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Abstract: This paper proposes and studies a food web model consisting of three species: two prey and one predator.
The model takes into consideration the impact of fear, refuge for the first prey, which is dependent on the predator,
and nonlinear harvesting of each prey. Further, the predator consumes the prey according to a Holling-type
interaction. The model's boundedness is investigated. The conditions for all points of equilibrium that are
biologically possible and local stability have been studied. The global stability of the model was examined using
suitable Lyapunove functions. At last, the model is solved using numerical simulation for a variety of parameter
values, and the results are shown graphically to confirm the analytical results.
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1. INTRODUCTION

Biomathematics, which mixes mathematics and biology, uses mathematical methods to study
complicated biological problems. This field includes a variety of topics, such as ecology,
epidemiology, bioinformatics, pharmacokinetics, genetics, and more. Biomathematics employs

mathematics to solve complicated biological problems and generate model predications of
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biological system dynamics. Mathematical models utilise differential equations, difference
equations, and stochastic processes to understand and evaluate biological processes and systems.
A large proportion of biomathematics scholars have researched the predator-prey model, which
is important to scientific paradigms, human conversation, and environmental health. See [1-10].
Different biological processes, such as predation, fear, cannibalism, diseases, and migration,
have the capability to affect the dynamical behavior of a model [11-13].

Studying the relationship between a predator and prey is crucial because the prey typically hides
to prevent the predator from catching or attacking it. Ecologists refer to this type of action as
refuge. The number of predators and prey in certain natural systems may influence prey refuge;
for this reason, many research studies have used a predator—prey model in which the prey refuge
depends on both species. For example, Haque et al. [14] deal with a prey—predator model with
prey refuge in proportion to both species. Naji et al. [15] proposed a prey-predator model
involving predator—dependent refuge in the prey population. In [16], Pratama discussed the
dynamics of prey refuge in a diseased predator-prey model. Rahman et al. [17] investigated the
effect of prey refuge with the Holling type IV functional response dependent prey-predator
model.

Additionally, the predator's eating of prey is important. The amount of prey each predator
consumes in a unit of time is called the functional response. Several scientists are studying
functional responses in the prey-predator model, such as Khajanchi [18] analysed a
stage-structure predator-prey model using Monod-Halane type response function. Lu et al. [19]
investigated the periodic solution of a stage-structure predator-prey model with a
Growley-Martin type functional response. Fordjour et al. [20] studied the dynamics of a
predator-prey model with generalised Holling-type functional response and mutual interference.
Chen and Young [21] discussed the impact of nonlinear harvesting and delay on predator-prey
model using Beddington-De Angelis functional response.

Furthermore, it is important to consider species harvesting in a predator-prey model. Different
harvesting techniques have been used. These include nonlinear, linear, and constant harvesting.
Nonlinear harvesting is considered to be more appropriate than others from an economic and
biological perspective [22-26].

Despite the previous studies, this work proposes and analyses a two prey-one predator model
with fear, refuge dependent on the predator, and nonlinear harvesting. So, this work is structured
as follows: Section 2 presents the formulation for the model. The Boundedness of the solution
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are studied in Section 3. Section 4 addresses the existence of all feasible points of equilibrium. In

Section, local stability conditions are determined at every point of equilibrium. The Laypunove

function utilized for verifying the global stability of the suggested model in Section 6. Section 7

confirms the completion of the numerical simulation of the theoretical results. The discussion

and conclusion were in the last section.

2. MATHEMATICAL MODEL FORMULATION

This section searches for a scenario involving two prey, x and y, in which x is vulnerable

and takes predator-dependent refuge, while both prey undergo nonlinear harvesting and

predation by the same predator z. The model understudy is described as follows, with first prey,

second prey, and predator density at time denoted by x(t), y(t) and z(t) respectively:

1-

3-
4-

Both prey populations grow logistically without a predator or fear; however, a predator's

fear of these populations can have multiple effects. The fear functions L and —
1+f12 1+f22

influence the growth of the first and second prey, with f;,f, representing their
respective fear parameters.

When a predator is present, the prey feels fear of predation. As a result, a proportional
amount of the first prey population needs refuge, depending on the predator. On the other
hand, the functional response of the first prey and predator is Holling type 2, while the
functional response of the second prey is Holling type 4 where, ay,a,, f and y > 0,
0 <ny<land 0 <1—nyz<1.

Assume that the prey species experience nonlinear harvesting.

Supposed that there was interspecies competition.

Using the previous assumptions, the model is described as follows:

dx
dt

dy

dt
dz
dt

_rx 2 a;(1-nyz)xz q1E1x
1+f1z B+(1-n1z)x  muE;+myx

_ Sy .2 @yz  qEy (1)
1+f52 1+yy?2  mgEy;+muy ’
cia1(1-nqyz)xz Cr0YZ

_ aa(1-n,2) 4 Q%2YZ 2 g

B+(1-nq12)x 1+yy?

The initial condition (X(0),Y(0),Z(0)) should be in the first quadrant on a biological basis.

Table 1 below shows the parameters set for model (1), which were assumed to have positive

value:
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Table 1- parameters Description.

Parameter Description

r The birth rate of first prey.

s The birth rate of second prey.

a The interspecies competition of the first prey.

b The interspecies competition of the second prey.

m The interspecies competition of the predator.

fi The fear rate of first prey of predator.

fa The fear rate of second prey of predator.

a, The attack rate of predator of the first prey.

a, The attack rate of predator of the second prey.

o) Coefficient of transformation from first prey towards predator.
Cy Coefficient of transformation from second prey towards predator.
B The half-saturation constant.

y Level of defense.

d The natural death rate of the predator.

ny Coefficient of first prey refuge.

q,i=1.2 Catch-ability coefficient of first, second prey.

E,i=1.2 Effort of harvesting for the species.

m;, i =1,2,3,4 Suitable positive constants.

3. BOUNDEDNESS OF THE MODEL

The model domain is R3 = {(x,y,2) € R3,x(0) = 0,y(0) = 0,z(0) = 0}, and it is assumed
that for Vt > 0, the functions x(t),y(t), and z(t) with the derivatives of these functions are
continuous, which implies that all of them are Lipschizain in R3 , and there is a unique solution
to model (1). The following theorem shows the bounds for this model (1) solution in R3.

Theorem (3.1):- The of model (1) solutions, which starting in R3 are uniformly bounded.

Proof: - Applying the first equation in model (1), the following is concluded:

dx
&< rx [1 —
dt

due to it solved the differential inequality above:
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T
x(t) < =
In the same way, the second equation leads to:
S
y@®) < -

Next, let M(t) = x(t) + y(t) + z(t),

therefore, by calculating it is derivative with respect to time, we obtain:

aM __rx sy, @b 4:E2y
—< —ax® + — by — -

dt — 1+ fiz 1+ foz miE; + myx mgzE, + myy
dM <7 4 s Lix+y +2)

it ~a'p STYTE

ThenZ <] — LM ,
dt

where | = £+ ;and L =min{q,E;, q,E,, d},

s
b

soas t » oo, M(t) <

~ I~

, hence the proof completed.

4. EXISTENCE OF POINTS OF EQUILIBRIUM

—dz,

At maximum, the model (1) includes seven nonnegative points of equilibrium, P;,i =

0,1,2, ...,6, whose forms and conditions for existing are listed below:
= Atrivial point of equilibrium (TPE), P, = (0,0,0), always presents.

= The first axial point of equilibrium (FAPE), P, = (x,0,0), where X is a +ve root for

2nd-order equation that follows:
BMz2 + iM% 4+ BIY = o,
Which

Bl[l] =—am; <0
Bz[l] =rm, — am1E1 .

BE] = E,(rm; — qq)

(2.9)

(2.b)

As a result of the sign discarding rule, equation (2.a) has at least one positive root if

the following condition are met:

rmy > {qq,

= The second axial point of equilibrium (SAPE), P, = (0,y,0), where y

for 2nd-order equation that follows:

(2.c)

is a +ve root
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BPy2 + Bl¥y 4 Bl = o, (3.2)
which
B = —pm, <0
B = sm, — bmyE, - (3.b)
33[2] = E(sm3 — q3)
As a result of the sign discarding rule, equation (3.a) has at least one positive root if
the following condition are met:
smsg > q, , (3.0)
The free predator point of equilibrium (PDFPE), P; = (x,y,0), where X is a +ve root

for 2nd-order equation that follows:
BMz2 + BlYz + BIM = o, (4.2)
y isa+ve root for 2nd-order equation that follows:

B52 4+ plA5 4 BlH — o, (4.b)

where B, gt gl I Bl2l "and Bl s it the same in (2.b) and (3.b) such

that PDFPE exist if the conditions (2.c) and (3.c) are met.
Second prey free point of equilibrium (SPFPE), P, = (%, 0, Z), as

~ —-B(d+mz)

X = (1-n.2)(d—cia1+mz) ’ (5-2)
while Z is a +ve root for 9th-order equation that follows:
BPz8 + BY77 + BPMz6+ B2+ BPlz¢+ B 55

+BP22+ BBz 4+ Bl =0

where Bl.[3],i =1,...,9 are calculated using MATLAB program and it will not give

here due to their huge and complicated forms.
Then, if any one of the following conditions is satisfied, equation (5.b) has at least one
positive root due to the sign discarding rule:

BB >0and B® <0, i=2,..,9
or . (5.0)

BB <0and B¥' >0, i=2,..,9
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Assuming that there just one positive root of equation (5.b) represented by Z, then
SPFPE exist if provided that:

c1a; >d+mzZ . (5.d)
= First prey free point of equilibrium (FPFPE), Ps = (0,¥,2), as
o _ Coap9—d[yP3+1]
2T T ey (6.a)

A~

while y is a +ve root for 9nd-order equation that follows::
4] ~ 4] ~ 4| ~ 4] ~ 4] ~ 4] ~
+ B9z + BlMy 4 Bl =y,

where
B* = —bg,y3mm,,

B = y3m2m,s — bm(g, 9573 + gav?ma),

B = g3y3m?s — bm(g,g5y* + 3917°ma) — E2917°mas,,
B = 2m, — bm(3g,9sy* + 2 + 3myy?m?s — E,g,?
s = g19sy“my — bm(39193y g2ymy) + 3muy m=s — E; g,y “mq,,

B = gsy(g; + my + g:1957) — bm(29,95 + 3g:YMs) — g1gaymy + 3gsy>m?s
—3E,9:1Y*mqs,,

36[4] = gsy(g293 + gimy) — bm(gamy + 39193Y) — 9a(gamy + 9193Y) + 9193¥yMy
+3ym2m4s — 2E;g9,ymaqs,

B7[4] = g5(9293 + 91M4) — 94(9293 + g1My4) — bm(g293 + g1ma) + 919395y
+3ym?gss — 3E,9,ymqs,,

By = 959295 + 91ma) + MPMus — 919394 — E292ma; — bg1gsm,

B<£4] =m?gss + 919395 — E,g1mq, .
Such that,

gi=m—fd , g,=f)0a,, g3=Ems;, gi=ca’, gs=a,d.
Then, if any one of the following conditions is satisfied, equation (6.b) has at least one

positive root due to the sign discarding rule:
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B >0and B <0, i=2,..,9
or . (6.c)
B <0and B >0, i=2,..,9
Assuming that there just one positive root of equation (6.b) represented by 9 then
FPFPE exist if provided that:
a9 > [1 +yp?]d. (6.d)
The positive point of equilibrium (PPE), Pg = (x*,y*,z"), as

o = c202By" ~(1+yy**)(dB+mpz")
(1-nyz9)[(1+yy*?)(d+mz*—cia;)—c a,y*] '

(7.2)

and (x*,y*) displays the point at which the isoclines obtained from model (1) positively
intersect the following two isoclines when setting the first two equations equal to zero
after substituting the value of x* given in eq. (7.a):

f.2) = (u1y® + uy* + uzy? + uy)z® + (usy® + ugy® + uzy* )
ugy® + ugy? + uyoy + u11)z” + (U12y° + u13y° + upay* + ugsy?
tuiey? + U7y + ug)z° + (Urgy® + upoy® + uppy*
Fp Y + Upzy? + Upsy + Ups)z° + (Upey® + Upyy®
Fupgy* + Upey® + Uzey? + Uz + Uz )zt + (Uz3y°
Fuzay® + uzsy® + uzey® + uzzy? 4 usgy + uzg)z’ >, (7.b)
+(Ugoy® + Us1y® + Uspy*t + Uszy? + Usgy? + Ussy + Uye) 2
+(Ua7Y® + Uagy® + UsoY* + Usoy® + Us1 Y + UszY + Us3)Z
+(usay® + ussy® + usey* + usyy® + usgy? + uUsey + ugo)
9, 2) = (kyz + k))y* + (ksz + ky)y® + (ksz + ke)y? + (k72?
+kgz + ko)y + (k19z% + kq1z + ky3) J

where u; and k; Vvi=0,1,..,60, j=0,1,..,12 were determined using MATLAB

program, that will not give them here since they are huge and complicated forms.
When 2z - 0 , direct computation implies that:
Usyy® + Ussy® + Usey* + Us7 Y + Usgy® + Usey + Ugg = 0}
koy* + kyy? + kgy? + koy + ki =0 '
Under the discarding rule of signs, all equation in (7.c) may has a unique positive root for

(7.0

the isocline given by ¥y, and y, respectively, where the leading and free coefficients
have sign opposite.

Then system (7.b) has unique intersection point denoted as (y*,z*) with the given
conditions:
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€2 By" > (1+yy™*)(dp +mpz") } a0
(1+yy?)d+mz) > (1+yy )iy + caay* ) '
i<Yz, (7.8)
or > 0 and or <0)
dy dz (7 f)
or b .
Z—f/ < 0and Z—’; > O)
%9 > 0 and %9 >0)
ay dz (7 )
or . g
ag ag
5 < 0and ™ < 0}

Therefore, only the (PPE) exists in the R3.

5. LOCAL STABILITY ANALYSIS
The linearization method is used in this section to study the local stability of the model (1) .the

Jacobian matrix (J.M) of the model (1) at (x,y,z) is:

a; 0 ags
Ji=|0 axy ap;|, (8)
31 dzz dzz
where
r a1z(1-nqz m E{?
A, = _zax_ﬁl( 1)_ 19151 ’
1+f,z (B+(1-n42)x)?  (M1E{+myx)?
g5 = —( rXfi Balx(1—2n12)+a1x2(l—nlz)z)
B Ya+fz)? (B+(1-n,2)x)? ’
oy = _ _ @z-yay’z m3qzEs”
22 7 14fyz (1+yy?)? (Mm3Ez+myy)?’
_ Sy fa azy
23 = ((1+f22)2 1+Vy2)’

_ Beragz(1-nqz)
%31 = Gr-mnn?

a _ CZ—Yacpzy?
27 (+ry?)?

Qon = c1faix(1-2n12)+cia1x2(1-n12)% . cazy —omz—d
33 (B+(1-n12)x)? 1+yy? '

If each of the (J.M) eigenvalues has a negative sign, then a point of equilibrium is local
asymptotically stable (LAS). Therefore, the next theorem provides the local stability conditions

at each equilibrium point.



10
BUSHRA E. KASHEM, HASSAN F. Al-HUSSEINY

Theorem (5.1): The TPE is LAS if the below conditions are met:

r<-
mq

ms

Proof: At TPE, the J.M is written as:
r—2 0 0

(9)

0 0 —d
Hence, the J,eigenvalues are:

q1 qz
AM=r—— Ay, =5 —— A; = —d.
1 m1! 2 mg' 3

When condition (9) holds, TPE is LAS.
Theorem (5.2): The FAPE is LAS if the following conditions satisfied:

my1q1Eq”
(mqEq+myx)?

s< . (10)

ms

r<lax +

ant g )

B+x

Proof: At FAPE, the J.M can be written as:

_ = myq,E? _ = ax
T em O ChX+ e
_ _ 1z
J1 = 0 S~ ima 0
Clazf _
0 0 B+x

So J; is an upper triangular matrix with three eigenvalues:

2 —
miq1Eq C102X

9z
(m1E1+m23?)2' 2 m3' 3 ﬁ"‘f

A =r—2ax -
The real part of A1;,A,and A5 is negative only if condition (10) is met, and saddle point
otherwise.

Theorem (5.3): The SAPE is LAS if below conditions holds:

~ msqzE,”
s <2by+ (m3Ez+myy)?
N
r< e . (11)
Coa2Y <d

1+yy2
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Proof: At SAPE, the J.M is written as follows:

r—a 0 0
mq
. . v msqzE,° . ~ ay
=1 05— G AL ) TR )
0 0 a2y
1+yy2

J» is an upper triangular matrix with three eigenvalues:

q
/11=T‘——1,
mq

- m3qEp° C202Y
=s—(2b —3z2 ===
Ay =s—(2by + (m3E2+m437)2)' 37 14yy2

The real part of A;,4,and A5 is negative only if condition (11) is satisfied, and saddle point
otherwise.

Theorem (5.4): The PDFPE is LAS if the following conditions are met:

2
r < 2a% + —2adifr

(m1Er+mp%)? |
— E,?2
s <2by 424272 __ 12
Y (Mm3Ez+m,y)? ( )
c1a1X 202y <

= = d
B+x 1+yy2

Proof: At PDFPE, the J.M is written as follow:

2
r— (203 + —2bE

_ = lel.??
(M By +m, )2 0 rhx+ 257
= _ = m3q2Ez” _ = a7
J3= 0 5= @by + = 55) (sf2¥ + 755
c1a1x a2y
" ° Gz * 1o ¢

The eigenvalues of  J; derived by its characteristic equation, can be written as follows:

— oy — (2aF 4 _Ma@E’ o (OpF 4 MaTER’

Ay =7 —(2ax+ (m1E1+m29?)2)' Ay =s—(2by+ (m3E2+m43=1)2)'
_ cra1X C202Y _

Ay = ( B+x  1+yy2 )

So, the real part of A,,A,and A5 is negative only if condition (12) is satisfied, and saddle point
otherwise.

Theorem (5.5): The SPFPE is LAS if below conditions holds:
cifai®(1-2n12)+c a1 %2 (1-n,2)? ”
Br(n2)n)? <2mZ+d
S ~ qz
X <a,Z+ — , (13)
r ~ BaZ(1-n,2) m1q,E >
1+f12 < Zax + ([)’+(1—n12)3?)2 (m1E1+m23?)2
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Proof: At SPFPE, the J.M is written as follow:

;. 0 dgs
Jo=|0 d 0],

Where

a1 = 1+f1 — (2a% + (/‘; iszln‘l’;‘;gz (mTEllqjil;)z)’
Gy = —(ol + Pt (ol o,
G2z = 1+f~_( 2Z+ )

~ _ ﬁclalf(l—nlf)
31 = Grampmz 0

d32 = Czazz,

~ _ clﬁalf(1—2n12)+cla1f2(1—n12)2 _ ~
dz3 = B0’ (2mz + d).

Then the characteristic equation is:
(Ayy — A) (A2 + tryA + dety) = 0,
where tr; = (14 + G33) <0, dety = @y1033 — (A1303,) > 0.
Hence, by trace-determinate stability criterion, SPFPE is LAS if condition (13) is satisfied,
which is saddle point otherwise.

Theorem (5.6): The FPFPE is LAS if the following conditions are met:
)

C2%2Y - oms 4 d
14+y92
r a12(1-n,2) q1
1+f2 B my . (14)
y372 <1
“22—)/“23722) m3qEx”
1+f2 < 2by + ( (1+yy2)? + (m3E;+my9)?/

Proof: At FPFPE, the J.M can be written as:

aqq 0 0
]5:[0 azz azsl,

where
A~ T a12(1-n42) g1
G11 = 1+f12 ( B m1)1
~A _ azzA—VazlA/ZZA) m3qzEy*
22 = 1+f (203 + ( (1+yy?)? (m3E2+m437)2)’




A

sz =

Then, the

_ Clalé(l—nlé)
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_ SV a3y
((1+f22)2 + 1+VJ72) <0

5 >0,

CRa22—YCra, 922

(1+yy?)?

=299 _ oms+d).

1+yp2 B

characteristic equation is:

(ﬁll - /1)(/12 + trzll + detzl‘{) = 0,

Where th = (azz + 633) < O ) detz = 622633 - (623&32) > 0

So, by tr
saddle po
Theorem

a; <0, i=1.23
yy*z <1

ace-determinate stability criterion, FPFPE is LAS if condition (14) holds, which is
int otherwise.
(5.7): The PPE is LAS if the following conditions are satisfied:

}, (15)

where aj; given in proof.
Proof: At PPE, the J.M is written as:

* *
a;; 0 ag;

* *
Je=|0 az axl|,
* * *
31 G3p dszs
where
a1z*(1-nqz%) mqq1E{?
a;1: *—Zax*—ﬁl *1*2_ 1(I11*2”
1+f1z (B+(1-nqz*)x*) (m1E{+myx*)
. rx*fi Baix*(1-2n1z")+a;x*2(1-n,z*)? 0
a13 - _( *\2 _ * *\2 ) < il
(1+11z%) (B+(1-n1z*")x*)
* *2 % 2
x s 2hv* — Q2Z —YA2y Z mzqzE;
a22 - * y %22 E 32!
1+f2z (1+yy*9) (Mm3Ez;+myuy™)
* Sy fo ay”*
a3 = — + <0
23 ((1+fzz*)2 1+yy*2) '
at. = Bciaiz*(1-nqz")
317 (B+(1-nyz)x)?’
. _ Qapzi-yaapy*iz
a3z = N
(1+yy*?)
cifayx*(1-2n.z)+c a1 x*2(1-n12%)?  cra,y*
a§3 — 1ﬂ 1 1 141 1 202y (Zmz* +d)

(B+(1—n1z°)x*)? 1+yy*?

Therefore, the characteristic equation is:
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AB+HA2+H;A+H; =0,
where

Hi = —(ai; + a3, + azz),

H; = aj,a3; + (az,a33 — az3a3;) + (a3;,a33 — aj3az;),

* TT* * * 2 * * * 2 * * * 2 * *
A= H{H; — H; = —aj;" (a3, + a33) — a3,"(ai; +az3) —azs”(az; +aj;)
—2a3,a3,a33 + a33a3,(a;, + azs) + ajzaz (aj; + azz) .

So, by Routh-Hurwitz criterion, PPE is LAS if condition (15) holds, which is saddle point

otherwise.

6. GLOBAL STABILITY ANALYSIS

The global asymptotically stability (GAS) of all the points in the equilibrium for model (1) is
studied in the following theorems by using the Lyapunov function to calculate the attractive
basin.
Theorem (6.1): Since TPE is LAS it becomes a GAS when:

r < qE
s < q,E, } ’ (16)

holds.
Proof: Assume that this positive value as a definite function:
Wo(8) = x(t) + y(t) + z(0).
Where W,(t):R3 - R is continuously differentiable with W,(0,0,0) =0 , and
Wy(x,y,2z) >0,V (x,y,z) # (0,0,0).

Also,
aw,  rx ,  a(1—-nyz)xz q1E x N sy - a,yz
dat 1+ fz ax B+(1—nz)x (ME;+myx) 14 foz Y TTr Yy?

q2Ezy cra(1 —nyz)xz Caryz

- + + —mz? —dz.
(M3, +mey) « f+(A—ma)x  1+yy2 0~

By doing more calculations, we get the following result:

aw,
d_to < —(q1E1 —1)x — (q2E; — s)y — dz.

As a result, W, is a Lyapunov function when we obtain % < 0 from condition (16), hence

TPE is GAS.
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Theorem (6.2): Assume FAPE is LAS, therefore it's GAS in the sub region R3 when:
q2Exy

(m3zEz+myy)
rfix +ax <d o, (17)
q1E;m;

(myE1+myx)(mqEq+m;X)

are satisfied.

<a

Proof: Suppose this positive value as a definite function:
W, (t) = (x — X — flng) +y+z

Where W;(t):R3 - R is continuously differentiable with W;(x,0,0)=0 , and
Wi(x,y,z) >0, V (x,y,z) # (x,0,0).

Also,
dw; x—x\dx dy dz
- (5S4 2
dt x /Jdt dt dt
By using model (1) and more calculations, we obtain:
WM g — a1E1m, — 7?2 — (—T2E2y
dt S (a (m1E1+m2x)(m1E1+m2f))(x x) ((m3E2+m4_y) S) y

_(d - (T flf + alf))z.
As a result, W, regarded as Lyapunov function when we get % < 0 from condition (17),

hence FAPE is GAS.

Theorem (6.3): Assume SAPE is LAS, so it's GAS in the sub region R3 under these conditions:
q1E1
(mqEq+m3x)

sHhy+ay<d;. (18)
q2E;my b
(Mm3Ez;+m,y)(m3zEx;+m,y)

Proof: Let this positive value as a definite function:

r<

= — ¥ — v
W,(t) =x+ (y y ylny) + z.
Where W,(t):R3 > R is continuously differentiable with W,(0,7,0) =0 , and
W,(x,y,z) >0,V(x,y,z) #(0,¥,0).

Also,
dw, _dx+(y—j’1)dy dz
dt  dt y Jdt dt

By using model (1) and more calculations, we get:
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aw. E E.-m
ZS_ q1Lq —r)x—(b— q2L2my _
dt (myE; + myx) (m3zE; + myy)(mzE; + myy)
—(d = (s /27 + a2))z.

Yy —¥)?

d:f < 0 from condition (18),

Therefore, W, regarded as Lyapunov function when obtained

hence SAPE is GAS.
Theorem (6.4): Assuming that PDFPE is LAS, the following conditions define the basin of
attraction for this point:

q1Eim; _ < a\
(myE1+myx)(mqE1+m;X)
q2E;my b L (19)

— <
(Mm3Ez;+m,y)(mzEx;+m,y) J

(r fi+ta(1- nlz))f +(sfh+a)y<d
Proof: Suppose this positive value as a definite function:
— = _ =X s _ =100
Ws(t) = (x - X — xln%) + (y -y- yln;) + z.
Such that W;5(t):R3 - R is continuously differentiable with W5(%,7,0) =0 , and

Ws(x,y,z) >0, V (x,y,2) # (x,5,0).
So,

dWs  [x—X dx+ y—y dy+dz
x Jdt y Jdt dt

Then, by using model (1) and more calculations, we obtained:

< (0 e Y (x =07 = (b~ ot ) (v — §)?

dt (mqE;+myx)(mqEy +myX) (M3Ez+myy)(mzEx+m,y)
—(d - ((r fit+a (11— nlz))f +(sfy+ az)f/)z.
Consequently, in the region that satisfied condition (19), W5 behaved as a Lyapunov function

with respect to PDFPE and 2 < 0, so PDFPE is GAS,

Theorem (6.5): Assuming that SPFPE is LAS, the following conditions define the basin of
attraction for this point:

a;(1-n,2)(1-n,2)Z q1E1m;
B+(1-n12)x)(B+(1-n12)X)  (M1E +myx)(mqE1+m,X)
_ T2E2 3 20
s < (maEy+may) + Czazz ( )

k2, <4mki,
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Where

a1(1-n.z)(1-n,2)Z _ q1Eim;
(B+(1-n12)x)(B+(1-n12)X)  (m1E;+myx)(mqEr+me%)’

k11=a—

k., = rf1 . a1(1-n12)(1-n12)((1-c1) f+X)
27 +1200+A2) (B+A-m2)0)B+(A-n D)%)

Proof: Suppose this positive value as a definite function:

w,(t) = (x - X - fln%) +y+ (z o Zlné)
Such that W,(¢t):R3 - R is continuously differentiable with W,(%,0,2) =0, and
Wy(x,y,2z) >0,V (x,y,z) # (%,0,2).
Also,
aw, (x_£>d—x+d—y+(z_z~)%.
dt dt dt

dt X z

By using model (1) and more calculations, % can be written as:

aw,
dt

< —lk;; (x=%)?2—ki,(x—%)(z—-2)+m(z—2)?] - (qZ—EZ + a7 — s) Y,

(m3zEz+myy)

and by condition (20), we obtained:
dW4< [,/k1 (x—x)+\/_(z—z)] (A+ czazi—s)y.

(m3Ez+myy)
As a result, in the region that satisfied condition (20), W, behaved as a Lyapunov function with

respect to SPFPE and &% < 0, hence SPFPE is GAS.

Theorem (6.6): Assuming that FPFPE is LAS, the following conditions define the basin of
attraction for this point:

yaZ(y+3) q2E;my b
A+yy?)(1+y92)  (MmzEz+muy)(MmzE,+myy)
r< q1E1 aai;(1-n12)2 4 (21)
(m1E1+myx) B+(1-n.2)x

G%, < 4mGy,

Where

Gii=bh— yaz2(y+y) q2Eam4
11 A+yy2)A+y92) (mzEx+muy)(mzEz+myd)’

sfa ay co02(1-yyP)

612:(1+fzz)(1+f22) 1+yy?) A+yy2)A+yy?)’
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Proof: Let the positive value as a definite function:
_ s _oin? 5 _ 512
Ws(t) = x+ (y -y - yln;) + (z -7 - zln;).
Where Ws(t):R3 - R is continuously differentiable with Ws (0, ,2) = 0, and
We(x,y,z) >0, V (x,y,2z) # (0,9,2).
Also,

dW5_dx+(y—37)dy+(z—2)dz
dt  dt y Jdt z Jdt

Then by using model (1) and more calculations, % can be written as:

dw.
— < 61 (= 9)* = G2y = Dz = 2) + m(z ~ 2)°]
_ q1E1 ca (1 —nyz)2 I
(mE; +myx) B+ (1 —ny2)x

and by condition (21), we obtained:
< —[Gn =N+ Vmiz-2)] - (omE Sy

(mE1+myx) B+(1-n12)x

Consequently, in the region that satisfied condition (21), W5 behaved as a Lyapunov function
with respect to FPFPE and 25 < 0, hence FPFPE is GAS.

Theorem (6.7): Assuming that PPE is LAS, the following conditions define the basin of

attraction for this point:
V11 >0
Uy, >0

22
2V11V33 = "7123 (22)

2
205,033 = V53
Where

S a1(1-n,2)(1-n42%)z" _ q1Eym,
1 (B+(1-ny2)%) (B+(1-112%)x*)  (MyEy +max)(my By +myx*)’

Voo = h — YRZ YD) q2E;my
22 (1+Vy2)(1+)/y*2) (M3Ez+myy)(mzEz+myy*)
Van = M., Vsa = Tfi _ a1(1-112)(1-n32")((1-c)B+x")
37T BT itz (BrA-n2)x)(B+(A-nizOx)
5f2 az  cax(1-yyy")

V23 = it fz) + (1+yy?)  (+yy2)(1+yy*2)
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Proof: Suppose this positive value as a definite function:
We(t) = (x —x" - x*lnxi) + (y —y* - y*ln%) + (z A z*lni).
Where Wg(t):R3 - R is continuously differentiable with Wy(x*,v*z*) =0 , and
We(x,y,z) >0, V (x,y,2) # (x*,y",2%).
Also,

aws (x — x*) dx (y — y*) dy 4 (z - z*) dz
x Jdt dt z Jdt

y

So, using model (1) and more calculations,

dt

aw, .
dtﬁ can be written as:

aw, v
d_t6 < — [vll(x —x )2 +v(x—x)(z—-z")+ % (z — Z*)Z]
v
- [1722(3’ — ¥ )2 4 v(y—y)(z—2z) +§(Z - Z*)Z]-
and by condition (22), we getting:
2

o o 0=+ 2| ~ [ o+ [Ea-a].

dt
Therefore, in the region that satisfied condition (22), W, behaved as a Lyapunov function with

respect to PPE and % < 0, hence PPE is GAS.

7. NUMERICAL SIMULATION

In this section, we used numerical simulations to verify our findings and improve our
knowledge of how changing parameter values impact the dynamics of the system. We started
this numerical simulation with a variety of initial conditions and then proceeded to use
hypothetical parameters. MATLAB R2009b was utilized to show the trajectories were generated.

r=09, f,=005 a=004 a =04, B=0.,

n; =01, g =0.2 E; =03, m; =04, m, =0.5,

s=09, f,=0.001, b=0.05 a,=02, y=0.01, (23)
q; =02, E;, =0.1, m; =02, my,=0.3,

c; =0.25, ¢, =015, d=0.01, m = 0.06.

The solution of model (1) wunder set (23) converges asymptotically to
Pg = (16.396, 9.933,3.905) from various initial conditions as shown in Fig. 1.
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(b)

(a)
20 N T 1 .
started at 2.3
sl ] 16 started at4.3 ||
| started at 10.3 |
1641 ! 14
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14 started at 1.5 ‘ 212
Zn started at 8.5 || :
v ‘ =
z =10
£ 10 | E]
= g
£ s ‘e
|
6 | 6
4 |
4
2
2 i . .
0 L : . : 5 5
0 05 1 15 2 ¢ . 'r'l ! f
ime x 10
(¢)
5
45 4 <. F
4l |
3.
3.5/ started at 1.0 || N —— First prey (x)
_ started at 0.5 3 2 Second Prey (y)
g 3 started at 3.5 | | T ~——— Predator (z)
k o
® 25 1
3 |
£ 2
0.
15 20 -
e 20
1 10 < 13
< - 10
05 s 5
5 . ) ; Second Prey 00 First Prey
05 1 L5 2
Time x10*

Figure 1. Asymptotically globally stable to PPE
with data (23) and numerous initial conditions. (a) First prey trajectories. (b) Second prey

trajectories. (c¢) Predator trajectories. (d) 3D-phase sketch of the model (1).

Obviously, Fig. 1 confirms the theoretical results, showing that the PPE is GAS.

However, the trajectory of model (1) approaches asymptotically to TPE P, = (0,0,0), as
illustrated in Fig. 2, as in set (23) withr = 0.1,s = 0.1.

(a) (b)
9 12
started at 5.5 started at 2.3
8 started at 1.5 started at 4.3
started at 8.5 10 started at 10.3
. T— Sl — o e
6 ~ 8
z z
5 z
£ S
£ 4 E
ke Z
3r C 4
2k
2
1-
0 o —
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

Time Time
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(©)

25

Predator (z)
~

started at 1.0
started at 0.5 ||
started at 3.5

(d)

4

3~ | ——First Prey (x)
5 Second Prey (v)
82 Predator (z)
£

10

0 0

Second Prey First Prey

Figure 2. Asymptotically globally stable to TPE with data (23) and numerous initial conditions.

(a) First prey trajectories. (b) Second prey trajectories. (c) Predator trajectories. (d) 3D-phase

sketch of the model (1).

Additionally, numerical simulations have shown that when the parameters s = 0.1 and d = 0.3

are changed for the data (23), the model (1) trajectory approaches the global stable FAPE P; =
(22.367,0,0) , which can be seen in Fig. 3.

() ib)
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000 3000 gL 5000 1 2 i 4 5
Time Time <10
(x) (d)
4 .
starded at 1.0
starded at 0.5 |
starded at 3.5 4
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2 < 2| ——First Prey (x)
= z
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Y 1 Predator (z)
P
0. !
15 ¥ i
1 ) 30
i 20
0 - 3 10
0 1000 2000 = 3000 4000 5000 Second Prey 00 First Prey
.

Figure 3. Asymptotically globally stable to FAPE with data (23) and numerous initial conditions.

(a) First prey trajectories. (b) Second prey trajectories. (c) Predator trajectories.

sketch of the model (1).

(d) 3D-phase
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Furthermore, Fig. 4 illustrates the changing values » = 0.1 and d = 0.2 with data (23)
indicating that every trajectory for model (1) approaches asymptotically to global stable SAPE
P, = (0,17.925,0).

(=) (b)

[—tarteaar 5.5 |
——starded at 1.5 |1
starded at 3.5

starded at 2.3
starded at 4.3
starded at 10.3 |1

First Prey (x)
Second Prey (y)

L‘P 100 2000 3000 4000 5000 0 1000 Z(kl() 3000 4000 5000
Time Time

(©) (@)

35 .
= starded at 1.0
; starded at 0.5 ||
3 —— starded at 3.5 4=
25
34
= H
s 2 3 24 = First Prey (x)
é H Second Prey (v)
2. M ; P, Predator (z)
I 0. Y]
20 -
05 1 =y ol T
10 - 6
S 4
0 7 C
0 1 2 3 4 5 Second Prey v e First Prey

Time x10'

Figure 4. Asymptotically globally stable to SAPE with data (23) and numerous initial conditions.
(a) First prey trajectories. (b) Second prey trajectories. (c) Predator trajectories.  (d) 3D-phase
sketch of the model (1).

The trajectory for model (1) approaches asymptotically to global stable PDFPE P; =
(22.367,17.925,0), as described in Fig. 5, while data (23) with d= 0.3 is used.

(=) (b)
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starded at 10.3 ||

= starded at 5.5
starded at 1.5
—— starded at 8.5

Second Prey (y)

o 1000 2000 3000 4000 5000 0 1000 2(}‘00 3(}.00 4000 5000
Time Time
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(d)
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0 1 2 3 4 5 : ’

M
Time x 10

Figure 5. Asymptotically globally stable to PDFPE with data (23) and numerous initial
conditions. (a) First prey trajectories. (b) Second prey trajectories. (c) Predator trajectories.
(d) 3D-phase sketch of the model (1).

Instead, if data (23) with s = 0.1, then each for model (1) trajectory approaches asymptotically
to global stable SPFPE P, = ( 20.145,0, 1.443 ), as dispelled in Fig. 6.

(a) (b)
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é‘ 2 1 1 Predator (z)
<P
‘
1.5+ 3 0.
15 : i
1 | 0 o 30
e ) 20
& g >
05 . . L 3 10
0 1 2 3 4 5 Second Prey 00

Figure 6. Asymptotically globally stable to SPFPE with data (23) and numerous initial
conditions. (a) First prey trajectories. (b) Second prey trajectories. (c) Predator trajectories.  (d)
3D-phase sketch of the model (1).

Moreover, when the data (23) is considered with r = 0.1 the trajectory approaches

asymptotically to global stable FPFPE P; = ( 0,15.348,2.120), as seen in Fig. 7.
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Figure 7. Asymptotically globally stable to FPFPE with data (23) and numerous initial

conditions. (a) First prey trajectories. (b) Second prey trajectories. (c) Predator trajectories.  (d)
3D-phase sketch of the model (1).

Currently, we have observed the following results to study how changing just one parameter at a
time affects the dynamic behaviour of model (1).

For the parameters value given in data (23) and the range of @, beginning at @, > 0.9, as seen
in Fig. 8, model (1) goes asymptotically at Ps = (0, ¥, 2), which is FPFPE.

(a) (b)
20 T T T T 16 - r + =
I\ [ =
= First Prey 12 Predator
4 K Second Prey | | w
212 Predator 2 10
é 10 —§ 8
E $ 5 6
6
4
4
z[ 1 2 [~
% 1 2 3 4 5 % 1 2 3 7 5
Time < 10° Time x10'
Figure 8. The solution to model (1) in data (23) over time, with different a, values. ()

Globally asymptotically stable PPE for «; = 0.4. (b) Globally asymptotically stable FPFPE for
al == 0.9
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Further, the trajectory of the model (1) converges asymptotically to the SPFPE P, = (X, 0, %)
for the parameter value given in data (23) with variable «, at range a, = 0.4, as indicated in
Fig 9.

(@) (b)
20 . v = ; 25 : =

1 2

= First Prey s First Prey
4 = Second Prey || Second Prey
12 Predator | zZ15 = Predator
10

5

f &
0 L . .

0 1 2 3 4 5 0 1 2 3 4 5
Time x10* Time x10'

Figure 9. The solution to model (1) in data (23) over time, with different «, values.

(@) Globally asymptotically stable PPE for a, = 0.2. (b) Globally asymptotically stable
SPFPE fora, = 0.4 .

Populations

Even so, model (1) approaches asymptotically to FPFPE P; = (0, y,2), as shown in Fig. 10, if

the first prey changed the m, < 0.01 and all the other parameters remained the same from the

data (23).
a
8 \ 14 —— FirstPrey |4
16 Second Prey
| = First Prey 12 ~—— Predator
14 3 |====Tredutor |

Second Prey
12 | = Predator
10

I ]

0 1 2 3 4 5 0 1 2 3 4 5
L x10' Time x10'

Figure 10. The solution to model (1) in data (23) over time, with different m., values. @)

Globally asymptotically stable PPE for m, = 0.5. (b) Globally asymptotically stable FPFPE for
m, = 0.01.

Populations

The last part of the model (1) shows how the second prey changes in the range m, < 0.02,
leading to the SPFPE P, = (X, 0, Z), which can be seen in Fig. 11.
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(a) (b)
20 . . 25 -
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R 2

0 1 2 3 4 5 0 1 2 3 4 s
Timie 10! e x10'

Figure 11. The solution to model (1) in data (23) over time, with different m, values.
(@) Globally asymptotically stable PPE for m, = 0.3. (b) Globally asymptotically stable
SPFPE for m, = 0.02.

8. CONCLUSION AND DISCUSSION
In this work, we developed and analyzed an ecological model that characterized the prey and
predator, with fear and refuge dependent on predator and nonlinear harvesting in the prey. Three
nonlinear autonomous ordinary differential equations built into the model describe the dynamics
of three distinct species, namely the first prey (x), second prey (y), and predator (z). The
Boundedness of model (1) was discussed. For every possible point of equilibrium, the existence
condition was defined. Local and global stability investigations were done for these points.
Lastly, numerical simulation is employed to estimate the control group of parameters that impact
the model dynamics and validate the analytical results that were achieved.
Therefore, by numerically solving model (1) for various sets of initial points and parameters, we
have reached the following conclusions; this process started with a hypothetical set of data (23):
1. Model (1) does not have a periodic dynamic; rather, its solution approaches one of the
equilibrium points in asymptotic form.
2. Increasing the a; > 0.9 destabilizes the PPE, and the model (1) approaches to FPFPE
asymptotically.
3. Increasing the a, > 0.4 destabilizes the PPE, and the model (1) approaches to SPFPE
asymptotically.
4. Decreasing the m, < 0.01 destabilizes the PPE, and the model (1) approaches to
FPFPE asymptotically.
5. Decreasing the m, < 0.02 destabilizes the PPE, and the model (1) approaches to SPFPE
asymptotically.
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6. Biased on the earlier explanation, it is clear that model (1) is highly responsive to

variations in specific parameters. Consequently it is extremely controllable.
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