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Abstract: Harvesting's effect on living organisms is one of the most important factors affecting the way they
reproduce. In this paper, we proposed a mathematical model to study the effect of harvest on two species with
competition between them. The Holling type —I1 functional response has been considered, four equilibrium points are
biologically accepted, The locall stability of these points was analyzed , and The stability of the positive point was
analyzed locally and globally. the local bifurcation of the system at these points was also studied, and they were all
of the type saddle-node bifurcation. In addition, the persist conditions were found. Finally, the system was analyzed
numerically.
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1. INTRODUCTION
In the ecosystem, there is a group of living organisms that interact with each other and compete.
Mathematics has a major role in explaining these interactions between these organisms.This is

done by formulating mathematical models that describe these interactions; among these
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interactions or effects are the effects of competition, harvest, coexistence, and others [1], [6], [13],
[20], [37]. It is not limited to formulating mathematical models in the ecosystem but mathematics
has a major role in formulating mathematical models in broad fields such as medicine, biology,
chemistry, and others. [2], [5], [6], [8], [9]. [12],[18], [24]- [29], [34], [35], [38], [39]. The dynamic
relationship between living organisms is considered one of the most important relationships that
researchers have been interested in studying on a large scale since ancient times. This relationship
still plays a major role in researchers’ interest in studying it [3], [10], [11], [18], [19], [37], [41],
[44], [46]. The study of the effect of harvesting is not limited to organisms within the same variety,
Rather, it studies the effect of harvesting on living organisms within different species, as is the
case with compete, its study is not limited to organisms within one species However, there are
many studies on the effect of competition on organisms within different species [7], [14], [15],
[22], [30], [32]- [34], [36], [38]-[40], [42], [43].[45].[47], [49]. The effect of harvesting on the
ecosystem is an important part of researchers, interest in studying environmental models. There
are also different types of harvesting functions, including linear harvesting, harvesting that
depends on the presence of a constant, non-linear harvesting, proportional harvesting that depends
on density, and others [21], [23], [33]. In this paper, a two-species model telling both harvesting
of type linear and competition is proposed and analyzed. The effects of the harvest and competition
on the dynamic behavior of the two species model fit throughout analytically as fine as numerically.

Also studied the bifurcation and got a clear result.

2. ASSUMPTIONS OF THE MODEL

Suppose we have a model consisting of two species x and y, with competition between them
according to Lotka Volterra type (2) of functional response, both of which are affected by the
harvested.

Can be offered the model by the following two differential equations:
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dx x Bixy _

Pkl (1 - E) ETE e1q1x = xf1(x,y)

dy vy Baxy _

P SJ’(l—T)—aZ—H—ezCIz)’—Yfz (x,y) (1)

Here, model (1) has been analyzed with the initial conditions x(0) > 0 and y(0) > 0,

where each parameter of system (1) is let to be positive, it can be described as follows: k, [ are the
carrying capacities of both x and y, respectively. In addition to their growth rate  and s; each of
B, and B, are competition coefficients; a; , @, are half-saturation constants; finally e;q, and

e,q, represents the harvesting rate of each of the above species.

3. BOUNDEDNESS

Theorem 1. All solutions x(t) and y(t) of the system (1), which startin RZ are uniformly
bounded.

Proof: let (x(t),y(t)) be any solution of the system (1) with a nonnegative initial condition.

dw dx dy
— =4 =

Now, for w(t) = x(t) + y(t), we contain praanirie e

dw rx?  Bixy sy?  Byxy
E=Tx—T——x—eﬂhx"'sy—T—z——ezCIz}’

Hence, Z—V: +mw(t) <rk+sl=u,

Where, m = min{e,q,x,e,q,y },

Then, w(t) < u—pue™ ™ + woe™™t

Where w, = W(x(O),y(O))

Hence, VT > 0 we have that 0 < w(T) < )

So, all solutions of system (1) which are initiated in RZ are enter to the region

o ={(x@®),y(t)) eER2:w=x+y<p+e foranye>0}
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4. EXISTENCE OF EQUILIBRIA POINT AND THEIR STABILITY
In this section, the existence and the local stability analysis of all the equilibrium points of
system (1) are studied, and four equilibrium points are found, namely:

1. The vanishing equilibrium point E, = (0,0).

2. The pointon the x —axisis E; = (X,0), we call it the axial equilibrium point where

X =

m exists if the following condition holds:

r>eq; (2)
3. The axial equilibrium point on the y — axis is given by E, = (0, ), where

l(s—exq3)
s

y= exists if the following condition holds:

s > eq; (3)

la2a1+y(all—5a2,82+5y)

4. The positive equilibrium point E5 = (x,y ), where x = T
2
following condition holds:
al > say,pB, + sy 4)

and y is the positive solution of the following polynomial
Ay*+ By +Cy>+Dy+E =0

rs?

Where A = gz

2rs Sty
B =2 (ay - 2%),
1p5 l

__ 2rsaza, rsas r sa, 2
C=—f —75 " z\a— )
B3 LB2 2

D= (- 288) (1, -2) - s,

ra;aza; ra?a?

B2 4

E=a2+

Where a; =s —eyq, > 0,a, =rka; —e;q; >0andas; =k —a; >0

exisit if the

Therefore, by the discard rule of sign, the above equation has a positive root, say y either if the

following condition
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Say\? 5
sa, lSﬁzas‘H(al—T) a,a?  a,f,

aspB, _ kﬁlﬁzz

max ,

l <a; <

[
hold. Or when B, C, D and E are all positive.

’ sa
250, as  rasa, 2a;  2rq, (a1 _5%

)

Otherwise, system (1) could not have a positive fixed point depending on the sign of B,C, D and

E

Now, the local behavior of the above stable points has been calculated by finding the Jacobian

matrix of the system (1) around each point and extracting the eigenvalues of the matrix. Where

Jacobian matrix of the system (1) at (x, y) be able to be written as:

_ ol _ @by _ s
]: r ka (aq+x)2 €101 a;+x (5)
By o gSy _ abx
ar+y Y T apryye 212

The Jacobian matrix of the system (1) at the vanishing critical point E, = (0,0) can be written in

the following form:

_ [T~ éq 0
](EO) - O 5—equ

(6)
Hence, the eigenvalues of J(E,) will be in the following form

dox =7 —e1q, and Ay, =5 —e,q;

This means that the point E, is locally asymptotically stable if and only if the following

conditions are met

r<e;q;and s < e,q, (7)

The Jacobian matrix of the system (1) at E; = (X, 0).can be written in the following form:

r — 2%% —e1q1 _%
](El) = [ng (8)
0 S Tar e,q,

Hence, the eigenvalues of J(E;) will be in the following form

Aix = —T + e1q; < 0 under existence condition

and 44y = s—%x— €24,
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This means that the point E; is locally asymptotically stable if and only if the following

condition is met

s< By €,q5 9)
2

a

The Jacobian matrix of the system (1) at E, = (0, y) can be written in the following form:

r— /%37 —eq1 0
JED = Ty e (10)
5+y Y 24>

Hence, the eigenvalues of J(E;) will be in the following
y
Aox =T_a_1_e1ch
and A, = —s + e,q, < 0 under existence condition

This means that the point E, is locally asymptotically stable if and only if the following

condition is met

+eq (11)

aq

r<

Finally, The Jacobian matrix of the system (1) at E; = (%, y) can be written in the following

form:
r. a1y B1x
J(Ey) = r= sz T @z a1 Cagtx (12)
3 _ By S_zf-_azﬁsz_e
az+y ly (az2+y)? 242
Then, computing |J(E3) — IA]| = 0 gives:
22 —=Tr(J(E))A + Det(J(E3)) = 0,
— 2t afy _ Sy _ @bk _
where, Tr(](Eg)) =T T ey G +s—2 Y ey €292

Der(6) = 1~ 21— 22— e 1= 239~ 25— e - [ 222

(a1+x)? (az+y)? (a1 +X)(az+y)
By the Routh—Hurwitz criterion, E5 is a locally asymptotical stable point if and only if

Tr(J(Es)) < 0 and Det(J(E3)) > 0.

Theorem 2. Suppose that E; of system (1) is locally asymptotically stable in R%, and let
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The following terms verified:

= > 82 ang 25 22 (13)
k™~ Ry R,

Then E; is globally asymptotically stable in the R%.
Proof:

Consider the following positive definite function
Uee) = 5 =503 4 [y -5 - 500

Clearly U:R%2 - R is C!. Now

du _ x-xdx | y-ydy
dt ~  x dt y dt

=—(x—5c)2[ Bly] (x =0 - y)[ ] - 3’)2[ izx]

aq +x ar+y
Clearly, C:l—[tj < 0 under the local stability condition and condition (13).

Hence, U is strictly a Lyapunov function. Thus, we obtained global asymptotically stable in the

R? at E;.

5. LOCAL BIFURCATION

Sotomayor's theory was used in this part of the research to find out whether stable states have
local bifurcation conditions close to them. Most researchers used Sotomayors' theory to study some
different types of bifurcation, such as saddle nodes transcortical and pitchfork bifurcation [4], [12],

[16], [22], [26], [31], [32], [48]. Further, model (1) can be reformulated as follows:

v - B X . xf1(x,3’)
@ =Fenwitin =[Gl and F =T D3]

Now, the Jacobian matrix at any point is given by (10). Then, for non-zero vector A =

(all aZr )T:

(r —eyqy — 2rx _ a1 B1y >a1 _ B1x a,
DF = k (a; +x)? (a1 +x)

_ B2y a +<S—€ _253’_ aBox >a

(@ +» " 22T a7
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and,

( a1y _1)2 2 20,01 aa
DZF(X X) _ (al + .X')3 k ! (al + x)Z 1
' —2a;$a1a, _ (f _ a2 x ) 2
@ +»? U (@ +y)3) "% |
—6“1513"1% 6“1,81‘1%“2
4 3
D3F(X,X) — (al + X) (al + .X')

2652.32511615 6“2529“1;
(az+y)®  (az+y)*

Theorem 3. If r = r*, then system (1) takes a saddle-node bifurcation at E,.

Proof: Based onthe J(E,), given in (4) system (1) has a zero eigenvalue at E, it's called

Aoy = 0,8t r* =e;q, and J*(E,) = J(E,, "), becomes:

S (o) = [g S _(;ZqZ]

[0] (o1 o1\" ; - :
Now, assume A'™ = (a1 , 0y ) is an eigenvector related with 1, = 0, then
T
(J*(Ep) — g DA = 0 gives Al%) = (a£°], 0) . where a!® be any nonzero real number.
[0] o ,lo1\" - : . T
Assume that Bl°l = (b1 ,b; ) is an eigenvector related with Ao, = 0 of the (J*(Eo, 7)) .

0 0
*T *\
J7 o) = [0 s — ezQz]

S(F T _ 0] — 0 qi o — (5l o) [0]
Then ((J*(Ey)) Aox)B™ = 0 gives B®™ = (b;",0) , where b; ' be any nonzero real

number.

Now, to know whether the bifurcation of the saddle nodes meets the conditions, the following is
calculated
T

oF _ _(0fi 0fr\ . x
=R =(5252) =(1-7.9)

T
S0 F.(Eo, ") = (1,0)and hence (BI))'E. = (b{‘”, 0) (1,0)T = bl = 0.
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So, the first condition was fulfilled through the bifurcation of the saddle node, while the
bifurcation through the transcortical and the pitchfork did not fulfill its conditions.
Accordingly

T
—231Q1(a£0])2 0>

D2F, (Eo, r*) Al :< p

Hence,

T /_ [}z \T
(B[O])T[DZF}(EO,r*)A[O]] — (bio],o) (Ze%(al),o) — —Zelqlbio](ago])z +0.

This means that the bifurcation of the saddle nodes fulfills the second condition. So, the
bifurcation of the saddle nodes of system (1) is verified at E, with r = r*.
Theorem 4: If s = s*, then system (1) takes a saddle-node bifurcation at E;.

Proof: depending on J(E;) given in (7), then system (1) has a zero eigenvalue at E;which’s

called 4,y = 0, ats* = %+e2q2 and J*(E;) = J(E,,s* ), becomes:
2
—r+e —hix
J(Ey,s™) = P
0 0

[1] [ " : -
Now, Assume that A" = ( 1,a; ) is an eigenvector related with 4,, = 0, thus

_ T
(J* (1) — Aqy1)A = 0 gives A1 = (L alt! agl]) . where a} be any nonzero real

ra+k(r-eiq.) 2’

number.

T
Assume that B = (b{ﬂ,bg”) is an eigenvector related to A,, = 0 of the matrix

(J*(Ep,sM)" .

-r+eq 0
]*T(EltS*) = _'Blf
a, +X
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(7 )\ T [1] - [1] ()" [1]
Then ((J*(E1)" — Ay 1)BY = 0 gives B = (0, b, ) , Where b, be any nonzero real
number.

Now, to know whether the bifurcation of the saddle nodes meets the conditions, the following is

calculated

oF _ _(0fy af2>T B T
S=rWe =(3252) =(01-7)

T
S0 F,(Ey,s*) = (0,1)Tand hence (BI!)'F, = (O, bgl]) (0,1)7 = b % 0. So, the first

condition was fulfilled through the bifurcation of the saddle node, while the bifurcation through

the transcortical and the pitchfork did not fulfill its conditions.

Now,
[ —Zr(agll)2 _ Zalﬁla[lﬂagl]
k (CZ1+5C\)2
D?F,(E,,s*)Alll _| 2 |
s 1 [ 5 ( [1] o [1h2
—2Bpaj az s°\az ) _ 2B7%(a; )
a3 l a3
Hence,

—ZT(agl])z _ Zalﬁlagl]agl]
k (ay + %)?

T
(3[1])T[D2F (El,s*)A[l]] = (o, plil 2
s O3 gt 25 (1) _apsatly

2 - 2
as ! as

I N i T 2 WL

=—2p! [ — +(l + a§>(a2 [0

This means that the bifurcation of the saddle nodes fulfills the second condition. So, the

bifurcation of the saddle nodes of system (1) is verified at E; with s = s*.

Theorem 5. If r = r**, then system (1) at E, takings a saddle-node bifurcation provided
kBZy + r** (a)2a? > B asalPal? (14)

Proof: Dependon J(E,) given in (10), system (1) has a zero eigenvalue at E, which’s called

Ay = 0,8t r™ = @+elq1 and J*(E,) = J(E,, ™), becomes:
1

a
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0 0
] (Ez,r )= ﬂ _S+ezq2]

a, +y

T
Now, assume that A2 = (agz],agz]) is an eigenvector corresponding to A,, = 0, thus

“(E.) — 2] — g gives A2 = (g2 B2y 21\" [2]
(J*(Ey) — A,4xDA 0 gives A (al rr— ) . Where a;™" be any nonzero real

number.

T
Let Bl = (b{z], b£2]) be an eigenvector related with A,, = 0 of the matrix (]*(Ez,r**))T.

0 —B2y
]*T(EZIr**) — az + }—]
0 —s+eyq,

em W _ 2] — 0 (i 21 — (pl21 )" [2]
Then ((J*(E3)) Ax DB 0 gives B b;™,0) , where b;”" be any nonzero real

number.
Now, to know whether the bifurcation of the saddle nodes meets the conditions, the following is

calculated

T
So E.(E,, v**) = (1,0)Tand hence (B[Z])TFr = (b{z],o) (1,007 = bEZ] + 0. So, the first

condition was fulfilled through the bifurcation of the saddle node, while the bifurcation through

the transcortical and the pitchfork did not fulfill its conditions.

Now,
(gl
ai k ay
D?F,(E,, s)AR = 2
—2a,B,aal?! 25(a£2])
(az+y)? l

Hence,
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—2r(a?)?  2p,a"al | 263

T % r l al al
(B[Z]) [DZFS(EZ,S )A[Z]] = (b£2],0) [2] [21\?
—2“252a1 ZS (a2 )
(az +¥)2 L

~2pl? [r (@)2a2-pra,07a £2]+kﬁ%y]

T # 0 Under condition (14).
This means that the bifurcation of the saddle nodes fulfills the second condition. So, the
bifurcation of the saddle nodes of system (1) is verified at E, with r = r**

Theorem 6.1f s permissions through

o B1B2yx s™Y | aafak
- Pres 2 s ¥V
s (a+x)(az+y)aqq + l Ry (atp+7)2 + exq>

then system (1) takes a saddle-node bifurcation at E5 only if the following conditions hold

r > a.f1ky 15(a)
y#l 15(b)
a1y s . ayfrx
r+s—eyq, <2- x+(1+1)2+e1q1+27y+m 15(c)
Proof: J(E3), given by (12) at s = s™ can be inscribed as:
r—2£5c— a1 B1y e _ B1x
P =| E @it @t
¥ _ Py oSy _@beX
a +y ke (az +¥)? 20z

The calculation tells that Det(J*(E5)) = 0. Then J*(M3) has a zero eigenvalue, say A3, =0

i 1 J— _ _ : VI alﬁly _ _ E o a’zﬁzx
with the second eigenvalue 15, = r + s — e,q, ka iy ad 2-y @19 0

T
under condition 15(c). Now, let AB! = (a£3],a£3]) be the eigenvector corresponding to A3, =

*kyp EE PR 2 _ . T
0, thus (J*(E3) — Asyl)AL] = 0 gives ALT = (22222 ;Zy,q;g(i;” 2l of8,al)
2 2

where a£3] be any nonzero real number.

T
Let BI3] = (bf’],b?]) be an eigenvector related to Az, = 0 of the (]*(Eg,s**))T.
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r—ZEX—ﬂ—elql __ Py
]*T(E S**) — k (al + x)Z a; + y
3 _ B1x _25_** a,fox
a, +x l v (ay + y)? 622

Then ((J*(E3))T — A3,1)B13! = 0 gives :

g3l — ([(5**1 2s™y— ez‘lzl)(“z+J’)2—azﬁ2xl](a1+x)b[] b[3]

B, 71(ay + ) ) where b£3] be any nonzero real
1 2

number.
Now, to know whether the bifurcation of the saddle nodes meets the conditions, the following is

calculated

oF af, of T T
55 = KW, )_(_1 asz) :(0’1_%)

So Fy(E3,s™) = (0,1 - %)Tand (BB Fy.. = (bf] ,b£3])T (0, 1- %)T = ( 1-— %) N
under condition 15(b).

Therefore, the first condition was fulfilled through the bifurcation of the saddle node, while the

bifurcation through the transcortical and the pitchfork did not fulfill its conditions.

Now,
by T [38ly2 _ 2aB1i_[3] [3]
2 #+3 4[3] ((a1+5f)3 k)z(al ) (a1+%)? a; a;
D“F,(E5,s™)AY = —zazﬁza?]ag] o agBot -
(@+y? <T_ (a7 +y)3) (a )
Hence,

a1$1y T) (3152 20181 31 [3]
- 2 —
((a1 +x)3 k () (ay + %)? h
—Zazﬁzaf’]a?] B (s_** B ayBrx )2(a[3])2
(az +y)? L (ap+y)? 2

(3[3])T[D2F'S(E1,S**)A[3]] — (b£3], b£3])T

:bF

1 [2(a3Y —r+apieny-2a: 10l ”] _op [azﬁzzaglaz]+(s**+azﬁzx)<a£3])2
2

k(@1 +7%)2 (@17)? ] # 0 under

condition 15(a).
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This means that the bifurcation of the saddle nodes fulfills the second condition. So the

bifurcation of the saddle nodes of system (1) is verified at E5; with s = s**.

6. PERSISTENCE ANALYSIS

In this section, we will study the persistence of model (1). We say that the model persists if and
only if each species is alive. Mathematically, it means that system (1) persists if the solution of a
system with a positive initial condition does not have an omega limit set on the boundary of its
domain. For more detail, see [50]. Now, we can establish the persistence condition of system (1)
in the following theorem.
Theorem 7. Suppose that the following sets of conditions

r>e;qqand s > e,q, (16)

hold. Then, system (1) persists.
Proof: Let w(x,y) = x%yP , such that a and b are positive constants. Clear that w(x,y) > 0,
for each (x,y) € RZ and when x or y - 0 then w(x,y) — 0 therefore ,

W y B2x X By
(p(x,y)—W—b[s(l l) a, +y e2q2]+a[r(1 k) a+x elql]

Now, since exclusive probable omega limit sets to the system (1) on the border of xy- plane are
the critical points E,, E; and E,. So, system (1) is uniformly persistent. conditional that
@(x,y) > 0atthe E,, E, and E,.
Now, meanwhile
@(Eo) = b[s — e;q,] + a[r — e qq];
— _ Ba% _ :
@(E;) =b [S o ez‘lz] ,
— _By _
p(E) =a [7” 2 e1‘h] .

It follows that, @(Ey) > 0, @(E;) >0 and ¢@(E,) > 0 under conditions 15. Then, system (1)

is uniformly persistent. .
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7. NUMERICAL ANALYSIS WITH DISCUSSION

In this section, system (1) is studied numerically using MATLAB, and a phase plane with a
time series are obtained with the following set of parameters:
r=12; =02, 2, =03; e, =0.1; ¢ =04,1=40; s=0.9; £, =03; a, =0.4; e, =
0.1;q, = 0.3; k = 30. 7)
Now, for different values of the growth rate of the first species x (r) and keeping all parameters
as shown in Eq. (17), We noticed a clear effect on the system dynamics (1) as shown in Fig. (1)

(a-f).

| x(t)

a b
S 40 (a) 40 (b)
© =
= 20 — 20
g_ >
g O - - 0
0 50 100 0 10 20 30
Time x(t)
c d
E 40 (¢) 40 (d)
© /F <
= 20 — 20
3 7 Z
g o | 0
0 50 100 -10 0 10 20 30
Time x(t)
(e) (f)
S 40 77T 7 40
© <
= 20 p — 20
3_ >
g o | 0 O
0 50 100 -10 0 10 20 30
Time x(t)
Fig(1):(a) time series of system(1)at data given in (16) with r = 1.1 (b) phase plane of(a).
(c) time series of system(1)at data given in (16) with » = 0.9 (d) phase plane of (c).

(e) time series of system(1)at data given in (16) with r = 0.74 (f) phase plane of (e).
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According to the above figure, it is observed that the phase plane of system (1) approaches a global
asymptotic equilibrium point E; = (22.9,25.56) for r > 1.1 As shown in the Fig. (1)(a-b), while
it approaches to two different points, E, = (0,38.67) and E; = (20.44,25.59) for 0.75 <r <
1.1 asshow in the Fig (1)(c-d) ,finally for » < 0.75 system (1) approachesto E, = (0,38.67) and
losses the persist as show in Fig.(1)(e-f). In order to know the effect of the harvest of the species
x (i.e., parameter q,) with all parameters as shown in Eqg. (16), We noticed a clear effect on

system dynamics (1) as shown in the Fig.(2) (a-f)

| x(t) y() |

a b
S 40 (@) 40 (b)
® —
S 20 = 20
S
2 V ” %
g 0 : : 0 : :
0 50 100 0 10 20 30
Time x(t)
c d
S 40 () 40 (@)
g | L -
S 20 = 20
S
- >
0 50 100 -10 0 10 20 30
Time x(t)
S 40 (©) 40% 0
= [ [ —
S 20 = 20
]
5 >
g o : ' 0 - -
0 50 100 0 5 10 15 20
Time x(t)
Fig. (2): (a) time series of system(1)at data given in (16) with g, = 1 (b) phase plane of(a).

(c) time series of system(1)at data given in (16) with g, = 1.36 (d) phase plane of (c).
(e) time series of system(1)at data given in (16) with g, = 3.1 (f) phase plane of (e).
Noticeably, asq; when it decreases The numerical analysis we analyzed shows that the phase

plane of system (1) approaches to global asymptotic equilibrium point E; = (21.67,25.57) for

q1 < 1.35 As shown in the Fig. (2)(a-b), While it approaches to two different points, E, =
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(0,38.67) and E; = (20.42,25.59) for 1.35 < g; <3 as show in the Fig (2)(c-d) ,finally for

q1 > 3 system (1) losses persist and approach to an axial point E, = (0,38.67) as show in

Fig.(2)(e-f).

In specific proportions to influence competition of the species x (i.e. parameter ;) with all

parameters as shown in Eq. (16), We noticed a clear effect on the system dynamics (1) as shown

in the Fig. (3) (a-f)

| (1) v |
c (a) (b)
9 40 40
= —
—_— e
3 20| _——>
g 0 - - 0 - - :
0 50 100 0 10 20 30
Time x(t)
c (c) (d)
0 40 40
5 oE =
= 20 X < 20
2 Y > Z
g o : : 0 : : -
0 50 100 -10 0 10 20 30
Time x(t)
(e) (f)
S 40 40
5 0| =
= 20 X T 20
a y(t) >
8 0 ' 0 . r I J
0 50 100 -10 0 10 20 30
Time x(t)

Fig.(3): (a) time series of system(1)at data given in (16) with 8; = 0.23
(c) time series of system(1)at data given in (16) with g; = 0.24

(e) time series of system(1)at data given in (16) with g, = 0.34

(b) phase plane of(a).
(d) phase plane of (c).
(F) phase plane of (e).

Remarkably, for a small value of B;, f; < 0.23 the numerical analysis we analyzed shows that

the phase plane of system (1) approaches the global asymptotic equilibrium point E; =

(22.57,25.56) as shown in the Fig. (3)(a-b), While with a slight change of 5;, 0.23 < ; < 0.33

system (1) approaches to two different points, E, = (0,38.67) and E; = (22.17,25.57) show in
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the Fig (3)(c-d), finally for ; > 0.33 system (1) losses persist and approach an axial point E, =
(0,38.67) as show in Fig.(3)(e-f).
In order to know the effect of the growth rate of species y (i.e., parameter s) with all parameters

as shown in Eqg. (16), We noticed a pure effect on the system dynamics (1) as shown in the Fig.

(4) (a-h)

| (1 v |

S 40 (a) A (b)
-
e

g o0 0

a o0 50 100 0 10 20 30
Time x(t)

S (c) (d)

o

2 40 40

© =

g o - : 0 - -

o 0 50 100 0 10 20 30
Time x(t)

S (e) (f)

£ 40 40

— wd

= 20 £ 20 Z

2 o 0 - : : -

a o 50 100 0 0 10 20 30
Time x(t)

S (9) (h)

2 40 40

—_— ==

= 20 < 20 /

g o0 0

a o0 50 100 0 5 10
Time x(t)

Fig. (4): (a) time series of system(1) with data given in (16) at s = 0.29 (b) phase plane of(a).
(c) time series of system(1) with data given in (16) at s = 1 (d) phase plane of (c).
(e) time series of system(1) with data given in (16) at s = 1.5 (f) phase plane of (e).

(g) time series of system(1) with data given in (16) at s = 2.91 (h) phase plane of (e).

For a small value of s, (s < 0.32) the numerical analysis we analyzed shows that the phase plane

of system (1) approaches to E; = (28.99,0) and losses persist as shown in the Fig. (4)(a-b), While
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with a slight change of s, 0.32 <s <1 system (1) approaches to the global asymptotic
equilibrium point E; = (23.27,27) as shown in Fig (4)(c-d). However, the solution of system (1)
approaches to two different points, E, = (0,39.2) and E3 = (21.96,31.34) as 1 <s < 2.91
shown in the Fig (4)(e-f), finally for s > 2.91 system (1) losses persist once again and approach
to axial point E, = (0,39.59) as show in Fig (4)(g-h).

In order to know the impact of competition of the species y (i.e., parameter [, ) with all
parameters as shown in Eq. (17), We noticed a clear effect on the system dynamics (1) as shown

in the figure (5) (a-d):

(a) | x(t)

N w
o o
w »

Population
Ny(t)
\_J_*JJ

o B/ : : - 1
0 20 40 60 80 100 0 10 20 30
Time x(t)
c d
20 (c) A (d)
c
2 20
(1} =
S =2
2 10
e
0 Eo— 0
0 20 40 60 80 100 0 10 20 30
Time x(t)
Fig. (5) (a) time series of system(1) with data given in (16) at 8, = 0.8 (b) phase plane of(a).

(c) time series of system(1) with data given in (16) at 3, = 0.99 (d) phase plane of (c).
With a small change in the values of £,, f, < 0.89 notice that the solution of system (1)
approaches to a global asymptotically stable point E; = (28.45,3.15), as shown in Fig. (5) (a-b),
while system (1) losses it persists and approaches to axial equilibrium point E; = (29,0) for 8, >
0.89 as shown in Fig. (5) (c-d).
Finally, the dynamic behavior of the system (1) is studied under the influence of harvesting of
species y (i.e. parameter g,) with all parameters as shown in Eq. (17) as shown in the figure (6)

(a-d):
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(a) | x(t) y(t) | (b)
30 6 ¢
c
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2 =, ==
o 10 2t/
o
E
L 0
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Time x(t)
(c) (d)
30 4 -
[ ==
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© =
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S 10
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0 L 0
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Time x(t)

Fig.(6): (a) time series of system(1) with data given in (16) at g, =5 (b) phase plane of (a).

(c) time series of system(1) with data given in (16) at g, = 7 (d) phase plane of (c).
As the effects of the harvest g,increase until (g, < 5.99) We noticed that the dynamic behavior
of system (1) still persist and approaches to global asymptotically stable point E; = (28.19,4.63)
as show in Fig.(6)(a-b), while system (1) losses persist and approaches to E; = (28.99,0) for

(g2 > 5.99) as show in Fig.(6)(c-d).

8. CONCLUSION

In order to study the effect of harvest and competition on an ecological system consisting of
two species, with studying the effect of changing the growth rate for both species. The dynamic
behavior of the system (1) is studied theoretically by finding conditions for local stability of points
and global stability of positive points with finding the conditions for the bifurcation. And the
persist conditions of the system (1) as well derived.
Now, we conclude that the effects of changes in parameters on the dynamic behavior of system (1)

based on the numerical study in section (7) are as follows:
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Regarding the effect of a change in the growth rate of the first species while keeping all
parameters as they are in the Eq. (16) we observed that the phase plane of system (1) approaches
to globally asymptotically equilibrium point Esfor (r = 1.1), while the solution of system (1)
approaches to E, and E5; when (0.75 < r < 1.1) According to the initial conditions, if the initial
condition falls within the basin of attraction for the point E, , the solution approaches to E, while
if the initial condition falls within the basin of attraction for the point E; , the solution approaches
to E5. Finally for (r < 0.75) system (1) losses persistence.

The effect of varying harvest rate and v competition rate of the first species on the dynamical
behavior of system (1) (i.e. parameter g, and 3,) respectively, it has the same effect as the growth
rate on the dynamic behavior of the system(1) .

Regarding the effect of varying of growth rate of second species y ( i.e. parameter s ) on the
dynamical behavior of system (1) while keeping all parameters as they are in the Eq. (17) we
observed that for small value of growth rate (s < 0.32) the phase plane of system (1) loss persist
and approaches to E; ,while approaches to globally asymptotically equilibrium point E;
when(0.32 < s < 1), while the solution of system (1) approaches to E, and E; when (1 < s <
2.91) ,according to the initial conditions, if the initial condition falls within the basin of attraction
for the point E, , the solution approaches to E, while if the initial condition falls within the basin
of attraction for the point E; ,finally for (s > 2.91) system (1) also losses persistence and
approaches to E,.

Regarding the effect of harvest rate of the second species on the dynamical behavior of system (1)
while keeping all parameters as they are in the Eq. (16) we observed that for ( g, < 5.99) the
phase plane of system (1) approaches to globally asymptotically equilibrium point in the
Int.R2 ,while for (g, > 5.99) system (1) losses persistence. Regarding the effect of varying of
competition rate of the second species on the dynamical behavior of system (1) while keeping

all parameters as they are in the Eg. (17) we observed that for small value of competition rate
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( B2 < 0.89) the phase plane of system (1) approaches to globally asymptotically equilibrium

point in the Int. R% ,while for (B, = 89) system (1) losses persistence.
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