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Abstract. In this work, a mathematical approach is used to analyze the dynamics of a fractional-order predator-
prey model with two effort functions in an environment that is both competitive and toxic. It is assumed that there
are two major prey and predator groups; prey groups, moreover, occupy two different zones, one that is protected
and the other not so. Susceptible predators are assumed to have access to both zones, infected predators do not have
access to the reserved zone. Therefore, susceptible predators seek prey species in both the reserved and free zones.
We first demonstrate the bounds of the solution. The existence is then verified. We will then turn to examining the
local and the global stability using the Lyapunov method. As a final point, we will use numerical simulations to
confirm our results and to verify the population’s response to prey consumption in the reserved region.
Keywords: prey-predator; fractional-order; stability; toxicity; competition.
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1. INTRODUCTION

The question of fractional derivatives was evoked as early as 1695 by Leibnitz in a letter to
L’Hospital, but when the latter asked him what the derivative of order one-half of the function x
could be, Leibnitz replied that this led to a paradox from which useful consequences would one
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day be drawn. Many mathematicians have studied this question, in particular the mathematician
Liouville who started the research on the subject, he knew the first fractional integration operator
[43] and Riemann broke with this subject and developed what is now known as the Riemann
definition, an unprecedented interest and development in this domain [42], at the end of the
1960’s required a revision that led many authors, including Caputo, to find a new definition of
the fractional derivation [18]. During the recent years, researchers used the fractional derivative
theory in several disciplines such as biological modeling [48], medicine [21], physics [50]...
but the application of these fractional derivatives to ecological modeling has been particularly
productive. For example, B. Ghanbari et al. [22] proposed a model in which the population is
divided into three sub-categories: Prey-mature, prey immature and predators. They assumed
that predators attack mature prey with a Crowley-Martin type functional response. In another
work, S. Djilali and B. Ghanbari [17] discussed the impact of an infective disease on species
evolution, they proposed an eco-epidemiological model with a fractional order consisting of two
categories of prey (infected and susceptible) and the predators that attack them. The coexistence
of interacting biological species has been extensively studied by various other researchers using
fractional order mathematical models [7, 26, 38, 28].

It is noticeable how many species became threatened by extinction due to several factors
such as over-fishing, pollution, misuse, etc. Many measures have been taken to protect these
species from these factors, including the creation of protected areas. The importance of reserved
zones in predator-prey dynamics has indeed gotten a lot of attention by different researchers in
the literature [8]. For example the predator-prey model dynamics with a reserved area were
presented and examined by B. Dubey [12], Considering that the habitat is separated into two
different regions (a free and a reserved zone). Predators are not permitted to access the protected
zone, but must subsist on prey from the non-reserved zone. The interplay between predators
and prey is also influenced by viruses. indeed, in an unreserved region, infected predators
have a hard time tracking down preys that move in a herd. Under such circumstances, the
predator can be seriously injured by the herd. As a result, whenever the predator tries to hunt
the herd, it suffers. Many studies consider this case of interaction, such as, in [6], where in fear

factors of susceptible and infectious predators are studied. They postulate that the attack rate of
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infected predators was lower than that of susceptible predators. D. K. Das et al. [16] advanced
a model that takes into consideration the change in behavior of susceptible predators caused
by the effect of infected predators, the Hopf bifurcation is discussed by considering the disease
transmission rate as the bifurcation parameter. Then, they studied the optimal harvesting policy.
In [30] the authors used a fractional prey-predator model to analyze two distinct susceptible and
infected predator kinds in two areas: a free area where predators and prey can freely move, and
a protected area where prey can live safely from predation.

Motivated by the previous works, we will analyze a population of prey and predators, but
this time we will take into account that susceptible predators can move around freely inside the
protected area and that the population of infected predators is weakened by disease, making it
harder for them to hunt prey. An infected predator is therefore thought to be unable to enter the
protected area.

As can be seen below, the organization of this article is as follows. The Definitions and Prop-
erties of the fractional order derivative essential to our study are given in the second section.
Then after presenting our model in the third section, the fourth section will focus on the unique-
ness and the existence of solutions, as well as their positivity. A discussion on the existence
of equilibria follows. The Jacobian matrix and the traditional Lyapunov technique will then
be used to study the local and global stability of equilibria. In the final section, we present

numerical simulations to verify the theoretical results.

2. PRELIMINARIES

This section provides the Definitions and Properties of the fractional order derivative that are

essential to our study.

Definition 2.0.1. [42] For 0 < a < 1 and for a function h : R* — R, the fractional order

derivative in the Caputo sense is:

arsn 1 YN (1)
D h(y)—r(l_a)/o .

Lemma 2.1. [41] For h € Cla,b] and for the derivatives D*h € Cla,b] where a € [0,1],
3 € [a,b] so that:
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h(y) = h(a) + rgyD*h(§) (y —a)®, ¥y € [a,b].
Lemma 2.2. [5, 41] For h € Cla,b] and for the derivatives D*h € Cla,b] where @ € [0, 1].
If D%h(y) <0 Vy¢€ |a,b], hisa decreasing function.
If D%h(y) >0 VYye€la,b], hisanincreasing function.
Lemma 2.3. [29] For h(t) € C[a, +0] where D®h(t) +uh(t) <v, & € [0,1], (u,v) €R? u#0
and a > 0 is the initial time. The solution verify:

h(t) < (h(a) = =)Eq[-u(t—a)"] + =

Lemma 2.4. [49] Let y* € R" and o € [0, 1]. We have for the differentiable and continuous

function y(t) € R":

t £ 3
for all time t;0, D*(y(t) —y* —y*ln(y(—*))) <(1- 4 )D%y(1)
y
3. PRESENTATION OF THE MODEL

Susceptible predators consume prey in the free and reserved zones according to a Holling
type II functional response [23]. Infected predator attack prey in the free area according to a
Holling type I functional response [23]. Individuals in the free zone move to the protected area
at the rate o7 defined in the table 1 . Individuals immigrate to the unreserved zone at the rate o,
(see table 1) and all compartments, S and / are respectively reduced by the fishing efforts rates
q1E1, ¢2E> + 1 and g3E3 + 1. Susceptible predators are also reduced by infection at the rate S
and both areas are reproducing at the birth rates | and r, defined in the table 1 .

So in our model (3.1), we assume that:

(H)) : In both zones, prey and susceptible predators are free to move around.

(H,) : Predators infected with the virus never enter the reserved zone and capture
prey since they need the energy to do so.

(H3) : Prey species are consumed by susceptible predators in both the reserved
and free zones.

(Hy) : Only the free zone is open to us for fishing.

The following diagram describes the transmission dynamics of our mathematical model:
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A

vy2 , Xy rx

Holling type II

|
< (pE+1)s 4§

o
T X - nixy, qiEvx, (3 +u)x® »
o1Xx // \
Holling type I
Holling type II
A
“< 5SI > | F (@E+n)1 -

FIGURE 1. Diagram of the model ( 3.1)

According to the Figure 1 we would have the following equations:

3.D

d+y

\

(
D% = r1x(1—%) — o x+ Gzy—uxz— fffx—mxy—?’xl—chElxa
D% = (n—0)y+o1x— % - vy2 — naxy,

DOCS — MS+ xS — SSI—,LLS_qZEZSa

o' +x

D% = apyxI+8SI—nl— q3E3l.

D™ is the fractional derivative of Caputo, defined in the Definition 2.0.1, with 0 < o < 1.

Supposing that the parameters are all strictly positive, with initial conditions

(3.2) y(0) >0,

x(0)>0, 1(0)>0 and S(0)> 0.

We define the variables and the parameters in the following table:
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Variables Description

X Densities of biomass in the free zone

y Densities of biomass in the reserved zone

S How many predators are susceptible

1 How many predators have the disease

Parameters Description

Eq Harvesting effort of prey in the free zone

E; Harvesting effort of susceptible predators

E3 Harvesting effort of contaminated predators

r1,r Fish population growth rates in both reserved and unprotected zones
q1,92 The catchability coefficient of predator species

o1, 0 Migration’s rate from a free zone to one that is protected and vice versa
ni, ny The parameters of competition between x and y

Y The ill predator intra-specific strength against the prey

o The rate at which the disease is spread

B The rate of prey search by a susceptible predator in the free zone

c The rate of prey search by a susceptible predator in the reserved zone
u Susceptible predator’s death rate

n Infected predator’s mortality rate

d,o Rate saturation when prey is being attacked by susceptible predators
ap, 0 The rate of a predator converting because of prey

ux?, vy? The reserved and non-reserved zones’ reduction parameters

v, u The corresponding toxicity coefficients

fffx The functional response when a susceptible predator is feeding prey

TABLE 1. Variables and parameters descriptions
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In order to avoid a decrease in population that could lead to extinction, we consider that
3.3) rn—o1—q1E; >0, rn—0y,>0 and ojc— P —u—qE, > 0.

Indeed, if fish populations do not migrate between reserved and non-reserved region (0] = 6, =
0), for r{ — o1 — q1E1 < 0 we conclude that D%x < 0 and if r, — 0> < 0, we have D%y < 0.

In the other hand if otjc — P — U — g2E> < 0, then D*S < 0.

4. THE MODEL’S MATHEMATICAL ANALYSIS

We’ll look at the uniqueness and existence of solutions, as well as the positivity and bounds
offered by the model (3.1) in this part. There will be a discussion about the existence of equi-

libriums.

4.1. Solution’s positivity and boundedness. To demonstrate the biological validity of our
model, we show in this section that the solutions are bounded and that the variables are always

positive at all times.

Lemma 4.1. Considering initial conditions 3.2, the solutions of the system 3.1 are positives

at all times.

Proof.
for x=0, D*x=0yy Vy>0,
for y=0, D*x=o01x Vx>0,
for §=0, D% =0,
for I=0, D%*I=0.
So, from lemmas 2.1 and 2.2 the solutions x(¢), y(z), S(¢) and I(¢) are non-negatives at all

times. ]

Lemma 4.2. if oy <o and N+q3Ez < U+ qrE»,

W = {(x,y,S,I) € Ri/x—i—y + O% + aiz < n+i1\3E3 } is a region of attraction, where:

(r2+ 1 +q3E3)? + K

A=
4y 4(ry + Ku)

(r+n—-qkE +613E3)2-
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Proof. We setX:x+y+a%+aL2,

DX = (ri—qiE))x— (% +u)x® —vy*+ry+ (% - 1)% - (‘L++22]52’)S— (ny +no)xy
_Ntg3ks g

[0%) ’

S0,

DX+ (M+q3E3)X = (ri—qEi+N+qE3)x— (3 +u)x® —vy* + (rn+1+q3E3)y

S Es—pt—E
_{_(g_;_ )c;yTy+(n+Q3 3a2M 9 2)S—(n1+n2)xy,

we get:

(r1+n—q1E1 +q3E3)?*  (r+n+q3E3)? _

A.
4(r; + Ku) 4y

DX +(N+q3E3)X < K

Using the fractional inequality theory in Lemma 2.3, we arrive at:

A

X(0) S X(0)Ea(—(n+a:E)") +

(1 —Eq(—(n+q3E3)t?)),

oo i

u
where Eq(u) = AN
a(t) ,.:zor(aiﬂ)

Gamma function) and 0 < Eq(—(g3E3 +1)t*) < 1.

(Mittag-Leffler function [42]), T'(u) = / ““le~'dr (Euler’s
0

Fort — oo, we get 0 < X (1) < X(0) + , proving this Lemma. O

_ A
n+q3E3
4.2. Solutions’ existence and uniqueness. We can express the system (3.1) as follows

4.1 DY =G(Y),

with Y = (x,y,S,I)" and

rix (1 - %) — 01X+ Opy — ux? — fffx —q1E\x —nyxy — yxI G(Y)
2 cyS
-0 O1X — vy~ — — Gy (Y
G(Y):= (r2 s 2)y+ Slx YT Ty = 2(Y)
WO | BPS _ 5SI— S — qEnS G5(Y)
OSI+ 062’}/)61 — Q3E3I— T’I G4(Y)

Lemma 4.3. In the region W= {(x,y,S,I) ERi/max{x,y,S,I} SC,C>O}, there is a

unique solution of the system (3.1) where G satisfies Lipschitz’s condition [31, 42].
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Proof. To show the existence and uniqueness of solutions of the system (3.1), let Y, Y’ € W
|6 -6, = Si6i) -G
1=
= |(x=x)(rn—01—qiE1) = (& =x?)(u+ ) + 62 (y —)

A ey ) =yl =2D)

+(y—Y)(r2—02)+ o1 (x—x') —v(y* —y'?) —ma(xy — x'y)

d(yS—y'S)+yy' (=S’ yS—y'S")+yy' (S-5')

) da(
)| T e TG

+ap® (xfo;ii))(;ﬁi/s)is L 3(S1=S'T") — (u+ 2E) (S —§)|
+8(SI=ST") + o y(xl —x'I') — (N + q3E3) (I = I') ]

LIy =Y,

IN

where

L = max((rn—qiEi+M(m+nm+y(1+o)+B(1+0)+2(F+u))), (rn+M(n
+no+2v+c(l+0q))),(B(1+0n)+ 1 +qgrEr +20M + BM(1+0p) +c(1+ )
+Mc(1+4aq)), (oYM +n +q3E3+yYM +26M)).

Thus, G satisfies Lipschitz’s condition [31, 42]. O

4.3. Equilibriums points. To get the equilibriums points, we solve G;(x,y,S,1) = 0 where
i=1,...,4 (see (4.1)). Our model (3.1) admits five positive equilibriums points.

-The trivial equilibrium:

Py(0,0,0,0) is the trivial equilibrium where the population is assumed to be zero.

-The equilibrium point with no predators:

The equilibrium Pj(x;,y;,0,0) where predators don’t exist is obtained by solving

Gi(x1,y1,0,0) =0 for i = 1,2. x is the non-negative solution of the following equation:
“4.2) a3x3 +a2x2 +aix+aop =0,

where:

a3 = (u+73) (”1”2 —v(u+ %')) ;

(4.3) @ = ZV(”J“K”)(%*G'*‘“E‘)—nsz(%‘—i—u)—nlnz(Fl—01—Q1E1)

—ni(ra— o) (u+ )+ oyn?,
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ai = —v(r—0o1—qiE))*+(r1 — 01— q1E1) (m02 +n1(r2— 62))
—2010on1 + (12— 02) 0 (u+ %),
apg = —62(}’2—62)(}’1 — 0] —q1E1)+61622.

Using the condition of Descartes criteria [10], hold to the following different cases:

Coefficients | ag | a1 | ap | a3
Choice 1 + |+ |+ |-
Choice 2 -+ |+ |+
Choice 3 - - -+
Choice 4 + |- |- |-
Choice 5 + |+ |- |-
Choice 6 - -+ |+

TABLE 2. Coefficients sign in the different cases respecting the criteria of

Descartes.

According to the table 4 , if ag > 0 and a; > 0 so we have,
(I”z - 0-2)("1 — 01 —q1E1) < 0107 and
(r1— 01— qiE1) (262 +n1(ra — 02)) + (r2 — G2) Ga(u+ %) > 2616501 +v(r) — 61 — q1E1)*.

Then,

— 01,/ —

rp — 0Oy 2v

1 010 A o -0
E; > — max (rl— L2 VA+ Mo +m(r 2)—01),
q1

where A = (n,0 +ny(ry — 62))2 +4v((u+ %)(1’2 — 02)0y —2010o1y).

In the other hand we suppose that nyny, <v (u + %) to get, a3 < 0.

Remark 4.4. For ay whatever its sign, the criteria of Descartes is verified that is if ay < 0

we have the case 5 in table 4 and if a, > 0 the case 1 is verified.

Then

X1 r1+ Ku
= x1—(r1—o1—qE >0,
= T (( X ) 1—(n—-o1—q 1))
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if

(rn—o1—qiE)K 2)<x1<max((r1_GI_QIE1)K (]

r1+ Ku ni r1 + Ku "m

min(

)

Remark 4.5. We can also suppose that a3, a;;0 and ag < 0, so whatever the sign of ai, the
criteria of Descartes is verified that if a; < 0 we have the case 6 in Table 4 and if a; > 0 the

case 2 is verified.

-The equilibrium point with no susceptible predators:
For P;(x3,y2,0,>) where susceptible predators are assumed to be absent, i.e. G;(x2,y2,0,1,) =0

fori=1,2,4, we get a non-negative solution:

_ N+q3ks

Xy = —
oy
(4.4) y, = rz_Gz_”2x2+\/(r22—02—n2XZ)2+461X2V,
Vv
1 r 5

1:—( — 6y —myy — g E)xy — (2 o)>0,
2 - (r1—o1—niy2—q1E1)x2 (K+u)xz+ 22

r— 01— q1E1 — iy + \/(rl — 01—y —q1E1)? +40(u+ )y

“45) if 0<xm<
2(% +u)

-The equilibrium point with the absence of infected predators:
The equilibrium P;(x3,y3,53,0) where infected predators don’t exist we solve G;(x3,y3,53,0) =

0 fori=1,2,3 and since @jc — a3 — 4 — g2 E> > 0, from conditions (3.3) we get:
(oncd) (@' +x3)

Y3 = (aic—u—qu+Ey) (@ +x3)+ 0 B >0,
S — —y3+(r—0y—nox3)y3+01x3 S 0if ya < (ra—02—nyx3)+4/ (2 — 02 —mpx3) 2 +4voy x3
- (d+y3)eys Y3 2v

and x is the solution of the equation:
a6x6 + a5x5 + a4x4 + a3x3 + a2x2 +aix+ag=0,

where,

ag = cAdoy (xzzkﬁzu+czda1 (U4 Exgr — o) (ku+rp) 4+ c2day (xzzﬁzrl
—ZCZdOC] Otzﬁ (‘LL +Eygr — O C) (ku+ r1 ),
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—dogko B4+ cd® oy 03kna B3 — cd oy 03 ko1 B — c2d oy 03 1B + c*d? o} apkny B2
+dkB (1 + Exqy — ai¢) (30301 8% — 2cd oy apna B + 2 o 0 — c*datny)

+d(U + E2qa — a1¢)?(—300koi B2 — ok + cdonkny B — cou B) + c2dockal Bu
130 Adayku — 4d day opka Bu — Sd2odopfny + o Ad*atn

+ctdagog o BPry + 32doy ol 1 — 4cdoy aza'3[3r1 + (1 + Exqy — ayc)dkoy B,
cd?ay 053 B (Gak + knpa' —kry) + 3da12ka'261[33 — cday 02k o, B3 — 2c2doy opa” Bry
+bc2doy 03 B2 + 2> ad o 0ok B2 — ko B2 (2cd? 0y 005 — 2oy 0F + 2¢2d* ok opny)
—ded? oy opkny a'zﬁQ — d> o} kB2 + 20 cd? oy opkry B2 — 6da2ka'301[52

o *btday + 40 cday ko B2 — o' Cd*alo, — 32doyla” — 20 betday oap
+A3d* a0y 00f — o Ad? o oakPB + o *cd? oy ook B + 4d oy anlel” B
—32d2 0 kny ol > B + 3ed?arkmyol B+ of AdP kB — o *cd?onkrs B + 3dke oy B
3edaykal oy B +3c2doy kol u—2c2day oczkoc/3[3u +2d3 o ok Brvxt
—a/c2d3a12k[3v +3day chkﬁv + 4a/c3d2(x12n1 - 3c3d2061206206/[3n1 +3c2day Oc’4r1,
—cd*oy o B2kal (46,00 — 02 G2B + B + 2, o —4a'r, — coymd — 20,0
+2cair) —3ctday ot + bdag a2 ol B2 — 3donka B + 2cd oy ok oy B2
13bdon e’ — 4 dPadora” + 262 doy onkal B — 3c2d? alkny o B

+3cd?aykn, (x'4B +3c2d? afka'zrzﬁ —4bctdoy o oc/3ﬁ +33d* a0 B
—32d2alorka” B+ 3cd?on ke B + 3dko 61 B — 3ed? ko s B
—3edarka’* 61 B + Adonke u+ 22dP o2 onkal By — 32d3otkal By

+33dP oy kol By + 6c3d2(x12(x'3n1 — 3c3d2a12(x2a’2ﬁn1 t2dayary,
—2ldoya”’ +3bEdaga”t - 6c3d206126206/3 + czdzoclzazczkoc'ZBz —Sd*dd oy o By
—2cd?oy occhzkoc'3[32 —2d?o} oczka/zrzﬁz +2cd?ay oczka/3r2ﬁ2 — 2d?oZkny a’4[3
+atcd? alknga'3ﬁ —2bcdoy opa” B +33d2 ooy 0 oc'zﬁx2 —3c2d*ad}orka* B
+3ed? ook B + 32 d202ka 1P — 3ed? kel + dkal o1 B — cdanke! o1 B
B3 ook’ By —32dP alka By + 33 dP ay otkal By + 4ot 'y,
Adoya” —4c3d? 2o ot A3 o200y — c2d® + o cd® + a'czdzalzka’3r2[3

—cd* ke’ 1o — Pd3 okl By + AdP oy o2kl By + acdd2od o,

5
—Sd?otora .
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As ag < 0 we get from Descartes criteria [10], the following diferents cases:

Coefficients | ag | a; | ax | a3 | a4 | a5 | ag
Choice 1 S I S I I S I IS
Choice 2 S R A I I I
Choice 3 - - -+ [+ + [+
Choice 4 S N N N
Choice 5 S T N N I B S
Choice 6 S e R

TABLE 3. Coefficients sign in the different cases respecting the criteria of

Descartes.

So from the first case we impose that a; > 0 for i=1,...,6.
-The endemic equilibrium point:

Using Gj(x4,y4,84,14) =0 fori=1,...,4, the endemic equilibrium point Py(x4,y4,S4,14) is:

v ey(g3E3+1)—(r—02)y(d+y)8

o= +(01E"2Y)g+Y)5+CyazY ’ i
— X
4.6) Sg = NTBEZOVM e, LNTBES
o oY
I = (B~ (it o) + () > 0.

Using the last expressions in the following equation:

S
rix (1 — Iﬁ() — O X+ 0y — ux® — Oc[?ix —q1Exx—nixy—7yxl =0,
we get
a7y7 +a6y6 +a5y5 +a4y4 +a3y3 —l—a3y3 +aiy+ao =0,
where,
a; = o eo® + h2oq + ho*w,

ag = o €0’ + eho* + gho® + 3a eio® + o hmo® + fh?0+h>mo+ h3p + h%ig+ 2hlog
+10*w + 2hiow,
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aq

as

as

ai
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dgho®* + 30 eio® + elo® + glo® + o Imo* + fh%i+h*im+dfh*o + 30 ei?o + 2ehio
+2ghio+2fhlo+ 20 himo + 2hlmo + dh3p +3h21p + 2hilg + 1>0g + 30 deos
+dh*qs + hi*w + 2ilow + 2dhocw,

o ei® + ehi® + ghi* + dglo® +d fh2i + 2 fhil + o hi?m+ 2hilm+ 30 ei*o + f1%0
+2dghio + 2d fhlo + 2eilo + 2gilo + *mo + 20 ilmo + 3hi%p + 3dh*1p + il%q
+dfh?s + 30 deo’s + dh*ma, + 2dehos + 2dghos + 60 deios + 20 dhmos
+2dhlgs + i2lw + 2dhiciw + 2dloow,

o ei® +dghi2 + fil® + 30 d2eos? + ei2l + gi*l + 2d fhil +ilPm+ o 2lm + d f1%0
+83p+2dgilo+3dhi®p+d*fh2c) + 3 dei*o) + 2dehic, + 2dghic; + 2d fhloy
+20 dhimo, + 2dhimo, + 2d*ghooy + 60 deioc) + 2deloc) + 2dgloc,

+20 dimooy + dI2qo; + d*hs*w + 2diloyw,

dfil® +d*ehc? +d*gho? +3a d?eic? + o d*hmo? +3a d>eoc? + dgi*l +dlPp
+30 dei?6) +d fI20) +2d%ghic, + 2d2 fhlo + 2deil 6 + 2dgiloy + dIPmaoy
120/ dilmoy +2d2gloc) + d2lo?w,

o d*ec? +d>gho? +3d dPeic? + d2elo? + d*glo? + o d*imo} + d* fl2 o,
+2d%giloy,

—a d*K 8.

118K —a'ri 6 — 616K — a'u6K+ﬁoc2yK —q10E1K — Yoo BK — (U + q2En) YK,
rdo K — 018 K —B(qsEs+ MK — q18E1a K — (U + B> o K,
—(r1+uK)d,

—n10Kd —yKac,

—020K —njdak,

—Ko»dd,

nio0kK,

v—(r—0,)9,

c(@3E3+1n)— (ra—02)dé,

—n,0,

016 —nrdd + cony.
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As ag < 0 we get from Descartes criteria [10], the following diferents cases:

Coefficients | ag | a; | ax | a3 | aq | a5 | ag | a7
Choice 1 S I I S I N
Choice 2 S S I I A T
Choice 3 S I I I S I A
Choice 4 S N N
Choice 5 S R I I I A S
Choice 6 e
Choice 7 N e e e N A I I

TABLE 4. Coefficients sign in the different cases respecting the criteria of

Descartes.

Then we impose that a; > 0 for j=1, ...,7.

5. STABILITY ANALYSIS

15

In this part, the Jacobian matrix and the traditional Lyapunov technique will be utilized to

determine the local and global stability of the equilibriums.

5.1. Local stability. The Jacobian matrix is:

Juu Jiz Jiz Jua
Jo Jn J3 O

(5.1) J(X) = )
J31 Jzn Jzz Ja
Jag 0 Jaz Ju
where
111=i’1—<71—61151—2(%+”)X+H1Y(Yll+%)a Ji2 = 02 —nyx,
J13:;,_€3¢» Jia = —yx, Jo = 01 —nyy, J22:r2_62_2vy_n2x_ﬁ’
N .

Jay=—0S, Ju=opyl, Jz=0I Jyu=0S+wmyx—q3E3—n.

Proposition 5.1. The trivial equilibrium Py(0,0,0,0) is unstable.
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Proof. From (5.1), the J(0,0,0,0) characteristic equation is:

(¢33 +NA)(q2E2 + L+ A)(A* = bA +¢) =0,

with b= (}’1 —O01+1rmn—0, —qlEl) and c = (rz — 62)(1‘1 — 0] — qlEl) — 0>07]. Therefore the
eigenvalues A; and A, of J(0,0,0,0) are negatives, however A3+ A4 = —q1E| — 01 — Oy +r2+1)
is positive. Then one of the eigenvalues doesn’t verify the condition of Matignon [35]. So,

Py(0,0,0,0) is note stable. O

Proposition 5.2. The system (3.1) equilibrium point Pi(x1,y1,0,0) is locally asymptotically

, L
stable if x; < min <n+q3E3 o (ptarBr)(dty)—o g on ) and | arg(A34) |[> 4F

oy O f(d+y)—(U+q2Er)(d+y1)+aicy

Proof. From (5.1) the J(x1,y;,0,0) characteristic equation is:

2[3 x| ajcy|
St - =0
U+ qEr d+y1)

(A2 +SA+P)(A — oyxs + 1 +q3E3) (A — o+
Where
S :<@§+w+)m+m +wQ

P = <62;yc_:+(”+f)xl>< +Vy1) (02 = nixi) (01 —nay1).
Therefore, the first and second elgenvalues are:
+a3E3
oy

_ By aicy) o (4+g2Er) (d+y1)—0 ey
o= a’+x; (M +q2E2) + ESTERS Oifx; < B (d+y1)—(U+q2E2) (d+y1)+oucyr then

Moo= yxi—(N+q3E3) <0ifxg < 1823 then | arg(Ay) |= 7 > %4E.

|arg(Ay) |= 7 > &F.
For A24+SA +P =0if A=S?>—4P > 0, A3 and A4 are purely real and negative.

If A <0, A3 and A4 are complex number. So if | arg(A3 4) |= tan~! <@) > SR, Py is locally

asymptotically stable. U

Proposition 5.3. The equilibrium point P>(x,y,0,1) is locally asymptotically stable

o/ ((8h+u+qrEr) (d+yz)— 0 cys)
(aB+aicy,—(8h+u+gq2Er))(d+y2)

if xp < and the conditions of (5.2) are satisfied.

Proof. From the Jacobian matrix J(x;,y>,0, 1), the characteristic equation at P, is:

(A ( ®wpxy ey

o +x3  d+ys (612+“+‘12E2))> (A3 +esd? +ed+¢p) =0,

where:



FRACTIONAL MODEL OF PREY-PREDATOR INTERACTIONS 17

e = —(rl—GI—Q1E1—2(%)xz—nl)’z—}’12+Vz—62—2vy2—n2x2),
er = (n —01—Q1E1—2<%> xo —n1y2 — Yh)(r2 — 02 — 2vy, — noxz)
—(01 —my2) (02 —n1x2) + Y hxs,

2
eo = —Vapyhx,

wpr | o - o ((8h+p+qrEr)(d+y2)—aucys)
So A1 = 062+X§ + lerC;; —(0h 4 +q2E2) <0if xa < (062[3+0621€y2—(glzz+#+Q22E2))Edfm)’

then | arg(A) |= 7w > %4~

The discriminant of P(A) = A3 +e24% +e1 A + ¢ is defined in this form [2]:
A(P) = 18eje2e0 + (e2e1)> — de] —4ereg — 275

And then we get the following cases:

(5.2)
For A(P) > 0, P, is asymptotically stable if eg, ej, e2 > 0and e;e; —ep > 0,Va € [0,1],

for A(P) < 0 and e, 1, e2 > 0, P, is asymptotically stable if o < % and eye; —eg > 0,
for A(P) <0, ep, e1,e2 >0 and epe; =ep, P isasymptotically stable Vo € [0, 1].

O

Proposition 5.4. The equilibrium point P3(x3,y3,S53,0) is locally asymptotically stable if 3S3 +
0L Yx3 < N +q3E3 and (5.3) are verified.

Proof. The J(x3,y3,S53,0) characteristic equation is:

(A — (883 + aayxs — N — q3E3)) (AP + HAR + il + fo) =

where:
h = —(U+V+W),
_ _ _ o pa'x3S; W2ys0483d
fl = UV-— (Gl n2y3)< 2 l’l1X3)—|‘ (o +x3)3 +WV-WU + dy)2
_ Bl _ _ AaydU%3S; | c(or— n1x3)052[306 S3y3
fo = \% CZ=SE UVW-l—W(Gl n2y3)(62 n1X3)—|— () + (dy) (of 43 )2
_ B(o1—nay3)ocdS3x;
(d+ys)(a+x3)
U = rn—oi—qE =298y —njys — (a/i—xsj)z,
S3d
vV = rz—Gz—ZVy3—n2X3—(dC+#)z,
W — (chyg_i_azﬁx; ‘u q2E2

d+y3
The first elgenvalues ?Ll 0S5+ apyxs—1N —q3E3 <0 if 0S3+ apyxs <N+ q3E,
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then | arg(A) |[= w > 4F.
The discriminant of the polynomial Q(A) = A3 + frA% + fiA + fy is defined in this form [2]:
AQ) = 18fifafo+ (fui)> —4£ —4F3 fo— 2715
Supposing that f; > 0 for j =0,...,3, then:

(1)  ForA(Q) >0, P;isasymptotically stable if f>f] — fo >0, Vo € [0, 1],
(5.3) (2)  for A(Q) <0 Pjis asymptotically stable if o < 2 and fof1 — fo > 0,
0)

(3) forA(Q) <Oand fof1 = fo, P3isasymptotically stable Vo € [0, 1].

Proposition 5.5. The equilibrium Py(x4,y4,S4,14) is locally asymptotically stable

2
if 0,01, 62,63 > 0 and o3 — 91 > B
Proof. From the Jacobian matrix J(x4,y4,S4,14), the Py characteristic equation is:

R()L) =24 —|-(D37L3 —I—q)zlz + DA+ Dy,

where:
3 = —(as+fs),
D, = aefe—bees—c686 — dsic — he Je,

D) = aphejo+ cofog6+dsfoic + fohejo — i6Cohe — degs Je6,
Dy = jebseshe +isce fohe + defeg6j6 — Jedefehs,

ag = 11—01—q1E1 —2(F +u)xs —niys — yls — (flif:)z — Y4,
b = 0p—nixy,

s = e

ds = —7Yx4,

e = O1—nyys,

fo = r—0y—2vy,—noxy,

he = —068,

e = Y,

je = Ol
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Let A(R) the discriminant, where:

A(R) = 25693 — 192930103 — 1280300 + 1444207 ¢ — 279} + 14403 ¢, 93
(5.4) —603 97 90 — 8093979190 + 18930207 + 1693 ¢ — 493 97 — 2793 ¢5
1803 020190 — 40367 — 4979790+ (930201)*.
Using [2] results and supposing that ¢; > 0 for j =0,...,3,

(5.5)
2
(1) For A(R) > 0and ¢r¢3 — ¢; > %, Py is locally asymptotically stable for all o € [0, 1].

(2) ForA(R) <0 and a < %, Py is locally asymptotically stable.
(3) ForA(R) <0, and ¢, = M’O + ¢1, Py is locally asymptotically stable for all ¢ € [0, 1].
0

5.2. Global stability. In this part, the global stability of the equilibriums will be examined

using the Lyapunov method.

Proposition 5.6. The equilibrium Py (x1,y1,0,0) is globally asymptotically stable

.f 0000 oy0;d < ocza n+ o d

i a;dv 06206/(1‘1+ku))
x(artxr) U oyid+y1) = o +x d+yi

n < 2min
2= (d+y1’ k(o +x1)

Proof. We consider V| (x,y,S,I), the Lyapunov function:

Vit = (27) (x—m—xﬂn(i)) +(#5) (y n—nn (y%)) ()

we seta = sza b—da‘d and w =
o +x;’ 1 a+x

D*V; < a=="D%x + by%Day + D%S +wD*I. Using (3.1), we remplace D%x, D%y, D*S and

D®I with there expression to get:

D*V, < a(x—xl)(rl(l—i)—GH—GzX—ux— BS —q1E1 —nyy—vI)

o' +x

+b(y—y1)(rs — G+ 1% — 5 — vy —nox) + (%2 + BB 51— 1 — gy [p)S

o +x

+W(6S—|— oYx —q3k; — T[)I,

!/
sincew = 24— <
o +xq

DV < ﬂl(%) (x —x1)? = vb(y —y1)* = (an1 +bn2) (x —x1)(y = y1)

+a0y(3 — ) (x—x1) +b01 (5 = ) (y—y1) — P> (x—x1) —ayl(x—x))
f;ﬁsy v =y)+ (35 + Z{ﬁ U—qrEr)S+w(oyx—q3E3 —n)I,
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as  U+qrEp > nyyll + g?fig and q3E3 + 1M > ap¥x; (see Proposition 5.2 ),

we get

b*vi < ﬂ’(%)(x—xl)z—bv(y—yl)z—%(X—X1)2 DI (y —y1)?

(an1+bn2 4% _ b9y (x—x;)(y—y1) — ﬁ —(x—x1) —ayl(x—x)

X1 1

B ) B I e

We replace a, b and w with there expressions. Supposing that

any +bny — agz by‘? > 0, we find,

DY < —( m#”-“"#”)(x—xl)z—(bv an b ) (y —yy)?

b b
— S (x—x1)? = 2 (y—y1)? = (2 + 22 (k= x>+ (= y1)?).
Therefore, D*Vy < 0 if <22 + byclyl < any +bny < 2min(bv,a™ ).

Proposition 5.7. The equilibrium P, (xz, v2,0,1) is globally asymptotically stable

/ /
. 0O Oy a1doy aza apo r1+Ku
i < n ny, < 2min (—) .
f (OC/-HCZ)XQ - (d+y2)y2 = o +Xx2 1+ d+y 2= ( OC,+)C2 K )

Proof. We consider V,(x,y,S,1) the positive definite Lyapunov function, where:

= ()] (3 on() s

n (a A (1 L —121n<
X2
Using Lemma 2.4 we get:

/ /
o WO X—X) O ad y—y2 no a [I-bhna o
DUV < REERDOxf FUEERD Ay + SR DA 4 DO,
/

DUV, < PE(x—x)(n (1-%) -1+ 0t —ux— B — q1Ey —miy—v0)
d
‘f’dﬂyz(y_}’Z)(”Z—GZ‘i‘Gl;—d—ﬂ—"y nyx)
t U= D) (85 +onyx—q3Es =)

+(f§1—f; + BB S u— gE)s,

> %o 062[3962

2 T T oo a’+x 512’ so we get:

DUy <~ (1K) ()24 B g2 1) (x—x;)

o +xy o +xp X
—(Fom+ ) (x =) (y - y2) - aﬁz Y(I—Iz)(x—xz)

aa/ﬁS d X
—m( )+d0fﬁy2 (y—y—z)(y—y) dﬂz v(y —y2)?
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— S =) 70U —D) (x—x2)(I = 1)

+a1CS(d+y d+y2)+ 2[35( . = )_ A 55(1 12)7

o +x o +x2 o +x

it’s easy to show that ,

X _ o dcS o a/BS
alCS(d+y d+y2) + o BS((X/):-X - Ocl—iz-xz) = (d+y12)(d+y) (y—yz) + m(x—xz).

So we get,
/
D2 < —%(x—xz)z _vdoi;lz (r=y2)* = %(x—m)z B (;jl-;lgly);y (r=y2)”
/ /

(ot Em G~ W) )0 32),
et P+ ffm — (S — (RS > 0 we find
D%V, < — (% <%) - %(;ﬁ 1-|-d+y )> (x —x7)?

/ :
- A+ B - SR e
/
R 32— (T ) (- ()

! /
do wna od . owa K
Therefore, DV, < 0 if “2“ % _Hdo1I o Ba 14 0 < dmin(v. 22 ( | K) .
2 (@ o) @y = o L dn 2 S min( o, UK )

O

Proposition 5.8. The equilibrium P (x3, v3,53,0) is globally asymptotically stable

i /
.r 0O Op a1doy ocza oczoc r1+Ku
I < n ny < 2min(v, (—) .
f (o +x3)x3 + (d+y3)ys = o +x3 1 d+y 2= ( o +x3 K )

Proof. Take the positive definite Lyapunov function:

V3(x,y,S,1)=a <x—x3 —x3In (£>) +b <y—y3 —y3ln (l>) + (5—53 —S31n (i)) +1,
x3 y3 S3

with a = O‘j‘zf <aand b= doi;l < ay. Using Lemma 2.4 we get:

D*V3 < a=—D% + byyiD“y + %DO‘S + D%I, and from (3.1), we remplace D%x, D%y,

D%S and D*I with there expressions:

D%V; < a(x—x3)(ri(1- %) — 01+ 0Y —ux— o — 1By —miy—vI)

o' +x

+b(y —y3)(r2— 02+ 013 — 5 — vy —mox)

+H(S=83) (5 + BPY — 81— 1 — qoE) + (8S+ oo yx — g3 B3 — )],

we have 11 + g3E3 > 053 + 0pyx3 (see Proposition 5.4 ), so we get:
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DYV, < —a(%) (x—X3)2+a62( —33)(x— x3) — (any + bna) (x—x3)(y — y3)

—a}/I(x X3) —CIB( Ot +x) - (a’i%x3))(x_'x3) +b6](§ - ;%)(y_y?))

_bv(y_J’3) bC(d+y d+3y3)(y —y3)+0(S—S3) I+ wy(x—x3)I
Foncd S + aopor S s1(s - s3),

(d+y)(d+y3) o +x) (o +x3)
fora = O‘z,‘ﬁS and b = dofﬁ;g we have
(5.6)
—aBS(x—x3) | aPSi(x—x3) | aB(x—x3)(S=S3)  _ (-aP(e’+x3)+emPa’)(x—x3)(S—S3) L _apSsle—xs)?
(o' +x) (a'+x3) (o' +x) (o +x)(a +x3) (o +x)(a +x3)
_ aBS;(x—x3)?
(o +x) (' +x3)
and
—beS(y—y3) +1)653(y—y3) + acd(y—y3)(S—S3) __ (=be(d+ys)+oucd)(y—y3)(S—S3) + beS3(y—y3)*
(d+y) d+y3 (d+y)(d+y3) B (d+y3)(d+y) (d+y)(d+y3)
_ beS3(y—y3)?
T (d+y)(d+y3)?

after simplification, for any + bny — “}gz by‘? > 0 we find,

D%V < (a(5) ~ dlam +bm)) (x—3)? = (v = Slam +bm)) (=)
2 (x—x3)2 — b (y = y3)? — (42 4 22) (x—23)2 + (= 33)2).
Therefore, D*V3 < 0 if by—? + 92 <any +bny < 2min(v,a (—”J;{K“) ).

—da

Proposition 5.9. The equilibrium Py(x4,y4,S4,14) is globally asymptotically stable

I i /!
. [05X0 K ex) a1do [05X01 ad . oHa r1+Ku
i < n ny, < 2min(v (—) .
f (o +x4)x4 + dya)ys = o x5 1 T dty, "2 = (v, o +x4 K )

Proof. Take the positive definite Lyapunov function:

Vi = a <x—x4—x41n (}%4)) +b (y—y4—y41n (ﬁ)) + (S_S4_S4ln (S_S4>>
+<I—I4—I4ln (£))-

witha = ;‘f <opand b=-49 < ;. Using Lemma 2.4 we get:

d+ys
S -1
4) DS+ ( ; 4) DY,

)D“ +b(y yy4)Day+ (S_

from (3.1), we remplace D%x, D%y, D*S and D*I with there expressions:

X —
D%V, <a(

D%V, < a(x—X4)(r1(1—1)—61+62X—ux— Bs —q1Ey —nyy—yI)

o' +x

+b(y—y4)(r2— G2+ 015 — £ — vy —myx) + (S — S4) (92 + BB — 57—
—@2E>) + (I —14)(8S + o yx — g3E3 — 1),
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SO we get:
D*V, < —a(r'+K”> (x—x4)? + a0y (2 — )( —x4) — (any +bny) (x —x4)(y — y4)
(

a1~ 14) (= x) — 4B (A — ) (v ) by (5 — ) (v - )

—bv(y—ya)? —be(z5 — 75— y4)+5(S Sa)(I — 1)

oyl —xa) (1~ 1) + oned G + onBol mEn)

—5(]—]4)(S—S4),

with (5.6) , after simplification, for  anj + bny — “‘? by‘zl > 0, we find,
DYV, < — (a (%) — L(any +bn2)> (x—x4)2 = (v— L (any + bny))(y — y4)?
—aZ (x—x4)? —bIE (y—ya)? — 3 (42 +22) ((x —xa)? + (y = y4)?).
Therefore, D%V, < 0 if % + by% < any +bny < 2min(v,a <%) ). O

6. NUMERICAL SIMULATIONS

In this part, we present a numerical simulations to confirm the theoretically obtained results.
First the figures 2 — 5 present the model (3.1) simulations with respect to time, to verify the
convergence of solutions to the equilibrium with different values of o. Then after assuming ¢
with different values, the figure 6 present a numerical simulations to verify the impact of prey
consumption in the protected area on the population.

After adding some values from [30] to the system (3.1) parameters and assuming the other to

verify the stability conditions, in Table (5) we present the parametrs values.
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Parameters | values in Fig. 2 | values in Fig. 3 | values in Fig. 4 | values in Fig. 5
E\,Er,E5 | 6,5and 4.8 3,2and 1.5 3,32and 4 3,2.6and 2.2
ri,r 4 and 1 6 and 8 10 and 8 2.34 and 3
q1-92,93 0.1,0.2and 0.4 | 0.1,0.7and 0.9 | 0.1, 0.2 and 0.48 | 0.1, 0.2 and 0.3
01,00 1 and 0.9 1 and 2 2 and 7.5 2 and 7.5

ni,n 0.5 and 0.3 0.5 and 0.1 0.5 and 0.3 0.5 and 0.3

Y 5.5 55 5.33 8

o 10 14 9.5 5

B 0.94 1 11 10

u 1.5 1.8 1.8 241

n 60 60 60 2.68

d,of 0.6 and 0.7 0.2 and 0.45 5.2 and 4.8 0.6999 and 0.70001
o, 00 0.8and 0.998 | 3.5and 4 143 and 1.5 0.99 and 1

c 0.89 0.6 5 0.94

u 0.0001 0.4 0.1 0.01

v 0.333 0.9 0.4 0.4

K 3 5 6 0.7

TABLE 5. Parameters values
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FIGURE 3. Convergence of solutions to the equilibrium P, with various values

of o



26

C. TAFTAF, M. R. LEMNAOUAR, H. BENAZZA, Y. LOUARTASSI

300 150
a=0.4 I a=0.4
250 | a=0.7| a=0.7
«=0.9 100 |- a=0.9|
200 1
4 =
150 |
50 f\
100 —
&
50 I ! ! ! o | , . .
0 20 40 60 80 100 0 20 40 60 80 100
t
700 60
a=0.4| | ) a=0.4]| |
600 t a=0.7 50 a=0.7
500 = a=09}4 4ot a=0.9] ]
% 400 =30
300 - 20}
200 ! 10 ‘.
100 : . . . o (N
0 20 40 60 80 100 0 20 0 60 80 100
t
FIGURE 4. Convergence of solutions to the equilibrium P; with different values
of o
400 200 T
a=04] | a=0.4
350 ae0.7 1 =07
300 a=0.9| | 150 " a=0.9]| |
£ 250 = ’7
200 }f 100
[ [
150I
100 : : : : 50 : : : :
0 20 40 60 80 100 0 20 40 60 80 100
t
500 T 600
a=0.4 a=0.4
400 - a=0.7|{ 500 a=0.7|
«=0.9 «=0.9
400 |
300
= £ 300 |
200
200 L
100 100 [
0 . . : : 0 . . : :
0 20 40 60 80 100 0 20 40 60 80 100

FIGURE 5. Convergence of solutions to the equilibrium P with various values

of o



FRACTIONAL MODEL OF PREY-PREDATOR INTERACTIONS 27

By using the values of the Table 5 , the numerical simulation shown in the previous figures

2 — 5, declares that population will increased and decreases over time to attain equilibrium

for differences values of the fractional order derivative ¢, which proves the global stability of

equilibrium points. The solutions of our model converge to the equilibrium more quickly by re-

ducing the fractional order, which confirm that numerical solutions are continuously dependent
on .

For the figure 6, we use the values in Table 6 and we assume ¢ with different values to verify

the impact of prey consumption in the protected area on the population.

Parameters | values in Fig. 6
E|,Ey,E3 | 3,2.6 and 2.2
ri,r 2.34 and 3
q1,92-93 0.1,0.2and 0.3
01,00 2and 7.5

ni.n» 0.5 and 0.3

Y 8

0 5

B 10

u 241

n 2.68

d,o 0.6999 and 0.70001
ap, 00 0.99 and 1

TABLE 6. Parameters values
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FIGURE 6. The impact of prey consumption in the reserved area with different

values of ¢

The prey-predator competition has gradually formed a system of sustainable interactions,
with predators having a direct and indirect influence on the populations of their prey by killing
and eating a proportion of the individuals. Natural and unnatural regulatory systems, such
as the creation of protected areas, have emerged in ecosystems to balance prey and predator
populations. If there were no regulatory mechanisms, predatory animals could theoretically
wipe out all their prey, and then disappear themselves due to lack of food. Using the values
of the Table 5, the numerical simulation illustrated in figure 6 show that the penetration of
susceptible predators into the reserved area, influences the quality of ecosystem functioning in
that area. Indeed, they influence the structure and productivity of the prey. As the figure clearly
shows, the predation coefficient has a significant impact on the population in both zones, the
restricted zone and the free one. As long as the value of ¢ increases, the number of prey x, prey

y and predator I decreases, while the number of sensitive predators increases.
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7. CONCLUSION

With a fractional order prey predators model, we’ve studied the positivity and the bounded-
ness of the solutions provided of the model to check that the model is epidemiologically well
posed. Then we sought the local and global stability of equilibriums by using the Lyapunov
function. Therefore, from the numerical results it has been proved that the equilibriums are
globally stable and the prey consumption in the protected zone have a significant impact on the
population in both, the reserved and the free area, furthermore the penetration of susceptible
predators in the restricted area influence the productivity and the quality of ecosystem function-
ing. The predator adapts its hunting strategies on the pack in the reserved area, which causes a
delay. Indeed, the next item is based on a model where susceptible and infected predators will

attack the reserved area with a time delay.
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