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Abstract. Color blindness is a lifelong disease caused by damage to the eye’s nerve cells’ pigment that reacts
to color and light. As a result, a person suffering from this disease will have difficulty distinguishing specific or
all colors. Although only a small number of people suffer from this disease, and it does not harm the sufferers,
this disease can interfere with their daily activities. Interestingly, the proportion of color-blind people varies by
ethnicity, geographic area, and gender. We construct a mathematical model to understand population dynamics in
the spread of genetic-based color blindness with a particular concern of gender factors, involving a random mating
process between men and women. The stability of the equilibrium point is analyzed in detail, and the model’s
suitability with the Hardy-Weinberg equilibrium principle is examined. We found that the proportion of color-
blind people in the future (equilibrium) depends on the initial conditions of the population and is more sensitive to
the initial condition of the color blind women than that in men or carrier women. Furthermore, we also found that
the ratio of color blindness in men is constantly higher than in women. Finally, the numerical simulations of data
in Korea and Northern European countries are presented to confirm our analytical results.
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1. INTRODUCTION

In the human eye, there are rods and cones that function to receive visual signals. The part
that is most sensitive to light is the rods. Meanwhile, the cone part plays a role in conveying
color information in the form of a signal that is passed in the retina and then reaches the lat-
eral geniculate nucleus (LGN) [1]. Insights into the structural features of these rods and cones
have been studied in molecular genetics. Human vision consists of three classes of spectrally
different photoreceptor cells cone, known as trichromatic. Each cone class classifies a differ-
ent part of the spectrum: red or long-wave sensitive (LWS), green or medium-wave sensitive
(MWS), and blue or short-wave sensitive (SWS) [2]. Isolated cone photoreceptor dysfunction
can cause vision loss known as achromatopsia which is a type of color blindness desease [3].
In general, color blindness which is also known as color vision deficiency, is a lifelong disease
caused by damage to the pigment in the eye’s nerve cells that react to color and light. This
condition causes the sufferer not to be able to see a color properly [4]. The cell damage occurs
because of an abnormality in the X chromosome inherited from parents to their offspring. In ad-
dition, it is also known that inherited color vision deficiencies are caused by the rearrangement
of genes that arise through unequal homologous recombination in women during the meiosis
event [5, 6, 7, 8].

Even though only a small number of people suffer from this deficiency and it may not risk
their health, color blindness might still affect their lives. Interestingly, the proportion of color
blind people varies across different ethnicities, geographical areas, and sexes. For example,
the prevalence for the red-green color blindness, which is the most common form of color
blindness [8], is about 8% in men and 0.4% in women of the European Caucasian population
[9, 10, 11, 12], about 4% to 6.5% in Chinese men and 0.4% to 1.7% in Chinese women [13, 14],
about 4% to 6.85% in Japanese men [15], and about 6% to 7.2% for African-American which
has risen possibly due to intermarriages [16, 17]. A complete review of the prevalence of the
color deficiency population is discussed in [18]. This raises some intriguing questions, e.g.,
how color blindness spreads in a population, why the proportion of color blind people in some
populations is higher than in others, and how the composition of the normal and color blind

people and their genetic makeup vary in the population.
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The genetic characteristics in a population can be modeled via a continuous approach. This
approach was pioneered by Fisher [19], Wright [20], Crow and Kimura [21]. Since then, nu-
merous works have been dedicated to describe various phenomena of genetic characteristics
in population, for example, [22, 23, 24, 25]. In [22], James F. Selgrade and Gene Namkoong
modeled competition between two species involving genetic variation factors with a system of
differential equations. They present an analytical study of the stability of the polymorphic and
monomorphic equilibrium associated with the extinction of a species. A more general study
of the mathematical concept of genetics can be found in [23], where the construction of the
mathematical model involves Mendel’s theory of inheritance. This encourages the involvement
of random mating factors, selection factors, and gene classification at a particular locus. The
cases studied there are general cases for diploid species at one locus and multiple loci.

Genetic mathematical modeling is indeed limited in its use. However, in modern population
genetics, genetic analysis plays an essential role in anticipating and controlling the condition
of genetic frequency distribution in the next generation, for example, to look at the genetic
distribution of insecticide resistance in mosquitoes from generation to generation [24, 26]. Re-
cently, mathematical modeling has also been applied to investigate the spread of X-linked re-
cessive diseases in a population using a discrete approach [27] and a continuous approach [28].
Some X-linked recessive diseases are red-green color blindness, which is the topic of this pa-
per, hemophilia, and Duchenne/Becker muscular dystrophy. In the discrete approach [27], they
assume that the diseases rarely affect the women, and hence the affected women sub-population
is neglected in the model. For color blindness, however, the existence of affected women (color
blind women) cannot be neglected since they can be born from color blind fathers and color
blind mothers or carrier mothers. In the continuous approach [28], the affected women sub-
population was then taken into account in the model as well.

In this work, we construct a mathematical model to describe the dynamics of color blindness
in the population. The model is generally similar to that developed in [28], except that we
take the natural mortality into account and exclude the spontaneous genetic mutation factor.
Although our model is simple, it turns out that the model is hard to analyze. Utilizing the

Hardy-Weinberg principle, we found that the proportion of people with color blindness at the
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equilibrium depends on their initial proportion in the population, and is more sensitive to the
initial condition of the color blind in women than that in men or carrier women. As a result,
we could determine in what condition color blindness will dominate the population. Using this
information, we may control the spread of color blindness by intervening in the proportion of
the population. In addition, we also found that the ratio of color blindness in men is constantly
higher than in women. Finally, we apply our model using available data to describe color
blindness in some Northern European countries and the Republic of Korea. We found that
higher initial color blindness in one area does not necessarily result in higher color blindness at
equilibrium conditions. With these results, our work will complement the existing literature to
study the dynamics of X-linked recessive diseases, specifically on the spread of color blindness

in the population.

2. MATHEMATICAL MODEL OF COLORBLINDS IN POPULATION

2.1. Mendel’s segregation law. Normal humans have 23 pairs of chromosomes, of which 22
homologous pairs are called autosomes, while the other pairs are called sex chromosomes. A
woman has a pair of XX chromosomes, and a man has a pair of XY chromosomes. If both X
chromosomes of a woman are chromosome carrying the gene for color blindness, she will be
color blind; but if only one of her X chromosomes is chromosome carrying the gene for color
blindness, she will be a carrier. On the other hand, if a male has chromosome carrying the gene
for color blindness, he will be color blind [8, 29, 30].

Consider a population that consists of normal men and women, color blind men and women,
and carrier women. Suppose that the X-chromosome responsible for the color deficiency is
denoted by X¢. Thus, normal women will have genotype XX, color blind women will have
genotype X°X¢, carrier women will have genotype XX, normal men will have genotype XY,
and color blind men will have genotype X“Y. Based on Mendel’s law of segregation [31], the
results of random mating in the population is given in the Punnett Square table in Table 1. As
can be observed from the table, normal parents will produce normal offspring (green cells),
while color blind parents will produce color blind offspring (gray cells). However, if the mother

is color blind whereas the father is normal, their sons will be color blind, and their daughters
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will be carriers. On the contrary, if the mother is normal but the father is color blind, their sons
will be normal, but the daughters will be carriers.

TABLE 1. Punnett square to describe possibility for color blindness. Here the
different parent pairs and their offspring are illustrated; the top row shows the
three different female types that can mate with two different male types (shown

in the first column).

XX XXe XEXS
d x Q
X x X X* % X

X XX XX | XX X K= XX¢ xX€
XY

'} XY v XY XY XY XN

X(.' XXC XXC XXC XCXC XCXC XCXC
Xy

¥ | XY | XV XYV | XFY X=Y Xy

2.2. Mathematical model. Let W, denotes the number of normal women XX, W, the number
of color blind women X“X¢, W, the number of carrier women XX¢, M, the number of normal
men XY, and M;, the number of color blind men XY in the population. These variables are

listed in Table 2.

TABLE 2. Variables notation and their interpretation.

Notation Interpretation

W, & w, | Number & proportion of normal females, respectively
W, & wp, | Number & proportion of color blind females, respectively
W, & w, Number & proportion of carrier females, respectively

M, & m, Number & proportion of normal males, respectively

My, & my | Number & proportion of color blind males, respectively

Consider the sub-population of the normal female, XX. From Table 1, we observe that the

sub-population XX may increase due to the mating between XX and XY and also between XX*
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and XY. Since the probability that a normal male produces gametes X is half, then half of the
sub-population XY contributes to the increase of the sub-population XX. The same thing also
applies to the sub-population XX°.

If we assume that the number of men and women in the population is equal, then the rate at
which the sub-population XX increases due to the mating between normal men XY and normal

women XX 18
M,/2
(W + Wy, + W+ M, +Mp)/2

probability of 1 female XX to mate 1 male XY,
equal to the ratio of male XYs and total men (half of population)

X W, ,

number of normal female XX

and due to the mating between normal men XY and carrier women XX¢ is

M,/2 W,

X .
Wy +Wp + W+ M, +Mp) /2 2

Thus, the number of births of the XX sub-population per unit time At is:

Wit +Ar) = Wa(1) +At]% (%Wn(t)Mn(t) + int)M,,(t)) ,

where N = W,, + W, + W, + M,, + M,, is the total population and « is the intrinsic growth rate of
the population.
Using the same argument for the other sub-populations and involving the natural mortality

rate of each sub-population, after limiting the time series under At — 0, we arrive at a model

aw, 200 /1 1
= (3 g, ) - oW,
aw,, 200 (1 1
@ TN <chMb+ §Wbe) ~ oW,
aw, 200 (1 1 1 1
(1) dlc - W <ZWcMn + EWan + EWan + ZWch) - 6Wc;
dM, 20 (1 1 1 1
dt" -~ <§W,,Mn + ZWCM,, + EWHM;, + ZWch) — M,

aMy 2ol Yo+ Ywon, + Lwom, ) — oM
dt—N4cn2bn4cb2bb b-

where § is the natural death rate. By adding all equations in (1), we have:

dN o
2) - = (5 — 5) N.
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Notice that since the factors that are involved in the model are only birth and death, in this case,
we have a Malthusian model that may be valid for a short period of time. Nevertheless, we will
show that even with this model, we still gain some important insight in the dynamics of color
blindness.

To simplify our observation, we scale each sub-population to the total population, N. Thus,

_ W)
wi(t) = NGO fori =n,b,c.
(3) m;(t) A]/\[]J(E‘t)) for j =n,b.

where w; denotes the proportion of the sub-population W; and m; denotes the proportion of the

sub-population M;. Thus, for example,

dw, 1 [(dW, dN
dt N2\ dt " dt
1 2a0 (1 1 s o s
1 1 o
= 2« (2wnmn + 4wcmn) —ow, — oW + Owy,
4) = 2o ! + ! !
= 2wnmn 4wcmn 4wn

Therefore, system (1) turns into

dw,, 1
dr = ( Wnlly + Wcmn - an) )
- 2a (lwcmb + 1Wbmb - 1Wb)
dt 4 2 4
&) d;;c = 2a (%wcmn + zwbmn + 2w,,mb + iwcmb 411 )
dmy = 2a ( lwnmn + lwcmn + —w,myp, + ! —Wemyp — ! )
dt 2 4 2 4 4"
% = 2o ( —Wey, + 1wbmn + —wemy, + lwbmb — lmb)
dt 4 2 4 2 4

Since we assume that the number of men and women are equal, i.e., w,, +wp +w, = m, +

my, = 1/2, then
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1
We = E_Wn_wbv
1
(6) My = 5= Mp.

As a result, the model can be reduced to a three-dimensional system of ordinary differential

equations, namely

dw,, o1 1
o = 2 \g gt wetmp] = wamy - wpm, )
dw o
7 — = E(Tb_wb+wbmb_w’“ml’>
- = 5|z 2 —Wwp mp | .

Notice that using the time scaling
(8) =

the factor &/2 on the right-hand side of system (7) can be removed. Thus, the factor o only

stretches or shrinks the dynamics of the model.

2.3. Equilibrium points and their stability. System (7) has an equilibrium point

©) (wir Wiy myy) = (2(mb) —2mb+§,2(mb) ,m,,>,
which implies the dependency on the value of the color blind men proportion at the steady-state

condition. If we let m;’ = u, and noticing (6), the equilibrium point above can be rewritten as

1
(10) (Wi Wy my) = (2u —2u—|—2 2u? u)

where u is an arbitrary constant with 0 < u < % Therefore, model (7) has infinitely many
equilibrium points that do not depend on the model’s parameters, which makes the model’s
analysis not trivial. From local stability analysis, we found the eigenvalues

3 1
1 4a7 2 2a7 3

To determine the stability, the dynamics at the center manifold are investigated in the equilib-

rium point’s vicinity. Here the dynamics at the one-dimensional center manifold are given by
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% = 0. This dynamics can be easily seen as a consequence of the one-dimensional manifold of

equilibrium point that we have. Hence, we have stable a equilibrium point.

3. GENETIC FREQUENCY

3.1. Hardy-Weinberg equilibrium. Assuming that (1) population size is very large, (2) mat-
ing is random, (3) no mutation, (4) migration and natural selection occur in population, (5)
organism is diploid, (6) sexual reproduction occurs, and (7) discrete or non-overlapping genera-
tion, Hardy-Weinberg equilibrium states that the allele and genotype frequencies in a population
will not change from generation to generation [31, 32]. According to Lange, after a long time,
the normal allele frequencies in men and women will be equal [33]. The same thing also applies
to the frequency of the color blind allele.

Consider the female population that consists of W, (¢), W,(z), and W.(¢) in (1). Normal
women have two X chromosomes, color blind women have two X¢ chromosomes, and car-
rier women have one X and one X¢ chromosomes. Therefore, in female population, the sum of
all X chromosomes is 2W,,(r) + W, (¢), while the sum of all X chromosomes is 2W(¢) + W,(z).
Thus, the frequency of normal allele chromosomes in women is

2Wi(t) +We(t)
2W,(t) 4 2W, (1) +2W, (1)

Wo(1) + 5We(t)
Wa() + Wy (1) + W)

pw(t)

(1) =

Dividing both denominator and numerator by the total population N(z), we have

wn (1) + %wc(t)
wn(t) +wp(t) +we(t)

(12) pw(t) =

Let g,, be the frequency of color blind allele chromosomes in women. Then,

wp(t) + %wc(t)
wn (1) +wp(t) +we ()

(13) qw(t) =

Now consider the male population that consists of M,(¢) and Mj(z). Since normal men have
only one X chromosome and color blind men have only one X chromosome, the amount of all

X chromosomes and X¢ chromosomes in the male population is M,,(¢) and Mp(¢), respectively.
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Thus, the frequency of normal allele chromosomes in men is

My(1)
14 )= —F~7—"——.
After dividing both denominator and numerator by the total population N(z), the frequency
becomes

mp 1)

(15) pm(t) = () -+ (D)

Furthermore, the frequency of the color blind allele chromosomes in men is

my(t)
(16) qm(t) = () +mp(t)’
Notice that p,,(t) + ¢y (t) = 1 and p,,(f) + gm(¢) = 1, and hence the genetic variation in men
and women remains constant.

Let psf ) and p,(ff ) represent the normal allele frequency of women and men after n generations,
respectively. A daughter will receive each X chromosome from her mother and her father,

therefore
1 (- |
(17) pS:‘):—pEf 1)+—p,(£’ b,
2 2
On the other hand, a son will receive an X chromosome only from his mother, thus
(18) P =pu Y.

From these two equations, we obtain [33]

Lo w, wy _ 1 I -y | 1 (n-1) (n—1)
3<2pw +pm) = 3 2 pr +2pm + pw

- L)

(19) = 5 (295

(0) (0)

where p,,” and p;,” are the initial frequencies of the normal alleles in women and men, respec-

tively. The last equation shows that genetic variation between generations remains constant and
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thus implies a Hardy-Weinberg equilibrium. Therefore, we can rewrite it as

(20) (2p+pl)) = p.

W =

where p is a constant value. In addition, from (17) and (20) we conclude that

(21) = (_%)" (PSB) —P>

This means that the difference between psvn ) and p reduced by half in each generation and psv" )

approaches p in a zigzag manner. The male frequency p,(,'f ) shows the same behavior, but behind

pSf ) by one generation [21].
Let

@) P(6) = 5(2u(0) + pul0)

which is expected to be the continuous version of the Hardy-Weinberg equilibrium in (20). The
dynamics of the genetic variations obtained by the discrete model in (20) and by the continuous
model in (22) are shown in Fig. 1. As can be observed, the equilibrium from continuous model
in Fig. 1(a) is exactly the same as the equilibrium in the discrete model (note that in the discrete
model, the dynamics in Fig. 1(a) is shown in generation time scale, whereas in continuous
model, the dynamics in Fig.1(a), is shown in year time scale). This can be understood because
of the following reason. Recall our assumption that the proportion of men and women is equal,

that 1s

(23) Wm+w@+mmzww+mm:%
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FIGURE 1. Comparison of normal allele frequency that changes with time re-
sulted from continuous (left) and discrete (right) approaches with initial condi-

tions (W0, wd, w9 md, mY) = (0.3,0.1,0.1,0.2,0.3).

Differentiating (22) and using (12) and (15), we find

(24)

AR
2 ( dw dw. dm,
- 3(2 dtnjL ar dt>
_ 2 (dwn _dwy +dmn>
3\ dt dt dt
0

Therefore, when the proportion of men and women is equal, the value of p(z) is constant

throughout the time and hence the Hardy-Weinberg equilibrium holds.

Furthermore, if the initial frequencies p,,(0) and p,,(0) are known, (22) can be rewritten as

(25)

<
I

=

=

(2Pw(0) + pm(0))

2w9 +w? n md
WO+ w0 w0 0 0
n b c n b

(2w2 + w(c) + m2>

WIN W= W=
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where w9, w2, mY denote the initial proportion of normal women, carrier women, and normal

men, respectively. Let pj; and p;, represent the frequency of chromosomes of the normal al-
leles in women and men in equilibrium condition, respectively. Substituting the equilibrium
condition in (10) into (12), the frequency p;; can be written as
3 1. o
W, + 5w
wy +wp +we

(26) = 1-2u

(o]

Py =

In the same way, the frequency p;, can also be expressed as

27) pe o= 1-2u

Thus, following (22), we have

oo 1 oo oo
p° = 5(2pw+pm)
1
— 5(2(1—2u)+1—2u)
(28) = 1—2u

Since p(t) is constant, then p* = p(0) = p. Due to (25) and (28), we have

[ 2
(29) u:§[1—§<2w2+w2+m2>]

By relation in (23), after some calculations, the equation above turns into
Lo, 0 0
(30) u= 5(2wb—|—wc +my)
4. DEPENDENCY OF THE EQUILIBRIUM POINT ON THE INITIAL CONDITION
Notice that the equilibrium point of the full system (5) is
3D (wn Wy, W, M, ,mb) = (2u —2u+§,2u ,2u —4u s —u,u ).

This means the proportion of all sub-populations depends on the constant u#, which represents

the proportion of color blind men at steady-state. From (30) we found that when the proportion
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of men is equal to the proportion of women, we can determine the value of u# based on the initial

conditions of the system, and hence also the equilibrium point (31). Let

(32) fiXo—u

defines a map from initial condition xo = (w?, wg, wd md, mg) to a real number u € [0, %] with
(33) = f(30) = 5 (20 +wd+ m)

and

(34) ¥ i y(u)

defines a map from u to y(u) which is the equilibrium point, i.e.,
2 1.5 2 1
(35) Y(u) = ( 2u —2u—|—§,2u ,—4u +2u,§—u,u .
Then, the equilibrium point x,, can be obtained as follows [6]:
(36) Xeq = (Yo f) (X0).

Observe that due to (6), we have

1
(37) wb+wC:§—wn
Since w,, € [O, ﬂ , then
1
(38) 0<wp+w.<—

2

Therefore, when mg is fixed to a constant value, for example mg =0or mg = 0.5, all possible
value of u can be described as a surface depicted in Fig 2a). For other values of mg with
0< mg < 0.5, the surfaces of u are similar to those in Fig. 2a), where the bigger the value of
mg, the higher the surface of u. From this figure, we see that the value of u, which represents the
proportion of color blind men at steady-state, is more sensitive to the changes of w;, (the color
blind women) than to w, (the carrier women). This can be understood because the dynamics of
the color blind men sub-population M,,, based on (5), are influenced by the color blind women

W), stronger (by a factor 1/2) than by the carrier women W, (by a factor 1/4).
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FIGURE 2. (a): Surface of u as function of (w),w?) when m{) = 0 and m{ = 0.5.
For other values of mg, the surfaces will be in-between those two surfaces. (b)

Proportion of population in the equilibrium point of the model as function of u.

When u changes, then the proportion of each sub-population also changes, as shown in Fig.
2b). For example, when u = 0, the proportion of the normal, color blind, and carriers population
is (wy, + myu,wp, + my,we) = (1,0,0), which means that there will be no color blind people in
the population. But when u = %, the proportion becomes (wy, + my,, w;, + mp,w.) = (0,1,0),
which indicates that all people will be color blind. Observe from Fig. 2a), that u = 0 occurs

0 _
s

only if wg =w mg = 0, that is when all people in the population have normal vision. In

contrast, u = 1/2 occurs if only wg = mg = 1/2, that is when all people in the population are
color blind. When u = %, we found (wy, +m,, wp +mp,we) = (%, %, %), and thus the proportion
of normal people is the same as that of color blind people. Furthermore, we also observe that
when 0 < u < %, the proportion of normal people is larger than the proportion of color blind
people (wy, + m, > wy, + my,), whereas when zlt < u < 1, the proportion becomes the opposite
(W +my < wp+mp).

Another essential thing to note is that the proportion of normal men is always more prominent
than the normal women (m,, > wj,) and the proportion of color blind men is also more prominent

than the color blind women (m;, > wj,). In a nutshell, the result in Fig. 2a) can be summarized

as shown in Table 3.
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TABLE 3. Characteristic of population at steady state according to the value of u.

0§u<4—1L %<u§% ”:41'1

oo

Normal population wy <m,  wy <my  w, <my
Color blind population | wy; <my — wy <my  wy, <mj

women population Wy > wy o owy <wy owy = wy

men population my >my  omy <my o my, =my

Suppose % = w;, +m, and he, = wy;, +mj, denotes the proportion of the normal population
and the proportion of the color blind population at equilibrium, respectively. Notice that the
uppercase letter(.7) is used to represent people with dominant gene and lowercase letter (/) is

used to represents people with recessive gene.

Let
0.0.0__0_0 1 1
Q1 = § Wy, W, we,my,my) | 0 < 5(2Wb+w +mj) < a(’
0.0.0 0 1 1 0 0 0 1
(39) Q> = (wn,wb,wc,mn,mb) \ - < 5(2wb—|—wc +my) < 3(
0.0.0 0 0 1 0 0 0 1
Q3 = (Wnawb7wcvmnvmh) ‘ 5(2wb+wc +mb) = Z .

Then, based on Table 3 we see that

e if xg € Q1, then in the equilibrium state, we get 772, > he.
e if xg € Q,, then in the equilibrium state, we get 77, < heo.

e if Xg € Q3, then in the equilibrium state, we get 7o, = heo.

Let % = w) +m® and hy = wb + mb denote the initial proportions of the normal population
and the color blind population, respectively. Since we assume that the proportion of men and
women is the same, then mg + mg = % Now consider the situation where .77 > ho,mg < mg,

and w9 > wg. Since m? < mg, then

1 1
(40) zmg<m2+mg:§ — m2<Z.

Notice that %) > hg or wg + mg > wg + mg. Therefore,
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1
u = §<2w2+wg+m2>
1
< §<W2+w8+w2+m2>
1/1 1 1
41 (42 ) ==
1) < 3(3+1) =3

Since u < %, the initial condition belongs to 1 which gives equilibrium state .72 > he. In the

same way, for other initial conditions, we obtain equilibrium states as summarized in Table 4.

TABLE 4. Equilibrium state according to different initial conditions

Initial condition wd > wg w) < wg W) = wg
my > m)) Hoo > hoo anything is possible | 7% > he,
0 > hy m2<m2 oo > hoo - -
mY = m)) Hoo > hoo - -
md > m)) - I < hoo -
M < hy | md <m) | anything is possible Hoo < hoo Hoo < hos
md = m)) - I < hoo -
m) > m)) - Hoo < heo -
M =ho | m) <m)) Ao > heo — -
m) = m)) - - Hoo = heo

Thus, for example, when the initial condition satisfies &) > hy, wg > wg, and mg > mg,
then %% > he, that is in the equilibrium, the proportion of normal population will be higher
than that of the color blind population. The “-” sign in the table represents a case that
needs no consideration because it contradicts the assumption on the initial condition. In the
cases where % > ho, wd < wg, and m0 > mg, any equilibrium state is possible. For ex-
ample, the initial condition (0.1,0.2,0.2,0.4,0.1) gives a conclusion J#, > he, the initial
condition (0.1,0.35,0.05,0.45,0.05) gives a conclusion 7%, < he, and the initial condition

(0.125,0.25,0.125,0.375,0.125) gives the conclusion 7% = he.
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5. NUMERICAL SIMULATION

In this section, we apply our model to data from some Northern European countries and
Korea where the population proportions are given in Table 5 and Table 6 [34]. As can be
noticed from the tables, the average proportion of men and women in those countries is almost
equal. Therefore, we assume that the number of men is always the same as that of women
throughout the time. Furthermore, since we do not have detailed information on the number of
carrier women, for simplicity, we also assume that the number of normal women is equal to that
of carrier women.

Observe that actually, the role of birth rate parameter o and death rate parameter 6 vanish
when we work in the dimensionless system, as mentioned at the end of Section 2.2 (recall that
parameter o only stretches or shrinks the dynamics behavior of the model). However, since
we analyze the stability of the non-zero equilibrium points, for our analysis to make sense, the
population should not be extinct. Therefore, we need to keep dN/dt > 0, which implies that
o > 26. In this simulation, we take

2 1 1 1
o=——, 60=——,
65 year 65 year

so that the total population is constant. Remark that in the following simulations, we apply
the model in (7) where the proportion of each sub-population to the total population is used to
represent their quantity so that their total is one at any time.

TABLE 5. The sex ratio population in Northern Europe countries [34].

Country | Male (%) Female (%)
Denmark 49.7 50.3
Finland 49.3 50.7
Iceland 50.2 49.8
Norway 50.5 49.5
Sweden 50.1 49.9
Average 49.96 50.04




POPULATION GENETICS MODEL 19

TABLE 6. The sex ratio population in Republic of Korea [34].

Country Male (%) Female (%)

Republic of Korea 50.1 49.9

Notice that the model that we derive deals with the mating adult population. Therefore, for
simplicity, in our numerical simulation, we assume that the numbers in Table 5 and Table 6 are

related to color blindness in the adult population.

5.1. Northern Europe. From [9, 10, 11, 12], we know that the percentage of color blindness

in European Caucasian people is 8% in men and 0.4% in women, thus

1 1 1 1
42) W,+W,=0.996 <5N> , W, = 0.004 <§N> , M, =0.92 <§N> , M =0.08 (§N> )
or in proportion,
(43) wp+we=0.498, w,=0.002, m, =046, m,=0.04.

It is easy to see that w;,, +wp, +w. +m, +m; = 1. Since we assume that the number of normal

women and carrier women 1is the same, then

(44) wy =0.249,  w, =0.249.

We consider those values as initial condition in our model, therefore

(45) (W2 wd WO m® md) = (0.249,0.002,0.249,0.46,0.04).

Since the initial proportion of normal people is higher than that of the color blind and since
Hardy-Weinberg equilibrium holds, we conclude that based on Table 4 people with normal
vision will dominate the population in the future. Additionally, based on Table 3, the proportion
of men and women with normal vision will be higher than those with color blindness. Here we

find u = 0.0977, and therefore, the corresponding equilibrium point is

(46) (W, Wi, we, me, m) = (0.3237,0.0191,0.1572,0.4023,0.0977).
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We also obtain that the frequency of the normal allele will converge to the equilibrium frequency

p = 0.8047. The numerical simulation is presented in Fig. 3.
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FIGURE 3. Numerical simulation of (a) the color blind model and (b) the corre-
sponding Hardy-Weinberg equilibrium for Northern European countries’ popu-

lation.

As can be observed from Figure 3, as time goes by, the proportion of the color blind people
and normal women increase, whereas the proportion of normal men and carrier women de-
crease. Although the proportion of normal men decreases with time, their number is still higher
than the proportion of color blind people. Thus, people with normal vision are still dominating
the population. We also observe that the decrease of normal male proportion and the increase
of normal female proportion are consistent with the dynamics of their allele frequencies where
the normal female’s allele frequency increases but the normal men frequency decreases. The

genetic variations, however, are constant throughout the time.

5.2. Korea. The percentage of color blindness in Korea is 5.9% in men and 0.44% in women

[35]. Therefore, in proportion,

47) wy+we =0.4978, w, =0.0022, m, =0.4705, my; =0.0295.
So we set the initial condition for Korea as

(48) (W2, wd wd m® md) = (0.2489,0.0022,0.2489,0.4705,0.0295).

Again, we see that the initial proportion of normal people is higher than that of the color

blind. Hence, based on Table 4, we conclude that people with normal vision will dominate
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the population in the future, and the proportion of men and women with normal vision will be
higher than those with color blindness. In this case, we find u = 0.0943 and the corresponding

equilibrium point is
(49) (wy,wyy ,we i,y my ) = (0.3292,0.0178,0.1530,0.4057,0.0943).

Furthermore, the frequency of the normal allele will converge to the equilibrium frequency

p = 0.8115. The numerical simulation is presented in Fig. 4.
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FIGURE 4. Numerical simulation of (a) the color blind model and (b) the corre-

sponding Hardy-Weinberg equilibrium for Korea population.

As we can see from Figure 4, the trend in Korea is quite similar to that in the Northern Euro-
pean countries’ population where proportion of color blind people increases but the proportion
of carrier women decreases. Although the trend is similar, there is an exciting result to notice if
we compare the initial conditions in those countries, i.e., (45) and (48), with their equilibrium
points in (46) and (49). In Northern Europe, the color blindness in men is initially higher than
that in Korea (m)(Northern Europe) = 0.04, whereas m{)(Korea) = 0.0295) and ends up con-
sistently in the future, as can be observed from the equilibrium points (m’ = 0.0977 vs m;’ =
0.0943). However, it is on the other way around for the women. In Northern Europe, the color
blindness in women is initially slightly lower than that in Korea ( wg(Northern Europe) = 0.002,
whereas wg (Korea) = 0.0022). However, the color blindness Northern European women ends
up higher than that in Korea wy; (Northern Europe) = 0.0191 vs wy; (Korea) = 0.0178. This is

because the value of u in Northern Europe is higher than that in Korea, and therefore, based on
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Figure 2b), the proportion of color blind people in Northern Europe will also be higher. Recall
from (30) that the value of u is determined by wg, w?, and mg. By comparing the initial condi-
tions in (45) and (48), we see that the initial proportion of color blind in men, mg, in Northern
Europe is almost two times that in Korea. On the other hand, the values of wg and w?. are slightly

different, which is why the value of u in Northern Europe is higher.

6. DI1SCUSSION AND CONCLUSION

We have developed a mathematical model to describe the spread of color blindness in the
population. This model is based on the continuous approach and Mendel’s segregation law,
resulting in a set of differential equations. The model has equilibrium point that does not depend
on the model’s parameters and thus making the model hard to analyze. Despite this condition,
utilizing the Hardy-Weinberg principle, we could deduce the equilibrium points’ dependencies
on the model’s initial condition. Using this dependency, which is reflected by the value of u as a
function of w),w?, and m), we could determine at what condition color blindness will dominate
the population, as shown in Table 4. The bigger the value of u, the higher the proportion
of the color blind population. It can be observed from formulae (30) and Fig. 2a) that the
value of u depends on the initial condition of carrier and color blind women and also on the
initial condition of color blind men. This result might hint at controlling color blindness in
the population. This could be done, for example, by suggesting a couple conduct a genetic
screening before committing to having children. In this way, the couple will realize the risk
for their children. Since in addition to the color blind men, the value of u also depends on the
proportion of carrier and color blind women, and is more sensitive to the color blind women,
the screening can be more prioritized for the women.

We further observed via our model that color blindness in men is always higher than that
in women. This result is consistent with the fact that color blindness is inherited via the X
chromosome. Our result is also in good agreement with finding from many researchers, for
example [18, 36].

In our model, we consider cases where the number of men and women in the population is
equal. While this may be a strong assumption, there are many places where the proportions of

men and women are nearly equal, for example, in some Northern European countries, South
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Korea, the Netherlands, and Australia [34]. The ratio is even the same in Cyprus, Azerbaijan,
Cameroon, Ethiopia, Ecuador, Honduras, Costa Rica, and some other countries. Therefore, we
think the assumption is still acceptable, although a more general assumption would be prefer-
able. We also assume that color blindness does not reduce a person’s chances of marrying a
woman/men they like. If this factor is considered in the model, we may have a factor to control
color blindness.

In our work, we exclude the mutation factor from our model. From the genetic point of
view, the effect of the mutation factor in the model can be included as a fitness level, which is
the weight of a gene or allele in the model. Basically, this factor can be incorporated into our
model. However, since we would like to focus on the phenotypic dynamics of color blindness,
the presence of mutation factors becomes less significant. This is why we incorporate the birth
rates and natural death rates in our model where both of them are terms used to describe the
phenotypic conditions. Thus, we leave the mutation factor for future work. Further, we consider
the adult population in our model, and for simplicity, we assume that the numbers related to
color blindness in Table 5 and Table 6 occur in the adult population. Certainly, it will be
interesting to see the dynamic behavior of color blindness in the children and adults population,
but we leave it for future work.

Since only factors of births and deaths are involved in the model, we end up with a Malthusian
model. Nevertheless, even with this model, we find some important insights that are discussed
above. Therefore, we can utilize this model as a start to study some basic features of the dy-
namics of the spread of color blindness in a population. Furthermore, this model can be further
extended, for example, by introducing logistic factors, which will make it more realistic. Fi-
nally, although in our paper we focus on the genetic disease that leads to color blindness, in
general, the approach can also be applied to model the dynamics of other genetic diseases, in-
cluding, for example, the lethal one. However, we may need to make some adjustments to adapt

to the particular situation that the disease may have.

ACKNOWLEDGMENTS

This research was supported by PPMI ITB program 2022.



24 APRI, LOUISMONO, SUANDI, HARJANTO

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests.

REFERENCES

[1] V.C. Smith, J. Pokorny, Spectral sensitivity of the foveal cone photopigments between 400 and 500 nm,
Vision Res. 15 (1975), 161-171. https://doi.org/10.1016/0042-6989(75)90203-5.

[2] J.K. Bowmaker, Visual pigments and molecular genetics of color blindness, Physiology. 13 (1998), 63-69.
https://doi.org/10.1152/physiologyonline.1998.13.2.63.

[3] M.M. Hassall, A.R. Barnard, R.E. MacLaren, Focus: Genome editing: Gene therapy for color blindness, Yale
J. Biol. Med. 90 (2017), 543-551.

[4] L.T. Sharpe, A. Stockman, H. Jagle, et al. Opsin genes, cone photopigments, color vision, and color blindness,
in: K.R. Gegenfurtner, L.T. Sharpe (eds), Color vision: from genes to perception. Cambridge University
Press, Cambridge, (1999), pp. 3-51.

[5] N. Gordon, Colour blindness, Public Health 112 (1998), 81-84. https://doi.org/10.1016/s0033-3506(98)005
90-3.

[6] M.P. Simunovic, Colour vision deficiency, Eye. 24 (2009), 747-755. https://doi.org/10.1038/eye.2009.251.

[7] J. Neitz, M. Neitz, The genetics of normal and defective color vision, Vision Res. 51 (2011), 633-651.
https://doi.org/10.1016/j.visres.2010.12.002.

[8] National Eye Institute, Color blindness, (2020). https://www.nei.nih.gov/learn-about-eye-health/eye-conditi
ons-and-diseases/color-blindness.

[9] J. Koliopoulos, P. Iordanides, G. Palmeris, et al. Data concerning colour vision deficiencies amongst 29,985
young Greeks, Mod. Probl. Ophthalmol. 17 (1976), 161-164.

[10] K. Feig, H.H. Ropers, On the incidence of unilateral and bilateral colour blindness in heterozygous females,
Human Genetics. 41 (1978), 313-323. https://doi.org/10.1007/bf00284765.

[11] R.A. Crone, Incidence of known and unknown colour vision defects, Ophthalmologica. 155 (1968), 37-55.
https://doi.org/10.1159/000305334.

[12] J. Frangois, G. Verriest, V. Mortier, et al. De la frequence des dyschromatopsies congenitales chez 1’homme,
Ann. Ottalmol. Clinica Oculistica. 190 (1957), 5-16.

[13] E. Chan, W.S. Mao, Colour-blindness among the Chinese, Br. J. Ophthalmol. 34 (1950), 744-745. https:
//doi.org/10.1136/bjo.34.12.744.

[14] C. Yang, J.C. Chiang, P.H. Feng, et al. Color-blindness among the Chinese, Chinese Med. J. 76 (1958),
283-284.


https://doi.org/10.1016/0042-6989(75)90203-5
https://doi.org/10.1152/physiologyonline.1998.13.2.63
https://doi.org/10.1016/s0033-3506(98)00590-3
https://doi.org/10.1016/s0033-3506(98)00590-3
https://doi.org/10.1016/j.visres.2010.12.002
https://www.nei.nih.gov/learn-about-eye-health/eye-conditions-and-diseases/color-blindness
https://www.nei.nih.gov/learn-about-eye-health/eye-conditions-and-diseases/color-blindness
https://doi.org/10.1007/bf00284765
https://doi.org/10.1159/000305334
https://doi.org/10.1136/bjo.34.12.744
https://doi.org/10.1136/bjo.34.12.744

POPULATION GENETICS MODEL 25

[15] I.linuma, Y. Handa, A consideration of the racial incidence of congenital dyschromats in males and females,
Mod. Probl. Ophthalmol. 17 (1976), 151-157.

[16] H.C. Thuline, Color-vision defects in American school children, JAMA. 188 (1964), 514-518. https://doi.or
2/10.1001/jama.1964.03060320036008.

[17] D. Slaby, J. Roberts, Color vision deficiencies in youths 12-17 years of age, United States, National Center
for Health Statistics, 1974.

[18] J. Birch, Worldwide prevalence of red-green color deficiency, J. Opt. Soc. Amer. A. 29 (2012), 313-320.
https://doi.org/10.1364/josaa.29.000313.

[19] R.A. Fisher, The genetical theory of natural selection, Clarendon Press, Oxford, England, 1930.

[20] S. Wright, The differential equation of the distribution of gene frequencies, Proc. Natl. Acad. Sci. U.S.A. 31
(1945), 382-389. https://doi.org/10.1073/pnas.31.12.382.

[21] J. Crow, M. Kimura, An introduction to population genetics theory, Scientific Publishers, India, 2017.

[22] J.F. Selgrade, G. Namkoong, Examples of the effect of genetic variation on competing species, J. Math. Biol.
24 (1986), 193-206. https://doi.org/10.1007/bf00275998.

[23] M. Traykov, I. Trenchev, Mathematical models in genetics, Russ. J. Genet. 52 (2016), 985-992. https://doi.
org/10.1134/s1022795416080135.

[24] D. Suandi, K.P. Wijaya, M. Apri, et al. A one-locus model describing the evolutionary dynamics of resistance
against insecticide in Anopheles mosquitoes, Appl. Math. Comput. 359 (2019), 90-106. https://doi.org/10.1
016/j.amc.2019.03.031.

[25] J.C. Wang, J.W. Chen, Gene-mating dynamic evolution theory: fundamental assumptions, exactly solvable
models and analytic solutions, Theory Biosci. 139 (2020), 105-134. https://doi.org/10.1007/s12064-020-0
0309-3.

[26] D. Suandi, K.P. Wijaya, M. Amadi, et al. An evolutionary model propounding Anopheles double resistance
against insecticides, Appl. Math. Model. 106 (2022), 463—481. https://doi.org/10.1016/j.apm.2022.01.025.

[27] C. Del Vecchio, F. Verrilli, L. Glielmo, et al. A discrete time population genetic model for X-linked recessive
diseases, Int. J. Biol. Biomed. Eng. 11 (2017), 7-15.

[28] C. Del Vecchio, F. Verrilli, L. Glielmo, When sex matters: a complete model of X-linked diseases, Int. J.
Gen. Syst. 47 (2018), 549-568. https://doi.org/10.1080/03081079.2018.1473391.

[29] LJ. Murray, N.R.A. Parry, D.J. McKeefry, et al. Sex-related differences in peripheral human color vision: A
color matching study, J. Vision. 12 (2012), 18-18. https://doi.org/10.1167/12.1.18.

[30] https://ghr.nlm.nih.gov/condition/color-vision-deficiency. (2015).

[31] L. Hartwell, L. Hood, C. Aquadro, et al. Genetics, McGraw-Hill Education, 2017.

[32] D.L. Hartl, A.G. Clark, Principles of population genetics, Sinauer Sunderland, Massachusetts, USA, 1997.

[33] K. Lange, Applied probability, Springer, New York, 2003. https://doi.org/10.1007/b98849.


https://doi.org/10.1001/jama.1964.03060320036008
https://doi.org/10.1001/jama.1964.03060320036008
https://doi.org/10.1364/josaa.29.000313
https://doi.org/10.1073/pnas.31.12.382
https://doi.org/10.1007/bf00275998
https://doi.org/10.1134/s1022795416080135
https://doi.org/10.1134/s1022795416080135
https://doi.org/10.1016/j.amc.2019.03.031
https://doi.org/10.1016/j.amc.2019.03.031
https://doi.org/10.1007/s12064-020-00309-3
https://doi.org/10.1007/s12064-020-00309-3
https://doi.org/10.1016/j.apm.2022.01.025
https://doi.org/10.1080/03081079.2018.1473391
https://doi.org/10.1167/12.1.18
https://ghr.nlm.nih.gov/condition/color-vision-deficiency
https://doi.org/10.1007/b98849

26 APRI, LOUISMONO, SUANDI, HARJANTO

[34] World Bank, Population, 2020. https://data.worldbank.org/indicator/SP.POP.TOTL.FE.ZS.

[35] H.B. Kim, S.Y. Lee, J.K. Choe, et al. The incidence of congenital color deficiency among Koreans, J. Korean
Med. Sci. 4 (1989), 117-120. https://doi.org/10.3346/jkms.1989.4.3.117.

[36] A. Chia, G. Gazzard, L. Tong, et al. Red-green colour blindness in Singaporean children, Clinic. Exper.
Ophthalmol. 36 (2008), 464—467. https://doi.org/10.1111/§.1442-9071.2008.01799.x.


https://data.worldbank.org/indicator/SP.POP.TOTL.FE.ZS
https://doi.org/10.1111/j.1442-9071.2008.01799.x

	1. Introduction
	2. Mathematical Model of Colorblinds in Population
	2.1. Mendel's segregation law
	2.2. Mathematical model
	2.3. Equilibrium points and their stability

	3. Genetic Frequency
	3.1. Hardy-Weinberg equilibrium

	4. Dependency of the Equilibrium Point on the Initial Condition
	5. Numerical Simulation
	5.1. Northern Europe
	5.2. Korea

	6. Discussion and Conclusion
	Acknowledgments
	Conflict of Interests
	References

