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Abstract. In this study, a novel stochastic model for coronavirus disease 2019 (COVID-19) transmission is formu-
lated with the presence of immigration, vaccination and general incidence function. The environment variability
in this work is characterized by Gaussian white noise. We prove the existence, uniqueness and positivity of the
solution of the model and investigate the stochastic ultimate boundedness. Sufficient conditions are presented
for the extinction of the disease according to the values of the threshold parameter Rg that represents the basic
reproduction number of our stochastic model. Moreover, we prove that the number of infected individuals is al-
ways persistent in the mean. Also, the sensitivity analysis is used to discover parameters that have impact on the
threshold parameter Rg . Some numerical experiments are also presented to illustrate the theoretical results.
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1. INTRODUCTION

In Epidemiology, mathematical modeling is an essential tool in studying and analyzing the
spread of infectious diseases and it is considered as an effective way to forecast the outbreak
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of an epidemic. Understanding the transmission of diseases in communities and countries is
extremely important to identify factors that are responsible for their existence.

Recently, many authors have proposed and studied different types of deterministic epidemic
models. For instance, Semlali et al [1] studied the global stability of ordinary differential equa-
tions (ODEs) model with general incidence rate, taking into account the effects of immigration
and vaccination. They divided the total population into three classes S(¢), I(f) and R(¢) that
represent susceptible, infected and recovered individuals at time 7, respectively. More precisely,

the dynamics of the three classes was governed by the following system of ODEs

S —A4+b—puS—f(S,NI—VS,

dt
(1) db =+ f(S,1)] — (u+y+7r),
4R —rI+vS—uR,

where the susceptible individuals are recruited at a rate A and become infected by effective
contact with infected individuals at rate f(S,7)I. The natural death rate in all classes is denoted
by u, while v is the death rate due to COVID-19. The parameter v is the rate of vaccination and
r denotes the recovery rate of the infected individuals. Finally, b and ¢ represent the immigrant
to susceptible and the immigrant to infected, respectively.

Most real world problems are not deterministic and our real life is full of randomness and
stochasticity and is influenced by environmental fluctuations. May [2] revealed that some main
parameters of the epidemic model, such as birth rates, death rates, recruited rates and disease
spread rates, are affected by environmental noise to some extent. Therefore, incorporating
stochastic effects into the model can bring more advantages and gives us a more realistic way
of modeling epidemic models compared to their deterministic corresponding models [2, 3].

There are different possible approaches that result in different effects on epidemic dynamical
systems to include random perturbations in the models [4, 5, 6, 7, 8]. Particularly, approaches
observed most often, such as parameters disturbance, ambient noise which is proportional to
the variables [9, 10].

Brownian motion is the primary choice for simulating random motion and noise in modeling

continuous-time systems. This choice is based on their good statistical characteristics. For
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example, Brownian motion has finite moments of all orders and there are powerful analytical
tools that can solve the Brownian motion problem.

In order to better simulate the impact of environmental noise during disease transmission,
we consider a random disturbance depending on the variables of state S, I and R. Thus, the
stochastic version of the deterministic system (1) is given by the following system of stochastic

differential equations (SDEs)

dS(t) =[A+b—uS@t)— f(S(),1(t))I(t)—vS(t)]dt + 01S(t)dB (1),
) dit) = [c+f(S(1),1)I(t) = (u+y+r)(1)]dt + 021 (t)dBy (1),
dR(t) =1[rl(t)+vS(t)— 1R(t)|dt + o3R(t)dB3(t),

where B(t) are independent standard Brownian motions with B;(0) = 0, defined on a complete
probability space (Q,F,P) with a filtration {F; },>o satisfying the usual conditions (i.e., it is
increasing and right continuous while Fy contains all P-null sets) and o; denote the intensities
of perturbations, i=1, 2, 3.

It is important to note that the model presented by system (2) generalizes several special
cases. For instance, we obtain the model in [9, 11] when b =0, ¢ =0, v =0 and f(S,I) =
%. Also, we get the model of Jiang et al. [12] when b =0, ¢ =0, v =0 and f(S,I) = BS.
Furthermore, the model introduced in [13] is a particular case of system (2), it suffices to take
b=0,c=0,v=0, f(S,I) = BS and By (t) = B(t) = B3(t) foralls > 0.

Obviously, the first two equations of system (2) do not depend on the variable R, model (2)

can be rewrite by following system

dS(t) =[A+b—uS@t)— f(S(),1(t))I(t)— vS(t)|dt + 01S(t)dB; (1),
di(t) = lc+f(S8@), 1)) — (u+y+r)1(1)ldt + 02l (t)dBy(t).

3)

Moreover and according to [1], we assume that the general incidence function f is continuously

differentiable in the interior of Ri and satisfies the following conditions

(Hy) £(0,1) =0, for all I > 0.
(H>) aS(S I)>0,forall §$ >0and > 0.
(H3) 57(S,1) <0, forall§>0and /> 0.

N8
~|~

Furthermore, we assume that
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(Hy) f(S,I) <68, for some real constant § > 0 and all S > 0.

The rest of the present paper is organized as follows. In the next section, the well posedness
of the stochastic model (3) is proved by showing the existence, uniqueness and positivity of the
solution. Also, the stochastic ultimate boundedness of the solution is established. In Section 3,
we show the extinction of the disease in terms of the threshold parameter Rg . In Section 4, the
sensitivity analysis is used to discover parameters that have impact on the threshold value Rg . In
Section 5, the persistence in the mean is investigated. We give some numerical simulations to

illustrate our main results in Section 6. The paper ends with a brief discussion and conclusion.

2. EXISTENCE, UNIQUENESS OF THE GLOBAL POSITIVE SOLUTION AND STOCHAS-

TIC ULTIMATE BOUNDEDNESS

Since the solution of the stochastic model (3) has biological significance, it should be positive.
Furthermore, to study the dynamical behavior of the system (3), it is necessary to prove that the
solution has a global existence.

Our main goal in this section is to prove that the solution of model (3) is global positive and

bounded.

Theorem 2.1. For any given initial condition (S(0),1(0)) € R2, there is a unique positive
solution (S(t),1(t)) of model (3) for all t > 0 and the solution will remain in R?. with probability
one. That is (S(t),1(t)) € R% for all t > 0 almost surly (a.s.).

Proof. Since the coefficients of system (3) are locally lipschitz continuous, then from [14], for
any initial condition (S(0),1(0)) € R2, there is a unique local solution (S(z),1(¢)) on ¢ € [0,t,),
where 7, is the explosion time. To show that this solution is global, we need to prove t, = +oo
almost surely.
We consider the following stopping time ¢* by

t* =inf{t €[0,2,):S(t) <0orl(t) <0}, with inf@ = +oo.
It’s clear that t* <., so if we prove that t* = +oo (a.s.), then 7, = +oo (a.s.) which means that
(S(t),1(t)) will remain in R? (a.s) for all ¢ > 0.
Assume that t* < +oo, then there exists a 7 > 0 such that P(t* < T') > 0.

Define the C>-function V: Rﬁ_ — R by
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V(S,I) =InS+Inl.
By It6’s formula, for all 7 € [0,7*) and almost all @ € {¢* < T'} we obtain

A+b
S(s)

InS(t)+ Inl(t) — InS(0) — nI(0) = Aﬁ

—%Gf]der/ot [I(Ls) + £ (8(s),1(s))

—(u+7y+r)— %Gzz} ds+ o1B(t) + 0B (1)
2v[[—uu+v+y+n—f@@§g?ﬂ@)

_%(612 + 0'22)} ds+ 01B1(t) + 62Ba(t).
According to (Hy4), we have
InS(t)+1Inl(t) —InS(0) — InI(0) > /Ot [—@u+v+y+r)—38i(s)
_%@ﬁ+4ﬁﬂdy+m3ﬂ0+oﬂb0)

From the definition of *, it follows that the solution of system (3) is positive on [0,7*) for almost
allw e {r*<T}and S(t*)=0 or I(t*) =0.

Therefore, lim (InS(¢)+Inl(t)) = —oo. Letting t — ¢* in the inequality above, we get
t—t*

1 r
—co > U+ V4 y+r+ 5(612 +09)]t* — 5/0 I(s)ds+ 6B (t") 4+ 03By (1*) > —oo,

that contradicts our assumption. Thus, t* =, = 4o (a.s.). This completes the proof. =
Theorem 2.1 shows that the solution of model (3) will remain in R%r and one need know how
the solution varies in Ri in more details. In population dynamic systems, the properties of
positivity and non-explosion are important but are often not sufficient. It is necessary to discuss
other properties of the solution of system (3). From a biological point of view, the property of
stochastically ultimate boundedness is more desirable than the nonexplosion property.
First, we give the definition of the stochastic ultimate boundedness of the solution, then an

essential theorem follows directly.

Definition 1. The solution X (t) = (S(¢),1(t)) of system (3) is said to be stochastically ultimately

bounded if, for any € € (0,1), there is a positive constant & such that for any initial value
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X(0) € R2, the solution X (t) of model (3) verifies the property

limsupP(||X|| > o) < €.
t—ro0

Theorem 2.2. For any initial value X(0) = (S(0),1(0)) € R%, system (3) is stochastically

ultimately bounded.

Proof. Let my > 0 be sufficiently large such that every component of X (0) is contained within

the interval (mio,mo). For each integer m > my, define the stopping time

o= inf {1 > 0:5() & (L,m) or 1(1) & (&,m)}.

which by Theorem 2.1 has the properties that #,, — +oo almost surely as m — +oo. We have
d(S@)+1(1) = [A+b+c—(+V)S(t) = (m+y+rI(0))di
+61S(t)dB1 () + 021 (t)dB(t)
= [A+b+c—u(S@)+1(r)) = vS(t) — (y+r)(r)ldr
+618(1)dB) (1) + 021 (1)dBs (1)
On the other hand, by applying Itd’s formula to e*! (S(¢) +1(t)) we get
d|et (S +1(0))] = e[ (S0 +1())dr +d(S(r) +10)) |
_— [(A Fhtc—vS(t)— (y+ r)I(t))dt +01S(1)dBy (1)
+C721(t)de(t)]
- [(A Fhtc)et —vS(t)et — (y+ r)](t)e“’] dr + M 6y S(1)dBy (1)
+el! 6y ()dBa(7)
< ((A b+ c)ew)dt + e 61S(t)dBy (1) + e 0o (t)dBo(1).

By integrating this inequality and taking expectations on both sides, we obtain

E[eu(mzm)(S(t/\tm)+I(t/\tm))—(S(O)+I(O))} < E{ /me (At b+ c)ebds

At+b+c,
— (e —1).
D ()

Let m — +oo, then

eHE[(S(1) +1(t))] = (S(0) +1(0)) < AEEEE (e —1).
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Therefore,
E[(S(t)+1(1))] < (S(0) +1(0))e # + 442 (1 —e7H1).
Consequently,
limsupE[(S(r) +1(1))] < #5=.
Thus,

limsupE||X|| < A+b+c, where || X|| =VS*?+12<S+1

o0

. o A+b+ . 5 . .
Then for any given 0 < € < 1, let o = TC By virtue of Markov’s inequality, we get
EIIX | « Atbtc _
limsupP(|| X|| > o) < hmsup T l—e

t—ro0
This completes the proof. m

Consider the feasible region for the corresponding deterministic system of the stochastic
model (3), see [1].
r={(s.1)eR2:s+1<Atbicl,
and define the set I'* C I" by

4) r*:{(s,l)eRi:SHgAM}.

u-+v

In the following, we will prove that I'* is almost surely positively invariant with respect to the

stochastic model (3).
Theorem 2.3. The region I'* is almost surely positive invariant of the stochastic model.

Proof. Let (S(0),/(0)) € I'" and kyp > O be sufficiently large such that each component of
(5(0),1(0)) is contained within the interval (- T ﬁii’,] Define, for each integer k > ko, the
stopping times
2
— . * 1 A+b
T —mf{t >0:(S(t),1(t)) € T* and (S(1),1(t)) ¢ (zu—iv} }
and
v=inf{t>0: (S(0).0() ¢ T},
It suffices to prove that P(7 = +0) = 1, that is, P(t <) =0 for all > 0.
Obviously, (7 <t) C (5 <t), then P(t <t) <P(1x <1t). So, we only need to show that

limsupP(7, <1) =0.
k—roo
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For this, we consider the C?-function % : Ri — R defined by

US,0) =<+

| —
~N | =

Forallt > 0 and 0 < s <t A 1, using Itd’s formula, we obtain

du (S(s),1(s)) =L (S(s),I(s))ds — %dBl(s) - Ic(’—sz)de(s),

where
B A+b  u+v  f(S(s),I(s)I(s) oF
vrisa6) = |~ I ]
[_ ¢ fB6)I6s)  uty+r  oF }
I (s) 1(s) I(s) — Is)
Then
AU (S(s),1(s)) < (u Yyt f(S(”S’gs;))I(S) + a%) % + (u oyt 622> %
O] (03}
—ﬁdBl(S) — mde(s).
According to (Hy) and (4), we get
d% (S(s),1(s)) < (u Fv+ SLAjvb) + 612> % + (u Fy+rt c%) 1%
(o3} (6]
—%dBl (S) — I(—S)de(S).
Therefore,
) AU (S(5).1(5)) < N (S(5),1(5))ds — 5B (5) = 15 dBas),
where
N= max{u +v+ SLA:\/M +or, At y+r+ 622}.

By integrating, taking the expectation on both sides of (5) and applying Fubini’s theorem, we
obtain
E[% (S(s),1(5))] < % (5(0),1(0)) +N JoE[% (S(u),1(u))]du.
From Gronwall Lemma, we have for all 0 < s <1t A 1,
E[% (S(s),1(5))] < % (5(0),1(0))e"".

Hence,

©)  E[Z(SEAT), It AT))] < % (S(0),1(0))eN %) < 77 (8(0),1(0))eM Ve > 0.
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Since % (S(t A t),1(t A 1)) > 0 and some component of (S(7x),(7)) is less than or equal to

%, then % (S(7),1(7x)) > k, which implies that
(7) El# (S(t A7) 1(t Ai))] = B2 (S(7) 1(T)) X <y] 2 kP (T < 1),

where (7 < is the indicator function of {7; <t}.

By (6) and (7), we get that for all > 0

P(r <t) < w.
Thus, limsupP(7, < 1) = 0.
k—ro0

This completes the proof. m

3. EXTINCTION OF DISEASE

Among the main concerns of epidemiology is how to regulate the dynamics of the disease
in order to eradicate it in the long term. For this reason, we investigate the conditions for the
extinction of the disease.

Our stochastic SIR epidemic model describes the dynamics of a communicable disease into
a population with positive flow of infective c. In this case, the infection cannot be eliminated
from the population and persists in the mean. That means, as people migrate, the disease will
persist as long as there are undiagnosed infections. ¢ = 0 will be an ideal case before migration
is controlled. In the following, we will show by Theorem 3.1 the conditions for the extinction
of the disease.

Also, model (3) can be rewrite by following system

dS(t) =[A+b—usS(t) = f(S1), 1)) = vS(t)ldt + 015(1)dB1 (1),
di(t) =[f(S(),1(2))I(t) = (+y+r)(t)]dt + 021 (1)dBs(1).

®)

For the corresponding deterministic system of (8), we can use the results presented by Semlali

etal. [1]. It is easy to get the basic reproduction number of disease that is given as follows

f ﬂ)o
) Ry = TG0
u+vy+r
Similarly, we define the following threshold of our stochastic SIR epidemic model (8) by
o3

10 RS—Ry— %2
(10) 0T (u+y+r)
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Remark 1. In absence of noise, we have RS = Ro.

Theorem 3.1. Let (S(1),1(t)) be the solution of the system (8) with any initial value

(5(0),1(0)) € I'*. Then
limsup I"II(I) <(u+y+r)(RS—1) (as.).
[—yoo
Moreover, ing < 1, then tli_>m (I)y =0 (a.s.) and tli_>m (S)

_ A+b

= uyv (a.s.). In other words, the

disease dies out with probability one.

Proof. Applying 1td’s formula to S(¢) 4 1(¢), we obtain
diS(t)+1(t)) = [A+b—(u+Vv)S(t)—(u+y+r)(t)dt

+015(t)dB1(t) + 021 (t)dBx(1).

Then

S(f)jl(f) _S(O)J;I(O) = A+b—(u+V)(S)—(u+y+r){)

+ % [sts)amy(s)+ 2 [ 1(5)aa(s)

Therefore,

(S = A+ (et y+ ), - SO0 | SO0

+%/Ot5(s)d31(s)+%/Otl(s)de(S)-
Thus,
_A+b  pty+r

(1T) (S)r = LtV ptv (I): — G(t),
where

Gr) = S SO oL [3S()dB) (5) — B Ji 1(s)dBa(s).

Since (S(¢),1(t)) € I'*, we have

(12) lim G(1) =0 (a.s.).

f—3o0
Now, we apply Itd’s formula to Inl(t), we get

dinl(t) = [f(S(t),1(t)) — (L +V+r+303)]dt + 02dBs(1).
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Hence,
Inl B Inl(0
= F(S().000) (e y+ o §of) 20 4 .
Since S < 4%2 and according to (H») and (H3), we get

u+v
B < f(422.0) — (u-+7-+r+ 503 + 20 4 IO

TR
Consequently,

Inl 2 B Inl(0
0 < (4 7+ 1) (Ro = gy — 1) + 2221 4 20

Thus,

< (LA Y+ (RS — 1) 4 2Bl | 1(0)

Inl(t)
t

By the large number theorem for martingales, we get

(13) lim Ba(t) =0 (a.s.).

f—oo

Since Rg < 1, then

Inl
(14) limsup nt(t <(u+y+r)(RS—1)<0(as.).
f—so0
This implies
(15) lim 1(1) = 0 (a.s.).

t—roo
From (11), we have
: _ Atb _ pAYET g :
lim (S); = 435 — ey im (1) — lim G (7).
Taking into account (12) and (15), we get

A+b
16 lim (S); =
(16) lim (S), Ty

(a.s.).

The proof is therefore complete. m

4. SENSITIVITY ANALYSIS

As in the previous section, we assume that there is no flow of infected immigrants, this
implies that ¢ = 0. In the following, we will perform the sensitivity analysis.

The sensitivity analysis is essential to determine the best way to reduce the effect of disease. It
indicates the influence and the impact of each parameter on the disease and discover parameters
that have a high impact on the stochastic reproduction number Rg.

The sensitivity of a variable with respect to model parameters is usually measured by sensitivity
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index. When the variable is a differentiable function of the parameter, the sensitivity index can

be defined using partial derivatives.

Definition 2. The normalized forward sensitivity index of Rg that depends differentiably on a

parameter p is defined by

RS _ORG p.
(17) pP - &p Rg'

We perform the sensitivity analysis using (17) with parameters A, b, 62, v, 7, r and U, we get

J
a0 %GR
= A0 = ,
ARG OA T () (2£(422 0)-0F)
J
R _ b RS _ BHEGED
= b 20 — i
bR 9 (uv) (2£(42L.0)-03)
Ry &, ORS 203
=250 - 2B <0,
Po, R5 002 zf(ﬁig 0)—03
pRg _ v RS —2v(A+b) 55 (422 0) <0
VR (v (2f (A 0)-03)
R_ 1R _ v
Py =&y = v <
Ry, O0RS  _,
Pri=gsar = iy <0
pR_mort [ 4 MADEGEO )
% Rg u H+Y+r (/J"'V) ( (A ) (72)

Equations above show that the parameters A and b are proportional to the stochastic repro-
duction number Rg. Consequently, an increase or decrease in these parameters will increase
or decrease the stochastic reproduction number Rg. However, the parameters o>, v, 7, r, U
are inversely proportional to Rg. So, an increase in these parameters will decrease RS, while a

decrease in these parameters will increase Rg .
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5. PERSISTENCE OF DISEASE

In this section, we will investigate the persistence in the mean of the system (3). First we
recall the definition of the persistence in the mean, then we give two lemmas that we will use to

prove Theorem 5.1.

Definition 3. The variable I in system (3) is said to be persistent in the mean, if

liginf(l% >0 (as.), where (I);=1[(1(s)ds

Lemma 1. Let (S(¢),1(t)) be the solution of system (3) with any initial value (S(0),1(0)) € R2,
we have
SO+ _

Moreover, we have

lim 3 —0 (as) and hm( —0 (as.).

t—eo

Proof. Let u(t) = S(t) +1(¢) and define w(u) = (1 +u)®, where 0 is a positive real constant to
be chosen in the following. Using It6’s formula, we get
dw(u(t)) = Lw(u(t))dt + 6 (1 +u(t))?~61S(t)dB: (t) + 021(t)dB; (1)),

where

Liw(u)) = 0(1+u)® "[A+b+c—pu—vS—(y+n]I]
0(6—1)

+T(l+u) 2(628*+ 0317)

= 0(14+u)2 [(1 +u)(A+b+c—pu—vS—(y+r))

0—1
+( 5 )(612S2+62212)]

IN

O(1+u)?2 _(1 +u)(A+b+c—uu)+ (6 g D (612S2+62212)}

IN

0(1+u)b2 -(1 +u)(A+b+c—pu) +(%VO)(G%VG§)1¢2}

= o1+~ - (O Voot vaR it + (bt -

+A+b+cf.
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We choose 8 > 0 such that
- (41 vo)(otvos):=1>0.
Then
Lw(u) <01 4+u)9 2 [-Au> +(A+b+c—pw)u+A+b+c|.

Therefore,

dwu(t)) < 0(1+u(t))? *[-A2u*(t)+(A+b+c—wu(t) +A+b+cldt

+0(1+u(t))? ' [018(t)dB1 (t) + 021(t)dBa(t)].
For 0 <k < OA, we get

dlew(u(r))] = LI w(u(t))dt + 0 (1 +u(t))® 1 [61S()dB, () + 021(r)dBa).

Thus,
1s) Bl ulo)] = wiu0)+E | [ L6 w(uls))s]
where
Ll w(u(n)] = kew(u(t)) +eMLOw(u(r)))
< 0eM(1+u(r)? [5(1 +u(t)? = AP (t) + (A+b+c—p)u(r)
+A+b+%
= 0M(1+u(r)?2 [— (/1 . g>u2(t) + <A+b+c—u + %)u@)
+A+b+c+g}
< 0'M,
where

M := sup,cp, {(1 —I—M)B’Z[— (l — %)uz-l— (A-I—b—l—c—u-l— %‘)u-l—A-l—b-i—c-i—%} }
Therefore, from (18) we have
E[ek’(l +u(t))6] <(1 +u(0))6 +9%/[ek’.

Hence,
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limsupE[(1+u(t))%] < GTM =My (as.),
f—vo0
which together with the continuity of u implies that there exists a constant H > 0 such that

(19) E[(1+u(2))®] <H, forallt > 0.
With (19), we can proceed as in [3] to complete the proof. =

Lemma 2. For any initial value (S(0),1(0)) € R the solution (S(t),1(t)) of system (3) verifies

lim 859G _ 0 (45) and  Tim 21O g g
{—ro0 [—>o0

Proof. We proceed asin Lemma 2.2 of [3] m

Theorem 5.1. For any initial value (S(0),1(0)) € R2, the variable I of model (3) is persistent

in the mean (a.s.). Moreover, we have

liminf(7); > ;7% -

Proof. We have
dl = [c+ f(S,1)] — (L +y+r)]dt +021dB(1).
Then

L0 — o (8,000 — (4 y+7) (D + 2 [§1()dBo(s).

Therefore,
.. I(1)—1(0) . . ;
liminf =722 > ¢ — (L+vy+7) htrgg}ﬂl), + hln_1>g)1f% JoI(s)dBa(s).
According to Lemma 1 and Lemma 2, we get
0>c—(u+vy+r) lilrginfmt.

Consequently,

liminf(7); > 75 -

This completes the proof. m

6. NUMERICAL SIMULATIONS

In this section, some numerical simulations are given to illustrate the obtained theoretical re-

sults. Throughout the following numerical simulations, we choose f(S,I) = BS

= Trasran Where

B is the rate of infection, @; and o, measuring the effects of saturation. The corresponding
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discretization system of model (3) is given as follows

4
Skr1 =

Ly =

\

S+ [A +b— Sk — ol vSk} At + 01 S VALE
+1o28K(EF - 1AL,
I+ |:C+ HM - ([.L +v+ r)Ik} At + Gz]k\/A_tgk

o Sk+oply

+302 (&2 — )AL,

where & (k = 1,2, ..) are independent Gaussian random variables which follow stan-

dard normal distribution N (0, 1).

Firstly, taking A=5,b=1,¢=0, f =0.01, y=0.01, o = 0.01, v =0.01, r = 0.01,

o1 =0.1, 0 =0.1, 01 =0.03 and 0, = 0.03. By computing, we get Rp = 3.2258 > 1 and RS =

3.2108 > 1. Figure 1 is an illustration of the trajectories of S(¢) and I(¢) using the parameters

cited before, it supports the theoretical results seen in Section 3.

250

200

150

100

50

Deterministic and Stochastic S(t) and I(t)

0 50 100 150
Time t (days)

FIGURE 1. Simulations of paths of S(z) and I(¢) for the stochastic system and

the corresponding deterministic system when ¢ = 0.

Secondly, we take ¢ = 0.4 and the same other parameters as above. In this case, we have

¢ > 0, then according to Theorem 5.1, the disease will persist almost surely and the infection

cannot be eliminated from the population as illustrated in Figure 2. The performed simulation
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for the disease support our theoretical result where we assumed that the persistence will hold in

the population.

600

500

400

300

200

100

Deterministic and Stochastic S(t) and I(t)

0 . . |
0 50 100 150

Time t (days)

FIGURE 2. Simulations of paths of S(z) and I(¢) for the stochastic system and

the corresponding deterministic system when ¢ = 0.4.

Thirdly, letA=5,b=1,c=0,=0.02,y=0.05,u =0.1, v=0.01, r =0.025, @; =0.02,
oy = 0.5, 01 = 0.1 and 6, = 0.05. In this case, we have RS = 2.9742 > 1. Therefore, from
Theorem 3.1 it follows that system is persistent in the mean, which means that the disease
persist in the population, see Figure 3.

S(t) deterministic
S(t) stochastic

I(t) deterministic

200 I(t) stochastic

251
180

160
20
140

S0t E15¢

80

60 [

40+

20 I I . 0 I I .
0 50 100 150 0 50 100 150

Time t (days) Time t (days)

FIGURE 3. Dynamics of system (8) when ¢ = 0 and RS = 2.9742 > 1.
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Fourthly, we take A=5,b=1,c=0, § =0.01, y=0.05, u =0.02, v=0.01, r =0.1,
o =0.05, ap =0.05, 01 = 0.3 and 0> = 0.2. By computing, we have Rg =0.9519 < 1. Hence,
according to Theorem 3.1, if RS < 1, for the positive solution (S(¢),1(¢)) of the system (8) the

disease will extinct almost surely. Figure 4 clearly supports the theoretical result.

600 30
S(t) deterministic
S(t) stochastic

I(t) deterministic
I(t) stochastic

500 -

400 -

& 300

200

100

0 50 100 150 0 50 100 150
Time t (days) Time t (days)

FIGURE 4. Dynamics of system (8) when ¢ = 0 and Rg =0.9519 < 1.

Next,letA=5,b=1,¢=0,=0.02,y=0.1,u =0.01,v=0.05,r=0.1, ¢y =0.07, 0p =
0.05, 1 = 0.1 and 0, = 0.5. By calculation, we have Ry = 1.1905 > 1 and RS =0.5952 < 1.
Therefore, we can deduce that the disease dies out when 0 is sufficiently large as illustrated in

Figure 5.

S(t) deterministic
S(t) stochastic 45

I(t) deterministic
I(t) stochastic

0 50 100 150 0 50 100 150
Time t (days) Time t (days)

FIGURE 5. Dynamics of system (8) when ¢ = 0, Ry = 1.1905 > 1 and R =
0.5952 < 1.
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Atlast, wetakeA=5,b=1,¢=0,5=0.02,y=0.1,u=0.1,v=0.02, r=0.1, a; =0.01,
o = 0.5. By computing, we have Ry = 2.2222 > 1. From the explicit expression of Rg in (10),
we see that Rg is a decreasing function of the second intensity of perturbations 6, which is

demonstrated in Figure 6.

w
o
N
~

T T T T T T T T T T T T
Deterministic R, Stochastic RS
20F il

S
0

w
T

n
o
T

N
T

o
Stochastic basic reproduction number R

Deterministic basic reproduction number R0

FIGURE 6. Plot of the basic reproduction number as a function of ;.

7. DISCUSSION AND CONCLUSION

In this work, we have studied a stochastic SIR epidemic model of COVID-19 transmis-
sion in the presence of immigration, vaccination and general incidence function by introducing
random perturbations of white noise type directly proportional to the components of the solu-
tion. First, we have proved the existence and uniqueness of the global positive solution and
investigated the stochastic ultimate boundedness.

In absence of infected immigrants (¢ = 0), sufficient conditions have been presented for the
extinction of the disease according to the values of Rg which is smaller than the basic repro-
duction number R of the corresponding deterministic system which shows that the stochastic
approach is more realistic than the deterministic approach. In other words, white noises can
change the behavior of the model and force the extinction of the disease.

When ¢ > 0, we have shown that the infection cannot be eliminated from the population and
persists in the mean. i.e, as people migrate, the disease persists as long as there are undiagnosed
infections. In this case, it is impossible to have a disease-free equilibrium but the model has a

unique endemic steady state.
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On the other hand, we have performed the sensitivity analysis with parameters A, b, 03, V, 7,
r and u and we have indicated the influence and the impact of each parameter on the disease
and discovered parameters that have a high impact on the stochastic reproduction number Rg.

It is known that COVID-19 can also spread indirectly through contact with an environment
contaminated by viral particles of SARS-COV-2. Therefore, taking into account environmental
contamination as in [15] and studying the memory effect on the dynamics of COVID-19 by
means of the Hattaf fractional operators introduced in [16, 17], will be main goal of our future

works.
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