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Abstract. An epidemic model for trypanosomiasis-malaria co-infection dynamics is formulated to study the effect

of diffusion on the disease dynamics. The basic reproduction number is calculated using the next generation matrix

approach. The local stability of the spatially homogeneous disease-free equilibrium of both the trypanosomiasis

and malaria aspect of the model are obtained through Routh-Hurwitz criteria. The local asymptotically stability of

the spatially homogeneous disease-free equilibrium of the co-infection is also examined. The global stability of

the spatially homogeneous disease free-equilibrium is established by using a suitable Lyapunov functional.
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1. INTRODUCTION

Reaction diffusion equations are used to describe many physical phenomena in science. A

reaction-diffusion equation takes the form:

(1)
∂u
∂ t

= D4u+F(u)
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where u ∈ Rm denotes biological or physical phenomenon, D ∈ Rm×m denotes the diffusion

coefficient matrix, 4 is associated Laplacian with respect to the diffusion of the organism and

F(u) denotes the biological or chemical reactions.

Reaction-diffusion models have gained the attention of many researchers in epidemiology by

looking at the effect of diffusion on disease spread. Lofti et al. [1] studied the dynamics of

a specific nonlinear incidence rate on a reaction diffusion SIR model with homogeneous Neu-

mann boundary condition. The global stability of both the disease free and endemic equilibria

are established through suitable Lyapunov functionals.

Hattaf and Yousfi [2] constructed Lyapunov functionals to study the global stability of some

diffusion equations in biology. The idea of constructing the Lyapunov functions in the ordinary

differential case are employed to the obtain the Lyapunov functionals for the diffusion equa-

tions. This technique is also amplified in [3-5].

Wang et al. [6] studied a reaction-diffusion SIR via environmental driven infection in heteroge-

neous space. The global dynamics of the disease free equilibrium point for homogeneous and

heterogeneous case were examined. Elawi and Al Agha [7] examined reaction-diffusion within

host malaria dynamics with cell-mediated immune response and antibody. The global stability

of all the possible equilibrium points were determined by selecting suitable Lyapunov func-

tionals and using LaSalle invariance principle. Liu et al. [8] established an SIVR model with

diffusion, spatially heterogeneous, latent infection, and incomplete immunity in the Neumann

boundary condition. The stability of the equilibrium point is established in relation to the basic

reproduction number. The operator semi group method was also used to prove the dynamic

behaviour of the model.

The goal of this work is to investigate the local and global stability dynamics of the disease

free equilibrium point of the reaction-diffusion of trypanosomiasis-malaria model in a spatially

homogeneous space.

2. MODEL FORMULATION

The formulated model for the co-dynamics of trypanosomiasis and malaria divides human

populations Nh into susceptible humans Nss,humans exposed to trypanosomiasis only Nes, hu-

mans infected with trypanosomiasis only Nis,humans recovered from trypanosomiasis only
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Nrs,humans exposed to malaria only Nse, humans infected with malaria only Nsi,humans re-

covered from malaria only Nsr, Nrr represents those who are not susceptible to either infection

but may includes those who are still exposed or infected with either infection or both. The

model is designed in such a way that a susceptible individual person becomes exposed to try-

panosomiasis or malaria after an effective contact with an infectious tsetse fly or mosquito with

transmission rate φh and βh respectively. The susceptible human compartment is increased as a

result of new recruitment at rate Λh and as result of loss of immunity to both trypanosomiasis

and malaria respectively at rate ωt and ωm respectively. The model takes into account both the

natural death, disease-induced mortality and co-infection parameter ρm and ρt for both malaria

and trypanosomiasis respectively.

The mosquito compartment is divided into three classes namely susceptible mosquitoes Sm(t),

exposed mosquitoes Em(t) and infectious mosquitoes Im(t). The total mosquitoes population

is given by Nm(t). We divide the tsetse fly population into three sub cases namely susceptible

tsetse flies St(t), exposed tsetse flies Et(t) and infectious tsetse flies It(t) while the total size of

the tsetse fly population at any given time t is denoted by Nt(t).

Let D1,D2, · · · ,D14 represents the diffusion constants of

Nss,Nes,Nis,Nrs,Nse,Nsi,Nsr,Nrr,St ,Et , It , Sm,Em, Im respectively.

Thus, we have the following system of equations.
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∂Nss(t,x)
∂ t = D14Nss +Λh− ct φhNssIt

Nh
− cmβhNssIm

Nh
−µhNss +ωtNrs +ωmNsr

∂Nes(t,x)
∂ t = D24Nes +

ct φhNssIt
Nh
− (µh +σt)Nes− ρmλmNesIm

Nh

∂Nis(t,x)
∂ t = D34Nis +σtNes− (µh +δa +θt)Nis− ρmλmNisIm

Nh

∂Nrs(t,x)
∂ t = D44Nrs +θtNis− (µh +ωt)Nrs + εmNrr− λmNrsIm

Nh

∂Nse(t,x)
∂ t = D54Nse +

cmβhNssIm
Nh

− (µh +σm)Nse− ρt λt NseIt
Nh

∂Nsi(t,x)
∂ t = D64Nsi +σmNse− (µh +δb +θm)Nsi− ρt λt NsiIt

Nh

∂Nsr(t,x)
∂ t = D74Nsr +θmNsi− (µh +ωm)Nsr + εtNrr− λt NsrIt

Nh

∂Nrr(t,x)
∂ t = D84Nrr +

ρmλm(Nes+Nis)Im
Nh

+ ρt λt(Nse+Nsi)It
Nh

− (µh + εt + εm)Nrr

+λmNrsIm
Nh

+ λt NsrIt
Nh

∂St(t,x)
∂ t = D94St +Λt − ct φt NisSt

Nt
−µtSt

∂Et(t,x)
∂ t = D104Et +

ct φt NisSt
Nt
− (αt +µt)Et

∂ It(t,x)
∂ t = D114It +αtEt − (δt +µt)It

∂Sm(t,x)
∂ t = D124Sm +Λm− cmβmNsiSm

Nm
−µmSm

∂Em(t,x)
∂ t = D134Em + cmβmNsiSm

Nm
− (αm +µm)Em

∂ Im(t,x)
∂ t = D144Im +αmEm− (δm +µm)Im



(2)
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with (t,x) ∈ Q = (0,T )×Ω with spatial domain Ω

The system is imposed with Neumann boundary condition and it is given by

∂Nss(t,x)
∂n

=
∂Nes(t,x)

∂n
=

∂Nis(t,x)
∂n

=
∂Nrs(t,x)

∂n
=

∂Nse(t,x)
∂n

=
∂Nsi(t,x)

∂n
=

∂Nsr(t,x)
∂n

= 0

∂Nrr(t,x)
∂n

=
∂St(t,x)

∂n
=

∂Et(t,x)
∂n

=
∂ It(t,x)

∂n
=

∂Sm(t,x)
∂n

=
∂Em(t,x)

∂n
=

∂ Im(t,x)
∂n

= 0

with (t,x) ∈ (0,T )×∂Ω and initial condition

Nss(0,x) = N0
ss,Nes(0,x) = N0

es,Nis(0,x) = N0
is,Nrs(0,x) = N0

rs,

Nse(0,x) = N0
se,Nsi(0,x) = N0

si,Nrr(0,x) = N0
rr,St(0,x) = S0

t ,

Et(0,x) = E0
t , It(0,x) = I0

t ,Sm(0,x) = S0
m,Em(0,x) = E0

m, Im(0,x) = I0
m,x ∈Ω

3. MAIN RESULTS

3.1. Trypanosomiasis.

The Trypanosomiasis only aspect of the model (2) is given by

∂Nss(t,x)
∂ t = D14Nss +Λh− ctφhNssIt

Nh
−µhNss +ωtNrs

∂Nes(t,x)
∂ t = D24Nes +

ctφhNssIt
Nh

− (µh +σt)Nes

∂Nis(t,x)
∂ t = D34Nis +σtNes− (µh +δa +θt)Nis

∂Nrs(t,x)
∂ t = D44Nrs +θtNis− (µh +ωt)Nrs

∂St(t,x)
∂ t = D94St +Λt− ctφtNisSt

Nt
−µtSt

∂Et(t,x)
∂ t = D104Et +

ctφtNisSt
Nt
− (αt +µt)Et

∂ It(t,x)
∂ t = D114It +αtEt− (δt +µt)It



(3)
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TABLE 1. The description of parameters of model (2)

Definition Symbols

Recruitment term of the susceptible humans Λh

Biting rate of Mosquito cm

Biting rate of Tsetse fly ct

Probability that a bite by an infectious mosquito result in transmission

of disease to human βh

Probability that a bite by an infectious tsetse fly result in transmission

of disease to human φh

Probability that a bite results in transmission of parasite to a susceptible mosquito βm

Probability that a bite results in transmission of parasite to a susceptible tsetse fly φt

Progression rate of humans exposed to trypanosomiasis to infectious class σm

Progression rate of humans exposed to malaria to infectious class δm

Per capita transition rate of recovered humans from malaria ωm

Per capita transition rate of recovered humans from trypanosomiasis ωt

Natural death rate of humans µh

co-infection parameter for malaria ρm

co-infection parameter for trypanosomiasis ρt

loss of immunity to malaria in the co-infection εm

loss of immunity to trypanosomiasis in the co-infection εt

effective treatment rate of humans infected with trypanosomiasis only θt

effective treatment rate of humans infected with malaria only θm

Recruitment rate of susceptible mosquito only Λm

Recruitment rate of susceptible tsetse fly Λt

Progression rate of the exposed mosquito to infectious mosquito αm

Progression rate of the exposed tsetse fly to infectious tsetse fly αt

Natural death rate of mosquito µm

Natural death rate of tsetse fly µt

Disease induced death rate of humans infected with malaria δb

Disease induced death rate of humans infected with trypanosomiasis δa

Disease induced death rate of mosquito δm

Disease induced death rate of tsetse fly δt
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The system has a disease free equilibrium πt
0 = (N0t

ss ,N
0t
es ,N

0t
is ,N

0t
rs ,S

0t
t ,E0t

t , I0t
t ) given below as

(4) π
t
0 =

(
Λh

µh
,0,0,0,

Λt

µt
,0,0

)
The basic reproduction number of (3) can be obtained easily using the next generation matrix

method[10,11] and is given by

(5) R0t =

√
ct2φhφtαtσt

(µh +σt)(µh +δa +θt)(αt +µt)(δt +µt)

3.1.1. Local Stability I.

Theorem 3.1. The spatially homogeneous disease-free equilibrium solution πt
0 of (3) is locally

asymptotically stable if R0t < 1 and unstable otherwise.

Proof. System (3) is linearized about arbitrary spatially homogeneous equilibrium point

(Nss,Nes,Nis,Nrs,St ,Et , It). Let there exist small perturbations Ns1,Ne1,Ni1,Nr1,S1,E1, I1 as dis-

cussed in [12]. The resulting differential equation is given by

∂Ns1
∂ t = D14Ns1 + c11Ns1 + c12Ne1 + c13Ni1 + c14Nr1 + c15S1 + c16E1 + c17I1

∂Ne1
∂ t = D24Ne1 + c21Ns1 + c22Ne1 + c23Ni1 + c24Nr1 + c25S1 + c26E1 + c27I1

∂Ni1
∂ t = D34Ni1 + c31Ns1 + c32Ne1 + c33Ni1 + c34Nr1 + c35S1 + c36E1 + c37I1

∂Nr1
∂ t = D44Nr1 + c41Ns1 + c42Ne1 + c43Ni1 + c44Nr1 + c45S1 + c46E1 + c47I1

∂S1
∂ t = D94S1 + c51Ns1 + c52Ne1 + c53Ni1 + c54Nr1 + c55S1 + c56E1 + c57I1

∂E1
∂ t = D104E1 + c61Ns1 + c62Ne1 + c63Ni1 + c64Nr1 + c65S1 + c66E1 + c67I1

∂ I1
∂ t = D114I1 ++c71Ns1 + c72Ne1 + c73Ni1 + c74Nr1 + c75S1 + c76E1 + c77I1



(6)

where ci j(i, j = 1,2, · · · ,7) are the elements of the Jacobian matrix at the disease free equilib-

rium, πt
0.
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Let there exist a series solution of (6) of the form:

Ns1 = ∑k Nskeλ tcoskx

Ne1 = ∑k Nekeλ tcoskx

Ni1 = ∑k Nikeλ tcoskx

Nr1 = ∑k Nrkeλ tcoskx

S1 = ∑k Skeλ tcoskx

E1 = ∑k Ekeλ tcoskx

I1 = ∑k Ikeλ tcoskx


(7)

Equation (6) can thus be converted into:

(c11−D1k2−λ )Ns1 + c12Ne1 + c13Ni1 + c14Nr1 + c15S1 + c16E1 + c17I1 = 0

c21Ns1 +(c22−D2k2−λ )Ne1 + c23Ni1 + c24Nr1 + c25S1 + c26E1 + c27I1 = 0

c31Ns1 + c32Ne1 +(c33−D3k2−λ )Ni1 + c34Nr1 + c35S1 + c36E1 + c37I1 = 0

c41Ns1 + c42Ne1 + c43Ni1 +(c44−D4k2−λ )Nr1 + c45S1 + c46E1 + c47I1 = 0

c51Ns1 + c52Ne1 + c53Ni1 + c54Nr1 +(c55−D9k2−λ )S1 + c56E1 + c57I1 = 0

c61Ns1 + c62Ne1 + c63Ni1 + c64Nr1 + c65S1 +(c66−D10k2−λ )E1 + c67I1 = 0

c71Ns1 + c72Ne1 + c73Ni1 + c74Nr1 + c75S1 + c76E1 +(c77−D11k2−λ )I1 = 0



(8)
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The Jacobian matrix with diffusion for the system (8) is given by

(9)



c11−D1k2 0 0 ωt 0 0 −ctφh

0 c22−D2k2 0 0 0 0 ctφh

0 σt c33−D3k2 0 0 0 0

0 0 σt c44−D4k2 0 0 0

0 0 −ctφt 0 c55−D9k2 0 0

0 0 ctφt 0 0 c66−D10k2 0

0 0 0 0 0 αt c77−D11k2


where c11 =−µh,c22 =−(µh+σt),c33 =−(µh+δa+θt),c44 =−(µh+ωt),c55 =−µt ,c66 =

−(αt +µt),c77 =−(δt +µt).

−µh−D1k2, −µt −D9k2 and−(µh + ωt)−D4k2 are part of the roots of the characteristics

equation of (9). The other eigenvalues are evaluated from the resulting variational sub matrix

below.

(10)
−(µh +σt)−D2k2 0 0 ctφh

σt −(µh +δa +θt)−D3k2 0 0

0 ctφt −(αt +µt)−D10k2 0

0 0 αt −(δt +µt)−D11k2


The sub matrix (10) can be represented below.

(11)


a11 0 0 a14

a21 a22 0 0

0 a32 a33 0

0 0 a43 a44


The resulting characteristic equation is of the form p(λ ) = λ 4 + a1λ 3 + a2λ 2 + a3λ + a4 = 0

where

a1 =−(a11 +a22 +a33 +a44)

a2 = a11a22 +a11a33 +a11a44 +a22a33 +a22a44 +a33a44

a3 =−(a11a22a33 +a11a22a44 +a11a33a44 +a22a33a44)

a4 = a11a22a33a44−a43a32a21a14
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The condition for stability by Routh-Hurwitz gives a1 > 0,a2 > 0,a3 > 0,a4 > 0 and

a1a2a3 > a2
3 +a2

1 +a2
1a4.

Clearly, a1 > 0,a2 > 0,a3 > 0.

a4 can be expanded below as:

a4 = c2
t φtφhσtαt(1 − R2

0t) + (µh + σt)(µh + δa + θt)(αt + µt)D11k2 + (µh + σt)(µh + δa +

θt)(δt + µt)D10k2 + (µh + σt)(µh + δa + θt)D10D11k4 + (µh + σt)(αt + µt)(δt + µt)D3k2 +

(µh + σt)(αt + µt)D3D11k4 + (µh + σt)(δt + µt)D3D10k4 + (µh + σt)D3D10D11k6 + (µh +

δa + θt)(αt + µt)(δt + µt)D2k2 + (µh + δa + θt)(αt + µt)D2D11k4 + (µh + δa + θt)(δt +

µt)D2D10k4(µh + δa + θt)D2D10D11k6 + (αt + µt)(δt + µt)D2D3k4 + (αt + µt)D2D3D11k6 +

(δt +µt)D2D3D10k6 +D2D3D10D11k8

a4 > 0 provided that R0t < 1.

a1a2a3 and a2
3 +a2

1a4 can be expanded below as:

a1a2a3 = a3
11a2

22a33 + a3
11a22a2

33 + 3a2
11a2

22a2
33 + 8a2

11a2
22a33a44 + 8a2

11a22a2
33a44 + a2

11a3
22a33 +

a11a3
22a2

33 + a11a3
22a33a44 + 8a11a2

22a2
33a44 + a2

11a22a3
33 + a11a2

22a3
33 + a11a22a3

33a44 +

8a2
11a22a33a2

44 + 8a11a2
22a33a2

44 + 8a11a22a2
33a2

44 + a3
11a2

22a44 + a3
11a22a33a44 + +a3

11a22a2
44 +

3a2
11a2

22a2
44 + a2

11a3
22a44 + a11a3

22a2
44 + a2

11a22a3
44 + a11a2

22a3
44 + a11a22a33a3

44 + a3
11a22a33a44 +

a3
11a2

33a44 + a3
11a33a2

44 + 3a2
11a2

33a2
44 + a2

11a3
33a44 + a11a22a3

33a44 + a11a3
33a2

44 + a2
11a33a3

44 +

a11a22a33a3
44 + a11a2

33a3
44 + a11a3

22a33a44 + a3
22a2

33a44 + a3
22a33a2

44 + 3a2
22a2

33a2
44 +

a11a22a2
33a44 +a2

22a3
33a44 +a22a3

33a2
44 +a11a22a33a3

44 +a2
22a33a3

44 +a22a2
33a3

44

a2
3 + a2

1a4 = a2
11a2

22a2
33 + 4a2

11a2
22a33a44 + 4a2

11a22a2
33a44 + 4a11a2

22a2
33a44 + a2

11a2
22a2

44 +

4a2
11a22a33a2

44 + 4a11a2
22a33a2

44 + a2
11a2

33a2
44 + 4a11a22a2

33a2
44 + a2

22a2
33a2

44 + a3
11a22a33a44 +

a11a3
22a33a44 + a11a22a3

33a44 + a11a22a33a3
44 − a2

11a43a32a21a14 − 2a11a22a43a32a21a14 −

2a11a33a43a32a21a14 − 2a11a44a43a32a21a14 − a2
22a43a32a21a14 − 2a22a33a43a32a21a14 −

2a22a44a43a32a21a14−a2
33a43a32a21a14−2a33a44a43a32a21a14−a2

44a43a32a21a14

Clearly, a1a2a3 > a2
3 +a2

1a4.
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3.1.2. Global Stability I.

Theorem 3.2. The spatially homogeneous disease-free equilibrium solution πt
0 of (3) is globally

asymptotically stable if R0t < 1 .

Proof. Consider the Lyapunov function:

V1 =
ctφtαtσt

(µh +δa +θt)(µh +σt)

[
Nss−N0t

ss −N0t
ss ln

(
Nss

N0t
ss

)]
+

ctφtαtσtNes

(µh +δa +θt)(µh +σt)

+
ctφtαtNis

(µh +δa +θt)
+αtEt +(αt +µt)It(12)

The time derivative of V1 is given by

V̇1 =
ctφtαtσt

(µh +δa +θt)(µh +σt)

(
1− N0t

ss
Nss

)
Ṅss +

ctφtαtσtṄes

(µh +δa +θt)(µh +σt)

+
ctφtαtṄis

(µh +δa +θt)
+αt Ėt +(αt +µt)İt(13)

Substituting the reaction part of (3) gives

V̇1 =
ctφtαtσt

(µh +δa +θt)(µh +σt)

(
1− N0t

ss
Nss

)(
Λh−

ctφhNssIt
Nh

−µhNss

)
+

ctφtαtσt

(µh +δa +θt)(µh +σt)

(
ctφhNssIt

Nh
− (µh +σt)Nes

)
+

ctφtαt

(µh +δa +θt)
(σtNes− (µh +δa +θt)Nis)

+αt

(
ctφtNisSt

Nt
− (αt +µt)Et

)
+(αt +µt)(αtEt− (δt +µt)It)(14)

Hence,

V̇1 ≤ − µhctφtαtσt

(µh +δa +θt)(µh +σt)

(Nss−N0t
ss )

2

Nss

+
ctφtαtσt

(µh +δa +θt)(µh +σt)

(
ctφhN0t

ss It
Nh

)
− (αt +µt)(δt +µt)It(15)

Thus,

(16) V̇1 ≤−
µhctφtαtσt

(µh +δa +θt)(µh +σt)

(Nss−N0t
ss )

2

Nss
+(αt +µt)(δt +µt)It(R2

0t−1)

Next, the Lyapunov functional for the reaction diffusion system (3) is given by

W1 =
∫

Ω

V1(Nss(x, t),Nes(x, t),Nis(x, t),Et(x, t), It(x, t))dx
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The time derivative of W1 is given by

dW1
dt

=
∫

Ω

(
D1ctφtαtσt

(µh +δa +θt)(µh +σt)

(
1− N0t

ss
Nss

)
∆Nss

)
dx

+
∫

Ω

(
D2ctφtαtσt

(µh +δa +θt)(µh +σt)
∆Nes

)
dx+

∫
Ω

(
D3

ctφtαt

(µh +δa +θt)
∆Nis

)
dx

+
∫

Ω

(D10αt∆Et)dx+
∫

Ω

(D11(αt +µt)∆It)dx+
∫

Ω

dV1

dt
dx(17)

Applying Green’s first identity and simplifying, we have

dW1

dt
≤

∫
Ω

[
− µhctφtαtσt

(µh +δa +θt)(µh +σt)

(Nss−N0t
ss )

2

Nss
+(αt +µt)(δt +µt)It(R2

0t−1)
]

dx

− D1N0t
ss ctφtαtσt

(µh +δa +θt)(µh +σt)

∫
Ω

|∇xNss|2

N2
ss

dx(18)

Whenever R0t ≤ 1, we have dW1
dt ≤ 0. Hence, the disease free equilibrium point πt

0 is sta-

ble and dW1
dt = 0 if Nss = N0t

ss and It(R2
0t − 1) = 0. The maximum compact invariant set in

{(Nss,Nes,Nis,Et , It |dW1
dt = 0)} is the singleton πt

0. Thus, the disease free equilibrium is globally

asymptotically stable by LaSalle invariance principle [13].

3.2. Malaria. The Malaria aspect of the model (2) with diffusion is given by

∂Nss(t,x)
∂ t = D14Nss +Λh− cmβhNssIm

Nh
−µhNss +ωmNsr

∂Nse(t,x)
∂ t = D54Nse +

cmβhNssIm
Nh

− (µh +σm)Nse

∂Nsi(t,x)
∂ t = D64Nsi +σmNse− (µh +δb +θm)Nsi

∂Nsr(t,x)
∂ t = D74Nsr +θmNsi− (µh +ωm)Nsr

∂Sm(t,x)
∂ t = D124Sm +Λt− cmβmNsiSm

Nm
−µmSm

∂Em(t,x)
∂ t = D134Em + cmβmNsiSm

Nm
− (αm +µm)Em

∂ Im(t,x)
∂ t = D144Im +αmEm− (δm +µm)Im



(19)
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The system has a disease free equilibrium πm
0 = (N0m

ss ,N0m
se ,N0m

si ,N0m
sr ,S0m

m ,E0m
m , I0m

m ) given be-

low as

(20) π
m
0 =

(
Λh

µh
,0,0,0,

Λm

µm
,0,0

)
The basic reproduction number of (13) can be obtained easily using the next generation matrix

method[10,11] and is given by

(21) R0m =

√
cm2βhβmαmσm

(µh +σm)(µh +δb +θm)(αm +µm)(δm +µm)

3.2.1. Local Stability II.

Theorem 3.3. The spatially homogeneous disease-free equilibrium solution πm
0 of (19) is lo-

cally asymptotically stable if R0m < 1 and unstable otherwise.

Proof. System (19) is linearized about arbitrary spatially homogeneous equilibrium point

(Nss,Nse,Nsi,Nsr,Sm,Em, Im). Let there exist small perturbations N1s,N1e,N1i,N1r,S1,E1, I1. The

resulting differential equation is given by

∂N1s
∂ t = D14N1s +d11N1s +d12N1e +d13N1e +d14N1r +d15S1 +d16E1 +d17I1

∂N1e
∂ t = D54N1e +d21N1s +d22N1e +d23N1i +d24N1r +d25S1 +d26E1 +d27I1

∂N1i
∂ t = D64N1i +d31N1s +d32N1e +d33N1i +d34N1r +d35S1 +d36E1 +d37I1

∂N1r
∂ t = D74N1r +d41N1s +d42N1e +d43N1i +d44N1r +d45S1 +d46E1 +d47I1

∂S1
∂ t = D124S1 +d51N1s +d52N1e +d53N1i +d54N1r +d55S1 +d56E1 +d57I1

∂E1
∂ t = D134E1 ++d61N1s +d62N1e +d63N1i +d64N1r +d65S1 +d66E1 +d67I1

∂ I1
∂ t = D144I1 +d71N1s +d72N1e +d73N1i +d74N1r +d75S1 +d76E1 +d77I1



(22)

where di j(i, j = 1,2, · · · ,7) are the elements of the Jacobian matrix at the disease free equilib-

rium, πm
0 .
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Let there exist a series solution of (22) of the form:

N1s = ∑k Nkseλ tcoskx

N1e = ∑k Nkeeλ tcoskx

N1i = ∑k Nkieλ tcoskx

N1r = ∑k Nkreλ tcoskx

S1 = ∑k Skeλ tcoskx

E1 = ∑k Ekeλ tcoskx

I1 = ∑k Ikeλ tcoskx


(23)

Equation (22) can thus be converted into:

(d11−D1k2−λ )N1s +d12N1e +d13N1i +d14N1r +d15S1 +d16E1 +d17I1 = 0

d21N1s +(d22−D5k2−λ )N1e +d23N1i +d24N1r +d25S1 +d26E1 +d27I1 = 0

d31N1s +d32N1e +(d33−D6k2−λ )N1i +d34N1r +d35S1 +d36E1 +d37I1 = 0

d41N1s +d42N1e +d43N1i +(d44−D7k2−λ )N1r +d45S1 +d46E1 +d47I1 = 0

d51N1s +d52N1e +d53N1i +d54N1r +(d55−D12k2−λ )S1 +d56E1 +d57I1 = 0

d61N1s +d62N1e +d63N1i +d64N1r +d65S1 +(d66−D13k2−λ )E1 +d67I1 = 0

d71N1s +d72N1e +d73N1i +d74N1r +d75S1 +d76E1 +(d77−D14k2−λ )I1 = 0



(24)
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The Jacobian matrix with diffusion for the system (24) is given by

(25)

d11−D1k2 0 0 ωm 0 0 −cmβh

0 d22−D5k2 0 0 0 0 cmβh

0 σm d33−D6k2 0 0 0 0

0 0 θm d44−D7k2 0 0 0

0 0 −cmβm 0 d55−D12k2 0 0

0 0 cmβm 0 0 d66−D13k2 0

0 0 0 0 0 αm d77−D14k2


where

d11 = −µh,d22 = −(µh +σm),d33 = −(µh + δb + θm),d44 = −(µh +ωm),d55 = −µm,d66 =

−(αm +µm),d77 =−(δm +µm).

−µh−D1k2, −µm−D12k2 and −(µh +ωm)−D7k2 are part of the roots of the characteristics

equation of (25). The other eigenvalues are evaluated from the resulting variational sub matrix

below.

(26)
−(µh +σm)−D5k2 0 0 cmβh

σm −(µh +δb +θm)−D6k2 0 0

0 cmβm −(αm +µm)−D13k2 0

0 0 αm −(δm +µm)−D14k2


The sub matrix (26) can be represented below as:

(27)


b11 0 0 b14

b21 b22 0 0

0 b32 b33 0

0 0 b43 b44


The resulting characteristic equation is of the form p(λ ) = λ 4 + b1λ 3 + b2λ 2 + b3λ + b4 = 0

where

b1 =−(b11 +b22 +b33 +b44)

b2 = b11b22 +a11b33 +b11b44 +b22b33 +b22b44 +b33b44

b3 =−(b11b22b33 +b11b22b44 +b11b33b44 +b22b33b44)
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b4 = b11b22b33b44−b43b32b21b14

The condition for stability by Routh-Hurwitz gives b1 > 0,b2 > 0,b3 > 0,b4 > 0 and

b1b2b3 > b2
3 +b2

1 +b2
1b4.

Clearly, b1 > 0,b2 > 0,b3 > 0.

b4 can be expanded below as:

b4 = c2
mβmβhσmαm(1 − R2

0m) + (µh + σm)(µh + δb + θm)(αm + µm)D14k2 + (µh +

σm)(µh + δb + θm)(δm + µm)D13k2 + (µh + σm)(µh + δb + θm)D13D14k4 + (µh + σm)(αm +

µm)(δm + µm)D6k2 + (µh + σm)(αm + µm)D6D14k4 + (µh + σm)(δm + µm)D6D13k4 +

(µh + σm)D6D13D14k6 + (µh + δb + θm)(αm + µm)(δm + µm)D5k2 + (µh + δb + θm)(αm +

µm)D5D14k4+(µh+δb+θm)(δm+µm)D5D13k4(µh+δb+θm)D5D13D14k6+(αm+µm)(δm+

µm)D5D6k4 +(αm +µm)D5D5D14k6 +(δm +µm)D5D6D13k6 +D5D6D13D14k8

b4 > 0 provided that R0m < 1.

b1b2b3 and b2
3 +b2

1b4 can be expanded below as:

b1b2b3 = b3
11b2

22b33 + b3
11b22b2

33 + 3b2
11b2

22b2
33 + 8b2

11b2
22b33b44 + 8b2

11b22b2
33b44 + b2

11b3
22b33 +

b11b3
22b2

33 + b11b3
22b33b44 + 8b11b2

22b2
33b44 + b2

11b22b3
33 + b11b2

22b3
33 + b11b22b3

33b44 +

8b2
11b22b33b2

44 + 8b11b2
22b33b2

44 + 8b11b22b2
33b2

44 + b3
11b2

22b44 + b3
11b22b33b44 + b3

11b22b2
44 +

3b2
11b2

22b2
44 + b2

11b3
22b44 + b11b3

22b2
44 + b2

11b22b3
44 + b11b2

22b3
44 + b11b22b33b3

44 + b3
11b22b33b44 +

b3
11b2

33b44 + b3
11b33b2

44 + 3b2
11b2

33b2
44 + b2

11b3
33b44 + b11b22b3

33b44 + b11b3
33b2

44 + b2
11b33b3

44 +

b11b22b33b3
44 + b11b2

33b3
44 + b11b3

22b33b44 + b3
22b2

33b44 + b3
22b33b2

44 + 3b2
22b2

33b2
44 +

b11b22b2
33b44 +b2

22b3
33b44 +b22b3

33b2
44 +b11b22b33b3

44 +b2
22b33b3

44 +b22b2
33b3

44

b2
3 + b2

1b4 = b2
11b2

22b2
33 + 4b2

11b2
22b33b44 + 4b2

11b22b2
33b44 + 4b11b2

22b2
33b44 + b2

11b2
22b2

44 +

4b2
11b22b33b2

44 + 4b11b2
22b33b2

44 + b2
11b2

33b2
44 + 4b11b22b2

33b2
44 + b2

22b2
33b2

44 + b3
11b22b33b44 +

b11b3
22b33b44 + b11b22b3

33b44 + b11b22b33b3
44 − b2

11b43b32b21b14 − 2b11b22b43b32b21b14 −

2b11b33b43b32b21b14 − 2b11b44b43b32b21b14 − b2
22b43b32b21b14 − 2b22b33b43b32b21b14 −

2b22b44b43b32b21b14−b2
33b43b32b21b14−2b33b44b43b32b21b14−b2

44b43b32b21b14

Clearly, b1b2b3 > b2
3 +b2

1b4.
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3.2.2. Global Stability II.

Theorem 3.4. The spatially homogeneous disease-free equilibrium solution πm
0 of (19) is glob-

ally asymptotically stable if R0m < 1 .

Proof. Consider the Lyapunov function:

V2 =
cmβmαmσm

(µh +δb +θm)(µh +σm)

[
Nss−N0m

ss −N0m
ss ln

(
Nss

N0m
ss

)]
+

cmβmαmσmNse

(µh +δb +θm)(µh +σm)

+
cmβmαmNsi

(µh +δb +θm)
+αmEm +(αm +µm)Im(28)

The time derivative of V2 is given by

V̇2 =
cmβmαmσm

(µh +δb +θm)(µh +σm)

(
1− N0m

ss
Nss

)
Ṅss +

ctβmαmσmṄse

(µh +δb +θm)(µh +σm)

+
cmβmαmṄsi

(µh +δb +θm)
+αmĖm +(αm +µm)İm(29)

Substituting the reaction part of (19) gives

V̇2 =
cmβmαmσm

(µh +δb +θm)(µh +σm)

(
1− N0m

ss
Nss

)(
Λh−

cmβhNssIm

Nh
−µhNss

)
+

cmβmαmσm

(µh +δb +θm)(µh +σm)

(
cmβhNssIm

Nh
− (µh +σm)Nse

)
+

cmβmαm

(µh +δb +θm)
(σmNse− (µh +δb +θm)Nsi)

+αm

(
cmβmNseSm

Nm
− (αm +µm)Em

)
+(αm +µm)(αmEm− (δm +µm)Im)(30)

Hence,

V̇2 ≤ − µhcmβmαmσm

(µh +δb +θm)(µh +σm)

(Nss−N0m
ss )2

Nss

+
cmβmαmσm

(µh +δb +θm)(µh +σm)

(
cmβhN0m

ss Im

Nh

)
− (αm +µm)(δm +µm)Im(31)

Thus,

(32) V̇2 ≤−
µhcmβmαmσm

(µh +δb +θm)(µh +σm)

(Nss−N0m
ss )2

Nss
+(αm +µm)(δm +µm)Im(R2

0m−1)

Next, the Lyapunov functional for the reaction diffusion system (19) is given by

W2 =
∫

Ω

V2(Nss(x, t),Nse(x, t),Nsi(x, t),Em(x, t), Im(x, t))dx
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The time derivative of W2 is given by

dW2

dt
=

∫
Ω

(
D1cmβmαmσm

(µh +δb +θm)(µh +σm)

(
1− N0m

ss
Nss

)
∆Nss

)
dx

+
∫

Ω

(
D5cmβmαmσm

(µh +δb +θm)(µh +σm)
∆Nse

)
dx+

∫
Ω

(
D6

cmβmαm

(µh +δb +θm)
∆Nsi

)
dx

+
∫

Ω

(D13αm∆Em)dx+
∫

Ω

(D14(αm +µm)∆Im)dx+
∫

Ω

dV2

dt
dx(33)

Applying Green’s first identity and simplifying, we have

dW2

dt
<

∫
Ω

[
− µhctβmαmσm

(µh +δb +θm)(µh +σm)

(Nss−N0m
ss )2

Nss
+(αm +µm)(δm +µm)It(R2

0m−1)
]

dx

− D1N0m
ss cmβmαmσm

(µh +δb +θm)(µh +σm)

∫
Ω

|∇xNss|2

N2
ss

dx(34)

Whenever R0m ≤ 1, we have dW2
dt ≤ 0. Hence, the disease free equilibrium point πm

0 is sta-

ble and dW2
dt = 0 if Nss = N0m

ss and Im(R2
0m− 1) = 0. The maximum compact invariant set in

{(Nss,Nse,Nsi,Em, Im|dW2
dt = 0)} is the singleton πm

0 . Thus, the disease free equilibrium is glob-

ally asymptotically stable by LaSalle invariance principle [13].

3.3. Co-infection Model Stability Analysis.

The system (2) has a disease free equilibrium

π0 = (N0t
ss ,N

0t
es ,N

0t
is ,N

0t
rs ,S

0t
t ,E0t

t , I0t
t ,Ntm

rr ,N
0m
se ,N0m

si ,N0m
sr ,S0m

m ,E0m
m , I0m

m ) given below as

(35) π0 =

(
Λh

µh
,0,0,0,

Λt

µt
,0,0,0,0,0,0,

Λm

µm
,0,0

)
The basic reproduction number of (2) can be obtained easily using the next generation matrix

method[10,11] and is given by

(36) R0 = max{R0t ,R0m}

where R0t and R0m are defined by (5) and (21) respectively.

3.3.1. Local Stability III.

Theorem 3.5. The disease free equilibrium π0 of (2) is locally asymptotically stable if R0 < 1

and unstable otherwise.

Proof. It follows from theorem (3.1) and theorem (3.3).
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3.3.2. Global Stability III.

Theorem 3.6. The spatially homogeneous disease-free equilibrium solution π0 of (2) is globally

asymptotically stable if R0t ,R0m < 1.

Proof. Consider the Lyapunov function:

V3 =
ctφtαtσtNes

(µh +δa +θt)(µh +σt)
+

ctφtαtNis

(µh +δa +θt)
+αtEt +(αt +µt)It

+
cmβmαmσmNse

(µh +δb +θm)(µh +σm)
+

cmβmαmNsi

(µh +δb +θm)
+αmEm +(αm +µm)Im(37)

The time derivative of V3 is given by

V̇3 =
ctφtαtσtṄes

(µh +δa +θt)(µh +σt)
+

ctφtαtṄis

(µh +δa +θt)
+αt Ėt +(αt +µt)İt

+
cmβmαmσmṄse

(µh +δb +θm)(µh +σm)
+

cmβmαmṄsi

(µh +δb +θm)
+αmĖm +(αm +µm)İm(38)

Substituting the reaction part of (2) gives

V̇3 =
ctφtαtσt

(µh +δa +θt)(µh +σt)

(
ctφhNssIt

Nh
− (µh +σt)Nes−

ρmλmNesIm

Nh

)
+

ctφtαt

(µh +δa +θt)

(
σtNes− (µh +δa +θt)Nis−

ρmλmNesIm

Nh

)
+αt

(
ctφtNisSt

Nt
− (αt +µt)Et

)
+(αt +µt)(αtEt− (δt +µt)It)

+
cmβmαmσm

(µh +δb +θm)(µh +σm)

(
cmβhNssIm

Nh
− (µh +σm)Nse−

ρtλtNseIt
Nh

)
+

cmβmαm

(µh +δb +θm)

(
σmNse− (µh +δb +θm)Nsi−

ρtλtNseIt
Nh

)
+αm

(
cmβmNsiSm

Nm
− (αm +µm)Em

)
+(αm +µm)(αmEm− (δm +µm)Im)(39)

Simplifying and ignoring some terms gives

V̇3 <
c2

t φhφtαtσtIt
(µh +δa +θt)(µh +σt)

− (αt +µt)(δt +µt)It

+
c2

mβhβmαmσmIm

(µh +δb +θm)(µh +σm)
− (αm +µm)(δm +µm)Im(40)
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Further simplification gives

V̇3 < (αt +µt)(δt +µt)It

(
ct

2φhφtαtσt

(µh +σt)(µh +δa +θt)(αt +µt)(δt +µt)
−1
)

+(αm +µm)(δm +µm)Im

(
cm

2βhβmαmσm

(µh +σm)(µh +δb +θm)(αm +µm)(δm +µm)
−1
)

(41)

Hence,

(42) V̇3 < (αt +µt)(δt +µt)It(R2
0t−1)+(αm +µm)(δm +µm)Im(R2

0m−1)

Next, the Lyapunov functional for the reaction diffusion system is given by

W3 =
∫

Ω

V3(Nes(x, t),Nis(x, t),Et(x, t), It(x, t),Nse(x, t),Nsi(x, t),Em(x, t), Im(x, t))dx

The time derivative of W3 is given by

dW3

dt
=

∫
Ω

(
D2ctφtαtσt

(µh +δa +θt)(µh +σt)
∆Nes

)
dx+

∫
Ω

(
D3

ctφtαt

(µh +δa +θt)
∆Nis

)
dx

+
∫

Ω

(D10αt∆Et)dx+
∫

Ω

(D11(αt +µt)∆It)dx

+
∫

Ω

(
D5cmβmαmσm

(µh +δb +θm)(µh +σm)
∆Nse

)
dx+

∫
Ω

(
D6

cmβmαm

(µh +δb +θm)
∆Nsi

)
dx

+
∫

Ω

(D13αm∆Em)dx+
∫

Ω

(D14(αm +µm)∆Im)dx+
∫

Ω

dV3

dt
dx(43)

Applying Green’s first identity and simplifying gives

dW3

dt
≤

∫
Ω

[
(αt +µt)(δt +µt)It(R2

0t−1)+(αm +µm)(δm +µm)Im(R2
0m−1)

]
dx(44)

Whenever R0t ≤ 1 and R0m ≤ 1 , we have dW3
dt ≤ 0. Hence, the disease free equilibrium point

π0 is stable and dW3
dt = 0 if It(R2

0t−1) = 0 and Im(R2
0m−1) = 0. The maximum compact invari-

ant set in {Nes,Nis,Et , It ,Nse,Nsi,Em, Im|dW3
dt = 0)} is the singleton π0. Thus, the disease free

equilibrium is globally asymptotically stable by LaSalle invariance principle[13].

4. CONCLUSION

In this paper, the dynamics of a reaction-diffusion Trypanosomiasis-Malaria co-infection dy-

namics is investigated. The disease free equilibrium is locally and globally asymptotically stable

for all diffusion coefficients if R0t ,R0m < 1 and unstable otherwise.
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