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Abstract: The presence of nutrients is an important factor that affects the growth rate of organisms found in nature In
this research, we presented a mathematical model in which we studied the effect of the concentration of nutrients on
the growth rate of organisms with two predators competing to feed on organisms. We designed all the feeding
processes in this system according to the Holling type -Il and linear type functional response, we found five
biologically plausible critical points. We studied for these five points local stability and also studied for the positive
point global stability. In addition, we found the conditions for the local bifurcation of the positive point, finally, we
studied the system numerically.
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1. INTRODUCTION

Competition is considered one of the types of interactions that can occur between species
existing in nature, regardless of the differences between these species and the form of this
competition. Where competition occurs between individuals of the same species that live in the
same clan. Competition also occurs between creatures of different species that live in the same

environment and consume similar resources. Competition can occur between plants and animals as
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well as humans. Many studies have dealt with competition between plants, see [10, 29, 30]. Many
researchers are interested in studying competition between animals or other living organisms,
whether they are of the same species or different species, see [1, 2, 3, 4, 6, 14, 15, 20, 23, 24, 25].
The concentration of nutrients found in nature has a significant impact on the growth rate of the
organisms that feed on them, and thus also affects the presence and growth rate of predatory
organisms that feed on these organisms [8, 16, 17, 18, 19]. Bhattacharyya [3] focused his research
on a special study of an aquatic food chain, the presence of a constant rate of flow of input nutrients,
the presence of organisms that feed on the nutrients, and the presence of two predators of the same
species that feed on organisms, regardless of their age stages. In this research, the focus was on
studying the presence and concentration rate of nutrients found in nature, the growth rate of
organisms that feed on these nutrients, and the existence of competition between two predators of
two different species competing for their food over these organisms. We noticed that when
increasing the concentration of nutrients, the growth rate of organisms and predators increases,
While when the concentration of nutrients decreases, it leads to a decrease in the growth rate of
living organisms and thus to a decrease in the growth rate of predatory animals, which leads to their
gradual extinction. As for competition between predators to obtain food, the greater the rate of
competition between one predator, the more it leads to the extinction of the other. The effect of the
rate of nutrient concentration as well as competition between predators on the dynamic behavior of
the system was acceptable and clear analytically and numerically. The conditions for bifurcation of
the system were found in the presence of nutrients, organisms, and predators together, and the

results were clear.

2. MODEL ASSUMPTION

In this part, we formulated an ecological mathematical model in which we studied the effect
of competition between predators. The model consists of naturally occurring nutrients whose
concentration in the system at the time t is x(t). Organisms y(t) at time t grow by feeding on

those nutrients. We also took into the system two predators whose total population density at time
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t are z(t) and w(t). We assumed predators z(t) and w(t) feeding on living organisms y(t) and
competing with each other to obtain their food.
The mathematical model can be represented by four of the differential equations as show in the

following with parameters:

dx _ 0 __ o xxy
dt - (x x)dl Bl a+x) - xf1(x;y,Z; W)
d_y . xxy

at ~ Bilatx) dy —niyz —npyw = yfo(x,y,2,w)

% =N3yz — d3Z —Y1ZW = Zf3(x,y.Z,W)
d
d—": = NgyW — d,w — yzw = wfy(x,y,z,w) (1)

System (1) was analyzed by adopting the initial conditions x(0) = 0,y(0) = 0,z(0) =
0,w(0) > 0. where all parameters of model (1) are positive, these parameters have been described
as follows: x° represents the rate of increase of nutrients and d, is the rate of decrease of these
nutrients, o represent maximum nutrition, S is a constant of what nutrients are transformed into
the organism, a is the half saturation constant “ Michaelis-Menten” which is the nutrient
concentration at which the functional response of the organism is half maximal. (d;,i = 2,3,4) it
represents the death of species y,z and w respectively. n,,n, describes the rate at which
predators attack z, w an organism respectively, while ns, n, It represents the rate of predation of
organisms by predators z and w. Finally, both y; and y, represent competition coefficients

between predators.

3. BOUNDEDERY

Theorem 1. The solutions x(t), y(t), z(t) with w(t) of asystem (1), which are start in R will
be uniformly bounded.

Proof: Let us assume that (x(t),y(t),z(t),w(t)) is a solution of system (1) provided that it is non-

negative.

_ ineq M _dx  dy  dz  aw
Let M(t) =x(t) +y(t) +z(t) + w(t), we obtained prralloen + n + 1t + o
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aMm 04 g X xy N X xy
=X T X Bla+x) PLla+x)

dt d,y—n1yz — npyw

+N3yYZ — d3Z — Y1ZW + Ny yw — dy,w — y,Zw
Hence, Z—I\Z + mM(t) < x°d, = 8§, where, m = min{d,,d,,ds,d,},
Then,
M(t) <6 —8e ™ + Mye™ ™,
where M, = M(x(0),y(0),z(0), w(0)).
Now , for T = 0 we will be obtained 0 < M(T) <6
So, any solution of model (1) starting at R% will be within the following region:

9 ={(x(),y),z(t),w(t) ERE:M=x+y+z+w<8+¢ foranys>0}.

4. EQUILIBRIUM POINTS WITH AN ANALYSIS OF THEIR STABILITY
In this part of the manuscript, we studied the existence of equilibrium points for a system
(1) and analyzed their local stability, we found five equilibrium points which are:
1. The nutrient equilibrium pointis E, = (x°,0,0,0).

adzﬁ

2. The predator's free equilibrium point is E; = (%,¥,0,0), where X = — and
U2
o dl(xoa—dzﬂ(x°+a)) . ) ) N
y= P exists if the following condition holds:
—u2
da
@ > dyff + 55 ©)

—hi+ fh§+4ax0

3. The equilibrium point without predator w is E, = (x,y, z,0), where x = > ,

y= Z—z and z = % exists if the following conditions hold:
ax > d,f(a + %) 3(a)
JIE T aax0 > by 3(b)
hy >0 3(c)

ad1n3ﬁ+d30{—d1n3x0ﬁ
dinzpf

where h; =
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—hy+ /h§+4ax0

4. The equilibrium point without predator z is E; = (x,y,0, W), where x = >

)

ax—d,B(a+x)

y= % and w = exists if the following conditions hold:
4

n,f(a+x)
ax > d,f(a+ x) 4(a)
Vh% + 4ax% > h, 4(b)
h, >0 4(c)

ad1n4ﬁ+d4a—d1n4xoﬁ

Where h, = e
173

dqB(a+i)(x0-%)

5. The positive equilibrium point E, = (%, ¥, Z,w), where y = —

. ma—ds . R . . . L
7= % W= % while the positive solution of the following polynomial will be
2 1

the value of ¥:
Ax3 4+ Bx*+Cx+D =0
Where A = dlﬁz(n1n4)/1 + n2n3)/2) > 0

B = a?y1y, + d1f(2ap + x°)(nynay; + nyanzy,) — aByi(day, + dang) — npdsy,p
C = —aap(y,(dav, + nidy) + nadsy,) — (mnay, +nansy, ) (adi BB — (@B + x°)
D= —azﬁzxodl(nlmyl + nzngyz) <0

So, the above equations will have a positive root according to the discard rule of sign. Let us call
it X if it fulfills the following conditions.

a?y1v2 +diB(2af + x°) (mnay; + nanzy,) < aBy(dyy, + dany) + npdsy,p 5(a)

x°B > ap + x° 5(b)

Or when B and C are negative. Then E, = (X, ¥, Z, w) exist under conditions 5(a-b) and when the

following conditions are met

. dy dg
y > max {n—4,n—4 } 5(c)
x0 > 5(d)

If not, the positive equilibrium point for system (1) will not exist.
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Now, the local behavior of the five equilibrium points that we found for system (1) can be known
by calculating the Jacobian matrix for system (1) and finding the eigenvalues of the matrix at each

of the equilibrium points. Jacobian matrix for system (1) can be written at (x, y, z, w) as follows

aay —ax

T Blakxy? Bla+x) 0 0
aay ax d. — _ _ B
/= B(a+x)? B(a+x) 2~ Mz — W ny nyy (6)
0 N3z —d;  —v1Z

Stability at E:

At E, = (x°,0,0,0) can be written Jacobian matrix of system (1) in the following form

- _axo —
—d; B a0 0 0
ax®
JE)=| 0 om—dy 0 0
0 0 —d; 0
| 0 0 0 —d,
ax®

The eigenvalues of J(Ej) are: Ao, = —dy, Aoy = —d,, Ay, = —ds and Ay, = —d,

B(a+x9)
This means that if the condition (7) is met, point E, will be locally asymptotically stable and

vice versa

a < dyff + 252 @)

20
While the point is unstable saddle point in the R% with a locally unstable manifold of dimension
one (i.e. dimw" = 1) and with a locally stable manifold of dimension three (i.e. dimw® = 3) if
the condition (2) is met. Therefore stability at E,, leads to the non-existence of Ej;.

Stability at E;:

At E; = (X,¥,0,0) can be written Jacobian matrix of system (1) as follows:

aay

UL Blata)? —d 0 0

aay 0 - «

](El) = B(a+%)2 —ny -—nyy
0 0 —d3 0

0 0 0 —d,
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Where the eigenvalues of J(E,;) satisfy the following relations:

aay
Ax + Ay =—dy — Blati)? 8(a)
doav
Ag-Ayy = ﬁ“(ai‘gz >0 8(b)
AIZ + AlW ES _d3 - d4 < O 8(C)
AlZ'/‘{lW = d3d4 > 0 8(d)

According to Egs. 8(a-d), E; is locally asymptotical stable according to Routh—Hurwitz criterion
Stability at E,:
At E, = (x,y,2z,0) can be written Jacobian matrix of system (1) as follows:

[—d aay —-ax 0 0

17 Ba+0)?  Ba+®)

aay _ _

J(E;) = B(atx)? 0 —-my -ny
0 nzzZ  —ds V1Z
0 0 0 —d,

One of the eigenvalues of J(E,) is A,,, = —d, and the other three eigenvalues can be given by

the following quadratic equation: A3+A4,4% + 4,4 + A3 = 0

aay

Where A; = d;+d; + iz > 0 9(a)
A, =d (d +Ly)+nn_z'+ aa’Ey 9(b)
2 3\ M T 52 1M3YZ T o gt m)3
i __ aay dsaa’xy
A; = nyn3yz (d1 + [s’(a+92)2> + 52 @) >0 9(c)

By Routh-Hurwitz criterion for dimension three, all the eigenvalues of J(E,) have roots with

negative real parts if and only if A;(i = 1,3) > 0 and A > 0, where

A = A1A2 — A3
_ aay aay aa’xy 2 __
= (d, + e (m)z) |ds (a, + - (m)z) e+ d | + dsminsyz> 0 9(d)

This is certain and clear from the Eqgs. 9(a-d) the conditions of the Routh-Hurwitz are met, so E,
is a locally asymptotical stable point wherever it is located.

Stability at E:
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At E; = (x,y,0,w) can be written the Jacobian matrix of system (1) as follows:

aay —-ax

M T Ba+n)?2 Blatx) 0

aay . .

](E3) = B(a+%x)2 0 —ny —nzy
0 0 —d; 0

0 nyaWw  —Y,w —d,

One of the eigenvalues of J(E;) is A,, = —d5 and the other three eigenvalues can be given by

the following quadratic equation: A3+B;1% + B,A + B; = 0

. aay
Where Bl = d1+d4 + m >0 10(8.)
: aay .. aa?xy
BZ = d4_ (dl + m) + NNy yw + B2 (a+x)? 10(b)
_— .. aay dsaa?xy
B3 = nyn,yw (dl + ﬁ(a+x)2) 5 (@) 10(c)

By Routh-Hurwitz criterion for dimension three, all the eigenvalues of J(E5;) have roots with

negative real parts if and only if B;(j = 1,3) > 0 and A> 0, where

A = Ble - B3
_ aay aay aa?xy 2 ..
= (d, + s (M)Z) |da (a, + - (amz) e+ d, | + danznayiv > 0 10(d)

This is certain and clear from the Eqgs. 10(a-d) the conditions of the Routh-Hurwitz are met, so
E; is a locally asymptotical stable point wherever it is located.

Stability at E,:

Finally, at the positive equilibrium point E, = (%,y,Z,w) can be written Jacobian matrix of

system (1) as follows:

aa —ax
a ( dy + B(a+35]c')2) Bla+i) 0 0
aay ax .. . . .
J(E) = Blati)? Blatid) dy —mZ—n,w —ngy —npy (12)
0 n3Z —d; =Y,z
0 nyw —YoW  —d,

The characteristic equation of J(E,) can be written as follows:

I+ A3+ A2+ A A+ 4,=0 (12)
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Where, A4; = —(m; + m,), 12(a)
AZ - a11m2 + m3 + m4 + m5 + m6, 12(b)
A3 = aj,a5my — a;yMg — Ay My — AzyMg — Ay1Ms + AuoMy + AzaMg, 12(c)

A4 = M3Me — A11042M7 — Aq1 A33Mg,
With
my = aqq + dyy, My = aAzz + Aue <0, M3 = a1y, — A0,
My = G033 — Ap3A37, M5 = AppQ4s — A24Q43, Mg = A33044 — A34043 > 0,
My = A42(A24033 — Ap3034), Mg = A35(A23044 — A24043).
And
R= A,d Ay — A2 — A2, 12(d)
= —(my + my)(aymy + mg + my + ms + me)(ar2a,1M; — a1 (Mg + My +Mg) —

QoM + AgaMy + Az;Mg) — (a12a21m2 —a;,(mg + my + ms) — aymg +

Ag2M7 + a32m8))2 —((my + mz))z(m3m6 — A11Q4M7 — Qg1 A3Mg)
Thus, it can be proven that the positive equilibrium point is locally asymptotically stable
according to the following theorem
Theorem 2. The positive equilibrium point E, = (%, , Z, w) of system (1) is locally

asymptotically stable in the Int. R} under the following conditions:

ax

m < dz + Tllz + TI.ZW, 13(8.)
285 g 5 < D2adaW 13(b)
nzdy Y1

and A>0 13(c)

Proof: By Routh-Hurwitz criterion for dimension four, all the eigenvalues of J(E,) have roots
with negative real parts, if and only if A;(i = 1,3,4) > 0 and A> 0. Now, straightforward
computations and elements of J(E,) due to the coefficients of equation (12), we get that A; > 0
under condition 13(a), so 4;(i = 3,4) > 0 under conditions 13(a-b), also the positive terms are

greater than the negative terms for equation 12(d) under condition 13(c). Thus, all the
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eigenvalues of J(E,) contain negative real parts. As a result E, is locally asymptotically stable in
the Int. R} and thus the proof ends.
Theorem 3. Assume that E, of model (1) is locally asymptotically stable in the IntR%, and if

The following terms are met:

ang _ .. _ x%,
Ba+x)(a+x) a<x< ay (14)

Then E, is globally asymptotically stable in the following region:
o ={(x,y,zw):x>X%y>7y,z>Zw>w}
Proof:

Consider the following:

Ulx,y,zw)=c [x — X —5&[71%] +c, [y —j}—j}ln%] + ¢4 [z —Z—Z’lng]
w
+cy [W —-W— Wlnw]

Clearly U:R% - R is C'. Now

au (x—%x) dx

=c
dt 1 x at

O-ydy , . (z=p)dz cs (w-w) dw

+c
2 dt 3 7z dt w o dt

xodl—ajc'ji] (x
xx

= —c1| =92 = (e (@@ + @) = 6 5 =5 ) (x = D = )

—[cang — e3nzl(y = 3)(z — 2) — [cony — cany ]y — ) (W — W)
—lesys + cavl(w — W) (z — 2)

By choosing the positive constant as:

niNg
c1=1, ¢, =ny, c3= ) G =1y
3

Then we obtain:

W= [P (- )2 — [aa + %) - 22| (x — ) (y — §)

dt Bla+x)(a+x)

_ [n1n4y1

A [CRIOICR)

Clearly, ‘;—lt] < 0 under condition (14).
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Hence, U is strictly a Lyapunov function. So, E, is a globally asymptoticaly stable in the ¢.

5. BIFURCATION

In this part of the manuscript, we studied the type of local bifurcation of the positive point, as
it is the most important point among the points we found. In order to know the type of local
bifurcation of this point, we used Sotomayor’s theorem. Most researchers studied some different
types of bifurcation by using Sotomayor’s' theory [5, 7, 9, 11, 12, 13, 21, 22, 25, 27, 28, 31], such

as transcortical, saddle nodes and pitchfork bifurcation Further, can be reformulated model (1) as

follows:
X [xfl(x;yxZ;W)]
d_N— 1 — y _ ny(x)yﬂZ)W)
ac ~ FADWIth N = |7 |, and = [zfz(x,y,z, W)"
w wfi(x,y,z,w)

Now, (6) it gives us the Jacobian matrix at any point, then for non-zero vector A =

(a,a3,a3,a.)":

4 aay ax
_< 1+,8(a+x)2>a1_ﬁ(a+x)a2
aay

DF = mal

ax
+ <W —d, —nyz— nzw) a,—Nn;ya;—n,ya,

N3Za,—d;a3—Y120a,
NaWa,—y,Was—d,a,

and,

2aay ) 2aa

Bla+x)? " " Blat+xn? ™

—2aay 2aa

as + aa

Bla+x)3 * Bla+x)? 72
N3d,03—Y1A304
N4Qr04—Y20304

D*F =

[ —6aay 6baa

Bt it A U

6aay 3 6baa

Fat oY  Barnp i@
0

0
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Theorem 4. If d; = d3 where

dr = (a11+022+044)A2A3—A5—A%A,
3 ApA3

And if condition (15) is met , system (1) have a saddle-noade bifurcation at E,
(B [D2F(E,, d5)A™] # 0

Proof: J(E,), given by (11) at d; = d3 can be inscribed as:

I ( Qo + aay ) —aX 0
L7 Ba + )2 Bla+ %)
. N aay ax i} N "
] (E4' d3) - m m - dz —NnNz—n,w —-ny
O Tl4W _)/ZW

(15)

—nyy

—Y1Z
_d4 .

The calculation tells that (J*(E,4, d3) has zero eigenvalue, say 44, = 0.

[a1\"

[4] L4 L4 ) the eigenvector matching to A,, = 0, accordingly

Now, let A4 =( 1hayas,a,

al¥ =

(J"(Ey) — Ay F)AM =0 gives:

aX(a+xX) [4] [4] _ kiBy(@+X)(n1Zks+n,wksz) [4]
3 772 3

— 4] _
k1 kiZ(aa?iy+kikz) 4

)

ks[4 4
k3—v,;a£ I where a'*! be any nonzero real number.
4

T
Let B4l = (br],by],b?],bf]) the eigenvector associated to A, = 0 of the (J*(Ey, d3)) .

i < 4o+ aay ) aay 0 0
L7 B(a+ x)? B(a + )2
* * _ax ak .. .o .. .o
J T(Ezh d3) = m m —dy —nZ—n,w n3z naw
0 —n,y —d;  —y,W
O _nzj} —)/12 —d4 |

ﬂbg}] pl4l — k1B(a+X)(nzkeZ+nsksw) pl4l

« T [4] _ ; . opl4l _
Then ((J*(Ey))" — A4, 1)B™ =0 gives: b = . 5 = ke (@aZE) k) 3

b4 = &5 p 4 \yhere p*! any nonzero real number.
4 ke 3 3

We will calculate the following to see whether the bifurcation of saddle nodes type satisfies the

all conditions or not
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T
dofy df; 0fs afs) — (0,0,1,0)7

oF
35~ Fa.(N.ds) = (adg’ad3’ad3’ad3

ds
T
S0 F, (Es d3) = (0,0,1,0)7and (B™) Fyy = (b, b5, 65, b1) " (0,0,1,007 = b # 0.

Thus, the first condition for the bifurcation of the saddle nodes has been verified, while the

conditions for pitchfork and transcortical bifurcation were not met

Here,
[ 2aay [4] 2 __2aa [4] _[4]]
,B(a+5c')3( 1 ) Ba+x)2 a4 4
—-2aay [4] 2 2aa [4] _[4]
D?Fy(Ey, d3)AM = ﬁ(a+5é)3( 1 ) T parr 41 %2
(4] [41_ . _[4] [4]
nza, a; —y1a; a,
4 4 4 4
n4a£ ]a‘[l] — yzag ]a‘[l]
Hence,

2aay 2 2aa T
Y ( agzﬂ) [4] ;4]

B(a+ 1) T Bla+iph %
—2aay 2 2ax
T . r|_—20ay o\, 202 4 4
(B4 [D2Fy(E, d3)A] = (b9, b}, 614, () ﬁ(a+5€)3(a1 ) Blat @
ns a£4] agﬂ —VY1 a£4] a£4]
[4]_[4] [4] (4]

n4a2 a4 —]/2a3 a4_

2
. [4] 2aaj7(a£4]) —2aa(a+5c')a[14]a£4]

e B(a+%)3

2
[3] —2aaj?(a£4]) +2aa(a+5c')a[14]a£4]
2 Bla+x)3

+b£4] [ag}] (n3 a£4]—y1a£4])] + b£4] [aL[f] (n4a£4] —yza?])]

It is clear that condition (15) guarantees the fulfillment of one of the conditions for the bifurcation

of the saddle nodes. Thus, model (1) has saddle node bifurcation at E, with d; = d3.

6. NUMERICAL ANALYSIS
In this part, we calculated the time series for system (1) by analyzing the system

numerically by MATLAB and with appropriate data, as follows:
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X9 =0.69;d; =0.25; a =035, =04, a=0.2; d, =04;,n, =0.7;, n, =0.6; ng =

0.61; d; = 0.12; y, = 0.012; n, = 0.51; d, = 0.1; y, = 0.02 (16)

Now, after we took different ratios for the parameter (x°) with parameters as in Eq.(16), we have

seen an acceptable result on the dynamical behavior of model (1) as in fig. I (a-d)

| x(t)

y(t)

z(t) w(t) |

(a)
1.5
x0=0.2
P 1
L
L 05
:
2
0
-0.5 :
0 500 1000
Time
(c)
1.5 g
x0=0.69
2 1
.0
5
=
o
205
o L\r .
0 500 1000
Time

populations

(b)
1.5
x0=0.4
1
0.5
0 ‘k
0 500 1000
Time
(d)
4 .
(7] 3 |
_5 x0=4
52
=
o
2
| \MWWAMWMMW
0 { DL "
0 500 1000
Time

fig. 1: Time series of model (1) with data as in Eq. (16) with varying of x° as shown in a,b,c and d respectively.

For fig. I, clearly that system (1) is stable at E, and E; for x® < 0.21 and for 0.21 < x° < 0.53

as in the fig. 1(c-d) respectively. While system (1) has been stable at E, for 0.53 < x° < 0.84

as in the fig. I(c), finally the system oscillatory around E, for x° > 0.84 as in the fig. 1(d).

Until we can study the effect of nutrient deficiencies d, with parameters as in Eq. (16), we have

seen an acceptable result on the dynamical behavior of model (1) as in fig. Il (a-d).
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| X(t) y(t 2(t w)|

(a) (b)
1.5 1.5
d1=0.16 d1=0.22
51 5
5 5
=] =]
o o
205 205
0 1000 2000 3000 0 1000 2000 3000
Time Time
(c) (d)
1.5 T T 1.5 g T
d1=0.25 d1=0.28
2 1 g 1
.0 )
5 5
3 3
o o
205 2 0.5
N . N —————
0 1000 2000 3000 0 1000 2000 3000
Time Time

fig. 11: Time series of model (1) with data as in Eq. (16) with varying of d, as shown in a,b,c and d respectively.

For fig. 11, clearly that system (1) is stable at E; for d; < 0.16 as shown in the fig. 11(a) while for
0.16 < d; < 0.23 the system is stable at E, as shown in the fig. 11(b) . Finally, the system is stable
at E, and E; for 0.23 < d; < 0.26 and d, = 0.26 as shown in the fig. l1(c-d) respectively.

Until we can study the effect of maximum nutrition oc with parameters as in Eq. (16), we have

seen an acceptable result on the dynamical behavior of model (1) as in fig. Il (a-c)
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fig. 111: Time series of model (1) with data as in Eq. (16) with varying of & as shown in a,b and c respectively.

Noticeably, o< when it decreases then the system is stable at E, for « < 0.22 as shown in the fig.
I11(a), while the system has stable at E; for 0.22 < a < 0.26 as shown in the fig. 111(b), finally
for 0.26 < a the system has stable at E, as shown in the fig. I1I(c).

With certain values of the coefficient of competition y, of the first predator z with parameters as

in Eq. (16), we have seen an acceptable result on the dynamical behavior of model (1) as in fig.

IV (a-c)
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fig. IV: Time series of model (1) with data as in Eq. (16) with varying of y;as shown in a,b and c respectively.

Clearly, asy; when it decreases then the system is stable at E,, for y; < 0.0124 as shown in the
fig. IV(a), while the system has stable at E, for 0.0124 < y; < 0.0133 as shown in the fig. IV(b),
finally for 0.0133 < y; the system is stable at E5 as shown in the fig. I\VV(c).

Finally, with certain values of the coefficient of competition y, of the secnd predator w with
parameters as in Eq. (16), we have seen an acceptable result on the dynamical behavior of model

(1) asinfig. V (a-c)
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fig. V: Time series of model (1) with data as in Eq. (16) with varying of y,as shown in a,b and c respectively.

Clearly, as y, when it decreases then the system is stable at E5 for y, < 0.017 as shown in the fig.
V(a), while the system has stable at E, for 0.017 < y, < 0.02 as shown in the fig. V(b), finally

for 0.02 < y, the system is stable at E as shown in the fig. V(c).

7. DISSCUTION

In order to know the influence of increasing & decreasing the concentration of nutrients found
in nature on the growth rate of organisms that feed on these nutrients, as well as studying the effect
of competition between two predators competing to feed on those organisms for an ecosystem
consisting of nutrients, organisms and two predators compete to feed on those organisms.We have
studied the dynamical behavior of model (1) theoretically by finding local stability conditions of
the five points, finding conditions for the global stability of the positive point, and also finding

conditions for the bifurcation of the positive point.
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After the numerical study that we studied in part (6) , we obtained acceptable results when any
change occurred in some parameters, shown as follows:

Regarding the effect of changing the rate of concentration of nutrients in nature, with all parameters
remaining the same in Eq. (16) we note the time series of model (1) approaches to E, and E; for
x% < 0.21 and for 0.21 < x° < 0.53 respectively. While the system has been stable at E, for
0.53 < x° < 0.84, finally the system oscillatory around E, and still stable for x° > 0.84

The influence of the rate of decrease in nutrients d, on system dynamics with parameters as in
(16), it is witnessed the system has the presence of nutrients only for d; < 0.16, while for 0.16 <
d, < 0.23 the system has the presence of nutrients with the presence of living organisms, while
for 0.23 < d; < 0.26, the system has the presence of nutrients with the presence of living
organisms as well as the presence of predators. Finally, the system loses one of its predators and
approaches to the E; for d, = 0.26.

For the influence of varying the maximum nutrition oc on system dynamics with parameters as
in (16) it is witnessed the system has the presence of nutrients only for ¢ < 0.22, while for 0.22 <
a < 0.26 the system has the presence of nutrients with the presence of living organisms, finally
for 0.26 < «a the system has the presence of nutrients with the presence of living organisms as well
as the presence of predators.

for the influence of varying of y,; on system dynamics with parameters as in (16) it is witnessed
the system loses the presence of the second predator and approaches to E, for y; < 0.0124, while
for 0.0124 < y; < 0.0133, the system has the presence of nutrients with the presence of living
organisms as well as the presence of predators, finally once again, the system loses one of the
predators, but this time it loses the first predator, and the system approaches to E5 for 0.0133 <
V1

Finally, for the influence of varying y, on system dynamics with parameters as in (16) it is
witnessed the system loses the presence of the first predator and approaches to E5 for y, < 0.017,

while for 0.017 < y, < 0.02, the system has the presence of nutrients with the presence of living
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organisms as well as the presence of predators, finally once again, the system loses one of the

predators, but this time it loses the second predator, and the system approaches to E, for 0.02 <

Ya-
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