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Abstract. In this paper, we describe the transmission dynamics of a fractional order of an SVEIR epidemic model
with reaction—diffusion and Beddington-DeAngelis incidence rate. The basic reproduction number % is obtained
according to the next generation matrix. The local stability of the disease free equilibrium is discussed. Further,
utilizing the Lyapunov function method, it has been demonstrated that the global stability of each equilibrium:
free equilibrium and endemic equilibrium, is mainly based on the fundamental reproduction number %j. Finally,
numerical simulations were executed to justify the theoretical findings.
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1. INTRODUCTION

The use of mathematical analysis and modelling is essential in the study of various infectious
diseases, as it helps to gain a deeper understanding of their transmission dynamics and enables
the evaluation of control strategies. In epidemiology, there are typically three main categories

that describe infectious diseases: susceptible, infected, and removed (recovered) individuals,
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which allow for basic descriptions of the disease. In the literature there is a number of mathe-
matical numbers such as SIS [2], SIR [17, 19, 37], SEIR [18, 9], SVEIR [13], SIRS [31], and
many more have been proposed to control the spread of disease.

Many traditional models primarily focus on the temporal variable ¢’ [31, 2, 17, 19, 37, 18, 9].
However, it’s important to note that infection propagation is influenced by more than just time.
So, in this paper, we take into account the spatial structure since it is considered as an important
factor that affects the spatial spreading of disease due to the carrier hosts of infectious sources
randomly moving in space. Therefore, several authors also incorporate the spatial variable 'x’
into their analyses and study the influence of the spatial aspect and mobility of host populations
on the dynamics of diseases [26, 33, 34, 35, 29, 32].

Vaccination is one of the effective control measures to prevent and weaken the transmission
of infectious diseases. Currently, various modeling studies have been made to explain the effect
of vaccination on the spread of diseases [32, 22, 24, 12, 30, 13].

On the other hand, incidence rate is a crucial component in simulating the dynamics of epi-
demic systems. Nonetheless, standard incidence or bilinear incidence functions are used in a lot
of disease models. So, since applying varied incidence rates has the ability to change the sys-
tem’s behavior, in our work we take the incidence rate as Beddington-DeAngelis type:%.
Here B is the transmission rate, a is a measure of inhibition effect, such as preventive measure
taken by susceptible individuals, and b is a measure of inhibition effect such as treatment with
respect to infectives. This incidence rate includes the three forms: The first one is the bilinear

BSI

incidence BSTI [11, 39]. The second one is the saturated incidence rate of the form 1743 [1, 38].

The third one is the saturated incidence rate of the form lli_SbII [15, 3, 31].

Classical differentiation and integration are generalized to any order using fractional differ-
entiation. This is very pertinent to modeling the spread of epidemics because the time-fractional
derivative serves as a non-local operator, introducing memory effects where a system’s response
becomes dependent on its recent history. This non-integer differentiation is crucial for capturing

the memory and hereditary properties, offering a more realistic approach to epidemic models.

The inclusion of fractional-order derivatives, with their inherent memory effects, allows for
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the integration of all past information, enhancing the accuracy of predicting and modeling epi-
demics. As a result, many authors [7, 16, 20, 23, 36, 5] have begun to study epidemic models
using fractional differential equations.

In 2018, Gao and Huang [10] conducted a study on the model described below:

(
%:A—%—(rﬁu)ﬁmﬂ,
T =ns—(@+n),
(1) i :%-(Mmg,
gzéE—(}/erJr,u)I,
\ Ccll—f:yl—uR.

All the parameters in model (1) are positive. The variables S, E, I, R, and V represent the respec-
tive counts of susceptible, exposed, infectious, recovered, and vaccinated individuals at time ¢.
Table 1 provides the biological interpretations of the remaining parameters.

The model’s stability results show that if %, < 1, the disease-free equilibrium is globally
asymptotically stable and if %, > 1, model (1) has an endemic equilibrium (S*, E*,I*,R*,V*)
which is globally asymptotically stable.

In the real world and during an epidemic, a variety of variables may influence the disease
outbreak and are not included in the model formulation. Examples include the population’s fear
of infection and weather patterns. As it is utilized to comprehend many real-world situations,
this phenomenon can be modeled by substituting a fractional differential derivative for the or-
dinary differential derivative. For the model (1), the state at any time ¢ does not depend on the
previous history. Moreover, since the spatial structure influence the spreading of disease and
describe the reality well as the fractional derivative, so motivated by the work of [10] in this pa-
per we consider a fractional SV EIR epidemic model with diffusion and Beddington-DeAngelis
type incidence rate. The spreading dynamic of the epidemic is then governed by the following

fractional system
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( BSI

Cna _ _ _
DEES(1.2) = dsAS(1.2) + A= = (1 p)S() + 0V (1.2)

DIV (t,x) = dyAV (t,x) +nS(t,x) — (0@ + p)V(z,x),

BSI

2 CDYE(t,x) = dgAE(t —
t (7x) E <7x)+1+aS+bI

— (6 +1)E(1,x),

DYI(t,x) = diAI(t,x) + SE(t,x) — (y+d + p)I(t,x),

“DR(t,x) = drAR(1,x) +¥I(1,x) — uR(1,x),

\

CD¢ is the Caputo fractional-order derivative with 0 < o < 1 and A denotes the Laplacian

operator. We consider system (2) with initial conditions:
3) S(0,x) =wyi(x) >0, V(0,x)=yr(x) >0, E(0,x)=y3(x)>0,
1(0,x) = yu(x) 20, R(0,x) =ys5(x) >0, for xeQ

We acknowledge that the self-contained nature of the model (2) involves dynamics within its
boundaries, yet there is an absence of emigration. Consequently, the homogeneous Neumann

boundary conditions with no-flux are applied.

aS:c?_V:aE:ﬁ:a_R:O’ for x€9dQ,

“) dv__adv__dv _dv v

with % denotes the outward normal derivative on dQ, where Q is a bounded domain in R”.

Here, the densities of susceptible, vaccinated, latent, infected and recovered individuals at
time ¢ and spatial location x are denoted by S(z,x), V(t,x), E(t,x), I(t,x) and R(t,x), respec-
tively.

The rest of this paper is structured as follows: In section 2, we give some preliminaries about
fractional calculus. In section 3, we determine the basic reproduction number and the existence
of the equilibria. In section 4, we discuss the local and global stability of model system at the
disease-free and endemic equilibrium points. In section 5, we illustrate our theoretical results

by numerical simulation.
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TABLE 1. The parameters description used in model

Parameter The physical interpretation

Recruitment rate
Transmission rate
The vaccination rate coefficient
Natural death rate
The rate at which exposed individuals become infectious
The rate of losing immunity

The recovery rate

LR g %W E 3 ™ >

Death rate due to the disease
a The proportion constant related to susceptible individuals
The proportion constant related to infectious individuals

b
d i=SV,E LR Diffusion rate of S,V,E,I and R respectively

2. PRELIMINARIES
In this section, we present the definition of Caputo fractional-order derivative, and some
useful lemmas are recalled for next analysis.

Definition 2.1. ([25]). The fractional integral of order  for a function f(t) is defined as

o = s

Iaf(f)zr(—a

wheret >0, o0 > 0, T'(.) is the gamma function, T'(t) = [5°x'~le *dx.
Definition 2.2. ([25]). The Caputo fractional derivative of order « for the function f(x) €
¢"(]0,00),R) is defined by
1 t (n)
DEf(1) = [l s
0

Tn—a)Jo —s)@ 1%

where t > 0, and n is a positive integer such thatn —1 < @ < n.

Furthermore, when 0 < o < 1,

a1 tf(s)
D f(;)_m_a)/o i s
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Definition 2.3. ([25]). The Mittag-Leffler type function with one parameter is defined as follows

n

o0 Z
Eqz) =) ———— .
a(2) L o 1)’ oa>0 ze€C

Lemma 2.4. ([28]). Let ¥ be a positive function defined by ¥(y) =y —In(y) — 1, y > 0 and

y(t) € R+* is a continuous differentiable function for all a € [0,1] and t > 0,

o (8] < (o). e

3. BASIC REPRODUCTION NUMBER AND EXISTENCE OF EQUILIBRIUM

In this section, we will examine the presence of both the disease-free equilibrium and the
endemic equilibrium within the framework of model (2). Given that the equation for R operates

independently of the other equations, we can establish the following subsystem.

r BsI

CD;XS(I,X) = dsAS(l,x) +A— m - (n +H)S(t,x) + (DV(I,X),

DV (t,x) = dyAV(t,x) +nS(t,x) — (0 + )V (t,x),

5)
BSI

Cno
D/E(t,x) =dgAE(t,x) + —————

— (6 +E(,x),

| “DYI(t,x) = d;AI(t,x) + SE(t,x) — (y+d + p)I(t,x),

It is easy to check that model (5) always has the disease-free equilibrium P = (SO, V0.0, 0),
where

un+o+p) u(n+o+u)

To investigate the presence and distinctiveness of the endemic equilibrium, denoted as P* =
(S*,V* E*,I*), we initiate our analysis by examining the fundamental reproductive number,
X, of model (5). indeed, This quantity is recognized as the expected average number of new
infection cases created by an average infectious individual (over their period of infectivity)
within a population that is entirely composed of susceptible individuals. To calculate basic
reproduction number we will use the method presented in [27] given by Van Den Driessche and

Watmough.
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Let X = (S,V,E,I)T . So model (5) can be written as “D*X = . (X) — ¥ (X ), where

0 A—M+u)S+wVv
0 nS—(o+u)v
7 (X) = , V(X) =
BSI
1 +aS+ bl —(6+pE
0 OF — (y+d+u)l

The transition matrix V and the new infection matrix F, which are the Jacobian of .% and ¥

evaluated at PV respectively, are provided by

Bs°
F= 0 1+aS0 ’ V= _(5+“) 0 :
0 0 ) —(y+d+u)

so spectral radius of the next generation matrix —FV ~! can be found as,

SBA(w+ 1)
(O+u)(y+d+p)(uM+o+u)+ar(o+u))

p(-FVh)=

Hence, the fundamental reproductive number %, for model (5) can be determined as follows:

SPA(@+p)
S+u)(y+d+u)(u(n+o+u)+aA(o+p))

(6) Ko = (

If Zo > 1, the system (5) has a unique endemic equilibrium point P* = (§*,V*, E* I*) with,

¢ (@+H)(BA— (6 +u)(y+d+u)I")
Su(n+o+u)
yr= 1
O+H
£t — (Hd;u)l .
" SA[p(n +o+p)+ar(o+p)|(% —1)

I = .
o (6 +u)(y+d+p)(n+o+p)(%Zo—1)+bAdu(n+o+u)
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3.1. Sensitivity analysis of %;. When a virus spreads rapidly it becomes important to find
ways to control it, i.e., to increase or decrease certain parameters that affect the infection’s
ability to propagate. Sensitivity analysis is one method to evaluate each parameter’s impact for
the spread of disease.

To reduce the disease, we specifically employ the definition of the sensitivity index, which

provides the significance of the variable related with each model parameter [6].

Definition 3.1. The %, sensitivity index with respect to x is defined by

(7) YA =2

One may determine whether a parameter increases (positive sign) or decreases (negative sign)
the value of % based on the sign of each index.
To compute the sensitivity index for % in relation to the parameters of the model, we will

use the expression of % provided in (6).

Yf’o =1.
T4 — pn+o+u) ‘
pn+o+p)+al(o+p)
Z u
Y7 = Sin
s —d
d " yt+d+pu
R
T y4d+p
Yo — g un _ ytd+é+2u n+o+u
K (o+p)(u(n+o+p)+ar(o+p) (B+p)(y+d+u) um+o+p)+ar(o+p)
T = RS .
(ou)(u(n+o+p)+ar(o+p))
Y% _ —Aa(o+ ) .
“ un+o+u)tar(o+u)
Y% — —H7

Topntoet+u)tar(o+p)
We observe that % is increasing with 8, A, 6 and @ while it is decreasing with d, ¥, a and n

but we cannot say anything about other parameter U.

4. STABILITY ANALYSIS OF THE EQUILIBRIA
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4.1. Local stability of the disease free equilibrium. In this section, we will discuss the sta-

bility of the disease-free equilibrium P° of the model (2).
Theorem 4.1. If % < 1 the disease free equilibrium point P° is locally asymptotically stable.

Proof. In the presence of diffusion, the stability of P? reduces to applying [8, Theorem 1] to
the linearizing operator .2 = DA+ A. Note that A is the Jacobian matrix evaluated at the

equilibrium point.

The equilibrium point P? = ( m gﬁ:gz:\“) i (1722) it 0,0) satisfies

( % 7%
0=dsAS+A— o5t — (N +1)S* + oV*,

0=dyAV+nS* —(0+u)vs,

0=dpAE + o5l — (5 + p)E,

0=d/AI+O0E* — (y+d+u)I*,

\

with Neumann boundaries

as JdV JE dI
W:W:W:WZO fOI‘ XGaQ-

The linearizing operator may be given as follows:

T
dsA— (1 +u) ® 0 145:90
n dvA—(0+p) 0 0
2P =
Bs°®
0 0 dpA — (5+I.L) Tras0
0 0 0 diA— (y+d+u)

Let (A;); denotes the indefinite sequence of positive eigenvalues for the Laplacian operator A

over Q, with Neumann boundary conditions defined by 0 = g < A} <A < A3 < --- < AT,
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see [4]. The stability of P’ depends on the eigenvalues of the matrices

o 0
—dsAi— (M +u) ® 0 %
n —dydi— (0+ ) 0 0
Ji(P%) =
0
0 0 —dp i — (8 + ) —
0 0 0 —diA; — (’}’—i—d—i—[.i)

The associated characteristic equation can be expressed as follows:
det (Ji(P°) = XI) = [X* + p1X + pa] [X* + p3X + pa),
with
p1=0+y+d+2u+A(de +d)
pr= (S +u)(y++0)(1 — Ro) + Aidy (8 + ) + Aidp (v +d + ) + Aldpd;
p3 =N+ 0+2u+ Ads+ Aidy
pa = RN+ @+ W) + Aidy (1 + ) + Aids(@ + 1) + A7 dsdy .

All of the coefficients p;, i = 1,2,3,4 of the characteristic equation are positive since %y < 1.
Then, the application of the Routh-Hurwitz Theorem confirms that all the roots X have negative
real parts, signifying that |arg(X)| > 7 > %T. Then, we conclude the local asymptotic stability
of PP, 0J

4.2. Global stability of the disease free equilibrium. In this section, we investigate the
global stability of the disease-free equilibrium P° for system (5) by constructing proper Lya-

punov function.
Theorem 4.2. If % < 1, then the disease free equilibrium P° is globally asymptotically stable.

Proof. Let # be the positive function defined by

0

1
%(t,x):/g{(5+u)(y+d+u)E(t,x)+ml(r,x} dx.
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The fractional derivative of order « in the sense of Caputo of %] is given by

5 |
D, :/ { CDYE(t,x) + ————D%I(s, ]d
D= T mrrdr D EGD Ty D) |

- 5 BSI
- /Q G+ u)(y+d+pu) \1+aS+bl (6+“)E(t’x)) dx

(OE(t,x)— (y+d+u)l(t,x))dx

1
+/Qy+d+u

S 1
dgAE ————d/Al d

According to Green’s formula and the boundary conditions, we have

1
y—dﬂl(i,x)) dx=0.

E(t,
(t,2) + +d+u

o
drp A
/sz((5+u)(Y+d+u) .
Then,

S BSI
CDaW :/< —I)d
)= ) (6+u)(y+d+p) 1 +aS+bl ’

S/Q <(6+u)(§+d+u) lff:l)so —1) ldx
S/Q(=@0—1)Idx

If Zy < 1,then “D¥#} < Oforall S,V,E,I,R > 0: Let #y = {(S,V,E,ILR) = D*#; =0} =

{P°}. Then by LaSalle’s invariance principle [14], PV is globally asymptotically stable once
Ky < 1. O

4.3. Global stability of the endemic equilibrium.
Theorem 4.3. If #y > 1, the endemic equilibrium point P* is globally asymptotically stable.

Proof. Consider the positive function defined by

Wa(t,x) = /Q [S*‘P (S(;;x)> v <V$f)> +E ‘P< g:‘)) + 62;“1*‘1' <I(;;x)>} dx.

The fractional derivative of order « in the sense of Caputo of #5 is given by

A /Q [(1 _ S(f:c)) CDUS(t,x) + <1 _ VXTx)) DV (1,x) + (1 — Ei;)) CDE(1,x)

6+“ _ r Cnho
+ 5 <l I(t,x)> Dtl(t,x)}dx
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5
< / <dSAS(t,x)+dVAV(t,x)—|—dEAE(t,x)+ +
Q

5 £ a'IAI(t,x)> dx

E(t,x) o I(t,x)
+/ (1—)( 1+BSI+bI nS—uS+wV>dx

+/( V) (NS— @V — uV)dx

+/Q< E ) <1+§§ibz‘<6+“)E>d’c

w [ OB (1T ) oE (et wnax

_/ (S(t x>dsAS(l ,Xx) + V(t’x)dvAV(t,x)—l—idEAE( X)+ — d]AI(t,x)> dx

According to Green’s formula and the boundary conditions, we have

5
/(dSAS(z,x)+dVAV(t,x)+dEAE(t,x)+“:Sr dIAI(t,x)) dx =0,
Q
and
V 2
/ dos 250 e / udx
S(t,x)

V 2

v 2
—/dEE* AE@Y) g / ” E H VAN 4
Q E(t,x)

Al(t VIt x)|?
_/ dII* ( 7‘x d)C: _dll* H ( 7‘X)H dx
Q I(t,x) o I(t,x)?

At the endemic equilibrium we have

ﬁlS*I* * * *
A _— S — oV
1—|—aS*+bI*+n TS oV
s = (0+p)V",
o) E* —
( —{-,LL) 1 4+ aS* +bI*’
o
Then
CD¥W5(t,x)

dx

AVSEOPR | IV L IVEGIR | S+p V)
< — dgS"  ———~— +dyV ——L— E 17174
: L[“ R 7 Ly e A B e
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— S uSt -V — ———— —nS—us V}
+/ < ) [Fas o 10 TR T OV T sy TP TR

+<1—‘C> (1S — @V —uv) + (1-‘?) <1_|_€§:_M—(5+/,L)E>

+ (1 - 11> ((S—HL)E— (‘S*“)(g*d“‘)z) )

IVS@, 0l Vv (e, x)|? AIVE@ I | 84w, VI
< — dgS" ——————+dyV ' —————— +dgE dil d
/ [ S St0r Y Ve T TR s 1 | “

LR _ PO v Vv
+/ S=S s ror M TS Tras o MV g tOViHR
551 5* SVE sy L
OV SV SV S VTV Y
1 +aS+bl s K sV Mgy TeV TH
E*  BSI I &
2 P B o E- E*}
£ 1+aS+bI+(6+“) (6+u) T (6+u) i +(6+U)E"|dx
V()2 VY (x)|)? JAVE@)|)?  84+p L |IVI(Ex)|?
< [ |agss I2INT  p e VYLD 5 p il d
= /Q[S St? T Ve TR TR s M aua |
s v sy SVr SV
(S—SVuvt (3-2 -2 vt (2-22 _
+/ Ju ( s v S*v)+ ( SV SV*>
_ B¢ (ST _EF TN, BST (S }dx
1 +asS* + oI S BT ) 1tastbi\  SE

Since the arithmetic mean is always less than the geometric mean then:

and

Therefore,
D5 (t,x) < 0.
Further, we can conclude that CD;X%(I,X) =0if §=S5*V =V* E=E*and I =I", thus by

the principle of LaSalle invariance [14], if %o > 1 the endemic equilibrium point P* is globally

asymptotically stable.
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5. NUMERICAL SIMULATION

In this section, we provide graphical representations that validate our theoretical discoveries.
To numerically integrate the system (2)-(3), we employ forward finite difference approximations
to discretize the time-fractional derivative and centered finite difference schemes to approach the
Laplacian operator in one-dimensional space. Furthermore, we consider the domain Q = [0, 15].
This approach yields a high level of accuracy with a time order of 2 — & and a spatial order of

2, as detailed in [21].

5.1. Numerical Simulation for %, < 1. In this simulation, we consider the parameter val-
ues: A=25,5=0.0354, 4 =0.2,6=03,0=0.02,n =04, y=0.056,a=0.8, b =04,
d=0.1x10"° and ds = dy = dg = d; = dgr = 0.0000005. Based on these parameter val-
ues, we have %y = 0.1 < 1 and P° = (44.35,80.64,0,0,0). For the initial conditions we take
(5(0,x),V(0,x),E(0,x),1(0,x),R(0,x)) = (100,10,0,6,0).

FIGURE 1. The dynamics of the system (2) showing the stability of the free

equilibrium P° for o = 1.
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FIGURE 2. The dynamics of the system (2) showing the stability of the free

equilibrium P for or = 0.95.
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FIGURE 3. The dynamics of the system (2) showing the stability of the free

equilibrium P° for @ = 0.87.
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H"
++‘

+t

[
+

FIGURE 4. The dynamics of the system (2) for x fixed and o« = 0.87,0.95,1 in

the case Z < 1.

In the figures (1), (2) and (3) we observe that the spatio-temporal dynamics convergence
toward the free equilibrium P for different values of o = 1,0.95,0.87. So according to analysis
result, PV is a globally asymptotically stable. In Figure (4), we have fixed the space variable
x to show the effect of the order a along the dynamics of the solution. We notice that all the
solutions are globally asymptotically stable for different values of « not just for @ = 1. We
also notice that the solution for & = 1 quickly converges to the equilibrium point P’. Because
fractional derivatives capture reality effectively, we can conclude that it takes more time for the

epidemic to become stable.

5.2. Numerical Simulation for % > 1. In this simulation, we consider the parameter values:
A=25B=0254,u=0.6,6=0.5 0=0.221=0.02432, y=0.003, a = 0.04, b = 0.02,
d=0.1x107 and ds = dy = dg = d; = dgr = 0.0000005. Based on these parameter values,
we have Zy = 2.95 > 1 and P* = (6.83,0.202,0.078,15.66,0.078). For the initial conditions
we take (5(0,x),V(0,x),E(0,x),1(0,x),R(0,x)) = (100,10,0,6,0).
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FIGURE 5. The dynamics of the system (2) showing the stability of the endemic
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FIGURE 6. The dynamics of the system (2) showing the stability of the endemic

equilibrium P* for @@ = 0.95.
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FIGURE 7. The dynamics of the system (2) showing the stability of the endemic

equilibrium P* for o« = 0.87.
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FIGURE 8. The dynamics of the system (2) for x fixed and o = 0.87,0.95,1 in
the case Zy > 1.
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In the figures (5), (6) and (7) we observe that the spatio-temporal dynamics convergence
toward the endemic equilibrium P* for different values of o = 0.87,0.95,1. So according
to analysis result, P* is a globally asymptotically stable. which means biologically that the
infection persists. In Figure (8), we have fixed the space variable x to show the effect of the

order & along the dynamics of the solution.

CONCLUSION

In this paper, we have focused on analyzing the qualitative behavior of fractional order SVEIR
model with diffusion and Beddington-DeAngelis incidence rate. First, we have determined the
basic reproduction number % which plays a crucial role in shaping and influencing the overall
global dynamics of our proposed model. After proving the existence of the two equilibrium
points for the model, namely the free equilibrium denoted as P° and the endemic equilibrium
P*, we proceeded to confirm local stability of the disease free equilibrium P and the global
stability of the disease free equilibrium PY and the endemic equilibrium P* by utilizing the
Lyapunov function method. Based on our theoretical analysis, we were able to establish the
stability of the equilibria not only for the case of the integer derivative (o0 = 1) but also for the
entire range of 0 < o < 1. This finding reaffirms the universality and applicability of our system.
It’s important to emphasize that global asymptotic stability is observed across a spectrum of «
values, and it’s not limited to just @ = 1. In addition, it’s noteworthy that the solution for
o = 1 exhibits a rapid convergence towards the equilibrium point. This interesting numerical
experiment leads us to the conclusion that the fractional derivative order significantly influences
the speed of convergence towards the equilibrium point. This effect can be attributed to the
inherent memory characteristics associated with fractional derivatives. We conclude then that
the fractional derivative order describe reality well since the epidemic takes a longer duration

to be stable.
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