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Abstract: Most eco-epidemiological models use a bi-linear functional response, also known as the simple law of mass
action, to describe the transmission of an infection. The non-linear incidence rate considers the infected individuals'
crowding effect and prevents the contact rate's unboundedness by choosing suitable parameters. This paper aims to
construct an Eco-Epidemiological model following the nonlinear incidence rate suggested by Gumel and Moghadas
2003. The model also offers a reasonable, realistic approach to the ecological systems in the world as we follow the
Holling type Il for the predator-susceptible prey interaction and the simple mass action low for the predator for the
predator-infected prey interaction as the infected prey would be weak. The time for finding it would be significantly
more than the time needed to catch the healthy prey. We proved the solutions' positivity and existence and our model's
boundedness. The equilibrium points are determined with the feasibility conditions for each. Local stability has been
analysed using Routh Hurwitz, and a Lyapunov function has been constructed to study global stability according to
La Salle theorem. Different types of bifurcation are observed using Sotomayor’s and Hopf theorems. The numerical
analysis of the solution was carried out using fourth-order Runge-Kutta. The simulations that we performed using
MATLAB 2022a supported our theoretical findings.
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1. INTRODUCTION

The dynamic relationship between predator and prey is considered one of the most fundamental
relationships in ecology, as this relationship is one of the top-studied subjects by ecologists. The
Lotka-Volterra system is the first fundamental prey-predator system; it goes back to the First
World War [1].

The Lotka-Volterra simple mathematical model can be described as the following:

as
0 - aS —mSP

d—P = OmSP — dP
dT

S: The size of prey population

P: The size of predator population

T. Time

a: Prey’s growth rate

m: The predation rate

0: Conversion factor which denotes the number of newly born predators for each killed prey

d: Predator’s natural death rate

The previous system (1) and its variants were extensively studied by many researchers aiming to
understand the various ways in which predator-prey interactions take place [2]-[5]. However, the
representation in (1) does not explicitly incorporate the impact of transmittable illnesses on
predator-prey interdependence. While valuable insights into interaction dynamics have been
gleaned, the lack of consideration for infectious factors represents a limitation. Infectious diseases
represent significant determinants shaping populace progression, as Research has shown that low-
magnitude perturbations originating from environmental sources can induce oscillations in
population levels around an average threshold. In contrast, high-intensity disturbances emanating
from the surrounding habitat may result in total elimination of the population [6]. The work of [7]
and [8] studied a predator-prey model where the prey population is subjected to disease, and the
transmission rate of the infection follows the law of mass action. The study shows that the disease
in the prey population can induce chaotic interactions.

To expand upon the classic Lotka-Volterra predator-prey model, various formulations of
functional responses have been proposed which refine how consumption rates relate to prey
abundance levels. One such example is the Holling type Il functional response, which depicts a

saturating applicable form as prey becomes more plentiful. Generalized variants of this specific
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functional response have also been devised to capture additional nuances [9]-[11]. Accounting for
non-linearities in the predation relationship through customized functional responses allows for
more sophisticated representations of harvesting effects than the simple linear assumption of the
basic Lotka-Volterra equations. Continued exploration of diverse functional responses remains an
intriguing avenue for developing an increasingly refined understanding of predator-prey
population dynamics.

Other studies have also explored the dynamics of a predator-prey system incorporating a disease
in either the prey or the predator [12]-[14]. Nevertheless, these studies use the bilinear incidence
rate to describe the transmission of the disease. Nonetheless, the bilinear incidence rate doesn’t
take into account the crowding effect of the infected individuals. Gumel and Moghadas [15]
proposed the nonlinear incidence rate, which accounts for how the crowding effect, thereby more
realistically portraying pathogen transmission dynamics as population densities fluctuate over
space and time. The added nuance of factoring density effects represents an advantageous
enhancement over the more straightforward law of mass action formulation for capturing
important epidemiological subtleties.

Accordingly, we propose a predator-prey model that includes two key elements:

1) Holling type Il functional response to describe the susceptible prey predation rate.

2) Nonlinear incidence rate for the infection transmission.

Accounting for such delays provides a more complete characterization of fundamental ecological
interactions that inevitably involve consumption history effects. Incorporating time delays into our
proposed predator-prey model with a nonlinear incidence rate could yield additional insights into
how delays interact with and amplify the impact of other complexity features in the system. This
represents a promising direction for future research to generate a highly sophisticated and
representative theoretical framework,

The nonlinear incidence rate was studied in [16], where the predator is considered to consume the
infected prey only, and the predation followed Crowley-Martin-type functional response.

In this study, we formulate an eco-epidemiological model characterizing the interaction between
a predator population and a prey population impacted by disease. The proposed model adopts a
Holling type Il functional response to represent the predation dynamics between predators and
susceptible prey, aiming to realistically capture prey defense behaviors that can impede
consumption rates. Meanwhile, a simple mass-action scheme governs the predator-infected prey

interaction, as the infection is presumed to render exposed prey less able to escape or elude capture
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by predators. We assume disease transmission occurs via direct contact between susceptible and
infected prey. Specifically, disease spread follows a nonlinear incidence rate first established by
Gumel and Moghadas in [15] that accounts for inhibitory crowding effects among infected
individuals. By integrating different functional response assumptions tied to disease state, along
with density-dependent transmission dynamics, the model aims to offer a more nuanced depiction
of predator-prey-pathogen interaction compared to mass-action formulations.

This paper offers a thorough analysis of the dynamics of the eco-epidemiological while still
considering the crowding effect; such a model can be applied in a wide range of ecosystems where
fatal diseases appear in the prey population.

2. THE MATHEMATICAL MODEL

We seek to develop an eco-epidemiological model mainly consisting of a prey and predator. The
prey specie is divided into two sub-species 1) susceptible prey (S) and 2) infected prey (). The
predators are considered to be healthy at all times.

1. When there is no disease, the prey population follows the logistical growth function with a
carrying capacity of K > 0 and a substantial growth rate constant of « > 0.

2. the prey population consists of two groups; susceptible prey S(t) and infected prey I(t). The
total number of preys at any given time t, denoted as X(t), can be expressed as the sum of these
subgroups: X(t) = S(t) + I(t). Additionally, it is posited that only susceptible prey retains the
capacity for reproduction, allowing their numbers to rise up to environmental carrying capacity.
We also presume infected prey to be incapable of recovery, reproduction or resource competition
during the afflicted stage. These assumptions aim to realistically capture the anticipated functional
limitations on prey impacted by the disease factor

3. The disease transmission between susceptible and infected prey is modeled using a nonlinear

incidence rate formula of the form % This formulation was originally proposed by Gumel and

Moghadas in 2003 and has since been widely adopted. In this expression, BI represents the
infection force exerted by infected individuals, while the % term accounts for inhibition caused

by crowding of infected prey. This approach is deemed more realistic than solely relying on a basic
bilinear rate BSI, as it considers how crowding of infected prey can hamper transmission in addition

to preventing unlimited contact rates through judicious parameter selection fitting the modeled
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system. By integrating density dependence effects, the incidence rate provides a reasonable
depiction of disease spread dynamics versus simplistic mass action assumptions.

4. We assumed the predator consumes both the infected and susceptible prey as it is unable of
identifying the infected prey from healthy.

5. We presumed that infected prey would be physically weakened by illness, making them easier
targets. Accordingly, we considered that predators could immediately overtake infected prey, for
simplicity, we treated the time spent by predators handling or subduing infected individuals as
essentially negligible. This zero-handling time assumption resulted in the predation equation
following a Volterra functional response dynamic, consistent with a Holling Type | functional
response.

6. The model stipulates that the predators’ consumption of the healthy(susceptible) prey is
happening according to a Holling type Il functional response.

The eco-epidemiological model:

ds S\ BSI mySP
& _ aS(l——)———
@ dT k/ 1+1 h+S
ar _ B IP — d,I
ar  1+1 1
dP _ e;m;SP .\ PP
aT ~ h+s &M 2
(3) S, LP>0
4) a,f,m;, my,dy,dy, eq,e3,h >0

The size of prey population

S

P:  The size of predator population

T Time

a Prey’s growth rate

my: The predation rate of the susceptible
prey

m, The predation rate of the infected
prey

e;. Conversion factor of the susceptible

prey
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e,. Conversion factor of the infected
prey
h:  Half saturation constant
d,: Infected natural death rate

d,. Predator’s natural death rate

3. THE DIMENSIONLESS FORM OF THE MODEL
In this section we seek to reduce the number of the parameters by obtaining the dimensionless
form of our model making the analysis simpler

Let’s assume that:

t
(%) sk =S,ik = L,pk = P,T =~

Substituting into (2):

ﬁzs(l—s)— a,si B bisp
©6) dt az+i ¢ +s
di a,si ]
T a3+l—b21p—czl
dp _e;bisp .
dar o+ e2byip — c3p
Where,
(7) _E _1 m _ Mk _h _
az—a>0,a3— >0, b = . >0,b, = . >0,cl—k>0,c2—
L5 0,c,=2>0

4. POSITIVITY AND BOUNDEDNESS

In this section we aim to ensure that our model is well-posed by proving its positivity and
boundness

Existence and uniqueness of the solution

Theorem 3.1. All solutions of system (6) corresponding to the initial conditions
5(0),i(0),p(0) = 0 exist and are unique in the period [0,&] where 0 < & < o and
s(t),i(t),p(t) = 0.
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s(0)=s,=>0

(8 i(0) =iy =0
p(0) =py =0
t=>0

From (6) we write:

G=s(l-s) =20 = g,(x)

dat az+i c1+s
(9) di a,si
_ 2 _ L P —
dt . ag+i byip — cyi = g,(x)
dp e1bysp .
— ===+ e,b,ip —C3p = X
At oits + e;b,ip — c3p = g35(x)

The phase space for the system (9) is
R3 = {(s,i,p) € R®: s = 0,i = 0,p = 0} Obviously, the functions f; (x), f,(x), f5(x)
are continuos functions and their partial derivatives exist and are also continuous on the phase
space R3 ;therefor these functions are Lipschitzian on R3 and so, the system (9) with the non-
negative initial condition (8) has a unique solutionon [0,€ ], where 0 < € < oo [17].
Integrating (9) with respect to initial conditions, we get

s(t) = s(0)el ALG@IEPDAx 5 ¢
(10)

i(t) = i(0)efotfz(S(x),i(x),p(x).dx >0

p(t) = p(())efotf3(5(x),i(x),p(x).dx >0

Where from (8) we have

s(0) =5,=0
i(0)=1i,=>0
p(0) =po =0
t=>0

Which proves the theorem.

Uniformly boundedness

The boundedness suggests that our eco-epidemiological model is biologically well-behaved. The
boundedness of the system (6) is guaranteed by theorem 3.2.

Theorem 3.2. All the solutions of the system (6) which starts in R} are uniformly bounded.
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Proof: for the proof of this theorem, we study two different cases for the initial value of s
Casel:

Let s(0) <1 andwe claim s(t) <1

We prove by contradiction; let’s assume s(t) = 1, then 3 t;, t, such that s(t;) =

1 and s(t,) > 1 then Vt € (ty, t,] we say s(t) > 1is true

from (10) we can write,

s(t) = s(0)e Iy f1(sG0,i0)p(0).dx _ s(0) [efotl f1(s(x).i(x).p(x)).dx+ff1fl(s(x),i(x),p(x)).dx]

t .
(11) s() = s(t,) [eftl fl(S(x),l(x),p(x))-dX]
We have s(t;) = 1 then (11) becomes:
(12) s(t) = efttl f1(s(x),i(x0),p(x).dx

but s(t) > 1 as in our assumption and

(13) fi(s(0),i@®),p@®) =s®)(1—st)) — a5 (DI®) _ bisOp®) _

az+i(t) c1+s
Going back to (12) we find s(t) < 1, contradiction.
Case 2:

Let s(0) > 1 and we claim tlim sups(t) <1

Suppose it is not true then s(t) > 1 and vVt > 0 andso f;(t) <0

From [; we have:

(14) ds _ s(1—s)— ‘1251'. _ bisp
dt as+i ¢ +s
since s(t) > 1 then,
ds
(15) E<S(1_S)<O

Integrating (15) and making t — oo we get s(t) < 1 when t — oo contradiction. Hence,

tlim sups(t) <1

Now to show that the population sizes of s,i,p are bounded, it is enough to prove the uniformly
boundness of the total populationsize I'= s + i + p forall t > 0.

d
(16) ' =54+ 1 4+ p where'= I

From (16):
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bisp

["=s(1-5s)-— (1—e) —byip(1—ey) —cyi —c3p <s(1 —s) —cyi —c3p

c1+s
we take ¢ = min{c,, c3}
I"+ol'<s(1—s)—ci—cspto(s+i+p)<s(1—-s)la;s—1)—cyi—c3p+
o(s+i+p)<s[(l-s)+o]l—(cz-0)i—(cz—0p<s[(1-s)+0]<—s>+s(1+p) <
1+owhere0 <s<1

[+ o<1+ 90 =06 constant

"+ol'< =T"<60—9ol

following the help of the theory of differential inequality [18], we obtain

6 o
(17) 0<T<T(Oe e ——e e+

Where T'(0) denotes the initial value of total population.
now whent — oo in (17) we getT' < g

(18) r<1+9

e
Which indicates that the total population size I'(t) takes of the function f that starts with the

initial value I'(0) at the initial time ¢ = 0 is bounded by the value 1:79 as the time t grows to

infinity. Thus, from (17) and (18) it can be concluded that I'(t) is bounded as

(19) 0< r<—+2
0

As in (19), we can confirm that 1;—9 is an upper bound of I'(t). Therefore, the feasible solution

for our system (6) stays in the positively invariant region Q, where Q={s,i,p) € R3:T < HTQ +

& V&> 0. Thus, our system in (6) is biologically meaningful and mathematically well-posed
in the domain Q. Examining the population fluctuations within the designated theoretical
parameters demonstrates the model's properties in that conceptual space proving the theorem.
This verification substantiates the theoretical proposition. In essence, one may consolidate the

key consequence of this proposition as the model maintains finite values for all (¢t > 0).

5. EQUILIBRIUM ANALYSIS
The system (6) has the following equilibrium states:
1) The trivial equilibrium point E,(0,0,0)
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2) The axial equilibrium point E;(1,0,0),

C2

3) The susceptible prey-free equilibrium point (EZ(O,%, ~3
202 2

4) The disease-free equilibrium point E5(5,0,p )
C3Cq

S = ———
(b1e1—c3)

_ _ creq(egby—c3(14cq))
(b1e1—c3)?

5) The predator-free equilibrium points (p-free equilibrium points) E,(s*,i*, 0)

Where s* = :—2 (a3 + the roots of the quadratic equation(v,z? + v,z + vo))
2

i* is the positive roots of the cubic equation(v,z? + v,z + v;)

V2 =0C

v, = a% — a, + 2c,a;

Vo = a3c, —asz * a,
6) Interior equilibrium points £ (3,1, p)

(e2b,X—c3)
1 e;byX+(e1b1—c3)

we
Il

1 = the positive roots of the equation(usZ> + u,Z? + u Z + u,)
- (€2b2(a3C2X+C1a2X+C2X2)+C2b1€1(a3+X)—C3(a3CZ+a2C1+C2X))
p - b2(€2b2X+(€1b1—C3))(a3+X)

X = the roots of the equation(usZ® + u,Z? + u Z + uy)

uz; = bZe’c,

U = — ((—31C12 + ((az —De; — azez)C1 - azczez)bz —2¢y * (breg — 03)) bye,

u; = azcie;e;bi(cy +1) + (—blclelz‘(az — 1) 4 (—csc? + ((az — ez + azbiey)cy +

2a3b10292)91 — 2c3e; * (azcr + a3cz)) b, + c,(bye; — c3)?

Ug = (Czcy? + e ((breg — c3)(byc, + bycy) — C3b2C12)) az — azc,c3(byey —c3)

Feasibility
Obviously, the equilibria E,, E; are feasible while E, is not feasible so there will be no need to

further analyze it, E; is feasible under the conditions c;(1 + ¢;) < b;e;
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To determine the feasibility of E, we can say that the predator-free equilibrium points (p-free
equilibrium points) E,(s*, i, 0)exists if and only if there is a solution where s*,i* > 0 and

p* = 0 to the following algebraic nonlinear system:

a,Ssi b1sp
1-— et S Sl
S( S) asz+i c1+s
(20) .
a;si , .
oot byip —ci =0
e1bq1sp

——+eybyip—c3p=0

c1t+s

Substituting s = s*,i = i* and p = 0 to the system (20) we get

a,s i
s*(1—-s") — 2 l_* =
(21) as +1
a,s*i* ]
T Czl* —_ 0
az + i
By summing the equations in (21) we get,
S*(1—=5s") —ci* =
(22) (1=5)—ci" =0
(23) L st —s")
C2
But i* > 0 then from (23) we can write:
* 1 — *
(24) ssA-s9_,
C2
(25) s*(1—=s")>0
Which leads to
(26) 0<s*<1

Therefor E, is feasible under the condition

0<s*<1&0<i*<-——

4cy

For the interior equilibrium point E(8,1,p) is feasible if and only if there is a solution where
5,1, > 0 to the following algebraic nonlinear system:

ST biSp _
a3+i C1+§ - O (rl)

a,Ss1 _ P

T byip —ci =0 ...(1rp)
elb1§ﬁ e ~

45 +e,bip—c3p=0 ..(r3)

From r;we get
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(27) 7= 1 (C _ elb1§)
e, b, c1+5§

When 7> 0, if ¢; < bye; then

(28) 5 €1
(e1hy —¢c3)
If c3 > bye, then

(29) § > C1C3
(e1hy — ¢3)

From r, we get

(30) I L
P = b (az+D by

when p > 0 then

(31) 'i < a2§ - a3C2

C2

Since @ > 17> 0 then,

2

asc
a,

Therefor E is feasible under the either the conditions % <§<1lwhencs>be; &0<I<

2
8257036 o 839 5o 9% yupep c3<be; &0<i< 9257056
cy az (e1b1—c3) C2

6. LOCAL STABILITY ANALYSIS
In this section we shall discuss the local stability of the equilibrium points we determined in the
previous section. We will use the notation LAS instead of the term locally asymptotically stable.
The Jacobean matrix for the system (6),

a1 Q12 Q413

J = (a2,1 az. a2,3>
azq1 Q32 0d3z3
a,i bip b;sp

as;+i ci+s (¢ +5)?

a1'1=1—25 -

a,s a,si
A2 = —— - ~z
az+i  (az+i)
bis ayi
a = — a =
1,3 ots ' 21T
_ azs apsi _ .
Q22 = ——— — byp — €3, ay3 = —byi

a3+i (a3+i)2
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__eibip s _
as, = _(1 - _), as, = e;byp

C1+S C1+S
elb]_S .
Az 3 = +e,b,i — ¢
3,3 c1+s 272 3

Now we analyze around each equilibrium point,
Around E;(0,0,0)

1 0 0
Jo = (0 —c, 0 ) and the eigenvaluesare 1, =1, 4, = —¢y, A3 = —c3 4, >0 = E|,

0 O _C3
unstable.
Around E;(1,0,0)
-1 =2 _h
as c1+1
Ji=| 0 %—Cz 0 , and the eigenvaluesare 1, = —1, 1, = ebr _ C3, A3 =
3 c1+1
\ o o0 2_3 /
c1+1
_ 2
cy + .
2, < 0ife, >l Ay < 0ifc, > 2
c ) Cp > —
2 ifcs o +1 3 ifc, s
ifc,>%2 &cy > thend, <0 = E, is LAS.
as c1+1
Around E5(5,0,p)
Hl,l H1,2 H1,3
Js=|Hz1 Hy, Hys
H3,1 H3,2 H3,3
_ _ _ C3 - elbl—c3
Hi, = —(cy(e1by + c3) — (e1b1 — ¢3)) Bror—eobes if 0<c < ebire, P then H;; >0

- e1b1—63
if ¢, > eibire, P2 then H;; <0
. _ elb1—63 _
if ¢c; = ebiic, " P3 then H;; =0
Hl 2 = _a2C3 C—1 < 0

’ (bie1—-c3)*az

H1'3:_C_3<O

€1

__azcz(breg—c3)—azbyeq(bies—c3(c1+1)) —c if azcz(biei—c3)—azbyeq(brei—c3(ci+1))
2 2
az(byeq1—c3)

> Cy .o Py

asz(bie;—c3)?

azcz(biei—c3)—azbes(byeg—cz(ci+1))
az(bye;—c3)?

then, Hz‘z >0 if < Cy ... Ps then HZ,Z <0

13

is
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e;b;—c3(c1+1)
H;q = ——"— b31 >0

byeq—cs(c1+1)

(bre;—c3)?

Hy1 =Hy3=H33=0

And the characteristic equation is
B+ L, 2+ L A+L,=0

H3‘2 = ezbzclel > 0

L, = —(H1,1 + Hy, + H3,3) = —(H1,1 + Hz,z)

Ll = H1,1H2,2 + H1,1H3,3 + H2,2H3,3 - H1,2H2,1 - H2,3H3,2 - H1,3H3,1 = H1,1H2,2 - H1,3H3,1

LO = H1,3H3,1H2,2 + H1,2H2,1H3,3 + H1,1H2,3H3,2 - H1,3H2,1H3,2 - H1,1H2,2H3,3 - H1,2H3,1H2,3
= H,3H31H;,

According to Routh Hurwitz Stability Criteria E5 is LASif L,,L, >0 and L;L, > L,

If Lo >0 then H;3H3,H,, >0

Hi3 <0and Hs; > 0 then H,, < 0...(n,) which means that ps should be satisfied.

If L, >0 and taking (n;) into accountthen H;; + H,, < 0...(n,) which means either ps

and p, are satisfied or ps,p; and Hy; < H,,

If LyL, > Lo then —(Hy1Hap — Hy3Hsq)(Hyy + Hyp) > HygHy Hop =

—H1,1H2,2(H1,1 + Hz,z) + H,3H3,H,1 > 0= Hy 4 (H1,3H3,1 - Hz,z(H1,1 + Hz,z)) >0..(n3)

Using the conditions (n,), (n2) in  (n3) we getthat (n3) is satisfied only when H,,; <0
which means if ps and p, are satisfied then E; is LAS
Around E,(s*,i*,0)
W1,1 W1,2 W1,3
Jo=| W21 Wiy Wy
W3,1 W3,2 W3,3

* aZi*
W,,=1-2s" — -2
’ az+i*
a,s* a,s*i* bys* azi*
W12=_ - ,2<O,W13=_ <OW21= >0
’ az+i*  (az+i*) ’ c1+s* ’ az+i*

a;s* a,s*i*

w,, = — —C,,, Woa==bi" <0
2,2 a3+i* (a3+i*)2 2 2,3 2
e1bs* .
W51=0, W3,=0, W35 = Cl +15* + eybyi" — c3
1

L, = —(W1,1 +W,, + W3,3)
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Ly =WiiWao + Wy W33+ Wy W3 — WioWo g — WosWay —WysWsy =Wy 1Ws, +
Wi 1Wsz + Wy W33 — Wi ,Wo,

Lo = Wi sWs W + Wi Wo 1 W33 + Wy 1 Wy s W3y — Wiz W5 W3, — Wi 1 W, W33 —
Wi W31 Wo 3 = Wy W5 1 W33 — Wy 1 W, , W33

According to Routh Hurwitz Stability Criteria E, is LASif L,, Ly, >0 and L;L, > L,
If L, >0 then Wy, + W, + W5 <0...(p1)

If Lo>0 then Wy, W, Wys — Wy Wy ,Ws3>0..(p5)

If LiLy > Lo then —(Wyq + Woy + Wa3) (Wi Wog + Wy Wa g + Wy s W5 — Wy, W,y ) >

W1,2W2,1W3,3 - W1,1W2,2W3,3 (p3)
E, is LAS with the conditions (p;), (p2), (p3).
Around E(8,1,p)

T, T, Ti3
J=|Tz21 Tz2 Tz3
T3, T3, T3
4 ox_ G bip | bi3p
Tl'l - 1 ZS a3+i C1+§ (C1+§)2
_ a2§ a2§i — b1§
T1'2 - a3+i* + (a3+i)2 < O’ T1'3 - C1+~ < 0
_ azi
T2’1 - a3+i > O
a2§ a2§i ~ . . ~
T,, = — — ——— — b,p — ¢, substituting the value of p from (r,) we get T, , =
’ az+i  (az+1)? ,
a,S1 ~
- (a32+i)2 < O ,T2,3 = _bzl < O
T elblﬁ(1 5 )>OT b, > 0
= — - — ) =e
3,1 c+3 L +3 3,2 202
bi§ -
T3’3 = eC11+1;S‘ + ezbzl - C3

L, = —(T1,1 + Ty, + T3,3)

Ly =Ti1Top + T11T33 + T3 3T53 — Ti2T51 — T3T32 —Ti3T541
Loy =Ty 3T31 T2 + T12T51T33 + T11T23T32 — T13T21T32 — T11T22T33 — T12T31T23
According to Routh Hurwitz Stability Criteria E, is LASif L,,Ly, > 0 and L,L, > L.

7. BIFURCATION ANALYSIS

15

In this section we aim to explore some of the bifurcations that might occur in our system (6) using

two theories 1) Sotomayor’s theorem [19] and 2) the Hopf Bifurcation Theorem [1]. To apply
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Sotomayor's theorem, we must first verify that one of the eigenvalues associated with the Jacobian
matrix evaluated at a bifurcation equilibrium point is equal to zero.
Let V = (vy,v,,v3)T and U = (uy, up, u3)T represent the eigenvectors of the Jacobian J and

its transpose JT, respectively, calculated at the equilibrium point under examination.
Let f = (f1, fo, f3)T where,

a,si bisp

= 1— —
fl S( S) az+i c1+s
__apsi _ . .
f2= dati byip — c,i
_ €1b15p
f3= + e;byip — c3p

c1t+s

Theorem 7.1. System (6) experience a transcritical bifurcation with respect to the bifurcation

parameter b, around E;(10,0) if, by === p, . keeping the following condition,
%
€ >
Proof.
For E;(1,0,0) we have the following eigenvalues, are 2, = —1, 1, == —cz, Az = elfll —C3
a b
-1 =2 __1
as ¢ +1
0 = 0
Ji= s C2
e.b
0 L3
cg+1
If we take b; = CEIGRETIN eigenvalues can be written as, are 4, = —1, 4, = ——cz, A3 =0
as

€1

and the Jacobean matrix can be written as,

1 az b,
as c;+1
= a
h 0 =2—c 0
as
0 0 0

Now the eigenvector corresponding to A = 0for Ji; AxV =%V

T
1
. (1,0, _@)
b,

the eigenvector correspondingto A =0 for JT; AxU =T xU
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U=(001"

Let’s calculate f}, ;

0
fo, (El'bl[m]) - {8}

And then we can write,

(33) Q=WT"xf, (Evbl m]) =0
(34) Q =WTx [Dfm (El'bl[Tc )V] 5 0
(35) 0 =W [Dfy, (Bxbagre,)) V)] = - (61%1);& ’

From (33), (34) and (35) and according to Sotomayor’s theory a transactional bifurcation occurs

at El(l,0,0) for bl = bl[Tcl].

Hopf Bifurcation at E3
To study the Hopf bifurcation at E; we will first assume that D is a bifurcation parameter for
some system with the following characteristic equation corresponding to some equilibrium point
say E(s,i,p) of the system (6) is

(36) A2+ G (D)A% + G,(D)A + G3 = 0.
We can now state the Hopf Bifurcation Theorem as it applies to our analysis:
Theorem 7.2 (Hopf Bifurcation Theorem) [1]. Suppose functions C;(B),C,(B),C3(B) are
continuous with respect to parameter B within a neighborhood N,(Dy) of Dy € R, where D >
0. If the characteristic equation (36) exhibits:
i) A complex-conjugate pair of eigenvalues A = k(D) + il(D)(with k(D),l(D) € R) such

that they turn into purely imaginary eigenvalues at D = D, and |D —p, = 0

i) the remaining eigenvalue is negative at D = D, will occur around equilibrium point E at
D = Do.
Theorem 7.3. Provided the disease-free equilibrium point E5(5,0,p ) satisfies the biological

constraints of positivity, a simple Hopf bifurcation will emerge around around the equilibrium

e *by1—c3 2c3

oint E;, at ¢, =c¢ =—= —_—
P 3 1 H1 (eq*by+c3) (91*b1+ 3)

on the condition that ¢y is positive.

Proof.
One of J; eigenvalue is represented as
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az03(b1e1—C3)—asbze1(b131—C3(01+1))
az(bies—c3)?

While the remaining two eigenvalues are the solutions of a quadratic equation of the form:

— ¢, < 0 according to the local stability condition (n,)

(37) (/12 - H1,1/1 - H1‘3H3‘1) == 0
Consider:
J, = (H1,1 H1,3)
3 H3’1 O

1) tr(j3|cl=cH1) =0

c3 e1xb1—c3*(c1+1)
e1 by

2) det(j3lc1=CH1) = >0

3) When (c; = cyy) the characteristic equation (37) becomes A2 + det(f3l¢,=c,,) = 0

with purely imaginary roots.
a
dCl

C3

4) tr(i3)|cl=cH1 = (e; * by +¢3) * #0

Therefore, we can say that the Hopf bifurcation theorem conditions are all satisfied. Hence the
Theorem 7.3 is proved.

8. GLOBAL STABILITY

Through this section we will discuss the global asymptotically stability (GAS) of the equilibrium
points which we proved their locally asymptotically stability in section (5).

Theorem 8.1. If E;(1,0,0) is LAS then it is Globally asymptotically stable (GAS) in  I1;:

}

I, = {(s,i,p) € R}, where c; >

1
cq+1
Proof.

We took a Lyapunov function used by many other researchers such as [20], [21] to analyse the
global stability of various forms predator-prey models, and modified it to fit our model as the
following:

Li(s,i,p)=(s—1—Ins)+i+p
Here L,(s,i,p), is a positive definite function for all (s, i, p) other than (1,0,0)

Computing the time derivative of L along the solutions of the system (6) will give us;

dLq s—l( a,si blsp) a;si . . e1bisp .
—=—(s(1-5s) - - + — byip — i + + e, byip —c3p =
dt s ( ) az+i  cq1+s az+i 2tP 2 c1+s 2D2lP 3P
a;si bis ai b a;si . . e1bis .
s(1—s)— 22 _ 2P _ (1) 4+ 2 4 P L 2% hip— i + 222 4 eobyip — c3p =
az+i  ci+s az+i  ci+s  az+i c1+s
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—(1-95)2%+ (a:ii - cz) —1) + byip(e, — 1) + (C - c3)p
in I, wehave c; > -2
C1+1

And from the local stability conditions we have ¢, > 22 >

as a3+l

We get &<0

Also L,(1,0,0) = 0. As this equilibrium point E; = (1,0,0) is the lone solution to model (6)
satisfying the condition s = 1, LaSalle's invariance principle [22] entails GAS.

Theorem 8.2. If E5(5,0,p ) exists and is LAS then it is Globally asymptotically stable (GAS)
in Ij:

C1C3 C161(61b1 C3(1+C1)) A
(bre1—c3)’ (b1e1—c3)?

I; = {(s,i,p) ER3:0<s < <cz}
as

Proof.

Let us consider a suitable Lyapunov function

1

L3(s,i,p)=A(s—s‘—§ln§)+i+B(p—;5—ﬁln ) Where A > 1,B =

'3|

ez

L is obviously positive definite and continuous on Il

dL S [ b i . .
Furthermore, =2 = 4 (1 - E) (5(1 —5) — 2= _ 1Sp) + 25 _ b,ip — cyi +

az+i  c1+s az+i
B (1 — E) (elblSp + e,b,ip — c3p)

P c1+s
AGs—35)(1—5)—A “zs‘l —A i’ﬁ A Z:i + As‘ilfs + Z:fi — byip — cyi + B(p — P)e,byi +
rp - p(oins)

A=A =)+ (1= + 22 (E - ) +i (472 — ;) + bi(B(p — Ple; = p) +
B(p - p) (%) <AG-HA-)+ZA-M+ 2L (5-9) +
() (1) s ()

In TI; we have p < p, s<§,AC;i§<c2
3
Sincep<ﬁ=>§<1 and 1 —p <1 then @<1

And from the feasibility conditions we have c3(1+ ¢;) < bye;
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We get <9
dt

Also L;(5,0,p) = 0. As this equilibrium point E5(5,0,p ) is the lone solution to model (6)
satisfying the condition s =5 and p = p, LaSalle's invariance principle [22] entails GAS.

9. NUMERICAL SIMULATION

We carried the numerical simulation using fourth-order Runge-Kutta subjected to the positive
initial conditions s(0) = s,, i(0) =iy, p(0) = p, using MATLAB R2022a. we executed
numerical simulations to verify our analytic theoretical findings with a hypothetical, biologically
set of parameters:

(a, = 0.02,a; = 0.002,b; = 1.1,b, = 500,¢; = 0.1,c, = 11,¢3 = 0.4,¢; = 0.35,e, = 0.5),
with the initial conditions (s, = 0.65,i, = 0.4, p, = 0.2), and then varying some of the
parameters’ value according to the feasibility, LAS and GAS conditions of each feasible

equilibrium point we have.

= = Susceptible Prey (S)
18- m— |nfected Prey (1) T
Predators (P|
- redators (P) 1 0.4 -,
14 -
0.3-
12t & i
5 g
= 1= L e am mm s emm ms mm s owe o © -
TN sl 1 g
a ¥ i [ e
g 08- 1
a / 0.1 (
o6l 4 1
\ = _—-
o4g. 7 0
EN 04
0.2
[ 03 1
0 02 T o 08
02 ‘ ‘ s l 01 T 06
0 20 40 60 80 100 Prey | 0 04 Prey §

Tima

Fig. 1. Globally stable behaviour of E;
(az = 0.02, a3 = 0.002, bl = 1.1, bz = 500, L = 0.1, Cy = 11, C3 = 0.4, e = 0.35, e, = 0.5)

For the mentioned set of parameters, we notice that the trajectories start from (0.65,0.4,0.2) and
converges to the equilibrium point in which only the susceptible prey survives while the infected
prey and the predator wash out of the system, demonstrating a stable equilibrium.

We can notice that while the infected prey is still in the system the predator population increases

but, as soon as the infected prey population is about to wash out of the system the predator
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population number starts dropping until it washes out of the system as well a while after the
extinction of the infected prey. Furthermore, the susceptible prey grows and reaches its stable state
a while before the extinction of the predator (see Fig 1). When the predation rate of the susceptible
prey b; crosses the value (b; = 1.257142857142857) where E; loses its stability and

undergoes a transcritical bifurcation (see Fig 2)
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Fig. 2. E4, E; changing stability for b; = 1.257142857142857
As a result of the transcritical bifurcation that the system undergoes E;, E; change their stability
statues for b; = 1.257142857142857 where the system converges toward a stable state

around E5 for b, > by, . where both the predator and the susceptible prey survives and the

infected prey is washed out of the system (see Fig. 3). When we raise the value of b, fora

certain value say b; > 1.4 the system goes into unstable state and a limit cycle is born as we

can see in fig.4.
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Fig. 4. Unstable behaviour for Gaining stability for b; = 1.4

Figure 5, show that the equilibrium point E; is stable with parameters’ values of

(a, = 0.02,a; = 0.002,b; = 0.35,b, = 500,¢; = 0.102,¢, = 0.3,c3 = 0.1,e; = 0.35,¢, =
0.5), with the initial conditions (s, = 0.65,i, = 0.4,p, = 0.2). The previous parameters’
values satisfy the stability conditions of E;. In the absences of the infected prey, the system
experiences a Hopf bifurcation as the parameter ¢, crosses the critical value c¢; = ¢y =
0.101123595 (see Figure 6) and a limit cycle is born around E;, (see Figure 7).
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Fig. 5. Globally stable behaviour of Ej
(az = 0.02, a3 = 0.002, bl = 0.35, bz = 500, (S 0.102, Cy = 0.3, C3 = 0.1, e = 0.35, e, = 0.5)
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Fig. 6. Hopf bifurcation in E3 for ¢; = cy; = 0.101123595
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Figure 8, show that

the equilibrium point E,

is stable with parameters’ values of

(az = 1, as = 0002, b1 = 035, bz = 35, 1= 01, Cy = 02, C3 = 04‘, e = 035, e, = 05),

with the initial conditions (s, = 0.65,iy = 0.4,p, = 0.2).

The previous parameters’ values satisfy the stability conditions of E,. The susceptible prey

survives the system for the previous parameters’ values and achieve a stable state at s = 0.2 for

t = 125, shortly before the predator washes out (See Figure. 9)
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Fig. 8. Stable behaviour of E,
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Fig. 9. Stable state of the susceptible prey (s=0.2) around E, for (a, =1,a; =
0.002,b, = 0.35,b, =3.5,¢;, =0.1,¢, =0.2,¢5 = 0.4,¢; = 0.35,¢, = 0.5)

Figure 10, show that the equilibrium point Eg is stable with parameters’ values of
(az = 05, as = 0002, b1 = 035, bz = 25, 1= 01, Cy = 0025, C3 = 04‘, e = 035, e, =
0.35), with the initial conditions. The previous parameters’ values satisfy the stability conditions

of Es. For the previous parameters’ values, we can see how the system experience a stable co-
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existence equilibrium with the infected prey population number dropping down to a stable state of
i = 0.0345, it can be noticed that the system reaches equilibria very fast around (t = 13) .

Suscetible Prey (S)
= = Infected Prey (I)
1 Predators (P)

0.35

0.8
0.4

0.2} ! 0.2,

0.3

Population
Predator
h

N e e = == = 03 T f e o7

> Voo o5
. . . . . . S 0.4
0.2 Prey | 0 03 Prey S

Fig. 10. Stable behaviour of Ej
(a, =0.5,a; = 0.002,b; = 0.35,b, = 25,¢; = 0.1,¢, = 0.025,¢c3 = 0.4,e; = 0.35,e, = 0.35)

10. RESULTS

In this study, we analysed an eco-epidemiological model characterizing the interaction between a
predator population and prey afflicted by disease. Rather than assume infection transmission
followed a simple mass action formulation proportional to susceptible and infected prey

populations, we adopted a nonlinear incidence rate of the form f—fi rooted in density dependence

effects. We also accounted for infection potentially rendering prey more vulnerable by stipulating
predators consumed infected prey according to mass action dynamics, while predation upon
uninfected prey obeyed a Holling Type Il functional response. Overall, this work aimed to generate
a more nuanced understanding of predator-prey interactions complicated by disease spread
according to the nonlinear incidence rate.

We proved that our model is ecologically well-posed as we showed the positiveness and boundness
of the proposed model, determined the equilibrium points where we found:

1- one equilibrium at the origin E, which is feasible but unstable

2- one axial equilibrium E; which is feasible and globally asymptotically stable we also

established the conditions for the trancritical bifurcation which occur at E;
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3- three planar equilibria E,, E5, E, where E, is not feasible while E5 and E, are feasible
and GAS for some conditions which we established. We also established the conditions at which
the E5; go through a Hopf bifurcation resulting in a limit cycle around E;

4-  Finally, one interior equilibrium point at least which is feasible and stable for some parameters’
values as it was shown through the numerical analysis

Our findings align with the findings of [16], [23], as we have shown the impact of infection and
predation rates on our model. We also conducted thoroughly analysis to our proposed model

exploring interesting bifurcations occurring around E; and Ej;.

11. DISCUSSION

We found that the predation rate highly affects our proposed model as it could to a different type
of bifurcations as we showed that for high enough predation rate a transcritical bifurcation occurs
where E; and E; change stability and the solution converges into a state where both the
susceptible prey and the predator survives instead of only the susceptible prey surviving the system.
While raising the predation rate for a value higher than a certain limit destabilize the system leading
to the born of a limit cycle. We can also notice the direct relation between the Hopf bifurcation
constant and the predation rate, showing the important role of the predation rate in creating a limit
cycle and presenting a Hopf bifurcation to the proposed model highlighting the important role of
the predation rate.

The infection rate on the other hand plays an important role in the dynamic of the system where
for different values of the infection rate S and for some set of the parameters’ values as we seen
in the numeric simulations the system can converge into one of three states, i.e. If we decreased
the value of the infection rate less than a certain value say f; it can lead to the extinction of the
infected prey and two stability cases one where only the susceptible prey survives the system and
the second where both the susceptible prey and the predator survives; When the infection rate
reaches the value £; and in the period f; < f < S, the infected prey survives the extinction
leading to state of co-existence stability between the three species; Finally, when the infection rate
hits a certain value B, and in period say [, < < f3 it leads to a high decrease in the
susceptible prey numbers causing the predator to extinct and stabilizing the system. Furthermore,
when the predation parameter goes higher than a £ it destabilizes the system creating a limit
cycle.
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Moreover, this model can be better improved by studying different factors and the way they affect

this model (such as harvesting, immigration, Allee effect, refugee effect, etc.).
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