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Abstract: This article aims to study the dynamical behavior of an eco-epidemiological model. A mathematical eco-
epidemiological model consisting of a prey-predator model with disease in predator involving fear that induced due
to the intensity of hunting cooperation, and anti-predator property is formulated and studied. The existence, uniqueness,
and boundedness of the solution of the model are investigated. The persistence condition of the system has been
established. The dynamic behavior of the system is analyzed, including the stability analysis of all possible equilibrium
points is discussed. The local bifurcation analysis is carried out. Finally, numerical simulations are provided to check
the validity of the theoretical results.
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1. INTRODUCTION

Eco-epidemiology merges two important fields in biomathematics, namely demographic
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systems, in which two populations interact either by competition or associate for mutual benefit,
and models in which the spread of diseases is studied [1].
Eco-epidemiological systems, which describe the interactions between diseases and prey and
predator in one population or both, have to be essential tools in the research of infectious disease
management and transmission due to the high probability of the infection's disease transmission
between the interacting species. Thus, in eco-epidemiology systems, several studies looked at
ecological systems where the disease affects populations of prey, predators, or both [2-7]. In cases
where the infectious disease is present within the prey population, the predators may consume
vulnerable and sick creatures. Further studies on the role of illness and infection on the dynamics
of prey and predators, including different ecological and biological factors, have been published
recently; see [8-15] and the references therein.
Also, numerous data and field experiments on terrestrial vertebrates have shown that fear of
predators causes significant variation in prey demographics. Fear of predator population also
enhances the survival probability of the prey population, and reduces significantly reproduction
[16-18].
The fear effect is a behavioral and stress-related physiological change in the prey population in the
presence of a predator, as prey species are always wary of possible attack. Recent experimental
findings have explored that fear of predators alone can change prey’s behavior. In the mathematical
modeling approach, many authors investigated the impacts of hunting cooperation and fear effect
in the predator-prey system [15, 19]. However, additional research concentrated on the eco-
epidemiological systems related to Hunting cooperation and fear [15, 20-21]. Predators'
cooperative hunting behavior is a significant biological occurrence in an ecosystem, which is
commonly seen in carnivores [22]. There are numerous benefits to cooperative hunting for the
evolution of predator populations. Cooperation, for instance, raises the likelihood of many Kills,
prey mass, and hunting success [23]. Additionally, it makes it easier for the population to obtain

food more quickly, shortens the distance to pursue prey, raises the likelihood of catching large
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prey, and gives individuals in large packs hunting advantages by preventing other predators from
stealing the carcass [22-23].

On the other hand, when the prey feels threatened, it naturally engages in anti-predator behavior,
which can involve risking various bodily parts. Biological protections known as "anti-predator
adaptations" are developed by evolution to help prey animals fight off predators in their constant
struggle. Throughout the animal kingdom, adaptations have evolved for every phase of this fight.
Prey-predator models with anti-predator characteristics have recently been presented and
investigated by certain academics [24-25].

The current study aims to investigate the effect of hunting cooperation, anti-predator, and fear
effects in a predator-prey model simultaneously. We consider that hunting cooperation among
predators induces fear in the prey population and as a result birth rate of the prey population
reduces. The formulation of the model with their basic properties such as boundedness and survival
of the model is discussed in Section 2. The equilibrium analysis and stability of the model is
discussed in Section 3. The model's persistence criteria is provided in section 4. Section 5, is
concerned with global stability. Section 6, is investigates the local bifurcation (LB). Numerical

simulations are performed in 7. Finally, the paper ends with a conclusion.

2. THE MODEL FORMULATION

A mathematical model that simulates the dynamics of the prey x(t), susceptible predator y(t),
and infected predator z(t); it is assumed that there is hunting cooperation between susceptible
predator individuals that induces a fear behavior between the individuals of the prey. The prey
species have an anti-predator capability to defend themselves. Accordingly, such a prey-predator
model with disease in predator can be formulated mathematically using the following set of

nonlinear first-order differential equations:

dx rx (c+my)x
L X gx — byt —

dat 1+py a+x

dy _ o (ctmy)xy _ _

= h T ~dy—Syz—nxy (1)
dz

— = 6yz — (d, +d3)z
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where x(0) =x, = 0,y(0) =y, =0, and z(0) =2z, =0 represent IC of the model (1). The
variables and other parameters are revealed in Table 1 and all the parameter values are regarded as
nonnegative.

Table (1) Biological description of the system (1) parameter

Parameters Description
x(t) The density of the prey individuals at time t.
y(t) The density of the susceptible predator individuals at time t.
z(t) The density of the infected predator individuals at time t.
r The prey’s birth rate
p The level of fear that reduces the growth of the prey
d, Natural death rate of the prey
b The intraspecific competition
c The attack rate of the susceptible predator on the prey
m The level of predator’s cooperation in hunting
a The half-saturation constant
h The conversion factor of prey biomass to the susceptible predator biomass
d, The predator natural death rate
) The infection rate
n The anti-predator rate
ds; Additional mortality rate of predators due to infection.

Now, rewritten system (1) as a Kolmogorov system in the form:

dx _ r (c+my)y\ _

E—X(1+py—d1—bx— a+x )_xf1

dy _ (c+my)x _ _ _ _

at Y (h a+x dz 0z nx) - Yfz (2)

d
d_i = z(8y — (dz + d3)) = zf;
System (2) with the given initial values satisfies the requirement of the fundamental theorem of

the existence and uniqueness of the solution as the right-hand side functions are continuous and
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have continuous partial derivatives. Moreover, the solutions of system (2) is bounded, as shown in
the next theorem 1. It is easy to confirm that the requirement for the survival of all species in the
system (2) is given by:

di <r 3)
Theorem 1: All solutions of the system (2) with the initial condition x(0) > 0, y(0) > 0, and
z(0) > 0 are positive for all the t > 0.

Proof: Let X = {(x,y,2):x> 0, y > 0,z > 0}. Integrate the equations of system (1) using the

initial conditions x(0) > 0, y(0) > 0, z(0) > 0, gives that:

t (s)
x(6) = x(0) exp {f (o — dy — bx(s) — LX) 4}

y(©) = y(O) exp {f; (DD — 4, — 52(5) — 1x(s) ) ds .

a+x(s)

z(t) = z(0) exp {fot(()“y —(d; + d3)) ds}.
Then, from the definition of the exponential function, any solution in X that begins with positive
conditions remains in X forall t > 0.

Theorem 2: All system (2) solutions initiating in R3 are bounded.

(r—d,) _
; =

Proof. From the prey equation in system (2) we get x < U1. That is biologically for x

to be survival we should have d; < r. Now to show that each population size is bounded if and
only if the total population size is bounded. It is sufficient to prove the total population size M =
x +y + z is bounded forall ¢t.

Now, differentiating M for t along the solutions of system (1), we have

aM X (c+my)x (c+my)x
= — dyx — bx? = Y TV
a+x a+x

—nxy + 6yz — (d, + d3)z

—dyy — 6yz

<rx—bx?—d;x —d,y— (d, + d3)z.
2
S :_b - dlx - dzy - (dz + d3)Z.
2
Thus, we obtain that Z—A: <L — u;M.where u, = min{d,,d,},and L = Z—b.Therefore, solving the

differential inequality gives, M(t) < ”i = Uz ast — oo. Thus, every solution of system (1) is
2
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bounded in the region A = {(x,y,z) € R3:x(t) + y(t) + z(t) < puy}.

3. MODELS ANALYSIS
The equilibrium points (EPs) of the system (2) are found in this section. Then, their LS is
examined using the linearization technique. System (2) has the following biologically feasible EPs.
e The extinction equilibrium point (EEP), p, = (0,0,0) always exists.

e The axial equilibrium point (AEP), p, = (%,0,0) which exists under condition (3).

e The disease-free equilibrium point DFEP, p, = (x,y,0), where

(an—hci+dy)X+nx2+ad,
hmx (4)

y=
while X represents a positive root for the equation:

N, x5 4+ Nyx* + N3x3 + Nyx? + Ngx + Ng = 0, ®)
with

Ny = np(bh*m +n?),

N, = bh3m? + hmn? + abh?mnp + 2an3p — bh3mcp — 2hn? P

+h?mnd,p + bh®*md,p + 3n%d,p
N; = —h3m?r + ahmn? — h?mnc + h3m?d, + 2hmnd, + a®n3p
—2ahn?cp + h*nc?p + ah?*mnd,;p — h3mced,p + abh*md,p
+6an?d,p — 4hncd,p + h?>md,d,p + 3ndsp
N, = 2ahmnd, — h®mcd, + hmd3 + 3a?n?d,p — 4ahncd,p + h?c?*d 2P
+ah®md,d,p + 6andip — 2hcd3p + dip
Ns = ad3(hm + p(3an — 2hc + 2d3)),

Ng = a?d3p.
Since the signs of N; and Ng coincide then the 5"order polynomial either has no positive roots
where all the other coefficients have the same signs as N; and Ng or there are multiple positive
roots. Also, for the positivity of y, the resulting positive roots should satisfy the following
condition:
(an — hc + d,)x + nx% + ad, > 0. (6)
e The interior equilibrium point, (IEP) that is represented by p; = (%, y, 2),

where
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_  dy+d;
Yy==%
i i _ 7)
5= (-nx?—(an+d,—hc)¥)S+hm(d,+d3)X —ady" (
- (a+%)52

while X represents the positive root of the following equation
Kix*+K,x+K; =0 (8)
where
Ky = b&?(8 + p(d; + d3)),

KZ = 62((ab + d1)8 - T'6 + p(dz + d3)(ab + dl))’
K; = —ard3 + ad3d; + 6%c(d, + d3) + m&(d2 + d3) + 2mbd,d;
+p((d, + d3)(ad?d, + 3md,ds) + (d?% + d2)(m + 6c) + 26cd,ds).

So by “Descartes’ rule of sign”, equation (8) has a unique positive root, and hence, system (2) has
aunique IEPin R3 if
K; <0. (9a)
[nx? + (an + d)%]6 + ad, < hm(d, + d3)x + h6cX. (9b)
LS of the EPs of the system (2) is determined by determining the eigenvalues of the Jacobian
matrix (JM). Now, the JM of system (2)

] = []ij]3X3> (10)

where

Jii = x (—b + y(my+C)) 4T d, — bx — y(my+C),

(a+x)? 1+yp, a+x

my my+c 01 )
=x|——— — =0
Jaz ( a+x a+x (1+yp2 /)’ ]13 >

_ o hx(my+c) ., h(my+c)
Jar = y( (a+x)? a+x )’
__ hmxy | hx(my+c) _ _ _
227 a4x + a+x 0z —xp — dy,

J23 = =8y, J31 = 0,32 = 6z, J33 =6y —d; — ds.
The JM at p, becomes:

r—d; O 0
J(po) = < 0 —d 0 ) (11a)
0 0 —(dy+ds)



AMEER M. SAHI, HUDA ABDUL SATAR

So, the eigenvalues of J(py) are Ay =7 —dy, Ay, = —d, and Ay3 = —(d, + d3). Hence, the
EEP is locally asymptotically stable (LAS) and unstable if the following conditions hold

respectively.
r < di. (11b)
r > dj. (11¢)

The JM of the system (2) at the p; = (X,0,0) becomes

cxX

-r+d, -—-rpX—— 0
at+x
](P1)=\ 0 b 4, —nx 0 / (12)
a+x
0 0 _(dz + d3)
Hence, the eigenvalues are determined by Ay; = —r +dq, 44, = % —d, —nXx, and 143 =
—(d, + d3), then AEP is LAS provided that
hcx o
az Szt X (13)
di<r
The JM of the system (2) at p, = (X,y,0) becomes:
_ y(my+c) _ my  my+c ™01
x (_b + (a+x)2 ) x (_m T atx (1+yp)2) 0
= _ hx(my+c) . h(my+c) hmxy _ . 14a
](pZ) Y (_n - (a+x)? a+x ) Ta+x -ny ( )
0 0 6y —(dy +d3)

One of the eigenvalues is A,3 = 6y — (d, + d3) and the other two eigenvalues are given by:

121=§+%“T2_4D;/122=§_% T*-4D, (145)
where
_=(_ y(my+c) hmxy
T_x( b+ (a+x)2 )+ a+x’

D= (—b n )7(m37+6)) hmx*y | __ (m_s‘/ my+c rp )(_ _ hx(my+c) h(m37+c))
o (a+x)2 a+x x a+x a+x (1+yp)? (a+x)2 a+x )

Therefore, the other eigenvalues have negative real parts, and then DFEP is LAS if and only if the

following condition holds:

y(my+c)\ hmx?y = __ (my = my+c ) hx(my+c) . h(my+c)
(_b t (a+x)? ) a+x T Xy (E + a+x (1+37p)2) (_ o (a+x)? a+x ) >0
—(_ y(my+c) hmxy (1 5)
x( b+ (a+x)2 ) + a+x <0

8y < (d +ds)
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Finally, the LS conditions for IEP, which are represented by ps; = (X, y, Z), are showed in the next

theorem.

Theorem 3. The IEP of the model (2) is LAS if

=(_ y(c+my) hmxy
x( b+ (a+x)? ) + a+x <0 16
MyyMyy — MyyMyy >0 (16)

—(my1 + myy)(Myymy; — mypmyy) + Mympzmsy; >0

Proof. The JM of the system (2) at p; = (X,y, Z), is given by

J(p3) = (myj), . (17)
where
My =X (_b + %) 12 = % <an-l+yf + Ca++nal7y Ta ippl;)z)mw =0
_ hx(c + my) h(c+my) hmxy _
m21:y<_’7_ (a + )2 a+tx )’m222a+9?'m23:_6y
My, = 0,m3, = AZ, M35 =0
Then the characteristic equation of J(p3) can be written as:
A3+ B3+ ByA; + B; =0, (18)
where
By = —(my1 + my;),
B, = (my1mMyy — MypMyg) — Myzma;
B3 = my3myzms,
with
A= B1B; — B3 = —(mqq + M) (My1Myp — MypMyy) + Myamyzma,.

The LS of the p; depends on values of By, B,, and B3 using the “Routh—Hurwitz criterion” [26],
the sign of the real part of the equations can be easily determined. The equation (18) has all

negative real roots if By, B3, and A are positive, under sufficient conditions (16).

4. PERMANENCE

An ecological system is said to be ‘permanent’ when all the species in the system survive in
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the long run irrespective of any initial population size. This means the solution has no omega limit
set in the boundary planes of the state space A mathematically. Now according to the system (2)

if the predator individuals disappear then the following subsystem is obtained

dx _ T (etmy)y,
dr x[1+py dy — bx arx | =X (19)

=~ dy — ] = vy

dt a+x

. 1 . . .
Define the Dulac functions as &, = povt it is obtained that:

_ i i _ _2 (c+my)+hm(a+x)
V=— (®1xf11) + 3y (®1yf22) = ;T (@t1x)?

Therefore, according to the “Dulac-Bendixon criterion” [27], the subsystem (19) has no closed

curve in the R% of the xy —plane if one of the following conditions is met.

(c+my)+hm(a+x) b

(a+x)? y
OR (20)
b (c+my)+hm(a+x)
y (a+x)?

Since V# 0 that does not change the sign in the Int. R2ofthe xy — plane under condition (20).
So the “Dulac-Bendixon criterion” system (19) has no periodic solution lying entirely in the
interior of the xy — plane. Hence, using the “Poincare Bendixon theorem” [28], the unique EP in
R 2 ofthe xy — plane, is globally asymptotically stable (GAS) whenever it exists provided that
(20) holds. Then the system (1) has no periodic dynamics in the boundary xy —plane.

Theorem 4. System (2) is permanent if and only if the following condition is met

hcx

m> d, +nx. (21a)

6y > (d, + ds). (21b)
Proof. Consider the function L(x,y,z) = x"1y*2z"s where 7,, T, and 7,are positive constants.

Clearly, L(x,y,z)isa C' nonnegative function in the interior of A. Hence,

L' (x,y,2)

L0y.2) =111 + 12f; + 1313,

n(x,y,2) =

where the functions f;,i = 1,2,3, are given in system (2). Accordingly, we have

r
1+py

(crmy)x d, — 6z — nx]

(c+my)y
— dy = bx = oy (22)

+13[8y — (d; + d3)]

n(x,y,z) =1 [
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Now, since there are no periodic attractors in the boundary planes, then the only possible w —

limit sets of system (2) are the EPs denoted by  p, p1, p2 and p;. Moreover, the direct calculation

gives that
(py) = t1(r — dy) — 1,d; — 13(d; + d3)
hcx R
n(p) =1, (a Tz —d; — Ux) —13(d; + ds3)

n(py) = T3(53_’ —(d; + d3))

Clearly, by choosing the constant 7; > 0 sufficiently large for positive constants 7, and 73, itis
obtained that m(p,y) > 0, However, m(p;) and w(p,) are positive under the conditions (21a) and
(21b) with a suitable choice of positive constants 7, and 73, respectively. Therefore, due to the

average Lyapunov method [29], model (2) is uniformly persistent.

5. GLOBAL STABILITY
Concerned with the GS property of the equilibria of model (2), we have the following results,
which proved depending on using a suitable Lyapunov function (LF).
Theorem S. The EP given by p, is GAS whenever it’s LAS.
Proof. The GAS of the EEP is shown with the help of the LF. Let us consider
Vo =V1X + Y2y + V32,
Direct computation shows that v,: R3 — R is a continuously differentiable function such that

v,(0,0,0) = 0, and v,(x,y,z) > 0, V(x,y,z) # (0,0,0). Further,

dv, rx (c + my)xy (c+my)xy
— |t 7 ha——dzy—5yz—nxy

= —dyx — bx? —
dt & 1+py X ox a+x +x
+y3[6yz — (d, +d3)z].
Choosing the positive constants as y; = h,y, = 1 and y; = 1 , it is obtained that:

Lo < h(r — dy)x — dyy — (d + dy)z.
Therefore, the function % is negative definite under the condition (11b). Thus p, is GAS.
Theorem 6. The EP represented by p; (X, 0,0) is GAS provided that the following condition holds:

~ . h(c+muy)x

hrpx + — < d,. (23)
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Proof. The GAS of the AEP is shown with the help of the following LF. Let us consider
V1=V, [x — X —XIln (;—f)] + ¥s5y + VsZ.
It is obvious that v;: R3 — R is a continuously differentiable function such that v, (%,0,0) =0

and v,(x,y,2) > 0,Y(x,y,2) # (%,0,0). Further,

vy _ _ YaTPXy | VaTPXy Vab(x — 2)? — ya(c+my)xy + ya(c+my)Rxy
dt 1+py 1+py a+x a+x
(c+my)xy
tyYsh——— = Vsd2y — Vs6yz — ysnxy

+Y60yz — v6(d; + d3)z .
Choosing the arbitrary positive value y, = h,ys = 1and yg = 1 , it is obtained that:

d ~ ~ h( )%
W < —hb(x — 2)2 = (dy — hrpt = MED0) (4, 4 )z,

where p; is given by Theorem 1.

1

Therefore, the function % is negative definite under the condition (23). Thus p; is GAS.

Remark: Since system (2) has either multiple planar EPs or zero EPs, then the EP p,(X,¥,0)
cannot be GS in the R 3.
Theorem 7. Suppose the (IEP), p; = (¥,7,Z) is (LAS) in the R 3. Then p; is GAS provided

that the following conditions hold:
hmpiq < Sy

B 2
I (24)
(c+my)y <b

aB*

where pqand p; is given in Theorem (1).

Proof. The GAS of the IEP is shown with the help of the following LF. Let us consider

vy =y, [x—Z—Fn (3)| +y5|y -5 - Fn (%)]+y9[z—z=—§1n )]

Clearly, v,:R3 > R is a continuously differentiable function such that v,(X,y,2) =

0andv,(x,y,2) > 0,Y(x,y,2) # (X,, z), Further,

dvy Y, TD y7(c+m(y+y)) ygah(c+my) = =
D2 — _ [y RIERON) ROEID L yen] (x - D)y — 7)

—ys [b = | (2 - )2 + B (y — 5)2 — y8(y — F) (2 — 2

+y96(y —y)(z — 2).

. . h . .
Choosing the positive constants as y, = %, yg = land yg = 1 , it is obtained that:
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dv, [ahrp ahmy ][(x —x)2 (y y)z] ah[ (c+my)y] =\p . hmx =2
22 £ X v —
dt — B*AA*+ BB* + 2 B* BB* (x—x)%+ B o -°

(- ) 3] e e [2 -9

where

51=%+ahmy+n A=1+py, A*=1+p¥,B=a+xandB" =a+*%.

Therefore, the function % is negative semi-definite under the condition (24). Therefore, the IEP

is a stable point. By using “LaSalle’s invariance principle” [27], it’s attracting. Hence, P3 is a

GAS.

6. LOCAL BIFURCATION

The influence of varying the parameter values on the dynamic of the system (2) is investigated
in this section. Now, to compute the second derivative of the JM system (2) is rewritten in the
vector form as follows:

2= F(X),withX = (x,y,2)"and F = (xf1,yf2,2f3)"

Let W = (w;, w,, w3) be any nonzero vector and 9 is any parameter, Hence the second

directional derivatives for system (2) can be written as:
D*F(W, W) = [p;l,, - (25)

where

_ _ a(my+c)y 2 —a@my+c)  1p
P11 = 2( b+ (a+x)3 )wl +( (a+x)? (1+py)2) W12

_m rp? ) 2 '
tx (a+x +(1+py)3 W2

— 2ahy(my+c) 2 ah(c+2my) . _ 2hmx 2
P21 = (a+x)3 1 ( (a+x)? 77) W1W2 a+x W2 20w, w3,
P31 = 26wyws3.
So, the third directional derivative for (1) is
D¥F(W, W, W) = [by], . (26)

where
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am rp?

T a(my+c)y 3 a(2my+c) 2 . 2
bll - 6[ (a+x)* 1 (a+x)3 W1 Wz + ( (a+x)? + (1+py)3) W10
_ rp3x 3 ’
(1+py)* w2’
. . (my+c)y 3 (2my+c) 2 m 2
b21 - 6ah[ (a+x)* W1 ( (a+x)3 )0)1 Wz + (a+x)? W1W2 ]’

b;; = 0.
Now, the following theorems investigate the possibility of occurrence of (LB) in the system (2).
Theorem 8. The system (2) at the EEP undergoes a transcritical bifurcation (TB) when the
parameter r passes through the value r* = d;

Proof. The JM of the system (2) at (pg, ") is

0 0 0

Jo =Jwery =0 —d2 0 :
0 0 —(dy+ds)

Therefore, the eigenvalues of J, are given by Ay, = 0,15, = —d,, Ay3 = —(d, + d3). So, the
EEP is a non-hyperbolic point.

Let Vo = (vo1, Vo2, Vo3)! be the eigenvectors corresponding to Ay; = 0.Thus J,V, = 0, gives
that Vy = (v1,0,0)7, with (vy; # 0).

Now, let Uy = (Ko1, ko) Ko3)” represents the eigenvector of J,” with the eigenvalue A%, = 0,

x
1+py’

then Jo Uy =0 gives Uy = (ky,0,0)T, with (g, # 0). Since :63_1: =F =(

0,0).
Hence we obtain that E.(po,7*) = (0,0,0)7 .
Therefore,U,"E (po, 7*) = 0. Hence system (2) has no saddle-node bifurcation (SNB).
Now, we have U," [DE.(po, 7*)V,] = Ko1Vo1 # O.
Moreover,
Us" [D?F (Do, 7*) (Vo, Vo)1 = —2b vg12Ko1 # 0.
Clearly U," [D?F (po, ") (Vo, Vo)] # 0, by Sotomayor theorem [27], system (2) undergoes a TB
at the p.

Theorem 9. The system (2) undergoes a TB at the AEP when the parameter d, passes through the

hc % ~ - .. .
value d; = X if the next condition is met:

[(17 — a—hc) a; — hmﬁ] + 0, (27)

(a+ )2 a+x
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where a; will be defined in the proof. Otherwise, pitchfork bifurcation (PB) takes place.

Proof. The JM of the system (2) at (p;,d;) can be represented by:

cx

-r+d; —-T1pX-— 3 0
Ji=Jwap=| o 0 0 = [ay].
0 0 —(dy + ds)

Therefore, the eigenvalues of J; are given by Aj; = —r+d;, 1, =0, and Aj53=—-(d, +
ds). So, the AEP is a non-hyperbolic point.

Let V; = (v41,V12,V13)T be the eigenvectors corresponding to A5, = 0. Thus J;V; = 0 gives

—aip

that Vl = ((lelz,vlz, O)T , (V12 * 0) where a, = P
11

Now, let U; = (K11, K12, Kq3)7 represents the eigenvector of J;” with the eigenvalue A%, = 0,
then ]1T Ul =0 giVCS U1 = (0, K17, O)T , ( K12 * 0)

Since Fy, = (0,—y,—z)". Hence we obtain that F, (p;, d3) = (0,0,0)"
Therefore, UlTFd2 (p1, d3) = 0. Hence system (2) has no SNB.

Now, we have UlT[DFd2 (p1, d;)Vl] = —Kq2 V12 # 0. Moreover, using condition (27) leads to:

UsT [D2F (py, d3) (V1 V)] = 2| (0 = =255 ) o — 222

2
@02 ]Klzvlz * 0.

T a+ %
Hence, the system (2) near p, with d, = d,” possesses a TB. However, violating condition (27)

leads to
Tn3 * _ 4 m 3
U,TD3F (py, d3)(Vy, V1, V) = 6aha, [— (m) a +(Q+—W] V153K, # 0.
Hence, system (2) undergoes a PB.

Theorem 10. Assume that conditions (15a)-(15b) hold, then the system (2) undergoes a TB at the

DFEP when the parameter § passes through the value §* = Latds
Proof: The JM of the system (2) at (p,,67)
—(_ (c+my)y —-rpxX . (c+2my)x
x( b (a+x)? ) (1+py)? a+x 0
J2 = Jp,6m = | ala 3;(f;rmy) —ny hla‘”:;y —(dy + ds) = [bij]
0 0 0

Therefore, J,has two eigenvalues having negative real part under conditions (15a)-(15b). While
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the third is zero. Thus it is a non-hyperbolic point.

Let V, = (vy1,V22,V23)7 be the eigenvectors corresponding to A5; = 0. Thus J,V, = 0 gives

bi1b ~b1zb
that V, = (a,Vy3, @3V,3,Vo3)T, where a, = —22—and a; = ——22— and, (v33 # 0).
b11b22_b12b21 b11b22_b12b21

Now, let U, = (K21, K20, K23)T represents the eigenvector of J,” with the eigenvalue A3; = 0,
then J,” U, =0 gives U, = (0,0,k53)T, (#y3 # 0).

Since Fs(X,8) = (0,—yz,yz)T. Hence we obtain that Fs(p,, 6*) = (0,0,0)T

Therefore, U, F5(p,, 6*) = 0. Hence system (2) has no SNB.

Now, we have U, [DFs(p,, 6*)V,] = YkysVqas # 0.

Moreover, U," [D?F(p,, 6%)(V,, V)] = 2 a38k,3v3; # 0, Hence, system (2) at the DFEP, p,
with § = " possesses a TB.

Theorem 11. As the parameter b* passes through the value b = b* = %, the system (2)

undergoes a SNB near the IEP.

Proof. The free coefficient of the characteristic equation given by Eq. (18) is B3 = 0 when
b = b*. Hence the characteristic equation has zero root (eigenvalue).

Hence, the JM of the system (2) around the point p; and b = b*, can be written as

0 my; O
Js=J(p3, b*) = [m21 mj; m23]-
0 m3p O

Now, let V3 = (v31,V32,V33)T be the eigenvectors corresponding to A* = 0. Then J3V3 =0

. -m
gives V3 = (v31,0, a4v3,) T, where a, = — 2

L and (v3; # 0).

Now, let Us = (31, K35, k33)7 represents the eigenvector JT with the eigenvalue A1* =0 of

—MmMy3

JzTthen JoT Us =0 gives Us = (k34,0, ask31)T, where as = and (k3; # 0).

Since F,(X,b) = (—x2,0,0)7, Hence we obtain that F,(p3, b*) = (—x2,0,0)T.

Clearly, U;"F,(ps, b*) = —72K31 # 0, and hence the system (2) satisfies the first condition of an SNB

in the sense of Sotomayor theorem.

. 2 * * ( y+ )=
Now, since  U;"[D“F(p,,b")(Us, Us)] = (—b + a(?ilf)cgy) K31V3,,

_ (ctmp)y (_

2
T (a+%)? )K31V31 #0

(a+x)
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Hence the system (2) undergoes an SNB near the IEP.

7. NUMERICAL SIMULATIONS

In this section, the effect of parameters on the model dynamics and the validation of the
obtained results are numerically verified. For this purpose, the simulations were performed to
investigate the behaviors of the system (2) using the Runge—Kutta fourth-order method with
MATLAB software. The numerical observations of systems (2) will reinforce the analytical
findings and provide some more insights into the dynamical properties of these systems. The
sensitivity analysis of the system (2) is also included using the following estimated set of parameter
values.

r=2,p=1b=03,d, =0001,c=15a=2,h=0.75m=0.2,
6 = 0.25,d, =0.01,n = 0.01,d; = 0.15; (28)

The numerical solution of the system (2) is determined and represented in the form of a phase
portrait and their time series as shown in Fig. 1 using the data set (28) and starting from different
initial points.

(b)

o o

Populations

100 200 300 400 500
Time

Figure 1. The trajectory of the model (2) utilizing data set (28). (a)Approach asymptotically to
IEP, p3; = (3.42,0.64,2.90)for the given in (28) and different initial points.(b) Trajectories of
populations versus time.

Clearly, Fig. 1 shows the asymptotic approach of the solutions, which started from different initial
points to an IEP, (3.42, 0.64, 2.90), for the data given by (28). This confirms our obtained result

regarding the existence of GAS in the system (2) provided that certain conditions hold.
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Now, the effect of varying the value of r on the dynamic of the system (2) is discussed, and the
obtained results are presented at selected values in Figure 2. It is obtained that, for r belongs to
[0.01,0.54],[0.55,0.86], and r = 3.44 the system’s (2) approaches to p,, 2D period attractor,
and 3D periodic attractor, respectively, see Fig. 2 for the selected values. Otherwise when 1 €
[0.87, 3.44] the solution approaches p; as in Fig. 1.

Moreover, it is observed that for r < d;the solution of system (2) approaches p, as in Fig. 2¢g

and 2h, however for d; < r the solution approaches p; as in Fig. 1.
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® (h)

1

Populations

0 106 200 300 400 500
Time

Figure 2. The trajectory of system (2) utilizing data set (28) with different values of r. (a)
Approach to p, = (0.01,0.63,0) when r = 0.4 (b) Time series when r = 0.4. (c) Periodic
dynamics in xy — plane whenr = 0.8 (d) Time series when r = 0.8. (¢) Asymptotic stable
limit cycle when r = 3.5. (f)Time series when r = 3.5.(g) Approachto p, when r = 0.0009.
(h) Time series when r = 0.0009.

The effect of varying p is studied numerically on the dynamic of the system (2), and it is observed
that for p belongs to[4.30,4.43] and p < 0.38 the system’s solution converges asymptotically
to 3D period attractor, while if p > 4.44 then, and 2D period attractor. See Fig.3 for the

selected values. However for p € [0.39,4.30] the solution approaches p; asin Fig. 1.

(@) (b)

Populations
BN

(%]

%Y

1 ] | | |
0] 200 400 600 800 1000
Time
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Figure 3. The trajectory of system (2) utilizing data set (28) with different values of p. (a)
Asymptotic stable limit cycle when p = 0.35 (b) Time series when p = 0.35. (c) Periodic
dynamics in xy — plane when p = 4.44 (d) Time series when p = 4.44.

For the parameter b in the range b < 0.16 (similarly when & < 0.15) with the parameters sets
as in (28), it’s observed that the system’s solution converges to 3D period attractor, as in Fig.(4),

otherwise it’s still persistent at ps, as in Fig. (1).

(a)

[/ X 0 200 400 600 800 1060
Time

Figure 4. The trajectory of the system (2) utilizing data set (28) with different values of b.(a)
Periodic dynamics in R3 when b = 0.15. (b) Time series when b = 0.15.

Now, for the parameter ¢ in the ranges ¢ < 0.13, ¢ € [0.13,0.78], and ¢ = 4.9 the system’s
solution converges asymptotically p;, 3D period attractor, and a bi-stable behavior between IEP
and 3D periodic attractor respectively, see Fig. 5. However for ¢ € [0.79,4.08] the solution

approaches p; asin Fig. 1.
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Figure 5. The trajectories of the system (2) utilizing data set (28) with different values of ¢ (a)
Approach to p; = (6.66,0,0) when ¢ = 0.10. (b) Time series when ¢ = 0.10. (c) Periodic
dynamics in R3 when ¢ = 0.5 (d) Time series when ¢ = 0.5. (e) bi- stable between p; =

(1.44,0.64,5.20) and 3Dperiodic when ¢ = 4.1. (f) Time series when ¢ = 4.1.
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Now, as h varies in the ranges h < 0.06 and 0.06 < h < 0.1, with the parameters set as in (28),
it is noted that the system’s solution converges asymptotically to p;, and 3D period attractor,

respectively, as in Fig. (6). However for h > 0.1 the solution approaches p; as in Fig. 1.

(b)

Populaitons

0 20 40 60 &0 106
Time

(d)

-
T

o
T

Populations

w
T

%Y

e S

L L

o 0 - x 0 2000 4000 6000 8000 10000

Time
Figure 6. The trajectories of the system (2) utilizing data set (28) with different values of h (a)
Approach to p; = (6.66,0,0) when h = 0.05. (b) Time series when h = 0.05.(c) Periodic
dynamics in R3 when h = 0.07. (d) Time series when h = 0.07.
Now for the ranges a < 0.78 and a € [0.79,0.84] , the system’s solution approaches
asymptotically to 3D period attractor, and a bi-stable behavior between IEP and 3D periodic,

respectively, see for the selected values Fig. 7. However for a = 0.85 the solution approaches

ps; asin Fig. 1.
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Figure 7. The trajectories of the system (2) utilizing data set (28) with different values of a (a)
Periodic dynamics in  R3 when a = 0.5. (b)Time series when a = 0.5. (c) bi- stable between
p3 = (3.19,0.64,3.73) and 3D periodic when a = 0.8. (d) Time series when a = 0.8. (¢)

Projection of the trajectory on the yz — plane for a = 0.8.
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Moreover, the system’s solution approaches asymptotically to 3D period attractor and p;,
respectively, when 1 € [0.06,0.12], and n = 0.13, while the rest of parameters as given by (28),

see for the selected values Fig. 8. However for 1 < 0.06 the solution approaches psas in Fig. 1.
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Figure 8. The trajectories of the system (2) utilizing data set (28) with different values of 7 (a)
Periodic dynamics in R3 when 1 = 0.1. (b) Time series when 1 = 0.1. (c) Approach to p; =
(6.66,0,0) when n = 0.15. (d) Time series when n = 0.15.

It is observed that for m < 0.59 (similarly when d; < 0.27), system (2) approaches
asymptotically to 3D period attractor, see for the selected values Fig.9. Otherwise, it approaches

to ps3, asin Fig. (1)
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Figure 9. The trajectories of the system (2) utilizing data set (28) with different values of m. (a)
Periodic dynamics in R3 when m = 0.95. (b) Time series when m = 0.95. (c) Projection of

the trajectory on the xy — plane when m = 0.95.

Finally, Fig. (10) demonstrates the influence of the parameter d, on the dynamics of the system
(2), which is studied numerically. It is noted that the system (2) approaches asymptotically to 2D
period attractor,p, and p; when the parameter d, belongs to the ranges, d, € [0.13,0.45],
d, € [0.46,0.79],and d, > 0.80 while the rest of parameters as in (28). However for d, < 0.12

the solution approaches p; as in Fig. 1.
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Figure 10. The trajectories of the system (2) utilizing data set (28) with different values of d,. (a)
Periodic dynamics in xy — plane when d, = 0.25. (b) Time series when d,.. (c) Approach to
p, = (1.31,1.08,0) when d, = 0.5. (d) Time series when d, = 0.5. (¢) Approach to p; =
(0.66,0,0) when d, = 0.8. (f)Time series when d, = 0.8.
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8. CONCLUSION

Based on substantial and reliable biological assumptions, the eco-epidemiological model that
consists of prey consumed by predators having infectious diseases is constructed. All the properties
of the solutions are discussed. All potential EPs are calculated. Local stability analysis of EPs is
performed. The persistence requirements of the proposed model are established. The GS analysis
using the LF technique is performed whenever possible. The LB around the EPs is investigated
using the Sotomayor theorem. After doing numerical simulations to confirm the theoretical finding
and verify the control set of parameters, the following results are categorized using the parameters
set of data given in (28).
The system has various types of attractors including the stable point, stable periodic, and bi-stable
between stable point and periodic attractors. The parameters of intraspecific competition, infection
rate, conversion factor, and half-saturation constant have a stabilizing role in the dynamic behavior
of the system. However, the parameters of the prey’s birth rate, the natural death rate of the prey,
the level of predator’s cooperation in hunting, and the additional mortality rate of predators due to
infection play destabilizing role in the system’s dynamics. Finally, all other parameters have

extinction effects on the system.
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