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Abstract. An epidemic model for trypanosomiasis-malaria co-infection dynamics is formulated to study the effect
of diffusion on the disease dynamics. The basic reproduction number is calculated using the next generation matrix
approach. The local stability of the spatially homogeneous disease-free equilibrium of both the trypanosomiasis
and malaria aspect of the model are obtained through Routh-Hurwitz criteria. The local asymptotically stability of
the spatially homogeneous disease-free equilibrium of the co-infection is also examined. The global stability of
the spatially homogeneous disease free-equilibrium is established by using a suitable Lyapunov functional.
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1. INTRODUCTION

Reaction diffusion equations are used to describe many physical phenomena in science. A

reaction-diffusion equation takes the form:
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where u € R™ denotes biological or physical phenomenon, D € R™*™ denotes the diffusion
coefficient matrix, A is associated Laplacian with respect to the diffusion of the organism and
F (u) denotes the biological or chemical reactions.

Reaction-diffusion models have gained the attention of many researchers in epidemiology by
looking at the effect of diffusion on disease spread. Lofti et al. [1] studied the dynamics of
a specific nonlinear incidence rate on a reaction diffusion SIR model with homogeneous Neu-
mann boundary condition. The global stability of both the disease free and endemic equilibria
are established through suitable Lyapunov functionals.

Hattaf and Yousfi [2] constructed Lyapunov functionals to study the global stability of some
diffusion equations in biology. The idea of constructing the Lyapunov functions in the ordinary
differential case are employed to the obtain the Lyapunov functionals for the diffusion equa-
tions. This technique is also amplified in [3-5].

Wang et al. [6] studied a reaction-diffusion SIR via environmental driven infection in heteroge-
neous space. The global dynamics of the disease free equilibrium point for homogeneous and
heterogeneous case were examined. Elawi and Al Agha [7] examined reaction-diffusion within
host malaria dynamics with cell-mediated immune response and antibody. The global stability
of all the possible equilibrium points were determined by selecting suitable Lyapunov func-
tionals and using LaSalle invariance principle. Liu et al. [8] established an SIVR model with
diffusion, spatially heterogeneous, latent infection, and incomplete immunity in the Neumann
boundary condition. The stability of the equilibrium point is established in relation to the basic
reproduction number. The operator semi group method was also used to prove the dynamic
behaviour of the model.

The goal of this work is to investigate the local and global stability dynamics of the disease
free equilibrium point of the reaction-diffusion of trypanosomiasis-malaria model in a spatially

homogeneous space.

2. MODEL FORMULATION

The formulated model for the co-dynamics of trypanosomiasis and malaria divides human
populations N}, into susceptible humans Nz humans exposed to trypanosomiasis only N, hu-

mans infected with trypanosomiasis only N;shumans recovered from trypanosomiasis only
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N,g,humans exposed to malaria only Ny, humans infected with malaria only Ng;,humans re-
covered from malaria only Ny, N, represents those who are not susceptible to either infection
but may includes those who are still exposed or infected with either infection or both. The
model is designed in such a way that a susceptible individual person becomes exposed to try-
panosomiasis or malaria after an effective contact with an infectious tsetse fly or mosquito with
transmission rate ¢y, and 3, respectively. The susceptible human compartment is increased as a
result of new recruitment at rate Ay, and as result of loss of immunity to both trypanosomiasis
and malaria respectively at rate @, and ®,, respectively. The model takes into account both the
natural death, disease-induced mortality and co-infection parameter p,, and p,; for both malaria
and trypanosomiasis respectively.
The mosquito compartment is divided into three classes namely susceptible mosquitoes S,,(z),
exposed mosquitoes E,,(¢) and infectious mosquitoes I,,(¢). The total mosquitoes population
is given by N,,(¢). We divide the tsetse fly population into three sub cases namely susceptible
tsetse flies S;(¢), exposed tsetse flies E;(¢) and infectious tsetse flies /;(¢) while the total size of
the tsetse fly population at any given time 7 is denoted by N; (7).
Let D{,D,,---,D14 represents the diffusion constants of
Ngs,Neg, Nis,Nrs, Nge, Ngiys Noyy Npry St Et Iy Sy Emy Iy T€SpPECtively.

Thus, we have the following system of equations.
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D7ANsr + 6m]\/:vi - (Nh + O.)m)Nsr + g[Nrr - 1411:/]7:[’
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with (7,x) € Q = (0,7) x Q with spatial domain Q
The system is imposed with Neumann boundary condition and it is given by

IN(t,X)  ONes(t,X)  ONi(t,X)  ONu(t,X)  ONe(t,X)  ONg(t,X)  ONg(t,X)

on on on on on on on =0

IN(t,X)  OS,(6,X)  OE(t,x)  L(t,X)  OSu(t,X)  OEn(t,X)  dln(t,X)

on ~ 9dn on  dIn  On on  dn =0

with (¢,x) € (0,T) x dQ and initial condition

Ni(0,%) = N9 N5 (0,x) = N2 Nis(0,X) = N2, Ny (0,x) = N,

Nie(0,x) = N2 Ni(0,x) = N% N,,.(0,x) = N2, S,(0,x) = S°,

se’ A

E/(0,x) = E;OJI(O,X) = IP7Sm(0’X) = S%aEm(va) = E;917Im(07x) = 1317X €Q

3. MAIN RESULTS

3.1. Trypanosomiasis.

The Trypanosomiasis only aspect of the model (2) is given by

HNlx) = Dy ANy + Ay — <28 — 1y N+ 0N
Ml = Dy ANy + “ONlt — (11 4 ;)N
LX) — Dy ANy + 6iNos — (U + 84 + 6,)Nig

3) NS — Dy ANy + 6:Nig — (1 + @) Ny
WA = DoAS,+ A — DNy s,
BN = DioAE, + 95— (o + 1,)E,
ol (1,%)

ey = DAL+ oE — (5t+,ut)1t
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TABLE 1. The description of parameters of model (2)

Definition Symbols
Recruitment term of the susceptible humans Ap,
Biting rate of Mosquito Cm
Biting rate of Tsetse fly ¢

Probability that a bite by an infectious mosquito result in transmission
of disease to human B
Probability that a bite by an infectious tsetse fly result in transmission
of disease to human o
Probability that a bite results in transmission of parasite to a susceptible mosquito  f3,,,

Probability that a bite results in transmission of parasite to a susceptible tsetse fly ¢

Progression rate of humans exposed to trypanosomiasis to infectious class Om
Progression rate of humans exposed to malaria to infectious class Om
Per capita transition rate of recovered humans from malaria O
Per capita transition rate of recovered humans from trypanosomiasis oy
Natural death rate of humans U
co-infection parameter for malaria Pm
co-infection parameter for trypanosomiasis o)
loss of immunity to malaria in the co-infection Em
loss of immunity to trypanosomiasis in the co-infection &
effective treatment rate of humans infected with trypanosomiasis only 6,
effective treatment rate of humans infected with malaria only O
Recruitment rate of susceptible mosquito only Am
Recruitment rate of susceptible tsetse fly Ay
Progression rate of the exposed mosquito to infectious mosquito fom
Progression rate of the exposed tsetse fly to infectious tsetse fly o
Natural death rate of mosquito W
Natural death rate of tsetse fly i
Disease induced death rate of humans infected with malaria O
Disease induced death rate of humans infected with trypanosomiasis Ou
Disease induced death rate of mosquito Om

Disease induced death rate of tsetse fly &
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The system has a disease free equilibrium 7} = (N%, NY N> N SO EY 19) given below as

ss i Ves 1 Vig 2t Vs
A A
(4) Tct = (_h7070705_t7070)
Hp My

The basic reproduction number of (3) can be obtained easily using the next generation matrix

method[10,11] and is given by

(5) Ry = > P 04 0
' (Up~+01) (Un + 64+ 6;) (0 + s ) (8 + r)

3.1.1. Local Stability I.
Theorem 3.1. The spatially homogeneous disease-free equilibrium solution 7, of (3) is locally
asymptotically stable if Ry, < 1 and unstable otherwise.

Proof. System (3) is linearized about arbitrary spatially homogeneous equilibrium point

5t = D1ANg +c11Ns1 +c12Net +c13Ni + c1aNry + ¢1581 +ci6E1 + 171
% = DyAN + c21Ns1 + ¢20Net + €23Nj1 + 24Ny + 2581 + cosEr + 271
% = D3AN;j +c31Ns1 +¢32Ne1 +¢33Ni1 +€34Np1 + 35851 + ¢36E1 + 371
(6) af;\’[' = D4AN +c41Ng1 + c40Ne1 + c43Nj1 + caaNpy + 4581 + cagEr +carly
% = D9/AS|+cs51Ns1 +¢52Ne1 + ¢53Nj1 + ¢54Ny1 + 5581 + ¢56E1 + 571
% = Di1oAE] +c61Ns1 + ceaNet + c3Nit + cealNy1 + c6551 + cos E1 + co7
% = Dy Al ++c71Ng1 + ¢72Net +¢73Ni1 + ¢7aNr1 + ¢7581 + c76E1 + ¢771)
where ¢;;(i,j=1,2,---,7) are the elements of the Jacobian matrix at the disease free equilib-

rium, 7).
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Let there exist a series solution of (6) of the form:

(7

Ny = Y Nge* coskx

N = Y NeMcoskx
Nj = Y, NgeMcoskx
Ny = Y NgeMcoskx
S1 = Y.Siercoskx
Ei = Y.Ee*coskx
I = Y IeMcoskx

Equation (6) can thus be converted into:

®)

(c11 — D1k* — A)Nyj + c12Ne1 + €13Ni1 + c14Ny1 + 1581 +c16E1 + 17 =0

21Ny + (c22 — Dak? — A)N,1 + ¢23Ni1 + 24Ny + 2581 + ca6E1 + c7) =0

¢31N51 + €30N,1 + (¢33 — D3k* — A)Nj1 + 34Ny + ¢3581 + c36E1 + 37l =0

c41Ns1 + c4oNe1 + ca3Nj1 + (cas — Dak® — X)Nyy + casS1 + cagE1 + cazly =0

¢51Ns1 + ¢52N,1 + c53N;1 + ¢54Ny1 + (c55 — Dok?> — A)S) + cs6E1 + cs71; = 0

c61Ns1 + c6aNe1 + c3Nit + caNy1 + c65S1 + (co6 — D1ok> — A)E1 + ce71; =0

¢71Ns1 + ¢72N,1 + c73Ni1 + €74Ny1 + ¢7581 + c76E1 + (c77 — D11k* — A)[} =0
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The Jacobian matrix with diffusion for the system (8) is given by

c11 — Dk? 0 0 oy 0 0 —c1y,
0 20 — Dok? 0 0 0 0 1O
0 o; c33 — D3k? 0 0 0 0
©) 0 0 i a4 — Dyk? 0 0 0
0 0 —cify 0 css — Dok? 0 0
0 0 ciy 0 0 ce6 — D1ok? 0
0 0 0 0 0 o c77 — Dy K

where ¢11 = —y,¢20 = —(Up+0;),¢33 = —(Up + 84+ 6;),ca0 = —(Up + @), c55 = — Ly, Co6 =
—(ou+ W), c77 = — (& + ).
—, — D1 k*, —; — Dok? and—(uy, + @) — D4k? are part of the roots of the characteristics

equation of (9). The other eigenvalues are evaluated from the resulting variational sub matrix

below.
(10)
—(p+ 61) — Dok® 0 0 CtPn
o —(up, + 8, + 6;) — D3k? 0 0
0 iy — (04 + ;) — Diok? 0
0 0 o — (& + ;) — Dy K2

The sub matrix (10) can be represented below.

air 0 0 ap
(an ay ap 0 0

0 aszy aszs 0

0 0 as au

The resulting characteristic equation is of the form p(A) = A% +a;A3 + apA? + a34 +a4 =0
where

a; = —(ai1 +axn +azz +ass)

az = aplax +a1asz +aj1a4s4 +axnazs + axass +azzass

a3 = —(a11a22a33 + a11a22G44 + a11a33044 + A22033044)

a4 = a11a22033044 — 43032021414
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The condition for stability by Routh-Hurwitz gives a; > 0,ap > 0,a3 > 0,a4 > 0 and
ajazas > a% + a% +a%a4.

Clearly, a; > 0,a; > 0,a3 > 0.

a4 can be expanded below as:

ay = ;o Pnoou(1 — RY,) + (U + 07) (1 + 84 + 6,) (04 + 1) D1ik* + (y + 07) (M + 80 +
6,)(8 + H)D1ok* + (W + 61) (U + 8a + 6,)D1oD11k* + (1, + 07) (04 + ) (& + w)D3k* +
(un + 61) (0 + p)D3D1k* + (U + 07) (8 + W) D3D1ok* + (U + 6;)D3D10D 1k + (py +
8 + 6)(04 + 1) (& + )Dak* + (y + 8a + 6,) (0 + t)DaDyik* + (1 + 6 + 6,)(8 +
1;)D2D1ok* (1, + 84 + 6;)D2D1oD11k® + (04 + W) (8 + 1) D2D3k* + (04 + ;) D2 D3 Dy kS +
(8 + 1 )D2D3D1ok® + D2 D3 DDy 1 £°

a4 > 0 provided that Ry, < 1.

ajasaz and a% + a%a4 can be expanded below as:

ajaya3 = a,a3,a33 + a3,a0a3; + 3at,a3,a3; + 8at a3,az3a4 + 8aj axadzau + ai  a3ya33 +
ana%zcz%g + 011a§26l33a44 + 86111615261%36144 + a%lazza% + ana%zc%g + 01102261336144 +
8a%1a22a33a4214 + 8a11a%2a33ai4 + 8a11a22a%3ai4 + a%la%2a44 + a?la22a33a44 + —|—a?1a22aﬁ4 +
3ai,a3,a, + ai,3ya44 + A1183ya3, + 71003, + 411653, + Q1162203363 + 4 a20a33a44 +
a} a33a4s + ay a33aq, + 3a7,a5304, + a1 @304 + ananaiyau + anajay, + i asai, +
ananasay, + andhay, + anananau + anasas + apasal, + 3andal +

2 2 3 3 2 3 42 3 2 3
a11a22033044 + A2 A33044 + A2 A33044 + A110220330y4 + A% A33044 + 22033034

2, 2. 22 0 2 2 2 .2 2 2 2 2 2
ay + ajas = ayandy + 4ajanazas + 4ajanaszasu + 4ananasas + ayanay +
2 2 2 02 2 2 2 2 2 2 2 2 3
4ay anazzay, + 4ananaszzay, + aj azzay, + 4ananaszay, + anazzay, + aya0a33aas +
3 3 3 _ _
a11a3a33044 + A11a22033044 + 4110220330y, — A71043032021414 — 2411022043032021014
2
2a11a33a43a3a21a14 — 2a11044043032021014 — 3043432021414 — 2027033043A32021A14 —
2 2
2a2)a44043a32021a14 — A33043032021014 — 2033044043032021 014 — U4 043032021414

Clearly, ajazaz > a% + a%a4.
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3.1.2. Global Stability I.
Theorem 3.2. The spatially homogeneous disease-free equilibrium solution 7, of (3) is globally
asymptotically stable if Ro; < 1.

Proof. Consider the Lyapunov function:

19 04 O; 0 Ny C1 9 0 Ot Nos
v, = Ny — N — N[ <—)] n
T (w8t 0) (Wt o) [ s AN ) ] (- 8a+ 6) (i + 07)
Ct(PtatNis
12 _— E, I
(12) +(.Uh+5a+9z)+at 4 (0 + )l

The time derivative of V| is given by

Vl = Ct(Ptath (1 _ ]V_S(?TI) 7 + Cl¢lathNes
(Up~+8a+6;)(up+ o7) Nis ? (M + 0+ 6;) (up, + 07)
19,0y Nis : -
(13) m—F%EFF(%—FNI)I[
Substituting the reaction part of (3) gives
. Cyt (Pt 0 Oy Nggt Ct ¢hNSSIt
Vi = 1— 2 | Ay — ————— — U, N
: (Mp+ 04+ 6;) (Up + 07) ( Ngg " Np H
19 04 O; CrQpNssl;
- Nev
+(.uh+6a+9t)(.uh+6t) < Ny (b +-02) )
Q
L (GtNes - (.uh + 5a + GZ)JVIS)
(uu'h + Ba + Gt)
c Nl'sS
(14) + o (% — (04 + ,LL,)Et) + (o + ) (4 Er — (8 + e )1y)
t
Hence,
v, < — MyCt @ O O (Nss _Ng)z
B (.uh+6a+9t)(“h+6t) Nss

C19: 040, N,

Thus,
. ¢ 9,0 O, Ny — N2

a6 < wadao W No) g6 4R - 1)

(“h+5a+et)(uh+6t) Nss

Next, the Lyapunov functional for the reaction diffusion system (3) is given by

W, — / Vi (Nys (3, 1), Nos (5,1), Nis (5,1), Ey (x,1), 1y (x,1) )dx
Q
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The time derivative of W is given by
Wi / ( D1616:050: (1—N—SO;> ANSS) dx
dt Q (.uh+5a+9t)<.uh+6t) Nis

Dy ¢ 040; ) ( 0 )
+/ AN | d +/ AN | d
((uh+5 +6)(un+ o) g (Un+ 8.+ 6,) *

dv,
17) —I—/ (Dot AE;) dx+/ Dy (04 + we)AL) dx—l—/ —Ld

Applying Green’s first identity and simplifying, we have

dﬂ < /{_ My Cr O 04 O (Nss—N?sl)z
dt Q (,uh+6 +6;)<‘Uh+61) Nss

D1Nj Ct(PtOCth /|V Nss|
 (un+ 8 +9z )y +0oy)

(0 )3+ ) (R — 1>] dx

(18)

Whenever Ry < 1, we have dWl < 0. Hence, the disease free equilibrium point 7 is sta-
ble and % = 0 if Ny = N and I,(R3, — 1) = 0. The maximum compact invariant set in
{(Nss, Nes, Nis, E¢, I % =0)} is the singleton 7). Thus, the disease free equilibrium is globally

asymptotically stable by LaSalle invariance principle [13].

3.2. Malaria. The Malaria aspect of the model (2) with diffusion is given by

Mult2)  — Dy ANg + Aj — Bl — 1Ny + 0Ny,
Well) = Ds AN+ 2Bln — (1, + 6,,)N,
WAMLY) — DgANy + Gulye — (L + 8 + 6Ny

(19) % = D7ANs+ 6,,Nyi — (Up + @) Ny,
Bnltx) = DpASy+ A — PS5,
3E’3(;’x) = DpAE,+ C’B’]’\’,w — (O + tm) En
(1)

o1 = DI4AIm + O Epy — (5m + .um)lm
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The system has a disease free equilibrium 7J* = (NO, N N NOm §Om gOm [0m) oiven be-

ss st

low as

A A
(20) ﬂ(’)n: <_h7070707_m7070>
Hn H.

m
The basic reproduction number of (13) can be obtained easily using the next generation matrix

method[10,11] and is given by

CmZBthOCme
21 Rom =
( ) 0 \/(“h+6m)<“h+5b+em)(am‘i‘.um)(ém"‘.um)

3.2.1. Local Stability II.
Theorem 3.3. The spatially homogeneous disease-free equilibrium solution 7' of (19) is lo-
cally asymptotically stable if R,, < 1 and unstable otherwise.

Proof. System (19) is linearized about arbitrary spatially homogeneous equilibrium point

(Nss, Nsey Nyiy Ngry Sy Emy Iy ) . Let there exist small perturbations Nyg, Nie, Ni;, N1y, S1,E1,11. The

resulting differential equation is given by

% = D1 ANy +diNis+dizNie +di3Nie + diaNiy +di5S1 + digEr +di7ly
% = DsANi,+dyNis+dnNie + daaNii+ daaNiy + dasSi + dagEr + dorl
% = D¢AN;i+d31N1s + d3oNie + d33Nii + d3aNyy + d3sS1 + dseEr + d3l

(22?13\]% = D7AN\+daiNis+daNie +dazNii + daaNyy + dasS1 + dagEr + dagly

% = D1pASy +ds1Nis +dspNie + ds3Nij + dsaNyy + dss St + dseEr +ds71
% = Di3AE1++de1Nis +deaNie + dezNii + deaNiy + desS1 + des E1 + de7l
% = Dyl +d7iNis + d7aNie + d7aNyi + d7aNy + d7s St + dicEr +drly
where d;(i,j =1,2,---,7) are the elements of the Jacobian matrix at the disease free equilib-

rium, 75"



14 A. O. SANGOTOLA, O.S. OBABIYI

Let there exist a series solution of (22) of the form:

Nis = Yi NiseM coskx
Nie = Y NieMcoskx
Nii = YNyeMcoskx
(23) Ni, = Y NyeMcoskx
Si = Y.SieMcoskx
Ei = Y.Ee*coskx
I = Y IeMcoskx

Equation (22) can thus be converted into:

(d11 — D1k* — X)Nig + d12Nye +di3Nyi + d14Ny, +disS) +digEr +di7l; =0

dy1N1s + (dya — Dsk® — )Ny, + dp3Ny; + daaNy, + dosS1 + dagEy +dogly =0

d31N1s +d3oNie + (d33 — Dgk? — L)Ny; + d34Ny, + dssS1 + dagE1 +dszly =0

(24) dyiNiy+dapNie +dazNy; + (dag — D7k> — )Ny, + dysSy + dagE1 +dazl; = 0

dsiNis +dsyNie +dssNy; + dsgNyy + (dss — D1ok? — 2)S) +dsgEy +ds71; = 0

de1N1s +dgaNie + dgsNi; + deaNy» + desS1 + (dgg — D13k* — A)E) +dg71; =0

d71N1s +d7aNie + d73Ny; + d74Ny, + dvsS1 + diE1 + (d77 — D1ak®> — 2)1; = 0




TRYPANOSOMIASIS-MALARIA CO-INFECTION TRANSMISSION DYNAMICS 15

The Jacobian matrix with diffusion for the system (24) is given by

(25)
di) — Dk? 0 0 O 0 0 —cmPr

0 doy — Dsk? 0 0 0 0 CmPh

0 Om ds3 — Dgk? 0 0 0 0

0 0 O dyy — D7k? 0 0 0

0 0 —CmPBm 0 dss — D1ok? 0 0

0 0 CmPBm 0 0 des — D13k? 0

0 0 0 0 0 O d77 — D14k?
where

diy = —Up,dn = —(Up + Op),d33 = — (U + 8 + O),dag = —(Up + On),ds5 = — i, des =
_(am+um)ad77 - _(5m+lvlm)
—Mp — Dk, — WU — Dy>k? and —(up+ o) — D7k? are part of the roots of the characteristics

equation of (25). The other eigenvalues are evaluated from the resulting variational sub matrix

below.
(26)
—(ttn + Om) — Dsk? 0 0 CmBr
O —(p + 8 + 6,,) — Dek? 0 0
0 mPm — (O + ) — D13k 0
0 0 O — (8 + Mn) — D1ak?

The sub matrix (26) can be represented below as:

byy 0 0 by

by b 0 O
0 b3 b3z O
0 O bsz ba

27)

The resulting characteristic equation is of the form p(A) = A% +b1A3 + byA? +b3A +by =0
where

by = —(b11 + b + b33+ bas)

by = b11ba +a11b33 + b11baa + brabssz + bapbas + b3zbaa

by = —(b11b22b33 + b11b22b4g + b11b33b4g + banb33bay)
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by = b11b22b33bag — bazb3pbr1b14

The condition for stability by Routh-Hurwitz gives by > 0,b, > 0,b3 > 0,b4 > 0 and
b1bybs > b3 + b3 + bba.

Clearly, by > 0,b, > 0,b3 > 0.

b4 can be expanded below as:

by = cPuPrOn0m(1 — RG,) + (B + 0n)(th + G + 0)(0m + Wn)D1ak® + (4 +
Om) (n + 8 + Om) (O + Hun)D13k> + (g + Om) (1 + 8 + 6n) D13D1ak* + (tty + Oum) (O +
Hn) (B + bm)Dek® + (i + Om)(0m + Hm)DeD1ak® + (up + Om)(8w + Hm)DeD13k* +
(n + Om)DeD13D14k° + (W + 8 + O) (G + L) (8 + Hon) D5k + (y + S + ) (0 +
) DsD1ak* + (W, + 8 + On) (8 + L) DsD13K* (14 + 8 + 6,1) DsD13D14K° + (O + tom ) (8 +
W) DsDek* + (0t + 1) DsDsD14k® + (8 + tn) DsDD13k° + DsDgD13 D14k

b4 > 0 provided that Ry, < 1.

b1brb3 and b% + b%b4 can be expanded below as:

bibybs = b} b3,b33 + b3 bxob3 + 3b%,63,b35 + 8b1,53,b33bas + 8D baab3bas + by b3yb33 +
b11b3,b%; + b11b3,b33bas + 8b11b3b33bas + b3 bnb3y + b11b3,b3y + biibnbiibas +
8b2 baobs3bl, + 8b11b3,b33bl, + 8b11banb3sb3, + bl b3sbas + by babisbas + b3 b3, +
303,034 + b1 b3ybas + b11b3ybiy + bbby + bribh by, + biibobssbiy + b babssbas +
b1 b3sbas + by b3aby + 3b7,b33b%, + b1 bshas + bribynbizhas + bbb, + b basbyy +
bibnbssby, + bubisbyy + bubyhbssbu + bhb3ba + bhbssbly + 3b3,03bY +
b11b20b33bas + b3yb33bag + bbbty + bi1banbasby, + b3,basby, + bybisby,

b3 + bibs = bib3b3; + 4b7 b3,b33bas + 4bt bobbas + Ab11b3b3sbas + bty b3bY, +
4D bnbssbiy + Ab11b3ybssbiy + bt b3sbl, + 4bnibnbisbl, + b3,b33bY, + b bnbisbas +
b11b3,b33bas + bi1bnb3sbas + biibanbssbl, — b3 basbxabaibia — 2b11bxbazbiobribis —
2b11b33bazbiobaib1s — 2b11basbazbiobaibis — b3,bazbipbaibis — 2bapbszbazbinbaibis —
2b2obasbazbiabaibia — b33bazbiabaiba — 2b33basbazbiabaibra — b3,bazb3abaibia

Clearly, bybyb3 > b3+ b3bs.
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3.2.2. Global Stability I1.
Theorem 3.4. The spatially homogeneous disease-free equilibrium solution 7" of (19) is glob-
ally asymptotically stable if Ry, < 1.

Proof. Consider the Lyapunov function:

Cm B O O, N, Cm B 0 O N,
% = i M () [ G o
m m SS m m
04, Ng;
(28) + %—bﬁ(j) + O E + (0 + )1
m

The time derivative of V5 is given by

) cmﬁmame < Nsosm> . CtﬁmameNse
V, = 1-— Ngs +
(1n + 8 + Om) (U, + Om) Ny (n + Sp + Om) (L, + Om)
CmﬁmamNsi ; -
(29) e T Oy + (Q + Win ) I
(.uh + 5b + em) ( a )

Substituting the reaction part of (19) gives

. Cmﬂm 04,0 NOm CmﬁthsIm )
V, = 1 — = Ay — ——————— — Uy N
? (Mp =+ Op + 6) (Up + Om) ( Ngg ) < ! Ny, Hn
CmBmame CmﬁthsIm )
- +Gm Nse
(Mp + O + 6) (W, + Om) ( Ny (ks )
CmﬁmOCm
T e AN GmNse - +5 +9m Nsi
(-8 1 O (k-0 =+ 61 Ns)
mPmNseSm
Hence,
V2 < _ .uhcmBmOCme (Nss_Ngm)z
~ (Up+Op+6m)(Up+Om) Ny
cmﬁm 0, Om CmﬁhNomIm
31 2 — (O m) (Om m)Im
G +(.uh+6b+9m)(.uh+6m)( Ny ) (6 + Hon) O + o)
Thus,
. 'mPmOmOm Nss_Nom 2
o R A L P )" 4 () (8 o (R — 1)

(M + O + 6) (U, + Om) Nis

Next, the Lyapunov functional for the reaction diffusion system (19) is given by

Wy — / Vo (Nys (3, 1), Nog (5,£), Nyi (5,1), En (6,1, I (1) )l
Q
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The time derivative of W5 is given by
dw, _ / ( D¢ BinnmOm <1 _Ngm> ANss) dx
dt o \ (U + 6p+ 6,) (U, + Om) Ny
Dscmﬁmamcm ) Cmﬁmam
—I—/( AN a’x+/(D—AN~ dx
o \ (n+ 8+ ) (i + 0w) ¢ o\ (U +8+6,)

dv-

(33) + / (D130mAE,) dx+ / (D1a(0on -+ i) Al dx + / v,
Q Q Q dt

Applying Green’s first identity and simplifying, we have

d& < / {_ MnCt Bin 0y Om (Ngs — Nsosm)z
dt ol (Mat06+6m)(ht0om) Ny
DlNgmcmﬁmame ‘Vsts|2

34 — dx
G (Un+ 8+ O0) (Up+0n) Ja N2

(-t 1) B ) (R — 1)] dx

aw,

Whenever Ry, < 1, we have T

< 0. Hence, the disease free equilibrium point 7y’ is sta-
ble and % =0 if Nyg = N9 and I,, (R%m — 1) = 0. The maximum compact invariant set in
{(Nss,Nse,Nsi,Em,Im]d% =0)} is the singleton 7]". Thus, the disease free equilibrium is glob-

ally asymptotically stable by LaSalle invariance principle [13].

3.3. Co-infection Model Stability Analysis.
The system (2) has a disease free equilibrium

70 = (N NN NSO EX I NI N N NOm, Som EDm T9™) given below as

ssottes Vs 2t Vs rrottse 27 Vsi 2tYsr oo m 'm
A A A

(35) o = (_h7070707_t7070707070707_m7070)
Hp e i

The basic reproduction number of (2) can be obtained easily using the next generation matrix

method[10,11] and is given by
(36) Ry = max{Ro;, Rom }
where Ry, and Ry, are defined by (5) and (21) respectively.

3.3.1. Local Stability III.
Theorem 3.5. The disease free equilibrium 7y of (2) is locally asymptotically stable if Ry < 1
and unstable otherwise.

Proof. It follows from theorem (3.1) and theorem (3.3).
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3.3.2. Global Stability III.
Theorem 3.6. The spatially homogeneous disease-free equilibrium solution 7, of (2) is globally
asymptotically stable if R, R, < 1.

Proof. Consider the Lyapunov function:

Ct Py 04 Oy Neg ¢ 04 Nig

V; = + + oy Er 4 (0 + Uy )],
’ (M + 0+ 6)(n+01) (W +8,+6) o+t
CmBmOCmeNse CmﬁmamNsi
37 + Oy + (G + ),
67 (Un+ 8+ 6n) (U +0m) (W +8+6,) " (G )
The time derivative of V3 is given by
; Cr Py 04 Ot Nes Py 0y Nig . .
Vs = + + oy Er 4 (0 + Uy )],
: (M + 0+ 6)(n+01) (W +8,+6) o+ (et gl
Cm Bm O Gm]vse Cm ﬁm amN Si ; .
38 + + Qi E + (O + W),
8 (Up+ 8+ 6m)(Un+0Om)  (Ma+8p+6m) (O Fin)
Substituting the reaction part of (2) gives
; Ct ¢l 0, O Cy ¢thsIt pm)LmNesIm )
Vi = - +0;)N,y — —M—
’ (W + 8+ 6,) (1 + 07) < N (ks G1)Nes Ny
cr 0 0 Pm AmNeshn
_— N, — Oy +6,)N;y — ————
(Hh+5a+91) (Gt es (,uh+ o+ t) is Nh
;0N S,
o (SO (e ) ) (0 ) (0~ (5 )
t
Cmﬁmamcm CmﬁthsIm ptﬁsteIt)
+ — + 0y )Nge — ———
(Mp =+ O+ 6) (Up + Om) ( Ny (i O )Nse Np,
CmﬁmOCm pt/ﬁlste[t
_— Ne — o, +0,)N; — ———
+ (,Uh‘l'6b‘|‘9m) (Gm se (.uh+ b+ m) Si Nh )
C NS
(39) + oty (W — (o + um)Em> + (G + ton) (ConEm — (8 + Min ) In)
m
Simplifying and ignoring some terms gives
. Cz¢h¢zat6tlz
V- J — (0t + 1) (& + ),
; (Mp =+ 8a+ 6;) (Up+ 07) (0 4 ) (3 i)
c2 0Ol
(40) Mﬁhﬁm = - (am + Ivlm) (5m + .um)Im

(M + Op + ) (M, + Om)
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Further simplification gives

2
Vs o< (ot )+ ) o _1>
s < (o4 p)( "’/-L)t((uh+6t)<uh+5a+9t)(at+u[)(5;+[lz)
2

41 o+ ) (O + L) R _1)
S (@ + ) (O + ) ((uh+om)(uh+5b+9m)(am+um)(5m+um)
Hence,
42) V3 < (04 + ) (6 ‘f’.ut)lt(R(z)z — 1)+ (O + i) (8 +“m)lm(R(2)m —1)

Next, the Lyapunov functional for the reaction diffusion system is given by
W3 = /QV3(Nes(x7t>7NiS(x7t)7Et(-xvt)uIt(xvt)uNSE(xut)7NSi(x7t)7Em(x7t)7Im(x7t))dx
The time derivative of W3 is given by
dW. D o, o,
e _ / ( 21 Py O O ANes) dx+/ <D3 Cr 0 ANis) dx
di o \ (Hy+ 0+ 6,) (1 + 07) o\ " (Up+8,+6)
+ /g2 (Dl()OC,AE,) dx+ /Q (Dl] (OC, + [,Lt)AI,) dx
+/ ( D5 Bin 0 Om AN, ) dx+/ (Dé CmPBm O AN > dx
o \ (tn+ 8+ 6) (y + 0m) o\ (W +8+6u)

dv-
(43) +/ (DlgocmAEm)dx+/ (D14(am+um)A[m)dx+/ Y3 a0y
Q Q Q dt

Applying Green’s first identity and simplifying gives

dW.
@ T2 < [0 ) (G )R (RE — 1)+ (G -+ ) 8+ o) (R, — 1)] d

Whenever Ry, < 1 and Ry,, < 1, we have dws < 0. Hence, the disease free equilibrium point

Tdr
mp is stable and d‘% =0if ,(R3, — 1) = 0 and I,,(R3, — 1) = 0. The maximum compact invari-

ant set in {Nes,NiS,Et,I,,Nse,N;i,Em,Im|% = 0)} is the singleton my. Thus, the disease free

equilibrium is globally asymptotically stable by LaSalle invariance principle[13].

4. CONCLUSION

In this paper, the dynamics of a reaction-diffusion Trypanosomiasis-Malaria co-infection dy-

namics is investigated. The disease free equilibrium is locally and globally asymptotically stable

for all diffusion coefficients if Ry, Rp;, < 1 and unstable otherwise.
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