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Abstract. The worldwide measles crisis has escalated into a significant public health issue due to its lethal nature,
generating widespread anxiety. Our study presents a dynamic mathematical model constructed using comprehen-
sive mortality data from the World Health Organization and actual data on measles outbreak propagation. By
utilizing the Routh-Hurwitz criteria and formulating Lyapunov functions, we demonstrated both local and global
stability for scenarios with and without the presence of the disease. Furthermore, we conducted a sensitivity anal-
ysis on the model’s parameters to assess their impact on the basic reproduction number, Ry. Our theoretical results
were substantiated through numerical simulations performed with MATLAB.
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1. INTRODUCTION

Measles is an exceptionally contagious and serious disease triggered by the measles virus.
It spreads through sneezing, coughing, and close contact with an infected person or their se-
cretions. Symptoms typically appear 10 — 12 days after exposure. Routine vaccination is the
primary method for preventing measles in children. Historically, measles was one of the deadli-
est diseases globally. Before widespread vaccination began in 1963, the US reported about 500
deaths annually [1]. During 1989 — 1991, over 55,000 cases were reported. The introduction
of the measles vaccine in 1989 significantly reduced the incidence of the disease, with some
countries reporting fewer than 200 cases annually by 1997 [2]. However, the World Health Or-
ganization reported a significant increase in measles cases in 2012, particularly in developing
countries with low vaccination rates, leading to 122,000 deaths worldwide [3-8].

To effectively combat measles, it is crucial to model its transmission dynamics and study the
impact of vaccination and quarantine measures. Mathematical modeling has become a valuable
tool in understanding the spread of infectious diseases and developing strategies to control them
[9-12]. Various studies have used these models to analyze the spread of the measles virus,
evaluate the effectiveness of vaccines, and propose measures to curb its transmission. One study
found that voluntary vaccination alone would not achieve optimal group immunity [13]. Recent
developments in mathematical models have focused on the dynamics of disease transmission in
different regions, providing insights into better prevention strategies [14—19].

Despite significant advancements, there remain substantial gaps in research regarding the in-
tegration of vaccination strategies with other public health measures. For instance, most models
focus primarily on vaccination without considering the full potential of combining quarantine
measures and public awareness campaigns. Moreover, the role of socio-economic factors and
varying healthcare infrastructure in different regions has not been adequately explored [22,23].
Addressing these gaps is essential for developing a comprehensive approach that can be effec-
tively tailored to different demographic and regional contexts.

Given the importance of preventing measles outbreaks, multiple policies should be adopted,
including widespread vaccination, quarantine for exposed individuals, and seeking medical at-

tention at the onset of symptoms. It is also critical to develop public health education programs
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that enhance community awareness and engagement in vaccination drives. Recent studies have
emphasized the need for robust health communication strategies to improve vaccine uptake and
adherence to quarantine protocols during outbreaks [22,24].

This article proposes a comprehensive mathematical model to assess the effectiveness of
these measures in controlling measles. The model includes five components: susceptible, ex-
posed, infected with severe complications, infected with mild complications, and recovered. By
integrating vaccination coverage data with quarantine effectiveness and public health education
impact, the model aims to provide a holistic view of measles control. The goal is to determine
the optimal vaccination coverage to prevent the spread of measles effectively and to identify the
most impactful strategies for public health interventions [25,26]. The potential implications of
this research are far-reaching. By developing a more comprehensive understanding of measles
transmission dynamics and control measures, policymakers and public health officials can make
more informed decisions that enhance the effectiveness of measles prevention and control pro-
grams. The model can also be adapted to study other infectious diseases, thereby broadening
its applicability and utility. Additionally, the insights gained from this research can inform the
development of integrated public health strategies that combine vaccination, quarantine, and
education in a synergistic manner, ultimately leading to more sustainable and impactful health

outcomes [27-29].

2. MODEL FORMULATION

We present a continuous SEIgIl; HR model to describe the interactions within a population
where measles is present. The population is divided into six compartments: Susceptible (),
Exposed (E), Infected with high complications (/y), Infected with low complications (I7.),
Hospitalized (H) and Recovered (R). The total population at time ¢ is represented by N =
S+FE + 1y + 1+ H+ R. The proposed model is graphically depicted in Figure (1).
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FIGURE 1. Model description.

We conduct an analysis of a system made up of five non-linear differential equations:

2.1)

( dS(t) E(1)S(1)

“dr =A-B —miS(),
df,f) _ ﬁE(tl)\/S(t) A mEW.
dIZt(t) =APE(t) —(ni+n +u3+0)Ix(t) +nalp(t,)
dlfh(t) =A(1—=p)E(t) — (n2+ Yo+ Ma)IL(t) + 11l (1),
dfﬁ” =YIu(t) +lL(t)n — (e +us)H (1),

\ dl:zy) = eH (1) — HeR(7)

Taking into account the initial conditions provided

(2.2)

S(0)>0, E(0)>0, Iy(0) >0, [,(0) >0, H(0) >0 and R(0)>0

Table (1) contains further details about the parameters of our model.

Parameter Description
A Indicates the rate of new births in the sensitive human population.
B Indicates the transmission coefficient from susceptible individuals to exposed cases.
A Represents the transmission rate from exposed cases to cases presenting mild symptoms
or cases presenting severe symptoms.
0 Represents the mortality rate due to the disease.
nl Represents the transmission rate from mildly infected individuals to severely infected individuals.
n2 Represents the transmission rate from severely infected individuals to mildly infected individuals.
nety Represent the transmission coefficients from infected individuals with mild symptoms
and severe symptoms to hospitalized cases.
€ Specifies the transmission coefficient for the shift from hospitalized cases to recovered cases.
u Indicates the natural mortality rate in all compartments.

TABLE 1. Description of the parameters of the measles model .
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2.1. Model Basic Properties.

2.1.1. Invariant Region.

Lemma 1. The valid region Q specified by:
A
Q= {(S,E,IH,IL,H,R) ERS:O<SS+HE+Iy+IL+H+R< ﬁ} .

Given the conditions E(0) >0, S(0) >0, Iy(0) >0, 1.(0) >0, H(0) >0 and R(0) >0

Proof. by définition

2.3) N=S+E-+Iy+I;+H+R,
hence
dN
24 — =A—UuN-0]
( ) dt Hu H,
dN
(2.5) E:A—[,LN—GIHSA—,UN.

Implies that

dN
2.6 — < A—LuN.
(2.6) S u
It follows that
—ut A —ut
2.7 N(i)<e ”N(O)—l—ﬁ(l—e Hh.

Considering that N(0) denotes the initial total population, thus,

. A
(2.8) tgrfwsupN(t) < m

This implies that the region  serves as a non-negativity invariant set for the system (2.1).
A

2.9 N(r) < =.
(2.9) (1=

2.1.2. Non-negativity of solutions.
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Theorem 2. If the initial values are such that E(0) > 0, S(0) > 0, I5(0) > 0, I.(0) > 0,

H(0) > 0, and R(0) > 0 and given the initial time t > 0, then the solutions of the system will

remain positive for all t > 0. This ensures that the model maintains non-negative values for all

compartments over time, preserving the physical meaning of the quantities involved.

Proof. The initial equation of system (2.1) suggests that

(2.10) di—(tt) =A—A(1)S().

Where A(tr) = ﬁ%%—ul.

we apply a multiplication to equation (2.10) by exp ( féA(s)ds), we find

(2.11)  exp </0[A(s)ds) -df,—(tt) +exp </O[A(s)ds) A(1).8(1) = exp </0[A(s)ds) A.

Implies that

2.12) % (S(t).exp ( /0 tA(s)ds)) — Aexp ( /0 lA(s)ds) |

Integrating with respect to s from O to ¢, we obtain

2.13) S(t).exp ( /0 tA(s)ds) —A / exp ( /O wA(s)ds) do+S(0).
0

By multiplying equation (2.13) by exp (— fot A(s)ds) , we obtain:
(2.14)

st~ e (~ ["at0as) [esp ([ a0a5)awsxo - [ a1) 50020
0

Thus, the solution S(¢) retains its positivity.

In a similar manner, from the remaining equations of system (2.1), we determine that E(¢) > 0,

Ig(t) >0,1(t) > 0,H(t) > 0, and R(r) > 0.

The initial four equations in system (2.1) do not depend on the variables H and R. As a result,

the behavior of the system of equations (2.1) is analogous to the behavior of the following

system of equations:
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( dfl—(,t) - p2OEO s,
(2.15) ijgt) =h S(t)]f(t) — (A +m)E({),
Z,(t) =APE(t) — (m+%+ U3+ 0)Iu(t) +mlL(t),
\ dlfh(l) = (L=p)AE(t) = (nma+ v+ pa)IL(t) +milu(t).

2.2. The Equilibrium Points. System (2.15) encompasses the following two equilibrium
points, which are critical for understanding the behavior of the system under different con-
ditions. These equilibrium points help to analyze the stability and dynamics of the system,

providing insight into its long-term behavior and potential steady states.

2.2.1. Disease-free equilibrium point. The measles disease-free equilibrium qu(ﬁ,0,0, 0)

is achieved in the absence of virus (I, = Iy = E = 0).

2.2.2. Endemic equilibrium point. The measles disease present equilibrium E}, (S*, E*, Ii7, I})

is archieved when the deasese exists (E # 0,1 #0 and I} #0).

where
(2.16) S*z%(/lﬂtz),
2.17) L N
B
o Ap+mA(l—p)) N
(2.18) Ii(1) = 5 (10— mima) (Ro—1),
and

. A (n1p + oA (1 — N
(2.19) IL(t) = ("ﬁ(a?;(_mﬁffm (Ro=1).

With
(220) o =m+n+u+06
O =m+%Y+HUs
A
(2.21) Ry B

N WN(A 4 p2)
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The basic reproduction number, denoted as Ry, measures the average number of new infec-

tions produced by one infected individual in a population where all members are susceptible.

2.3. Analysis of Model Parameter Stability and Sensitivity. In this segment of our research,
we delve into examining the system’s stability at its equilibrium states, addressing both condi-

tions: when the disease is present and when it is absent.

2.3.1. analysis of local stability. We explore the local stability characteristics at the equi-
librium points qu and E;,. This detailed analysis involves studying the system’s behavior
near these equilibrium points to determine whether small disturbances will diminish over time,
returning the system to equilibrium, or whether they will amplify, leading to instability. Un-
derstanding these stability properties is essential for predicting the system’s response to minor

perturbations and ensuring the robustness of the equilibrium states.

2.3.1.1. Point of equilibrium without disease.

Theorem 3. The measles disease-free equilibrium qu(%, 0,0,0) of the system (2.15) is asymp-

totically stable if Ry < 1 and instable if Ry > 1.

Proof. The Jacobian matrix at qu is given by:

—BA
—u HLN 0 0
0 BA_(a+ 0 0
2220 J(ED,) = a — (A 4)
0 Ap —(m+n+u+0) ny
0 A(l1-p) ni —(m+p+u)

The characteristic equation for this matrix can be written as det (J (qu) — §I4) =0, with I4

being a 4x4 identity matrix.
(2.23) det (J (Ep,) —&l3) =0,

(2.24)

—(u+€)Kﬁ—]/\\,—l—u—é)((m+71+u+9+€>(nz+yz+u+§)—mnz> 0

Thus, the eigenvalues derived from the characteristic equation of matrix J (qu) are as follows:
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p

&1 =—u,
' é — —(k1+ka)—+/ (k1 *k2)2+4n1n2
3 5 ,
| &= —(kitko)+ (51 *k2)2+4n1n2_
Where
(2.26) Ki=mtntpto.

ky=ny+p+Uu.
Hence, if condition Ry < 1 is met, it follows that all the eigenvalues of the characteristic equa-
tion J (EJ,) are negative real numbers.
Therefore, it can be deduced that the system (2.15) at the disease-free equilibrium point E Sq(ﬁ, 0,0,0)
is asymptotically stable under condition Ry < 1, but becomes unstable when condition Ry > 1

is present. O

2.3.1.2. Equilibrium point in the presence of disease.

Theorem 4. Equilibrium points with disease E,, (S*,E*, I}, I}) of system (2.15) is asymptoti-

cally stable if Ry > 1 and is unstable if Ry < 1.

Proof. The Jacobian matrix at E;, is given by:

—MRy —(A+p) 0 O

Ry—1 0 0 0

2.27) sE) =" (Ro=1)
0 lp -k no
0 A(l-p) m —k

It is observed that the characteristic equation @ (&) is associated with matrix J (qu).

(2.28) 0(8) =E* +ar1E + m€? + a3é +aa.
where,

a; = URo+ky + ks,
a» = WRo (k1 +kp) +kiko —ning —pu (A + ) (Ro— 1),

(2.29)
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az = URy (klkz—nll’Zz) —,LL()L —l—,u) (R()— 1)(k1 —I—kz),
as = —(klkz—mnz),u(l —I—[.L) (R()— 1).

Based on the Routh-Hurwitz criterion [30], system (2.15) achieves local asymptotic stability
under the condition specified by a; > 0, ay > 0, a3 > 0, ag > 0 and (a1ap — az) a3 > ai’as.
Therefore, for system (2.15), the current equilibrium point E;, (S*, E*,I;7, I} ) is considered lo-

cally asymptotically stable when condition Ry > 1 is satisfied. 0
2.3.2. Global Stability.

2.3.2.1. Overall stability in the absence of disease. To establish the global asymptotic stability
of system (2.13), we utilize Lyapunov function theory for both the measles disease-free equi-
librium and the measles endemic equilibrium. We begin by demonstrating the global stability
of the measles disease-free equilibrium, referred to as qu. This involves constructing a suitable
Lyapunov function and proving that it satisfies the necessary conditions to ensure stability for

the disease-free state.

Theorem S. The MEASLES disease-free equilibrium qu is globally asymptotically stable if

condition Ry < 1 is met, and it is unstable under any other circumstances.

Proof. Let’s consider the following Lyapunov function for our analysis:

V:I'—=R

V(S,E,Iy,I)=E
where I' = {(S,E,Iy,I.) € '/S = 0,E > 0,1y - 0,1, > 0} then the derivative of the Lyapunov
function is given by :
dv _dE BA

ey O sl E
o~ ar gy (@t R)E,

dv
e (@+ ) (Ro—1)E.

So0,47 < 0if Ry < 1also 4/ = 0if and only if E = 0 then, EJ, is globally asymtitically. O

2.3.2.2. Global stability in the presence of disease. The conclusive outcome regarding the

global stability of E;, in this section can be summarized as follows:
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Theorem 6. The equilibrium point with disease E;"q of system (2.15) is globally asymptotically

stable if the basic reproduction number Ry is greater than 1.

Proof. We examine the following Lyapunov function:

V:I =R
E S
V(E,S)=E—E*In( — | +S—5"In( =

where I' = {(S,E,Iy,IL) €T'/S = 0,E > 0} then the derivative of the Lyapunov function is

(2.30)

given by:
2.31 —_— = (-t - (E—-EN)(S-S —(S—-S")(E—-E
231) D (RS (- E)(S -8+ = (S-S E-EY),
then
dV(S,E)  A(S—5%)*
2.32 =— <
(2.32) dt SS* =0,
furthermore, we obtain
dv(P,M
(2.33) %:0 & §S=5%

Hence, using LaSalle’s invariance principle [21], it follows that the equilibrium point £, for

measles is globally asymptotically stable within the region I'. 0

2.3.3. Sensitivity Analysis of Ry. Sensitivity analysis is widely applied to evaluate a model’s
resilience against variations in its parameters. This process is instrumental in pinpointing which
parameters exert a substantial effect on the basic reproduction number, Ry, given that data col-
lection and parameter assumptions are frequently prone to errors.

Employing the methodology outlined by Chitnis et al [20], we compute the normalized for-
ward sensitivity indices for Ry. Let

6R0 n
2.34 YR — 70, 1
(2.34) " on Ro

Indicating the sensitivity index of Ry in relation to the parameter n, we obtain

AP
235 Ry— —2P
(239 O uN(A+p)

(2.36) r’go =1,
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U

(2.37) TR = Tan 1,
A
(2.38) TP = T
The sensitivity values are as follows:
T 1
Ty -0.25
1) -1.7

From the above, it’s clear that the basic reproduction number, Ry, is highly responsive to
variations in 3. Specifically, a rise in 8 directly elevates R\ by the same ratio, whereas a decline
in B reduces Ry proportionally. Conversely, it and A are inversely related to R, meaning that

an increase in either will result in a reduction of Ry.

3. SIMULATION

In this section, we present several numerical solutions for Model (Figure 1) using the follow-
ing initial values S+ E + Iy + I + H + R = 305000.
The parameter values (Table 2) have been chosen based on hypothetical scenarios due to the
lack of available real-world data. This approach allows us to construct and analyze the model
effectively in the absence of empirical data, ensuring that our theoretical framework can still
provide valuable insights. By using hypothetical data, we can explore a range of possible out-
comes and dynamics within the model, which can later be validated against real data once it
becomes available. This method also helps in identifying potential limitations and areas for

further research.

Parameters Values

(A1, B €, 71, Pount o, p)  (800,0.002,0.4,0.6,0.28,0.28,0.2,0.4,0.72)
TABLE 2. Parameters for the model.

3.1. Disease-free equilibrium. In our study, we applied and presented several numerical sim-
ulations for the system defined in equations (2.1), demonstrating our results with specific pa-

rameter estimates and varying initial conditions for each state variable. Our simulations indicate
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that the disease-free equilibrium (measles) has an Ry value of 0.050, which is less than 1. Ac-

cording to theorem (3), this suggests that the measles disease-free equilibrium Ej of system (2.1)

is globally asymptotically stable within the defined domain €2, as depicted in figures (2,3,...,7).
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Based on this information, we derived the following observations:

Comments:

(1) The number of susceptible individuals increases steadily over time and eventually ap-
proaches the population value of Sy = 2.00e 4 04 (refer to Figure 7 for more details).

(2) The number of exposed individuals declines gradually and converges towards zero (as
shown in Figure 2 ).

(3) The count of individuals infected with severe symptoms, as well as those who are virus
carriers, tends towards zero (see Figure 4 for a visual representation).

(4) The number of individuals infected with mild symptoms and virus carriers similarly
approaches zero (refer to Figure 5 for this trend).

(5) The number of hospitalized cases is on a downward trajectory and is nearing zero (see
Figure 3 for further details).

(6) The count of recovered cases also decreases over time and approaches zero (as illus-

trated in Figure 6).

Consequently, when the basic reproduction number Ry < 1, model (Figure 1) exhibits global

asymptotic stability.

3.2. Point of equilibrium with disease: Moreover, considering the parameters and varying
initial values for each state variable, we observe an equilibrium point with measles E,, and
Ro = 2.1858 > 1. This indicates that system (2.1) is globally asymptotically stable within the
domain Q (see figures (8,9,...,13)).
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(1) The number of susceptible individuals initially increases, followed by a slight decrease,

eventually approaching the value S* = 1.2e 4 04 (refer to Figure 13 for a detailed visu-

alization).

(2) The count of exposed cases rises over time and eventually stabilizes at E* = 6000 (see

Figure 8 for more information).

(3) The number of individuals with severe symptoms and virus carriers experiences a slight

decrease, approaching a value of I;; = 2.7¢ + 04 (refer to Figure 12).

(4) The count of individuals infected with mild symptoms and virus carriers also decreases

gradually, moving towards I; = 1.6e + 04 (see Figure 10 for further details).

(5) The number of hospitalized cases shows a declining trend and moves towards conver-

gence (this pattern is illustrated in Figure 9).
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(6) The count of individuals who have recovered from the illness shows a downward trend
and eventually stabilizes at approximately R* = 4300. This pattern of recovery rate is
clearly depicted in Figure 11, indicating that the system reaches a steady state for the

number of recovered cases over time.

- Thus, the trajectories of the solution curves trend towards the equilibrium point
E;"q(S*, E*,I*,0*,R*) when R > 1. Therefore, this indicates that model (2.1) is globally asymp-
totically stable, meaning that over time, the system will settle into a stable state where the

disease persists in the population at a constant level.

4. CONCLUSION

In our article, we’ve constructed a continuous mathematical model to capture the dynamics of

measles infections. We’ve identified the basic reproduction number Ry as ik essential

BA
N A+
for grasping the outbreak’s mechanics. Additionally, we carried out a sensitivity analysis on the
parameters significantly affecting Ry. By applying stability analysis to nonlinear systems, we
scrutinized the measles mathematical model, investigating its local and global stability phases.
We elucidated that the disease-free equilibrium point, qu, achieves local stability when Ry is
greater than 1. In contrast, when R is less than or equal to 1, the disease present equilibrium
points, E;,, are locally asymptotically stable. We’ve established the global asymptotic stability
of E,?q and E;, under their respective Ry conditions using Lyapunov functions, enhancing our

understanding of disease control and prevention dynamics.
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