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Abstract. In this paper, we study a methicillin-resistant Staphylococcus aureus epidemic model taking into ac-

count both hospitals’ and the general community dynamics. The model is designed to track the long-term dynamics

of methicillin-resistant Staphylococcus aureus infections. Mathematical analysis of the developed model is car-

ried out. The MRSA-free equilibrium M o
a and the model reproduction number R0 are established. Numerical

simulations are performed using previously published data from relevant scientific literature. It is shown that both

the MRSA-free equilibrium and the MRSA-persistent equilibrium are locally asymptotically stable when R0 < 1

and R0 > 1, respectively. Numerical simulations are also conducted to ascertain the effects of variations in key

parameter values on specific compartments: (i) hospitalized individuals exclusively, (ii) the general community

exclusively, or (iii) both hospitalized individuals and the general community concurrently. It is shown that 1%

increase in the values of βh and βc corresponds to approximately 27.1% and 8.3% increase in the value of R0,

respectively. On the other hand, a 0.1% increase in the values of ε and ψ , and a 0.25% increase in the value of

δ corresponds to approximately 0.53%, 0.498% and 0.267% decrease in the value of R0, respectively. The find-

ings suggest the need for policymakers to implement robust measures aimed at minimizing infection transmission
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between both infected and susceptible individuals, encompassing both nosocomial environments and the wider

community.

Keywords: Staphylococcus aureus; methicillin-resistant; community acquired infection; hospital acquired infec-

tion; reproduction number; numerical simulations.
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1. INTRODUCTION

Staphylococcus aureus (S. aureus) is a dangerous pathogen causing various disorders in humans

such as soft tissue, skin, bone, joint, respiratory and cardiovascular disorders [1]. The recent

emergence of methicillin-resistant S. aureus (MRSA) globally is of great concern since it im-

poses a high healthcare burden and significant morbidity and mortality [2]. Since the discovery

of MRSA in 1961 until the late 1990s, MRSA was exclusively considered as a hospital-acquired

(HA) infection [3, 4]. In the late 1990s, reports emerged regarding MRSA colonization and

infection within the community with growing evidence of a steady increase of S. aureus infec-

tions in both hospitals and communities [5, 6, 7, 8]. However, it is believed that the extent of

community-acquired methicillin-resistant S. aureus (CA-MRSA) infections is underestimated

due to unclear epidemiological distinctions between the MRSA strains causing CA-MRSA and

HA-MRSA infections [9, 10]. According to the Centers for Disease Control and Prevention

(CDC) definition advocated in the 2000s, a CA-MRSA infection has been defined as an CA-

MRSA infection if the patient lacks specific risk factors for healthcare exposure [11, 12, 9]. The

common healthcare associated risk factors are hospitalization, residence in a long-term care fa-

cility, surgery, or receipt of hemodialysis during the previous year; presence of a percutaneous

device or an indwelling catheter at the time culture samples were collected [11, 12]. How-

ever, linking CA-MRSA cases to healthcare risk factors can no longer optimize the extent of

CA-MRSA infections as both HA-MRSA and CA-MRSA strains are gradually affecting both

individuals who have had healthcare exposure and individuals who do not have such exposure

[9, 13, 14].

MRSA infection have also been observed in developing countries, where MRSA prevalence

rates are between 33% and 95% due to poorly resourced healthcare facilities [15]. High preva-

lence rates for MRSA infections necessitates the provision of better alternative drugs which
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are usually expensive and out of reach for many people thereby compromising efforts to effec-

tively control MRSA infections [5]. The worldwide emergence of CA-MRSA is evidence of

the changing biology of MRSA strains and changing epidemiology of MRSA infections [3].

Some MRSA positive cases classified as healthcare-related were suspected to have emanated

from long-time CA-MRSA asymptomatic cases which were silently carried into the hospital and

then subsequently cause infections which may be classified as nosocomial [3]. Also, some re-

ports have emerged of new high risk groups for MRSA infection which include children [6, 8],

improverished individuals [16], inmates in prison [17, 18], and men who have sex with men

[19]. Several countries have reported that CA-MRSA is spreading swiftly from the closed risk

communities to the general population, and thus an issue of serious concern that needs to be

checked [3]. The development of effective policies to control the further spread of S. aureus

related infections has become an urgent priority [20].

Shortly after the introduction of methicillin in 1961, MRSA expressed resistance to methicillin

by producing a novel penicillin-binding protein designated PBP2’ (or PBP2a) that resulted in

a low binding affinity to the β−lactam antibiotics [21, 22, 23]. Recently, S. aureus has be-

come multi-resistant to the available important antibiotics such as ciprofloxacin, erythromycin

and linezolid [24, 25], resulting in increased morbidity and mortality among patients [24]. The

linezolid-resistant strain was observed to normally emerge during a 3 week course of treatment

in deep-seated infections [25]. In a study conducted to investigate S. aureus resistance to the

available antimicrobial agents in Ethiopia [5], it was observed that S. aureus had become no-

toriously resistant to almost all the available treatment regimens. The analysis showed that S.

aureus had become highly resistant to methicillin, penicillin, ampicillin, tetracycline, cotrimox-

aziole, doxycycline and erythromycin [5].

Some two interesting models for MRSA transmission that include both the hospital population

and community population have been developed in [3] and [20]. In both models, the mathemat-

ical problem is formulated based on categorising individuals either as colonised/uncolonised

hospitalized patients or colonised/uncolonised individuals in the community. In [20], MRSA

transmission was assumed to take place in the hospital only with colonised cases transferred
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from the hospital to the community. In this study, it was assumed that community transmis-

sion is unsustained thereby allowing discharged colonised individuals to recover without in-

fecting uncolonised individuals in the community. The model was then improved in [3] to

allow discharged colonised individuals to transmit the infection to uncolonised individuals in

the community. The model also considered a scenario where the community contains MRSA

strains which developed through community transmission independent of nosocomial infec-

tions. Some colonised individuals from the community were allowed to be admitted into the

hospital and vice versa. However, both models did not take into account the vital dynamics

which are essential especially if the models are to be employed for longer time periods. Also,

the models were not examined mathematically for well posedness and other essential model

properties. In this study, we extend the models developed in [3] and [20] to include vital dy-

namics. Also, we perform the mathematical analysis of the improved model to show that the

proposed models in [3] and [20] have interesting dynamics of MRSA transmission in both the

community and hospital. Results from this study will be highly desirable and will affirm that

the models developed in [3] and [20] possess very appropriate features that warrant considera-

tion in policy making. The mathematical analysis carried out in this study places the proposed

models for CA-MRSA and HA-MRSA transmission on a firm footing that allows development

of subsequent studies on this interesting aspect.

The structure of the paper is as follows: Section 2 presents the formulation of the model and the

establishment of its basic properties. Stability analysis of the model is conducted in Section 3.

Section 4 comprises numerical simulations, including parameter estimation and presentation of

results. Finally, Section 5 provides the conclusion of the paper.

2. MODEL FORMULATION

We modify the models developed in [3] and [20]. The model developed in [20] considered

the case where MRSA transmission is confined in a hospital only, with colonised cases in the

community a result of hospital discharge of individuals colonised with MRSA. The model was

modified in [3] to take into account MRSA transmission in the community. In this study, we

modify the model in [3] to include vital dynamics not considered in [3] and [20]. This adds
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realism to the system dynamics since the model will be employed to track CA-MRSA and

HA-MRSA infections over a longer time span.

Model compartments. We formulate a seven-state system of nonlinear ordinary differential

equations to track the evolution of CA-MRSA infections and HA-MRSA infections. In the

model, persons can be hospitalized (N1+ z) where N1 is the total number of non-isolated hospi-

talized patients and z is the number of isolated hospitalized patients where there is no transmis-

sion; recently discharged persons (N2) and the general population in the community (N3). We

denote uncolonised/susceptible individuals by x and colonized/infected individuals by y. Thus,

the model comprise of the following classes:

(1) x1− uncolonised individuals in the hospital;

(2) y1− colonised non-isolated individuals in the hospital;

(3) x2− uncolonised individuals recently discharged from the hospital;

(4) y2− colonised individuals recently discharged from the hospital;

(5) x3− uncolonised individuals in the community;

(6) y3− colonised individuals in the community;

(7) z− colonised isolated individuals in the hospital;

Thus, the total human population at any given time t is given by

N(t) = N1 +N2 +N3 + z =
3

∑
n=1

xn +
3

∑
n=1

yn + z.

Schematic diagram. The model is schematically depicted by the figure below.

FIGURE 1. Model flow diagram for CA-MRSA and HA-MRSA transmission

(adapted and modified from [3] and [20]).



6 MUSHANYU, NYABADZA

Model equations. Combining the model details and assumptions given above together with the

schematic diagram (Figure 1), we obtain the following system of ordinary differential equations:

(1)



dx1

dt
= ξ x3 +νx2−

β1x1y1

N1
− p1x1 +λy1,

dy1

dt
=

β1x1y1

N1
+νy2 +ξ y3−Φ(y1,z)− (p1 +λ )y1,

dz
dt

= Φ(y1,z)− (µ +ρ)z,

dx2

dt
= dx1 +πρz− β2x2y2

N2
− p2x2 +λy2,

dy2

dt
=

β2x2y2

N2
+dy1 +(1−π)ρz− (p2 +λ )y2,

dx3

dt
= Λ+ γx2−

β3x3y3

N3
− p3x3 +λy3,

dy3

dt
=

β3x3y3

N3
+ γy2− (p3 +λ )y3,

where Φ(y1,z) =


ψy1, if z < Nimax,

min(ψy1,ρNimax) , if z = Nimax,

with Nimax denoting the number

of beds in isolation unit. Here, p1 = µ + d, p2 = µc + ν + γ and p3 = µc + ξ . The initial

conditions for system (1) are given as

x1(0)≥ 0, x2(0)≥ 0, x3(0)> 0, y1(0)≥ 0, y2(0)≥ 0, y3(0)≥ 0, z(0)≥ 0.

Parameters and assumptions of the model. Here, Λ represents the overall influx of individuals

due to births or immigration, and µc denotes the natural mortality rate among community mem-

bers. Since hospitalized individuals are immunocompromised, we consider death rate for these

individuals that includes a disease-related death rate given by µ , where we assume µ > µc. The
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other remaining parameter interpretations are as given in Table 1 ([3]) which is extracted and

presented below for easy reference.

TABLE 1. Remaining parameter interpretations as given in [3]

Parameter Description

β1 Transmission rate for hospitalized individuals

β2 Transmission rate for discharged individuals

β3 Transmission rate for the general population

Nimax Number of available beds in the isolation unit

ψ Isolation rate for hospitalized individuals

π Proportion of individuals leaving isolation without MRSA

1/ρ Mean length of stay in isolation

1/λ Mean duration of carriage of MRSA

1/d Mean length of stay in hospital

ν Readmission rate for discharged individuals (high readmission)

ξ Rate of admission for the general population (low readmission)

γ Transition from high to low readmission

3. MODEL ANALYSIS

3.1. Analysis of model system (1). We perform mathematical analysis of system (1) for the

case when there are sufficient hospital beds in the isolation unit. This means Φ(y1,z) = ψy1.

3.1.1. Positivity of solutions and invariant region. Since model system (1) describes human

population, it is important to demonstrate the existence and non-negativity of solutions for sys-

tem (1) for all t > 0. Thus, we state the following theorem (Theorem 1) which illustrates that

under any positive initial conditions, the solutions of system (1) will persist as non-negative for

all t > 0.
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Theorem 1. Consider the following initial conditions for system (1): x1(0) > 0,

y1(0) > 0, z(0) > 0, x2(0) > 0, y2(0) > 0, x3(0) and y3(0) > 0. There exists

(x1(t),y1(t),z(t),x2(t),y2(t),x3(t),y3(t)) ∈ R7
+ which solve system (1).

Proof. It is easy to show that solutions for system (1) will remain positive for all time t > 0. We

use a simple proof by contradiction, similarly employed in previous studies, see for instance

[26]. Suppose there exists t1, t2, t3, t4, t5, t6 and t7 which are the respective initial times for

compartments x1, y1, z, x2, y2, x3 and y3 satisfying

(2)

t1 : x1(t1) = 0, x′1(t1)< 0, x1(t)> 0, y1(t)> 0, z(t)> 0, x2(t)> 0, y2(t)> 0, x3(t), y3(t)> 0

for 0 < t ≤ t1 or there exists a

t2 : y1(t2) = 0, y′1(t2)< 0, x1(t)> 0, y1(t)> 0, z(t)> 0, x2(t)> 0, y2(t)> 0, x3(t), y3(t)> 0

for 0 < t ≤ t2 or there exists a

t3 : z(t3) = 0, z′(t3)< 0, x1(t)> 0, y1(t)> 0, z(t)> 0, x2(t)> 0, y2(t)> 0, x3(t), y3(t)> 0

for 0 < t ≤ t3 or there exists a

t4 : x2(t4) = 0, x′2(t4)< 0, x1(t)> 0, y1(t)> 0, z(t)> 0, x2(t)> 0, y2(t)> 0, x3(t), y3(t)> 0

for 0 < t ≤ t4 or there exists a

t5 : y2(t5) = 0, y′2(t5)< 0, x1(t)> 0, y1(t)> 0, z(t)> 0, x2(t)> 0, y2(t)> 0, x3(t), y3(t)> 0

for 0 < t ≤ t5 or there exists a

t6 : x3(t6) = 0, x′3(t6)< 0, x1(t)> 0, y1(t)> 0, z(t)> 0, x2(t)> 0, y2(t)> 0, x3(t), y3(t)> 0

for 0 < t ≤ t6 or there exists a

t7 : y3(t7) = 0, y′3(t7)< 0, x1(t)> 0, y1(t)> 0, z(t)> 0, x2(t)> 0, y2(t)> 0, x3(t), y3(t)> 0

for 0 < t ≤ t7.

From system (1) we obtain

(3)

x′1(t1) = ξ x3(t1)+νx2(t1)+λy1(t1)> 0,

y′1(t2) = νy2(t2)+ξ y3(t2)> 0,

z′(t3) = ψy1(t3)> 0,

x′2(t4) = dx1(t4)+πρz(t4)+λy2(t4)> 0,

y′2(t5) = dy1(t5)+(1−π)ρz(t5)> 0,

x′3(t6) = Λ+ γx2(t6)+λy3(t6)> 0,

y′3(t7) = γy2(t7)> 0,
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which contradicts all the seven cases stated in (2). Therefore, x1(t) > 0, y1(t) > 0, z(t) > 0,

x2(t)> 0, y2(t)> 0, x3(t)> 0 and y3(t)> 0 and this completes the proof. �

We study system (1) in the biologically feasible region given by:

Ω =

{
(x1,y1,z,x2,y2,x3,y3) ∈ R7

+ | 0≤ N ≤ Λ

µc

}
.(4)

We present the following proposition that guarantees the well-posedness of system (1), ensuring

that all solutions with initial conditions that originate within Ω persist within this domain for all

t > 0.

Proposition 1. The compact domain Ω as outlined in (4) is invariantly positive with respect to

the system (1) and attracts all solutions in R7
+.

Proof. From system (1) we have that

dN
dt

=
3

∑
i=1

(
dNi

dt

)
+

dz
dt

= Λ−µ(x1 + y1)−µz−µc(x2 + y2)−µc(x3 + y3)

= Λ−µN1−µz−µcN2−µcN3 < Λ−µcN1−µcz−µcN2−µcN3 (since µ > µc)

= Λ−µcN.

Thus, solving the differential inequality
dN
dt
≤ Λ − µcN gives 0 ≤ N(t) ≤ Λ

µc
+(

N(0)− Λ

µc

)
e−µct . Then, limsup

t→∞

N ≤ Λ

µc
. Thus, the set Ω is attractive. Consequently, if

system (1) vector field is confined to the boundary of set Ω, then it will not extend beyond the

exterior of set Ω. This ensures that all solutions with initial conditions originating in Ω will

persist inside Ω indefinitely for all time t > 0. �

3.1.2. MRSA-free equilibrium and complexity of the reproduction number. We now deter-

mine the MRSA-free equilibrium point and the reproduction number of model system (1). The

MRSA-free equilibrium depicts a state in the community and hospital where all individuals are

not colonized with MRSA-bacteria, that is, yi = z = 0, i = 1,2,3. We represent the MRSA-free

equilibrium point by

M o =
(
xo

1,y
o
1,z,x

o
2,y

o
2,x

o
3,y

o
3
)

=

(
Λξ

p1 p3 (1− (Θ1 +Θ2))
,0,0,

dΛξ

p1 p2 p3 (1− (Θ1 +Θ2))
,0,

Λ(1−Θ1)

p3 (1− (Θ1 +Θ2))
,0
)
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where Θ1 =
dν

p1 p2
, Θ2 =

dγξ

p1 p2 p3
and Θ1 +Θ2 < 1.

We now illustrate the complexity of computing the reproduction number for model sys-

tem (1). The next generation matrix approach stated in [27] is applied on the computations of

the non-negative F matrix and a non-singular M-matrix V to obtain

(5)

F =


β1 0 0 0

0 0 0 0

0 0 β2 0

0 0 0 β3

 and V =


λ + p1 +ψ 0 −ν −ξ

−ψ µ +ρ 0 0

−d −((1−Π)ρ) λ + p2 0

0 0 −γ λ + p3


which leads to a cumbersome expression for the reproduction number. We now perform some

reasonable simplifications of system (1) below.

Simplification of the model. The model developed in [3] can be further simplified without loss

of generality using the procedure explained below. This is to allow tractability of mathematical

results. Since individuals discharged from the hospital will eventually belong to the general

population, we can assume a constant re-admission rate for the general population. We thus

make the following variable simplifications:

(6)

x1 = xh, x2 + x3 = xc

y1 = yh, y2 + y3 = yc,

N = Nh +Nc + z, Nh = xh + yh and Nc = xc + yc,

where the subscripts h and c denote the hospital and community classes. This change of vari-

ables necessitates the following parameter adjustments:

(7)
β1 = βh, β2 = β3 = βc

d + γ = δ , ν +ξ = ε,

with similar interpretations for the subscripts h and c given above. The simplifications given in

(6) and (7) will capture the possibility of individuals recently discharged acquiring MRSA from

any colonised individuals in the community. This is an improvement of the model proposed

in [3] since the model only considered recently discharged uncolonized individuals acquiring
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MRSA from recently discharged colonized individuals. In summary, the model in [3] did not

consider MRSA transmission from recently discharged individuals to the general population

and vice versa. Thus, considering the suggested variable and parameter adjustments in (6) and

(7), we have the following schematic diagram (Figure 2) for the adjusted model.

FIGURE 2. Adjusted model flow diagram for CA-MRSA and HA-MRSA trans-

mission (adapted and modified from [3] and [20]).

Adjusted model equations. Combining the adjusted model details given above together with the

schematic diagram (Figure 2), we obtain the following system of ordinary differential equations:

(8)



dxh

dt
= εxc−

βhxhyh

Nh
− p4xh +λyh,

dyh

dt
=

βhxhyh

Nh
+ εyc−Φ(yh,z)− (p4 +λ )yh,

dz
dt

= Φ(yh,z)− p6z,

dxc

dt
= Λ+δxh +πρz− βcxcyc

Nc
− p7xc +λyc,

dyc

dt
=

βcxcyc

Nc
+δyh +(1−π)ρz− (p7 +λ )yc,
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where Φ(yh,z) =


ψyh, if z < Nimax,

min(ψyh,ρNimax) , if z = Nimax,

with Nimax defined as before.

Here, p4 = µ + δ , p6 = µ + ρ and p7 = µc + ε . The initial conditions for the adjusted sys-

tem (8) are given as

xh(0)≥ 0, yh(0)≥ 0, xc(0)> 0, yc(0)≥ 0, z(0)≥ 0.

3.2. Analysis of adjusted model system (8). We perform mathematical analysis of system (8)

for the case when there are sufficient hospital beds in the isolation unit. This means Φ(yh,z) =

ψyh.

3.2.1. Positivity of solutions and invariant region. Since model system (8) describes human

population, it is important to demonstrate the existence and non-negativity of solutions for sys-

tem (8) for all t > 0. Thus, we state the following theorem (Theorem 2) which illustrates that

under any positive initial conditions, the solutions of system (8) will persist as non-negative for

all t > 0.

Theorem 2. Consider the following initial conditions for system (8): xh(0) > 0, yh(0) > 0,

z(0)> 0, xc(0)> 0 and yc(0)> 0. There exists (xh(t),yh(t),z(t),xc(t),yc(t)) ∈R5
+ which solve

system (8).

Proof. It is easy to show that solutions for system (8) will remain positive for all time t >

0. We use a simple proof by contradiction, similarly employed in previous studies, see for

instance [26]. Suppose there exists t1, t2, t3, t4 and t5 which are the respective initial times for

compartments xh, yh, z, xc and yc satisfying

(9)

t1 : xh(t1) = 0, x′h(t1)< 0, xh(t)> 0, yh(t)> 0, z(t)> 0, xc(t)> 0, yc(t)> 0

for 0 < t ≤ t1 or there exists a

t2 : yh(t2) = 0, y′h(t2)< 0, xh(t)> 0, yh(t)> 0, z(t)> 0, xc(t)> 0, yc(t)> 0

for 0 < t ≤ t2 or there exists a

t3 : z(t3) = 0, z′(t3)< 0, xh(t)> 0, yh(t)> 0, z(t)> 0, xc(t)> 0, yc(t)> 0

for 0 < t ≤ t3 or there exists a
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t4 : xc(t4) = 0, x′c(t4)< 0, xh(t)> 0, yh(t)> 0, z(t)> 0, xc(t)> 0, yc(t)> 0

for 0 < t ≤ t4 or there exists a

t5 : yc(t5) = 0, y′c(t5)< 0, xh(t)> 0, yh(t)> 0, z(t)> 0, xc(t)> 0, yc(t)> 0

for 0 < t ≤ t5.

From system (8) we obtain

(10)

x′h(t1) = εxc(t1)+λyh(t1)> 0,

y′h(t2) = εyc(t2)> 0,

z′(t3) = ψyh(t3)> 0,

x′c(t4) = Λ+δxh(t4)+πρz(t4)+λyc(t4)> 0,

y′c(t5) = δyh(t5)+(1−π)ρz(t5)> 0,

which contradicts all the five cases stated in (9). Therefore, xh(t) > 0, yh(t) > 0, z(t) > 0,

xc(t)> 0 and yc(t)> 0 and this completes the proof. �

We study system (8) in the biologically feasible region given by:

Ωa =

{
(xh,yh,z,xc,yc) ∈ R5

+ | 0≤ N ≤ Λ

µc

}
.(11)

We present the following proposition that guarantees the well-posedness of system (8), ensuring

that all solutions with initial conditions that originate within Ωa persist within this domain for

all t > 0.

Proposition 2. The compact domain Ωa as outlined in (11) is invariantly positive with respect

to the system (8) and attracts all solutions in R5
+.

Proof. From system (8) we have that

dN
dt

=
dNh

dt
+

dNc

dt
+

dz
dt

= Λ−µ(xh + yh)−µz−µc(xc + yc)

= Λ−µNh−µz−µcNc < Λ−µcNh−µcz−µcNc (since µ > µc)

= Λ−µcN.

Thus, solving the differential inequality
dN
dt
≤ Λ − µcN gives 0 ≤ N(t) ≤ Λ

µc
+(

N(0)− Λ

µc

)
e−µct . Then, limsup

t→∞

N ≤ Λ

µc
. Thus, the set Ωa is attractive. Consequently, if

system (8) vector field is confined to the boundary of set Ωa, then it will not extend beyond the
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exterior of set Ωa. This ensures that all solutions with initial conditions originating in Ωa will

persist inside Ωa indefinitely for all time t > 0. �

3.2.2. MRSA-free equilibrium and the reproduction number. We now determine the MRSA-

free equilibrium point and the reproduction number of model system (8). The MRSA-free

equilibrium depicts a state in the community and hospital where all individuals are not colonized

with MRSA-bacteria, that is, yh = yc = z = 0. We represent the MRSA-free equilibrium point

by

M o
a = (xo

h,y
o
h,z,x

o
c ,y

o
c) =

(
εΛ

p4 p7 (1−Ψ)
,0,0,

Λ

p7 (1−Ψ)
,0
)

where Ψ =
δε

p4 p7
< 1.

The next generation matrix approach stated in [27] is applied on the computations of the

non-negative F matrix and a non-singular M-matrix V to obtain

(12) F =


βh 0 0

0 0 0

0 0 βc

 and V =


p4 + p5 0 −ε

−ψ p6 0

−δ −((1−Π)ρ) λ + p7


where p5 = ψ + λ and p4, p6 and p7 are defined as before. Consequently, the reproduction

number of the model system (8) is obtained as

(13)

R0 =
p6 (βc(p4 + p5)+βh(λ + p7))+

√
p2

6 (βc(p4 + p5)+βh(λ + p7))
2 +4p6εβcβh (ρψ(1−Π)+ p6δ )

2p6(p4 + p5)(λ + p7) [1− (Ψ1 +Ψ2)]

where Ψ1 =
ερψ(1−Π)

p6(p4 + p5)(λ + p7)
and Ψ2 =

εδ

(p4 + p5)(λ + p7)
with Ψ1 +Ψ2 < 1.

The following theorem (Theorem 3) is derived from the work of van den Driessche and

Watmough [27].

Theorem 3. The MRSA-free equilibrium M o
a for the adjusted model (8) is locally asymptoti-

cally stable if R0 < 1 and is unstable if R0 > 1.
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3.2.3. MRSA-persistent equilibrium. We now establish the MRSA-persistent equilibrium of

the adjusted model system (8) denoted by M ∗
a =

(
x∗h,y

∗
h,z
∗,x∗c ,y

∗
c
)
. This is obtained by solving

system (14) below:

(14)



0 = εx∗c−λ ∗h x∗h− p4x∗h +λy∗h,

0 = λ ∗h x∗h + εy∗c−ψy∗h− (p4 +λ )y∗h,

0 = ψy∗h− p6z∗,

0 = Λ+δx∗h +πρz∗−λ ∗c x∗c− p7x∗c +λy∗c ,

0 = λ ∗c x∗c +δy∗h +(1−π)ρz∗− (p7 +λ )y∗c ,

where λ ∗h =
βhy∗h
N∗h

and λ ∗c =
βcy∗c
N∗c

. Due to the model complexity, the MRSA-persistent equilib-

rium is expressed in terms of λ ∗h and λ ∗c . From the second equation of (14), we express x∗h in

terms of y∗h and y∗c to obtain

(15) x∗h =
y∗h (λ + p4 +ψ)− εy∗c

λ ∗h
.

From the third equation of (14) we express z∗ in terms y∗h to obtain

(16) z∗ =
ψy∗h
p6

.

From the fifth equation we express x∗c in terms of y∗h and y∗c to obtain

(17) x∗c =
p6
(
y∗c (λ + p7)−δy∗h

)
− (1−π)ρψy∗h

p6λ ∗c
.

Substituting (15) and (17) into the first equation of (14), we obtain

(18)

−
(
y∗h (p4 +ψ)

)
+

ε
(

p6
(
y∗c (λ

∗
c +λ + p7)−δy∗h

)
− (1−π)ρψy∗h

)
p6λ ∗c

+
p4
(
εy∗c− y∗h (λ + p4 +ψ)

)
λ ∗h

= 0.

Substituting (15) and (17) into the fourth equation of (14), we obtain
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(19)

Λλ ∗c
λ ∗c

+
ρψy∗h (λ

∗
c + p7(1−π))

p6λ ∗c

+
δy∗h

(
λ ∗c
(
λ ∗h +λ + p4 +ψ

)
+ p7λ ∗h

)
+ y∗c

(
−δελ ∗c − p7λ ∗h (λ

∗
c +λ + p7)

)
λ ∗h λ ∗c

= 0.

Solving the equations (18) and (19) for y∗h and y∗c simultaneously gives

(20) y∗h =
A∗h
B∗h

and y∗c =
A∗c
B∗c

where A∗h, B∗h, A∗c and B∗c are given in Appendix 1. Substituting the expressions given in (20)

into the expressions (15), (16) and (17), we obtain the MRSA-persistent equilibrium M ∗
a =(

x∗h,y
∗
h,z
∗,x∗c ,y

∗
c
)

of the adjusted model system (8) in terms of λ ∗h and λ ∗c .

The following theorem (Theorem 4) on the local stability of the MRSA-persistent equilibrium

is established numerically in the next section 4.

Theorem 4. The MRSA-persistent equilibrium M ∗
a =

(
x∗h,y

∗
h,z
∗,x∗c ,y

∗
c
)

of the adjusted model

system (8) is locally asymptotically stable if and only if R0 > 1.

4. NUMERICAL SIMULATIONS

We now numerically simulate the model system (8) using MATLAB programming language

and present some important numerical results.

4.1. Parameter Estimation. The model considered in this study is a follow-up model on

the model developed in [3]. We make use of the model parameters presented in [3]. These

parameter values are given in Table 2 below. The following initial conditions were used: xh(0)=

6, yh(0) = 2, z(0) = 1, xc(0) = 165500, yc(0) = 35.
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TABLE 2. Values of parameters employed for performing numerical simulations

Parameter Parameter Description Value Reference

Λ Recruitment rate 0.0077 [28]

βh Transmission rate for hospitalized individuals 0.1115 [3]

βc Transmission rate for the general population 0.001 [3]

Nimax Number of available beds in the isolation unit 30 [3]

ψ Isolation rate for hospitalized individuals 0.02 [3]

π Proportion of individuals leaving isolation without MRSA 0.25 [3]

1/ρ Mean length of stay in isolation, days 20 [3]

1/λ Mean duration of carriage of MRSA, days 370 [3]

1/δ Mean length of stay in hospital, days 8 [3]

ε Readmission rate for discharged individuals 0.00633 [3]

µ Death rate for hospitalized individuals 0.04353 [29]

µc Death rate for the general population 0.0077 [28]

4.2. Numerical results.

4.2.1. Local stability of the MRSA-free equilibrium point M o
a . We present some results ob-

tained after numerically simulating the adjusted model system (8). We present numerical results

to support the analytical results obtained in section 3.2.2 and theorem 3.



18 MUSHANYU, NYABADZA

(a) (b)

(c) (d)

FIGURE 3. Changes in the populations of (a) uncolonised individuals in the

hospital (xh(t)), (b) colonised individuals in the hospital (yh(t)), (c) uncolonised

individuals in the community (xc(t)), (d) colonised individuals in the community

(yc(t)), for the case R0 = 0.2996 < 1.
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FIGURE 4. Changes in the populations of colonised isolated individuals in the

hospital (z(t)), for the case R0 = 0.2996 < 1.

Figure 3 and figure 4 presents the trajectories of the populations of hospitalized and non-

hospitalized individuals for the case when R0 = 0.2996 < 1.

4.2.2. Local stability of the MRSA-persistent equilibrium point M ∗
a . We present some results

obtained after numerically simulating the adjusted model system (8). We present numerical

results to support the analytical results obtained in section 3.2.3 and theorem 4.
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(a) (b)

(c) (d)

FIGURE 5. Changes in the populations of (a) uncolonised individuals in the

hospital (xh(t)), (b) colonised individuals in the hospital (yh(t)), (c) uncolonised

individuals in the community (xc(t)), (d) colonised individuals in the community

(yc(t)), for the case R0 = 2.9964 > 1.
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FIGURE 6. Changes in the populations of colonised isolated individuals in the

hospital (z(t)), for the case R0 = 2.9964 > 1.

Figure 5 and figure 6 presents the trajectories of the populations of hospitalized and non-

hospitalized individuals for the case when R0 = 2.9964 > 1.
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(a) (b)

(c) (d)

FIGURE 7. (a) Effects of varying the parameter βh, on the population changes of (a)

uncolonised individuals in the hospital (xh(t)), (b) colonised individuals in the hospital

(yh(t)), (c) uncolonised individuals in the community (xc(t)), (d) colonised individuals

in the community (yc(t)). An upward-pointing arrow signifies that with an increase in

the parameter value, the population also increases, whereas a downward-pointing arrow

denotes that with an increase in the parameter value, the population decreases. No arrow

indicates no parameter significance.
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FIGURE 8. Effects of varying the parameter βh, on the population changes of

colonised isolated individuals in the hospital (z(t)). An upward-pointing arrow

signifies that with an increase in the parameter value, the population increases.

4.2.3. Impact of βh on population trajectories. Figures 7(a)-(d) and figure 8 illustrate the

impact of varying the parameter βh on the population trajectories of model system (8). The

parameter βh is varied from a value of 0.0 up to 1.0 with a step size of 0.01. The results show

that an increase in the value of βh has a significant impact on the hospitalized compartments

only and an insignificant impact on the general community. Increasing the value of βh will

result in an increase in MRSA infections in the hospital. An increase of the value of βh with

0.01 corresponds to an increase of the value of R0 with 0.271036. The simulated results gives

a maximum βh value of βh = 1 corresponding to a maximum R0 value of R0 = 29.8945. The

results obtained in this section are reflective of the need to put in place some measures that

reduce nosocomial MRSA infections.
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(a) (b)

(c) (d)

FIGURE 9. (a) Effects of varying the parameter βc, on the population changes of (a)

uncolonised individuals in the hospital (xh(t)), (b) colonised individuals in the hospital

(yh(t)), (c) uncolonised individuals in the community (xc(t)), (d) colonised individuals

in the community (yc(t)). An upward-pointing arrow signifies that with an increase in

the parameter value, the population also increases, whereas a downward-pointing arrow

denotes that with an increase in the parameter value, the population decreases.
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FIGURE 10. Effects of varying the parameter βc, on the population changes of

colonised isolated individuals in the hospital (z(t)). An upward-pointing arrow

signifies that with an increase in the parameter value, the population increases.

4.2.4. Impact of βc on population trajectories. Figures 9(a)-(d) and figure 10 illustrate the

impact of varying the parameter βc on the population trajectories of model system (8). The pa-

rameter βc is varied from a value of 0.0 up to 1.0 with a step size of 0.01. The results show that

an increase in the value of βc has a significant impact on both the hospitalized compartments and

the general community. Increasing the value of βc will result in an increase in MRSA infections

in both the hospital and the general community. An increase of the value of βc with 0.01 corre-

sponds to an increase of the value of R0 with 0.083451. The simulated results gives a maximum

βc value of βc = 1 corresponding to a maximum R0 value of R0 = 9.0202. The results obtained

in this section are reflective of the effect that the admission of the already MRSA-infected in-

dividuals in the community have on hospital infections. Thus, it is encouraged to put in place

MRSA detection measures upon initial hospital admission in order to reduce MRSA infections

in both the hospital and the general community.
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(a) (b)

(c) (d)

FIGURE 11. (a) Effects of varying the parameter ε , on the population changes of (a)

uncolonised individuals in the hospital (xh(t)), (b) colonised individuals in the hospital

(yh(t)), (c) uncolonised individuals in the community (xc(t)), (d) colonised individuals

in the community (yc(t)). An upward-pointing arrow signifies that with an increase in

the parameter value, the population also increases, whereas a downward-pointing arrow

denotes that with an increase in the parameter value, the population decreases.
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FIGURE 12. Effects of varying the parameter ε , on the population changes of

colonised isolated individuals in the hospital (z(t)). An upward-pointing arrow

signifies that with an increase in the parameter value, the population increases.

4.2.5. Impact of ε on population trajectories. Figures 11(a)-(d) and figure 12 illustrate the

impact of varying the parameter ε on the population trajectories of model system (8). The pa-

rameter ε is varied from a value of 0.0 up to 0.1 with a step size of 0.001. The results show that

an increase in the value of ε has a significant impact on both the hospitalized compartments and

the general community. Increasing the value of ε will result in a decrease in MRSA infections

in the general community and an increase in MRSA infections in the hospital. The increase in

MRSA infections in the hospital might be a result of inadequate screening of individuals upon

admission that result in admission of already MRSA infected individuals from the community.

Overall, an increase of the value of ε with 0.001 corresponds to a decrease of the value of R0

with 0.005248.
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(a) (b)

(c) (d)

FIGURE 13. (a) Effects of varying the parameter ψ , on the population changes of (a)

uncolonised individuals in the hospital (xh(t)), (b) colonised individuals in the hospital

(yh(t)), (c) uncolonised individuals in the community (xc(t)), (d) colonised individuals

in the community (yc(t)). An upward-pointing arrow signifies that with an increase in

the parameter value, the population also increases, whereas a downward-pointing arrow

denotes that with an increase in the parameter value, the population decreases. No arrow

indicates no parameter significance.
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FIGURE 14. Effects of varying the parameter ψ , on the population changes of

colonised isolated individuals in the hospital (z(t)). An upward-pointing arrow

signifies that with an increase in the parameter value, the population increases.

4.2.6. Impact of ψ on population trajectories. Figures 13(a)-(d) and figure 14 illustrate the

impact of varying the parameter ψ on the population trajectories of model system (8). The

parameter ψ is varied from a value of 0.0 up to 0.1 with a step size of 0.001. The results show

that an increase in the value of ψ has a significant impact on the hospitalized compartments only,

especially the colonised hospitalized individuals. An increase in the value of ψ will lead to a

substantial decrease in the population of colonised hospitalized individuals. On the other hand,

an increase in the value of ψ has an insignificant impact on the general community. Overall,

an increase of the value of ψ with 0.001 corresponds to a decrease of the value of R0 with

0.00498.
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(a) (b)

(c) (d)

FIGURE 15. (a) Effects of varying the parameter δ , on the population changes of (a) un-

colonised individuals in the hospital (xh(t)), (b) colonised individuals in the hospital (yh(t)), (c)

uncolonised individuals in the community (xc(t)), (d) colonised individuals in the community

(yc(t)). An upward-pointing arrow signifies that with an increase in the parameter value, the

population also increases, whereas a downward-pointing arrow denotes that with an increase in

the parameter value, the population decreases. No arrow indicates no parameter significance.
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FIGURE 16. Effects of varying the parameter δ , on the population changes of

colonised isolated individuals in the hospital (z(t)). An upward-pointing arrow

signifies that with an increase in the parameter value, the population increases.

4.2.7. Impact of δ on population trajectories. Figures 15(a)-(d) and figure 16 illustrate the

impact of varying the parameter δ on the population trajectories of model system (8). The

parameter δ is varied from a value of 0.05 up to 0.25 with a step size of 0.0025. The results

show that an increase in the value of δ has a significant impact on the hospitalized compartments

only and an insignificant impact on the general community. Increasing the value of δ will result

in an increase in MRSA infections in the hospital. This is due to the fact that prolonged hospital

stays tend to elevate the risk of nosocomial infections. Overall, an increase of the value of δ

with 0.0025 corresponds to a decrease of the value of R0 with 0.002673. This might be as a

result of more MRSA infected individuals confined to the hospital thereby making them unable

to transmit the infection to the general community.
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5. CONCLUSION

We developed an MRSA dynamic transmission model in both nosocomial settings and the gen-

eral population. The model is initially designed using a seven state system of ordinary differen-

tial equations that is later simplified and adjusted to a five state system of ordinary differential

equations for easy of theoretical analysis. The initial seven state system of ordinary differen-

tial equations was observed to be theoretically complex to derive simple epidemic thresholds

such as the model’s reproduction number. Thus, the model was carefully simplified to allow

derivation of important epidemic thresholds.

Model analysis was carried out via the adjusted MRSA infection model (8). The MRSA-free

equilibrium point M o
a was established and the model reproduction number was derived using

the next generation matrix approach. Some numerical results were obtained to support the local

stability of M o
a whenever the reproduction number is less than unit. Due to the complexity

of the model, the MRSA-persistent equilibrium M ∗
a was presented in terms of the force of

infection. Similarly, as done on the MRSA-free equilibrium, the MRSA-persistent equilibrium

point was shown to be locally asymptotically stable whenever the model reproduction number

R0 is greater than unit.

Numerical simulations were carried out using data provided in relevant scientific studies.

Of interest was the question on how parameter variations would impact the model outcomes

considering (i) the hospitalized individuals only, (ii) the general community only, or (iii) both

the hospitalized individuals and the general community. Only key parameters were selected

for consideration. These are βh, βc, ε , ψ and δ . It was observed that the parameters βh, ψ

and δ had a significant impact on the hospitalized population only and an insignificant impact

on the general population. This is a reflection that these are the key parameters that policy

makers must take note of to effectively control nosocomial infections. On the other hand, the

remaining parameters βc and ε were observed to have a significant impact on both the hospi-

talized population and the general community. This is a reflection that for a broader control of

MRSA infections, policy makers must focus on these parameters inorder to curb further spread

of MRSA infections in both the hospital and the general community.
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The results obtained in this study are critical in informing public health control of MRSA

infections in both the hospitals and the general community. However, the model considered

in this study has several limitations. The model has simplified the complex dynamics within

hospital settings, by not taking into account the different interaction patterns amongst health-

care workers and patients, and varying levels of infection control measures. This might lead

to a reduced accuracy in model results. The model can thus be improved by encompassing a

more detailed representation of interactions in both the hospital and the general community.

Incorporating individual-level variability and spatial structure can also provide a more realistic

representation of MRSA infection spread.

Appendix 1. Terms constituting y∗h and y∗c given in (20).

(21)

A∗h = Λp6ε
(
λ ∗h (λ

∗
c +λ + p7)+ p4λ ∗c

)
,

B∗h = p6(p4(−δε(λ ∗c +λ )+ p7(λ
∗
c (λ

∗
h +λ +ψ)−2δε +λλ ∗h +λ (λ +ψ))+ p2

7(λ
∗
h +λ +ψ))

−λ ∗h (λ
∗
c +λ + p7)(δε− p7ψ)+δε(−λλ ∗c +δε−λ (λ +ψ)− p7(λ +ψ))+ p7 p2

4(λ
∗
c +λ + p7))

−ρψε(λ ∗h (λ
∗
c +λ + p7)+ p4(λ

∗
c + p7(1−π))−δ (1−π)ε),

A∗c = Λλ ∗h (p6 (λ
∗
c (p4 +ψ)+δε)+(1−π)ρψε)+Λp4 p6λ ∗c (λ + p4 +ψ) ,

B∗c = ρψε(−λ ∗h (λ
∗
c +λ + p7)+ p4(p7(π−1)−λ ∗c )+δ (1−π)ε)+ p6(p4(−δε(λ ∗c +λ )

+p7(λ
∗
c (λ

∗
h +λ +ψ)−2δε +λλ ∗h +λ (λ +ψ))+ p2

7(λ
∗
h +λ +ψ))−λ ∗h (λ

∗
c +λ + p7)(δε− p7ψ)

+δε(−λλ ∗c +δε−λ (λ +ψ)− p7(λ +ψ))+ p7 p2
4(λ

∗
c +λ + p7)).
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