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Abstract. The phenomenon of recidivism is considered to be one of the significant characteristics of the perfor-
mance of the penitentiary and reintegration system, as well as the effectiveness of the judicial and penal system
of such a society. In this paper, we define a mathematical model of a dynamic system of non-linear differential
equations in discrete time which describes the observation conceptually and exposes this phenomenon by taking
into account four types of variables named; Susceptible Prisoners, Infected Prisoners (Recidivists), Exposed Pris-
oners and Recovred Prisoners. Our ambition behind this study is to characterise an optimal control that minimises
the number of recidivist prisoners after their release, by defining two strategic controls which are respectively, an
awareness programme through education in detention centres and socio-economic support with follow-up after
release, with the aim of guiding public policy makers in their implementation to determine effective conditions
aimed at combating this scourge. The characterisation of the optimal control analysis sought is based on the prin-
ciple of Pontryagin’s maximum, the objective of which is to minimise the numbers of recidivist individuals and

inmates potentially susceptible to recidivate, in order to maximise the number of post-releases. The numerical
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simulation was performed using Python 3.12.3. Consequently, numerical illustrations of the results obtained are
given, confirming the performance of the optimisation strategy followed.
Keywords: optimal control; recidivism; re-offending; rehabilitation programs; Pontryagin maximum principle.

2020 AMS Subject Classification: 49J15.

1. INTRODUCTION

There is no doubt that crime is a social dilemma that has confronted all human societies since
they first existed, and throughout history man’s efforts have failed to eliminate or even reduce
it. Imprisonment was one of those methods supposed to dissuade criminals from committing
their crimes, or at least to ensure that they did not repeat them, but the situation and state
of prisons around the world suggests the opposite of what is intended, with the staggering
number of prisoners in the world not suggesting that imprisonment has been a deterrent, either
to crime nor for recidivism, since the number of prisoners in the world has reached almost 11
million [1], with the United States taking the lead when calculating the ratio of prisoners per
100.000 inhabitants, followed by China, despite the fact that the latter has a population of around
one and a half billion, while in Morocco the number of prisoners reached more than 100.000
in 2023 [ [2]; Tablel ], as stated by the High Commission for Penitentiary Administration
and Rehabilitation through the voice of its Director General, and that Moroccan penitentiary
institutions exceed their capacity by almost two times, which makes it necessary to find new
penitentiary institutions and request a substantial budget for their construction as an urgent
solution until long-term strategies are found for this scourge [2].

However, what is increasing the concern of the authorities concerned is not only the over-
crowding of prisons in addition to the high rates of crime and inmates, but also the rate of re-
cidivism after completion of the prison sentence, which in 2023 reached around 24% [2], while
the same rate exceeded , 81.38% in 2019 [3], and what perhaps justifies this huge difference
between the two rates, is that the period between these two years was marked by the large-scale
spread of the Co-Vid19 pandemic [4], which was the subject of strict administrative and sani-
tary measures, including quarantine in most parts of the world, contributing significantly to the

fall in the crime rate and therefore in the rate of recidivism [5].



COMMAND OF DISCRETE-TIME MODEL OF THE RECIDIVISM IN MOROCCO 3

Prisoners Rate

Prison
Countries Popultaion Institutions Capacity per 10° person of
(female %) Recidiv

China 1.690.000 (2018) 683 (—-) Not known 119 (8.6%) (6% - 8%)
Russia 433.006 (2023)  872(2022)  714.253 (2021) 300 (8.9%) 54%
France 74.342 (2023) 187 (2021) 60.850 (2023) 109 (4.4%) 38%
UK 87.973 (2024) 120 (2023) 79.597 (2024) 146 (4.1%) 26,1%
Canada 33.833 (2022) 216 (2015) 38.771 (2015) 88 (7.0%) 43%
Spain 54.197 (2023) 82 (2018) 73.152 (2023) 113 (7.1%) 30%
Morocco 103.302 (2023) 78 (2020) 64.600 (2023) 270 (2.4%) 18.4%
Tunisia 23.484 (2021) 32 (2020) 18.577 (2021) 196 (3.3%) 40%
Algeria 94.749 (2021) 162 (2020) 79.620 (2021) 217 (1.5%) 40%
Egypt 120.000 (2022) 78 (2021) Overcrowding 116 (3.7%) 34.6%
Saudi Arabia 68.056 (2017) 110 (2016) Not Available 207 (1.9%) 14%

El Salvador 71.000 (2022) 25 (2025) 30.000 (2022) 1.086 (7.4%) 60%
Singapore 9.536 (2022) 13 (2019) 16.249 (2013) 156 (10.2%) 22%
Malaysia 72.437 (2023) 52 (2019) 65.762 (2023) 217 (41.7%) 17.06%
Finland 2.839 (2023) 26 (2022) 2.991 (2023) 51 (7.1%) 20%
Sweeden 8.635 (2023) 79 (2015) 8.220 (2023) 82 (5.9%) 30%

TABLE 1. Statistics of the Prisoners of some countries around the world be-

tween 2015 and 2023 [1, 2]

The definitions and concepts of recidivism vary because of the different angles from which
this phenomenon is viewed, and between a sociologist an a jurist, we can assume that the
criminological definition of recidivism is considered one of the most comprehensive definitions
of this phenomenon and the most consistent with sociology, because it does not restrict it to
the case of those who have been convicted or those who have been punished more than once,

because it goes beyond the scope of crimes established by a judicial decision to indicate the
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state of persistence in committing the crime, regardless of whether these crimes were tried for
the first time, and therefore the definition of recidivism in this concept focuses on one fact,
which is the repeated committing of crimes [6].

Nevertheless, recidivism is a psychological, social and juridical phenomenon by excellence,
which has had and continues to have a significant impact on societies and which is one of the
indicators of the effectiveness of a society’s justice and penal system. Although recidivism is
an aggravating circumstance in most international laws and legislation, especially in Morocco,
which defines recidivism under Moroccan law and according to Article 154 of the Moroccan
criminal code, as ”” A person who, after having been irrevocably convicted of a previous infrac-
tion, commits another infraction is deemed to be a repeat offender under the terms set out in the
following articles” [7].

However, the causes and factors of re-offending (recidivism) can not be reduced to what is
primarily punitive and punishing and only requires the strengthening of the legal and legisla-
tive arsenal to curb the phenomenon or the creation of prison institutions to accommodate the
growing number of criminals and prisoners, but they go beyond that, they can include poverty,
lack of economic opportunities, poor education, an unstable social environment, as well as psy-
chological factors such as the absence of a sense of social belonging and poor socialization
[8,9].

One of the measures that can be taken to tackle the phenomenon of recidivism, based on
scientific research and previous experiences, is to invest in the structure of the education system
and vocational training in order to offer employment opportunities to those who are at risk of
becoming criminals. Social and rehabilitation programs for potential and re-offending individu-
als should be reinforced with the aim of rehabilitating them and reintegrating them into society
[10].

These strategies include cooperation between different government agencies and non-
governmental organizations to provide the necessary support to individuals at risk of becoming
involved in crime.

In this context, this article highlights the importance of understanding the causes and effects

of recidivism, by adopting a mathematical model of differential equations for mathematical
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analysis and providing an insight into the effects of certain optimal controls, in order to orientate
the efforts of public authorities towards the development of comprehensive and sustainable

solutions that reduce this phenomenon and build a safer and more stable society [11, 12, 13, 14,

15].

2. PRESENTATION OF THE MODEL

2.1. The description of the compartments of the model. In this section, we propose a dis-
crete mathematical model . .# £% taken from [14, 15, 16, 17, 18] by adapting it to the phe-
nomenon of recidivism, by describing the possible evolution of a prisoner from his first arrest,
his release, being a recidivist or remitted (never re-arrested). The population targeted by this
study is divided into four sets. Using the concept of compartments, four have been considered
in this model, described as follows:

Compartiment .7’: This compartment increases with individuals arrested for the first time (A),
and by social interactions as well as influences whether by simple will or coercion of previous
detainees at the arrest centres, we speak of an influence between the two compartments of the
susceptible and the Infectees (Recidivists) who will decrease from this compartment S by a rate
alpha after interaction with the infectees (. .%), a decrease by the released with a rate 3, by
taking into account the natural mortality rate u.

Compartiment .#: This compartment increases with a rate 9; of the outgoing portion of com-
partment S per «...#, thus a rate 62 of the outgoing proportion per 6 of Exhibitors (Released)
by (8,08, we take into consideration the rate of those released from the Infected (y.#) and the
natural mortality rate u.

Compartiment &:The peoples who have become liberated here, whether by the 8 and y rates
respectively of the two susceptible individuals and the infected (recidivists), will decrease by a
0 rate and u the natural mortality rate.

Compartiment %7: We consider in this compartment the remitted individuals who think never
to return to prison, will obviously be composed by the remaining parts of the two portions
(1—9))a.”.7 the complement of the outgoing proportion of the susceptible in relation with
the infected and the remaining proportion (1 — &,)0¢& of the individuals who chose not to return

to the prison, and that it will decrease by the natural mortality rate u.
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The variables .7, .#,& and # are respectively, the numbers of the individuals in the four
compartments at time k.

The unit k£ may correspond to years, phases or periods, it depends on the country or the
frequency of the survey study as needed.

The graphical representation in Figure 1, show the model has been proposed.

FIGURE 1. A descriptive diagram of our mathematical model

The total population size at time k is denoted by N, with Ny = % + % + & + % and
the dynamic system represents this model is governed by the following nonlinear system of

differences equations (1), defined by:
(Si1 =A— 0 I S+ (1 - B—1)

Fr1 = 01005 S+ 608+ (1 —y— 1) I
(D
Ek1 =BS+VI+(1-0 — )&

\%k—i—l = (1 — 51)06jkyk—|—(1 - 62)9@@](—1—(1 —‘Ll)%k

Where . >0, %) > 0, & > 0 and %, > 0 are considered in initial states.

2.2. The description of the model. Here, we can summarize the definitions of differents

variables and parameters in the following table 2.



COMMAND OF DISCRETE-TIME MODEL OF THE RECIDIVISM IN MOROCCO 7

New inmates

Susceptible inmates

Infected prisoners (Recidivists)

Detainees Released-Exposed (to be infected)

NIEIRY RN

Released Remitted

Rate of contact between a susceptible person and an infected person ( recidivist) (0 < o < 1)

Rate of release (ex-prisoners) (0 < <1)

Rate of infected (recidivists) released (0 <y <1)

D (<R | =™K

Rate of exposed (ex-liberated) exits from the compartment & (0 <6 <1)

&) Proportion rate a.%.# of individuals who decide to commit more crimes in prison (0 < 8 < 1)

g

Proportion rate 8¢& of individuals who decide to commit more crimes (0 < 8 < 1)

u  Natural mortality rate (0 < u <1)

TABLE 2. Description of the different compartments

3. THE OPTIMAL CONTROL PROBLEM

The strategies of the control that we adopt here, consist of an awareness program of educa-
tion in prison and financial support with follow-up after releasing of detains. Our aim goal in
considering those strategies is to minimize the number of Infected (Recidivists) individuals and
Susceptibles persons in detains ceters, and prepare them for the social life; during the time step
k = 0 to the final instant 7.

In this model, we include two controls u ; and u; \, those represent respectively the aware-
ness program of education in detains centers and financial support with follow-up after releasing
of detains as measures at time k. So, the controlled mathematical system is given by the follow-

ing system of difference equations:
(S =A— AT+ (1- B — )5 — e 1 i
Il = 01009, S+ 508 + (1 —-Y— ,Lt)fk — Szuzjkfk

)
1 = BLx+ Y I+ (1 -0 —u)é;

\%]H_l = (1 — 61)ocfk5”k+ (1 — 52)9(5(}k—|— (1 —u)%k+£1u17kyk +82u27kfk



8 NACEUR, HACHKOULA, KOUIDERE, ABTA, ADNAOUI, LAARABI

Where . >0, % > 0, & > 0 and % > 0 are considered in initial states, and
4

1

3) G

fori=1,2.

0

\

From the system of difference equations (2), the controlled model achieves the objective of
decreasing the Susceptibles and Recidivists individuals when the rate & = 1 for k = 1,2. Then
the problem that we faced here is to minimize the objective functional given by

T-1

Ck Dy,

4 J(u1 , uz) =Ar ST +Br I+ Z (Aky]‘ + B I + 7811/!%71( + 7821/[%7/()
k=0

Where the parameters Ay > 0, B, > 0, C; > 0 and Dy > 0 are the cost coefficients; they are
selected to weigh the relative importance of %%, %, uj x and uy x at time k. T represents the
final time.

In other words, we are looking for an optimal control (i k,u k) such that

3) Jwi,u5)=min J(uj,uz),
(M[,MQ)G?/aZd
Where
(6) %d = {(u17k,u2,k) ’OS Uik <land 0 < Uz i <1 fork:0,1,2,...,T— 1}

The sufficient condition for the existence of the optimal controls u] and u; for problem (2)

and (4) comes from the following theorem.

Theorem 3.1. There exists an optimal control (u},us) such that:

(7 J(uj,uy) = min  J(uj,up)

(u1,u2) € Uq

subject to the control system (2) with initial conditions.

Proof. Since the coefficients of the state equations are bounded and there are a finite number
of time steps, . = (S, 71,.--,-7T), & = (H, A1,.....97), & = (&0, E1,...,67), and Z =
(%o, %, ... ,%r) are uniformly bounded for all (u,u;) in the control set 62/631 and thus (uy,up)
is bounded for all (uy,up) € %2 Since J(uy,uz) is bounded, inf

U u2) €%y J(u1,uz) is finite,

and there exists a sequence (ul , uz) € %2, such that limjﬁﬁoj(u{, ué) = inf(,, u,)ez,, I (U1, 12),
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with corresponding sequences of states . I, #I &7, and %7. Since there is a finite num-
ber of uniformly bounded sequences, there exist (u],u;) € ?/azd and %, 9% & B € RTH
such that, on a subsequence, (u{, ué) converges to (ul,u}) and (7, 77 &7 %7) converges to
(S, I* EX K.

Finally, due to the finite-dimensional structure of system (2) and the objective function
J(u1,uz), (uj,u;) is an optimal control with corresponding states .*, .#*, &, and %*. There-

fore, inf, yea2 J(uy,up) is achieved. O

In order to derive the necessary condition for optimal control, the Pontryagin’s maximum
principle in discrete time given in [19, 20, 21, 22, 23] was used. This principle converts the
problem of seeking the optimal control of the objective functional subject to state difference
equations with initial conditions into minimizing the Hamiltonian .7; at time step k. The Hamil-

tonian .77 is defined by

Cy Dy z
(8) %( = AkyT —f—Bij + 8] Euik + 8271/!%7]( + Zl lj7k+1fj7k+1 y
j:

where f; ;1 18 the right side of the system of difference equations (2) for the j-th state variable

at time step k+ 1.

Theorem 3.2. Given an optimal control (uj,u}) € %azd and the solutions /", .7}, &, and

;. of the corresponding state system (2), there exist adjoint functions Ay , Ay j, A3 k, and Ay i
satisfying

)
Mrk=Ar+ g1 (1 =B —p—aI—eurp) + A pr161 0I5k + A3 k1 B+ a1 (1 — 81) 00 I + €11y )

Mk =B —Mp10Tc+ 2 p1(1 =y — U+ 81005 — &us ) + A3 1Y+ Aa 1 (1 — 61) 0S5 + €210 1)
Mk =24+100 + A3 41 (1 —0 — )+ Aa 1 (1 — 62)0

A= Agppr1(1—p)

with the transversality conditions at time T,
Mr=Ar,
(10) M2 = Br,

M1 =0,



10 NACEUR, HACHKOULA, KOUIDERE, ABTA, ADNAOUL LAARABI
A1 =0

Furthermore, for k € {0,1,2,...,T — 1} and & = & = 1, the optimal controls uj and w; are

given by

. 1
Ui k41 = min [l,max (0, C_()“LT—k—H - 7L4,T—k+1)5k)}
(11) ‘

. 1
Up k41 = min [l,maX (07 D_kULZ,T—k—H - /147T—k+1)1k)}

Proof. The Hamiltonian at time step k is given by

(12)
Cr Dy
I = ATk + By I+ € ?u%’k + 827u%,k + A1 fiprr F A2 1 okt + A3 1 ket + Ad ket fagr
C D
=A%+ B I+ & ?kuik +& 2k uik

+ Mgt (A= T+ (1= B — 1) Sk — €1ur %)
+ 2 k41 (81007 S+ 62068+ (1 — Y — 1) Ik — &2u2 1 I)
+ 3441 (BT + 7T+ (1 -0 —u)é)

+ A1 (1 =810 I S+ (1= 62) 068, + (1 — W) Fy + €111 1Tk + E2uz ki)

From other hand,

d
A’],k - ayk
0.7,
Mg = —8%]:
13
(13) . o
3= o'?é"k
d.7,
Ayj = A
Thus,
(14)

Mr=Ar+ M (1 =B —pu—ad—eu i)+ 2101007+ A3 j1B + Aa g1 (1 — O1) Iy + €11y i)
Mg =B —Mp10Tx+ g1 (1 =Y = U+ 6100S% — &uo i) + A3 k1Y + a1 (1= 61) 0% + 12 1)
Mk =Ap41020 + A3 541 (1 =0 — ) + Ay p1 (1 —62)0

Mg =g (1—p)
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and for k € 0,1,...,(T — 1) the optimal controls «} and u; can be solved from the optimally

condition,
07
k_p
dui
(15)
07 0
aLtz’k -
that are

E1Cku g+ M g1 (—€15%) + A1 (615%) =0

e2Dus j + A p1 (—825%) + Aa 1 (E29) =0

Then, for £, = & = 1 we have
A - A
_ Ml — Mk 7
Ck

A2 g1 — Mg gt
Dy

Uik

(16)

Uy k= i

However, if € = 0 for i = 1,2 , the control attached to this case will be eliminated and
removed.
By the bounds in %, of the controls, it is easy to obtain «} and u; in the form (11).

Finally, we have proofed the theorem. U

4. NUMERICAL SIMULATION

In this section, we discuss the numerical simulations of the state system (1) and presenting
the corresponding results found.

The numerical solutions of the optimality system comprising the equation of state (2) and the
adjoint equation (13) are performed with Python 3.12.3 software using the parameters shown in
Table2, taking into consideration the initial conditions .# = 120.000, .#, = 25.000, &y = 1.000
and Z, = 0 individual (the choice of these values is approximate to reality) and considering the
following weighting factors A = 20 and B = 25.

The u; and u, commands are updated and used to solve the state system and then the adjoint

system.
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This iterative process ends when the current state, adjoint and control values converge suffi-

ciently.

Parameters Baseline Reference

550 120.000 Assumed
2 25.000 Assumed
&0 1.000 Assumed
X 0 Assumed
A 100 Assumed
o 0.05 Assumed
B 0.05 Assumed
Y 0.02 Assumed
0 0.05 Assumed
0 0.1 Assumed
0.1 Assumed

u 0.01 Assumed

TABLE 3. The description of parameters used for the definition of discrete time

system (1).

We just considered an academic data. Combining forward and backward difference approxi-

mations, we obtain the following algorithm.

4.1 ALGORITHM

This system consists of the state system, adjoint system, initial and final time conditions, and
the characterization of controls. The optimality system is given by the following.

Step 1.
=350, Jo=1I, & =E, % =Ry, Mr=Mr=0, Adr=Ar, A3r=Br.

The optimal controls uj, , and u5, , are specified.
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Step 2.
Fork=0,1,...,T —1, do:

Tl =A—a ST+ (1= B — u) S — e1ur 17,
Il = 0105 T+ 6,08+ (1 — Yy — W) Ik — &2uz kI,
Gt =BT+ VI + (1 -0 — )&,
K1 = (1=61)a IS+ (1= 6)08 + (1 — W) %y + €1uy 1% + &2uz 1 Ik
Mr—k=Ar+ A1 (1 =B —pu— oI —euy k) + A2 j-161 00Tk + A3 k41 B
+ Aa 1 (1 = O1) I + €1uy k)
M 1—k =By — M1 S+ A jp1 (1 =y — W+ 6105 — ur k) + A3 k1Y
+ Ag g1 (1= 81) 0% + &aup )
M1k =A41020+ 3541 (1 -0 — 1) + A4 441(1 - 62)0

Ay = Agjrr (1 —u)

M gk1— A gt
Cr
A g1 — Mg gt
Dy

Uik

i

Uk =
end for.
Step 3.
Fork=0,1,....T, write S§; =S8, ;=5 E;=E, R;=Ri, uj,=uiy Uy =1uyy
end for.

In this formulation, there were initial conditions for the state variables and terminal conditions
for the adjoints functions.

That is, the optimality system is a two-point boundary value problem with separated boundary
conditions at time steps k = 0 and k = 7'. We solve the optimality system by an iterative method
with forward solving of the state system followed by backward solving of the adjoint system.
We start with an initial guess for the controls at the first iteration and then before the next
iteration we update the controls by using the characterization.

We continue until convergence of successive iterates is achieved.
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4.2 DISCUSSION

In this section, we study and analyse numerically the effects of optimal control strategies such
as the awareness program of education in detains centers and financial support with follow-up

after releasing of detains.

4.2.1 STRATEGY A

First of all, we observe that when we don’t activate any control on the dynamic system we
have (Figure2), we obtain a decrease in susceptible individuals but in favor of infected people,
i.e. all prisoners become recidivists, and this is the problem we want to remedy. Control with
Awareness Program. Given the priority to the awareness program of education in detains cen-
ters, we suggest an optimal strategy for this purpose. Hence, we activate the optimal control

variable u; which represents the awareness program of education in detains centers.

Simulation of S, I, E and R over time without controls u_1 and u_2

400 1 -
—— Susceptible

Infected
350 + —— Exposed
— Recovered

300 ~

250

200

150 +

Individuals - Detainees (thousands)

100 +

50

T T T
1] 20 40 60 80 100
Time (Months - Periods)

FIGURE 2. Without controls u; and us
Figure3 shows the evolution of the Susceptible individuals in detains centers with and without

control u, which the impact of the proposed awareness program of education in detains centers

is proven positively to decreasing the number the detains for the second time.
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Simulation of S, I, E and R over time with control u_1 (without u_2)

500
—— Susceptible

Infected
—— Exposed

004 Recovered

300

200

Individuals - Detainees (thousands)

100 +

T T T
0 20 40 60 80 100
Time (Months or Periods)

FIGURE 3. With control u; and without uy

4.2.2 STRATEGY B

In this strategy, we have considered a financial support with follow-up after releasing of
detains program. When the number of recidivists detains is so significant, this is why, it’s oblig-
atory to seek for some strategies such as the financial support with follow-up after releasing of
detains in order to reduce the number of Recidivists (Infected Detains) at time they were ar-
rested and simultaneously with the susceptible detains for the first time. Therefore, we propose
an optimal strategy by using the optimal control u; in the beginning, a policy wich we have
applied to achieve better results.

We can observe (Figure4) a significant decrease in the number of recidivists, but on the other
hand we note that the number of susceptible individuals is very remarkable due to the activation

of just the control u, and no acitivation of the u; control.
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Simulation of S, I, E and R over time with control u_2 (without u_1)

—— Susceptible
Infected
a0p 14— Exposed
—— PRecovered
)
=
[ =
m
5 300 -
(=]
=
=
(%]
[
L5
=
g
a 200 4
@
o
=}
2
=
3
£ 100 4

T T T
0 20 40 60 80 100
Time (Months or Periods)

FIGURE 4. With control u, and without 1

Finally, the Figure5S represents the activation of the two controls u; and up, wich reflect a
significant reduction in the number of Susceptibles and Infected (Recidivists) individuals, wich

demonstrating the expected results.

Simulation of S, I, E and R over time with controls u_1 and u_2

—— Susceptible
Infected
500 7 — Exposed
— Recovered

0
= 400 4
[+]
%]
=)
[=]
=
=
@
2 300
=
I
[
[a]
1] -
= 200
=1
=
=
=
£

100 4

T T T
1] 20 40 60 80 100
Time (Months or Periods)

FIGURE 5. With controls u; and u,
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5. CONCLUSION

In this paper, we have defined a discrete-time model of the phenomenon of recidivism in Mo-
rocco with the aim of minimising the number of recidivists and individuals who are potentially
recidivists after their release.

We also imposed two strategic controls which are respectively, an awareness raising program
through education in detention centres and socio-economic support with post-release follow-up.
We have succeeded in obtaining the expected characterisations of optimal controls after rigor-
ous application of the results of control theory, and the effectiveness of the proposed strategies
has been well demonstrated by numerical simulation of the theoretical results obtained.

And we wish to emphasise here that any other theoretical control will no longer be able to per-
form its main role of minimising the rising rate of recidivism in Morocco without a real political
will to tackle this scourge, a problem with remarkable social and economic consequences, and
above all the loss of potential among young prisoners and recidivists, who are the most influ-

enced by this phenomenon.
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