Ay = (1+ Ik)2

subject to the conditions (2) and A;(t;) =0 fori=1to9. O

9. NUMERICAL ANALYSIS AND SIMULATION

9.1. Numerical analysis of stability theorems. In this section, simulation tests were per-
formed to confirm the conclusions reached through analysis. Simulations have been performed
on the proposed dengue model (1) to show local and global stability of the computed equilib-
rium points. For Ry < 1 and Ry > 1, the parameter values are chosen from table(5) and table(6),

respectively.
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R,=0.894728<1
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FIGURE 10. (A) The LAS of Qq of the dengue system (1) for Ry < 1, (B) GAS of
Qo shown in (S; — S, — S.) space for Ry < 1, (C) The 3 D view of the convergence of
the Infected human population (I,), Infected vectors population (/) and infected egg
population (/) towards Qg when Ry < 1, (D) The 3 D view of the convergence of the
Infected human population (), Recovered human population (Rj;) and infected vector
population (/,;) towards Qg when Ry < 1, (E) The 3 D view of the convergence of
susceptible human population (S;,), susceptible vectors population (S,,) and susceptible
egg population (S,) towards Qp when Ry < 1, (F) The 3 D view of the convergence of
susceptible vector population (S,,), Infected vectors population (/,;) and infected egg

population (I,) towards Qg when Ry < 1
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FIGURE 11. (A) The LAS of Q; of the dengue system (1) for Ry > 1, (B) GAS of
Q; shown in (S; — S, — S.) space for Ry > 1, (C) The 3 D view of the convergence of
the Infected human population (I,), Infected vectors population (/) and infected egg
population (/) towards Q7 when Ry > 1, (D) The 3 D view of the convergence of the
Infected human population (), Recovered human population (Rj;) and infected vector
population (/,;) towards Q; when Ry > 1, (E) The 3 D view of the convergence of
susceptible human population (S;,), susceptible vectors population (S,,) and susceptible
egg population (S,) towards Q1 when Ry > 1, (F) The 3 D view of the convergence of
susceptible vector population (S,,), Infected vectors population (/,;) and infected egg

population (I,) towards Q1 when Ry > 1
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The DFE point Qo(S),Ep, 10, RY, 8%, EQ,19.59,17) whose stability both global and local
has been numerically simulated and depicted in figure (10). The DFE point is found to be
00(156.25, 0, 0, 0, 68.9434, 0, 0, 20.3169, 0) and Ry = 0.894728 < 1 using table (5). For
initial conditions of state variables near the equilibrium point Q in @, it is seen from the figure
(10)(A) that lim S}, (t) =S) =156.25, lim ) (t)=E) =0, tli_)nololh(t) =1"=0, tlgth(t) =R)=0,
limS,, (1) = SV = 68.9434, limE, (1) = E) =0, lim,,(r) = =0, limS, (1) = 59 =120.3169,
lli_{gIe(t) = 19 = 0 when ever the initial conditions are chosen in ®. The necessary and sufficient
condition in theorem (3), namely B; = 1.70659 > 0, B, = 1.03521 > 0, Bz = 0.262404 > 0,
By = 0.0237132 > 0, Bs = 0.0000198898 > 0, BiB,Bs — B3 — B}B4y = 0.325664 > 0 and
(B1B4 — Bs)(B1B2B3 — B3 — BiB4) — Bs(B1By — B3)* — B1B2 = 0.0131277 > 0 are satisfied.
Hence Qg is LAS in O as per the theorem (3). According to figure (10)(B), the solution for
the initial conditions on the state variables S;,(¢) , Sy, (¢) and S.(¢) in @y is (S (2),Sm(r),S.(t))
— (89,59,59) = (156.25,68.9434,20.3169) as t — . With the initial conditions in @, this
convergence may be confirmed for all feasible ordered triples out of the nine state variables. As
per theorem (5), Qg is GAS in ®; when Ry > 1.

From figure (10)(C), it is noticed that the populations I(),l,(t) and I, con-
verges to 12 =0, I =0 and 19 = 0 respectively as t — oo whenever the ini-
tial points of state variables belongs to ;. From the figures (10)(D), (10)(E),
(10)(F), it is seen that the state variables (I(t),Ry(t),In(t)) — (ID(),R0(2),10(t)) =
(0,0,0),  (Su(t),Sm(t),Se(t)) — (S(t),89,(1),82(r)) = (156.25,68.9434,68.9434) and
(S (), L (), L (1)) — (SO (£),10(1),19(¢)) = (68.9434,0,0) as t — oo respectively whenever the
initial populations belong to ®;.

The global and local stability of the EE point Q1(S},E;, I, R}, Sy, En 1y, S;,1I;) has been
simulated numerically and shown in figure (11). The EE point is found as Q(152.472, 1.66891,
0.451144, 0.240764, 32.2316, 1.19083, 35.5209, 10.284, 10.033) and Ry = 8.94728 > 1 using
the values of parameter from table (6). Hence for different initial conditions coresponding
to state variables near the equilibrium point Q; in Y, it is seen from the figure (11)(A)
that }EELS’Z(’) = §, = 152.472, }Lr{)lth(l‘) = E,; = 1.66891, }L@olh(t) = I; = 0.451144,
tlLr?oRh(t) = R, = 0.240764, }L%Sm(t) = S, = 32.2316, }L‘?oEm(t) = E, = 1.19083,
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liml, (1) = I, = 35.5209, limS.(t) = S; = 10.284, limZ(r) = I} = 10.033. In ad-
t—roo t—ro0 t—>oc0

dition, the necessary and sufficient condition as stated in theorem (6), namely for
b1 = 3.12409, by, = 3.98792, b3 = 2.66994, by = 1.00525, b5 = 0.21396, bg = 0.0249967,
b7 = 0.00147221,we get |Hy| = 3.12409 > 0, |H,| = 9.78867 > 0,

|H,| = 10.1056 > 0, |Hs| = 1.27002 > 0, |He| = 0.018925 > 0,

H;| = 16.9924 > 0,
H;| = 0.0000278617 > 0,
|Hg| =9.39119 x 10710 > 0 are satisfied. Hence Q1 i1s LAS in Y as per the theorem (6). From

figure (11)(B), it is found that for any initial conditions of state variables Sy () , Sy (¢) and S.(¢)
in Y, the solutions (S (t),Sm(t),Se(t)) = (S}, Sy, Ss) = (152.472,32.2316,10.284) as t — oo,
This property of convergence can be checked for all ordered triples of state variables with
the initial conditions in Y. As per the results of theorem (7), it is found that Q; is GAS in Y
when Ry > 1. From figure (11)(C), it is seen that the populations I(¢),l,,(¢) and I, converges
to I; = 0.451144, I, = 35.5209 and I; = 10.033 respectively as t — o when the initial state
variables belong to Y. Similarly from the figures (11)(D), (11)(E), (11)(F), it is seen that the
state variables (I,(t),Ry(1),Ln(t)) — (I;(t),R;(t),I;(t)) = (0.451144,0.240764,35.5209),
(Sh(t),Sm(1),Se(t))  —  (Sp(2),Sp(2),85(t)) = (152.472,32.2316,10.284) and
(S (8), I (2), L (1)) — (S5(),I5(2), I ()= (32.2316, 35.5209, 10.033) as t — oo respec-

tively whenever the initial populations belong to Y.

TABLE 5. parameter values for constructing figure (10)

Parameter | Q | ¥ | o o B B ¢] p ¢ u b4 d b 13 P T k|d |a 1) 3

Value 10 | 10 | 0.0165 | 0.165 | 0.153 | 0.165 | 0.513 | 0.0165 | 0.452 | 0.064 | 0.271 | 0.201 | 0.163 | 0.093 | 0.201 | 0.271

0.5 | 0.103 | 0.184 | 0.2

TABLE 6. parameter values for constructing figure (11)

parameters | Q | ¥ | o o B B 0 p ¢ u Y d b 3 P b k|8 |a (&3 3

values 10 | 10 | 0.0165 | 0.165 | 0.153 | 0.165 | 0.513 | 0.165 | 0.452 | 0.064 | 0.271 | 0.201 | 0.163 | 0.093 | 0.201 | 0.271 | 1 | 0.5 | 0.103 | 0.184 | 0.2

9.2. Numerical analysis of control strategies. The system (1) is analysed numerically using
the parameters as in table (7). It is assumed that the recruitment rate of human population (€2)
and the recruitment rate of Aedes Aegypti mosquitoes eggs per day () are 500. The disease

transmission rates for human and vector populations, namely o and ; are assumed as 107°.
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The incubation period for dengue virus is of 5-7 days, the progression rate from exposed to in-
fected human population (1) is assumed between 0.14-0.2, say 0.17. The extrinsic incubation
period say the progression rate from exposed to infected female Aedes Aegypti mosquito pop-
ulation is 8-12 days [1]. Hence the progression rate (3;) from exposed to infected compartment
is assumed between 0.08-0.125 say 0.1. The mean life time of humans is assumed as 68 years
and hence the human population natural mortality rate (i) is assumed to be m which is ap-
proximately 4 x 107>, The adult mosquitoes can live up to one month [76]. Hence the natural
mortality rate of adult mosquito (&) is assumed as 0.04. Symptoms of dengue typically last 2-7
days and most people will recover after about a week [76]. Hence the natural recovery rate of
hosts from the infection () is assumed as 0.14. The death rate due to disease (d) for humans is
assumed as 107>, The humans who get recovered from dengue disease of a particular serotype
virus attains life time immunity but after 2 to 3 months reinfection with different serotype is
possible [77]. Hence the reinfection rate (0) is assumed to be between 0.0111-0.0167 say 0.01
approximately. The saturation factor (k) is assumed as zero. The effectiveness of the control
cp say b is assumed as 0.5. The effectiveness of the control c3 say p is assumed as 0.7. A
mosquito egg develops into an adult mosquito in 9 to 12 days [78]. Hence the development rate
of Aedes Aegypti mosquito eggs (¢) is assumed to be between 0.08-0.11 say 0.08. The vertical
transmission rate () of dengue virus in Aedes Aegypti mosquitoes is assumed to be 107°. The
effective biting rate of mosquitoes p is assumed as 0.08
The figures 12 to 23 are constructed using the parameter estimated values as in table (7).
The initial population sizes are assumed to be S;,(0) = 107, E;(0) = 50, I,(0) = 10, R;,(0) = 10,
S(0) = 10°, E,,(0) = 50, 1,,(0) = 10, S,(0) = 10*, I,(0) = 5. The weights for the optimal
control analysis is assumed to be W; = 0.01 and W; = 100 fori =1to 5 and j =6 to 8.
Figures (12)(A) and (12)(B) show that increasing disease transmission rates (o and o) in
human and vector populations, respectively, increases the basic reproduction number relative
to unity. Hence, the endemic equilibrium is more stable, and the disease persists in society for

an extended period.
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TABLE 7. The estimated parameter values of system (1)

Parameters values source
Q 500 Assumed
v 500 Assumed
o 1076 Assumed
[0%) 10-° Assumed
Bi 0.17 [1]
B 0.1 [1]
u 4x107° Assumed
13 0.04 [76]
Y 0.14 [76]
d 1073 Assumed
[ 0.01 [77]
k 0 Assumed
b 0.5 Assumed
p 0.7 Assumed
[} 0.08 [78]
6 500 Assumed
T 10-¢ Assumed
P 0.08 Assumed
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FIGURE 12. Variation of Basic Reproduction Number Ry with: (A) Human dis-

ease transmission rate, ¢;; (B) Vector disease transmission rate, ¢; (C) Protec-

tion control c;; (D) Treatment control for human infection, ¢;; (E) Insecticide

spray control against mosquitoes, c3. Parameter values as per Table (7).
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Figures (12)(C)-(12)(E) show that a gradual increase in the rates of protection controls (cy),
treatment controls (c¢), and insecticide spray controls (c3) against mosquitoes reduces the basic
reproduction number under unity, stabilizing the disease-free equilibrium and eradicating the
disease from society.

Figures (13)(A)-(13)(D) show that as disease transmission rates (¢ and 0p) increase in the
human and vector populations, respectively, so do the infected populations (I, and 7,,) in the

human and vector populations.
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FIGURE 13. Time series graphs of infected populations 7, and I,, for varying
human disease transmission rate, ¢, and vector disease transmission rate, .

Parameter values from Table (7).

It is found from figures (14)(A)-(14)(F) that the increase in the rate of the protection control
c1, treatment control ¢, and insecticide spray control c3, results in a decrease in the infected

populations, namely /;, and /,, among the human and vector populations, respectively.
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It is found from figures (15)(A)-(15)(B) that the increase in the saturation factor k, results in a

decrease in the infected populations, namely 7, and 7, among the human and vector populations,

respectively.
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FIGURE 14. Time series graphs of infected populations 7, and I, for different
values of protection controls (c;), treatment controls for humans infected with
either serotype virus (c;), and insecticide spray control against mosquitoes (c3),

with parameter values as assumed from Table (7).

Figures (16)(A)- (16)(C) clearly show that controls, specifically protection controls (cy),
treatment controls for humans infected with either serotype virus (c2), and mosquito insecti-

cide spray control (c3), should be implemented early on to control the rapid spread of dengue

disease.
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From figure(17), it is obvious that when all controls are applied simultaneously, there is a
rapid decrease in the infected populations 7, and I, of human and vector populations, respec-

tively.
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FIGURE 15. Time series graphs of the infected populations 7, and 1,, for various

values of k.
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FIGURE 17. Time series: (A) I, with all controls, (B) I, without controls, (C)

1, without controls. Parameters from Table (7).

FIGURE 18. Time series of the infected population (A) I, with implementing
the protection control, ¢, (B) I,, with implementing the protection control, ¢

with the parameter values as assumed from table(7) .

FIGURE 19. Time series of the infected population (A) I, with implementing
the treatment control, ¢,, (B) I,, with implementing the treatment control, ¢,

with the parameter values as assumed from table(7).



DYNAMICAL BEHAVIOR AND SENSITIVITY ANALYSIS OF A DENGUE REINFECTION MODEL

FIGURE 20. Time series of the infected population, (A) I, with implementing
the insecticide spray control, c3, (B) 1,, with implementing the insecticide spray

control, c3 with the parameter values as assumed from table(7).

FIGURE 21. Time series of infected populations with protection control ¢y and

treatment control ¢o: (A) Iy, (B) I,,,. Parameter values as per Table (7).

200 [

FIGURE 22. Time series of infected populations: (A) I;, with protection control
c1 and insecticide spray control c¢3, (B) I,,, with protection control ¢; and insecti-

cide spray control c3. Parameter values from Table (7).
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FIGURE 23. Time series of infected populations: (A) I, with treatment control
¢y and insecticide spray control c¢3, (B) 1,, with treatment control ¢, and insecti-

cide spray control c3. Parameter values from Table (7).

The numerical analysis of optimal control strategies for managing and mitigating dengue dis-
ease presents a comprehensive assessment of various intervention measures aimed at curbing
the rapid spread of this debilitating disease. Dengue, a mosquito-borne viral infection, poses
a significant public health challenge worldwide, making effective control strategies crucial in
reducing its impact on human populations. This section examines the outcomes of employing
protection controls (cy), treatment controls for infected humans (c;), and mosquito insecticide
spray control (c3), both independently and in combination, using the dynamic simulations de-
picted in the provided figures.

Effectiveness of Individual Control Strategies: Protection Control (cy):

Figure (18) illustrates the impact of implementing protection control measures. The time se-
ries graph demonstrates an apparent reduction in the infected human population (/;) when pro-
tection controls are in place. By imposing quarantine measures, vaccinations, or other means to
shield susceptible individuals from exposure, the progression of the disease is notably hindered.
This emphasizes the significance of preemptive measures to protect vulnerable populations from
contracting the virus.

Treatment Control for Humans Infected with the Dengue Virus (c):

The utilization of treatment control strategies is highlighted in figure (19). This graph unveils

a decrease in the infected human population () due to the timely and effective treatment of

individuals infected with the dengue virus. The treatment controls contribute significantly to
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curtailing the spread of the disease within the human population.
Mosquito Insecticide Spray Control (c3):

The impact of mosquito insecticide spray control is depicted in figure (20). The time series
graph reveals a decline in the infected mosquito population (Z,,) due to targeted insecticide
applications. Targeting the vectors responsible for disease transmission disrupts the mosquito-
human transmission cycle, thereby reducing the overall disease burden.

Synergistic Effects of Combined Control Strategies:

Figures (21), (22), and (23) explore the synergistic impact of employing two control strategies
simultaneously. These combinations demonstrate enhanced efficacy in disease control com-
pared to individual strategies.

Protection Control (c1) + Treatment Control (c;):

Figure (21) showcases the outcomes of combining protection and treatment controls. The
infected human population (/) experiences a pronounced decline, reinforcing that safeguarding
susceptible individuals and treating those infected are complementary strategies for effective
disease management. Protection Control (c1) + Insecticide Spray Control (c3):

The combination of protection and insecticide spray controls is investigated in figure (22).
This combination significantly reduces both infected human and mosquito populations (/;, and
I,,), underscoring the importance of interrupting both human-to-human and human-to-mosquito
transmission.

Treatment Control (cy) + Insecticide Spray Control (c3):

Figure (23) illustrates the dynamic impact of employing treatment and insecticide spray con-
trols in tandem. The time series graph demonstrates a substantial reduction in infected popula-
tions (I, and I,,), indicating the effectiveness of targeting both vectors and infected individuals.
Conclusive Insights:

Collectively, the presented numerical analysis underscores the significance of early imple-
mentation of control strategies to mitigate the rapid spread of dengue disease effectively. The

synergistic effects observed in the combined strategy emphasize the importance of multifaceted
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approaches to combat this complex disease. The findings of this analysis provide valuable in-
sights for policymakers, healthcare professionals, and researchers striving to formulate compre-
hensive and targeted strategies for dengue disease control, ultimately contributing to improved

public health outcomes on a global scale.

10. CoNCLUSION

In this research, a mathematical model for Dengue disease transmission with a saturated
incidence function among the human population and a bi-linear transmission function among
vectors has been formulated and studied. The vector population was divided into adult and
egg populations and considered to have vertical transmission among vector populations. The
human population reinfection component was added to the model. The fundamental properties
of the system, like non-negativity and uniform boundedness of solutions of the model (1), were
proved theoretically. The equilibrium points, namely the DFE and EE points, were found and
analysed for their existence. The basic reproduction number was determined as the average
number of new infections caused by one infected person in a population that is completely sus-
ceptible. The local and global stability of the equilibrium points is examined under particular
conditions. By computing the various sensitivity indices of highly sensitive parameters relative
to the basic reproduction number, the sensitivity analysis of the model is performed. Accord-
ing to bifurcation analysis, a stable endemic equilibrium coexists with an unstable disease-free
equilibrium point, where the bifurcation parameter is the disease transmission rate of the human
population (o). Forward bifurcation occurs at Ry = 1. From an epidemiological point of view,
the dengue disease persists in the host population for a very long period of time, as per the
model (1). Parameter estimation is done, and used those values to perform simulations of the
system. The optimal control problem is framed and analysed as the optimal system for the ex-
istence of optimal controls, namely protection control, treatment control, and insecticide spray
control. The optimal controls are found theoretically and later simulated using the estimated
parameter values. The simulation of the model using some assumed values verified the theo-
retically proven results for the stability analysis. The simulation of the optimal control model

using the estimated values of parameters highlights the importance of implementing the optimal
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controls together at the initial stage of the spread of dengue disease among the susceptible hu-
man population. The model is analysed with only three control strategies, and the model can be
modified to investigate the control strategy of introducing a Wolbachia-affected female Aedes
aegypti mosquito among the vector population with different serotype infections and analyse

the disease transmission dynamics of the improved model.
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