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Abstract: The dynamics of food chains and ecosystems depend heavily on fear and anti-predator activity. grasping
how prey-predator interactions affect not just individual species but also the larger community structure and ecosystem
functioning requires a grasp of these fundamental ideas. Therefore, a novel food chain model made up of the Lotka-
Volterra interaction and a modified Leslie-Gower model has been presented for investigation in the presence of fear
and anti-predator notions. The model's local dynamics were examined. Requirements for persistence were identified.
The global dynamics were examined using the Lyapunov function. Investigations of local bifurcations had been
conducted. Lastly, to validate the results and comprehend the impact of fear and anti-predators, a numerical simulation
was employed.
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1. INTRODUCTION
One of the main goals of ecology and mathematical biology is to comprehend the dynamic
relationship between prey and predator. A key element in the prey-predator relationship is the

predator's consumption rate, frequently characterized by functional response [1-3]. Of the four
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basic interactions (prey-predator, competition, interference, and mutualism), the prey-predator
interaction is the most common and well-known for generating oscillatory dynamics [4]. Food
chains are the fundamental components that organize the networks of interactions in natural
ecosystems. Food chains have a tremendously rich dynamic, according to long-standing modeling
work on the subject [5-7]. First, a simple model of interacting species was independently
developed by Lotka and Volterra and is now known by their joint names [8-9]. They showed that
prey-predator systems oscillate indefinitely for any initial condition if the prey growth rate is
constant and the predator functional response is linear. However, relationships in the actual world
are complex and call for more subtle strategies. The Allee effect [10-12], harvesting [13-15],
collective defense [16-18], the terror effect [19-21], prey refuge [22-24], and so on are examples
of such complications. Researchers have intensively investigated the food chain systems, including
some factors, focusing on persistence and permanence, stability analysis, periodic solutions, and

global dynamics. See [25-27] and the references therein.

To make the standard Lotka-Volterra system more realistic, Holling suggested three different kinds
of functional responses for different species to mimic predatory behavior, based on a review of
several recent findings [4]. In autonomous predator-prey systems with these functional responses,
the existence and asymptotic stability of equilibrium points and limit cycles are comparatively
typical biological phenomena. Over the past few decades, three types of food chain research and
their uses have expanded and evolved. This in turn brought to light a variety of biological problems
that could be observed in interactions between species. Since these systems explain a larger
number of potential scenarios in reality, they are thought to be more realistic and thorough than
binary systems. The functional responses among the populations of the three species are used in
almost all of the food chain models examined in the ecological literature. But in this case, a
different functional reaction might be more suitable. In [28], the authors presented a mathematical
model that combined the functional responses of Lotka-Volterra and Sokol-Howell. They noted

that stable points and bistable behaviors are among the system's many dynamic features.

A well-known mathematical framework for describing the dynamics of prey-predator interactions

in ecological systems is the Leslie-Gower model. With more realistic assumptions on the carrying
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capacities of both predator and prey populations, it is an expansion of the Lotka-Volterra model.
Leslie and Gower introduced the model in [29-30], and it bears their names. Later, [31-33]
proposes and studies a modified Leslie-Gower prey-predator model. Because it provides an
additional food supply, the predator in these situations functions as a generalist predator. The
decrease in the number of predators due to the absence of their preferred prey is known as the
Leslie-Gower phrase. Certain predator species may be able to adapt to a different food supply in
this situation, but because their preferred meal is scarce, their population growth may be
constrained. Specialist predators are considered in the Leslie-Gower prey-predator model [34]. It
implies that the supply of their preferred meals per person declines in tandem with a decline in the
predator population. On the other hand, if the substitute meal is beneficial, the modified Leslie-
Gower model removes anomalies and enhances interaction predictions. Further studies to
understand the dynamics of the Leslie-Gower prey-predator model have been recently carried out

[35-37] and the references therein.

However, by considering elements like the fear effect and antipredator behavior, additional
complexity can be added. Research has shown that fear-induced indirect effects significantly affect
the dynamics of prey-predator relationships and the ecological system as a whole. A mathematical
principle of fear was developed by Wang et al. [19]. It has been demonstrated that predator species
cause psychological stress in their prey, which causes them to change their typical behavior when
they are looking for food. This tension is thought to be caused by the fear of being caught and
killed by predators. The prey species may benefit in the short run from this, but there may be long-
term drawbacks. Their perceived threat from predators influences not just their dietary preferences
but also their survival chances and rate of reproduction in comparison to normal adult populations.
These assertions are supported by recent field tests and theoretical studies. Contradictory findings
have been found in several studies, including the possibility that the indirect consequences of fear
outweigh the direct consequences of predatory action, see [38-40] for the 2D system, and [41-42]

for the three species systems.
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Many prey species alter their behavior in the presence of predators and display a variety of
antipredator behaviors, including foraging activity, habitat adaptations, alertness, and specific
physiological changes, to lower the danger of predation [43-46]. Reduced production and foraging
may be the outcome of sustained high-level anti-predatory behavior, which has benefits and
drawbacks for the prey. The main benefit of anti-predator behavior is that it minimizes predation;
however, the drawback is that hunger stunts growth because there is less predation, which affects
prey reproduction. On the other hand, most evaluations of three-species food chain systems do not

account for all the advantages and disadvantages of anti-predator behavior.

In this paper, a new three-species food chain model with producers, consumers, and predators is
proposed for study. The interactions between producers and consumers follow Lotka-Volterra type
interactions, while the interactions between consumers and predators follow a modified Leslie-
Gower prey-predator model using Holling type-I1 functional response. Furthermore, fear and anti-
predator factors are thought to be at play in the suggested food chain. Furthermore, the next section
has taken into account the model formulation with its positivity and boundedness. The system's
local dynamic behavior is covered in Section 3. Section 4 discusses the persistence of the system.
Section 5 has offered the analysis of global stability, whereas Section 6 has presented the analysis
of local bifurcation. In Section 7, some numerical simulations are performed to confirm the

conclusions obtained. Section 8 provides the study's conclusion.

2. THE MODEL FORMULATION

A novel food chain model comprising producers, consumers, and predators was developed in
this section. When the consumer is absent, the producer expands logistically; otherwise, the
consumer feeds on the producer under the Lotka-Volterra function. Their fear of predation
significantly impacts the feeding process of consumers; moreover, its number declines
exponentially in the absence of both producers and predation. The predator is thought to hunt the
consumer under the second kind's Holling-type function. Ultimately, the predator has a different
source of food in addition to the consumer, which means that its growth will be logistical.

Additionally, the consumer can defend himself ferociously, which can occasionally result in the
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predator dying. The following system of nonlinear equations can be used to quantitatively
characterize the dynamics of the suggested food chain based on the fundamental assumptions of

the proposed model mentioned above.

ar 1+nz

dy _ a1XY _ a2YZ _ _
dT ~ 1+nz mo+Y doY = YfZ(X' Y,2), 1)

d—Zst(l— z )— i =2f:(X,Y,2),

ar bY+c 1+myZ

where X(0) > 0, Y(0) = 0, and Z(0) = 0. Table 1 shows the variables and descriptions of the

positive parameters.

Table 1: Description of model parameters and variables:

Symbols Description
X(T) The producer density at time T.
Y(T) The consumer density at time T.
Z(T) The predator density at time T.
TS The producer and predator intrinsic growth rates, respectively.
k The producer carrying capacity.
a, The consumer attack rate against producers.

a; = eypay The producer conversion rate with eq € (0, 1).

a, The predator attack rate.

n Consumer level of fear of predators.

mg, The half-saturation constant.

dy The consumer natural death rate.
q The consumer antipredator level.

m, Predator avoidance efficiency of the anti-predator consumer's capability.
b The level of consumer preference by the predator when feeding.

c The alternative food for predators.
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The non-dimensional parameters and variables listed below will be used to minimize the system'’s

complexity (1).

=X, =% - _ k@ =T
X=3 Y= Z2=nZ,t=1T,py = T "Dz_rnmo' p3_a0m0'
% , 5, X _br  _4a  _™
Pa = r » Ps _T'pﬁ _nc'p7 _aoc"os _ao'p9 - n'
The non-dimensional system is described as follows:

d—xzx(l—x—i)zxf(x z)
dt 1+z 15 Y,2),
v _ (M__PZZ _ )_
o =Y\ Ty Pe) =Ry, 2), (2)

dz PsPeZ 1434 )
— =2z —— ——— ) =zf3(x,y,2).
T=2(ps— L ) = 2, (x,7,2)

For system (2), the interaction functions f;,f,, and f; are specified on R3 = {(x,y,z): x(0) >
0,y(0) = 0,z(0) = 0}. They are continuous with continuous partial derivatives. Hence, these
functions meet Lipschitz's requirements. Under the initial assumptions x(0) > 0, y(0) = 0, and
z(0) = 0, the solution is unique, consistent with the fundamental theorem of existence and

uniqueness.

Theorem 1. For any t > 0, all system (2) solutions with positive initial conditions are positive.

Proof. Define I' = {(x,y,z) € R3:x > 0,y > 0,z > 0}. Using the initial conditions x(0) >

0,y(0) > 0, and z(0) > 0 on the equations of system (2) provides the following result:

t y(s)
X(8) = x(0)e o1 T

t[p1x(s)  paz(s)
y(t) = y(O)ef° e ORErRTORA

ft[ PsPeZ(s) __ pgy(s)
o[PS T4p,3(s) T+poz(s)

z(t) = z(0)e
The exponential function indicates that all solutions in " with positive initial conditions remain in

the first octant. Hence, the proof is complete. [

The system's boundedness indicates that it is biologically well-defined in theoretical ecology.

Indeed, when the solutions are bounded, neither of the interacting species will grow dramatically
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or exponentially over time; however, the population of each species is constrained due to a shortage

of resources.

Theorem 2. In the region,

1= {(x,y,z) ER:0<x(t) <1,0<x(t) +y(t) < 3'0 <z2(t) < J+2p7}

aps )
All solutions of the system (2) are uniformly bounded where o is defined in the proof
Proof. Consider the solution (x(t), y(t), z(t)) of the system (2). Then the first equation in system
(2) indicates that % < x — x2. By using lemma (2.2) [47], this inequality's solution is provided by

Xo
e~ t(1—xp)+xg

x(t) < , Where x, is the initial value with x, = x(0). As t approaches oo, the solution

x(t) ensures that x < 1.

Consider the function N(t) = x(t) + y(t), then it is obtained that
dN
o = 2—0o(x+y),
where ¢ = min{1, p,}. Therefore, using the lemma (2.1) [47], it is obtained as t —» oo that, N =

XxX+y<

QI

Finally, using the upper bound % in the third equation of the system (2) indicates that:

o
__9PsPs 72

dz
—< PsZ
dt o+2p7

. . . . . OpPs 1 OpPs —pet -1
The solution of the last inequality is provided by z(t) < [m + (Z— - m) e Ps ] , Where
0 7

+2
zo = z(0).Thus z < —Uap’” ast — oo,
6

Hence, system (2) solutions in the region IT are uniformly bounded with the positive initial point.

Hence, the proof is done. [

3. EXISTENCE AND LOCAL STABILITY ANALYSIS OF EQUILIBRIA
In the following, the existence of the non-negative equilibrium points (EPS) is investigated,
and then their stability conditions are determined. The non-negative EPs are described as

follows:
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There is always a trivial point, represented by e, = (0,0,0).

There is always a first axial point, represented by e; = (1,0,0).

There is always a second axial point denoted by e, = (0,0, pi)
6

There is always a first planar point denoted by e; = (1,0, pi) = (1,0,2).
6

If the following condition holds, then there is a second planar point e, = (%, 9,0), where X =

Pa o
o andy =1 =

Pa < pP1- 3
Finding the positive roots of System (2)'s equations after setting them to zero will yield the

positive equilibrium point, indicated by ec = (%, ¥, Z). Straightforward computations provided

1—

us with x = lf;fz_ while the point (¥, Z) is a positive intersection point of the isoclines:
(1-y+2) (1-y+2)
hy (y,2) = B2 — papayz — paz® = papay + B — (o2 p)z—pa =0 | @

hy, (v, 2) = —pspepoz’® + psp7Peyz — p7psy* — ps(Ps — Po)z + (psp7 — pg)y + ps =0
It is easy to verify that as z — 0 the above two isoclines become

hi(y,0) = —p1p3y* + (p1p3 — P3ps — p1)y + p1 —ps =0

h,(y,0) = —p;pgy? + (psp; — pg)y + ps = 0.

Direct computation shows that the first isocline has a unique positive root for y denoted by y,
with the fulfillment of condition (3). While the second isocline has a unique positive root for

y denoted by y,, where:

Pa

=1-=

N1 P1
—Ps |
Y2 Ps

Consequently, the isoclines (4) have a unique intersection positive point denoted by (y, Z) if

the condition (3) with the following sufficient conditions hold:

V1 <Y

dz _ _ (0hy/3y)

dy  (9hy/02) . (5)
dz _ _ (0hy/3y)

dy (0hz/02)
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Furthermore, the positive equilibrium point exists uniquely if, in addition to the conditions (5),

the following condition is met.

<14z

(6)

In the following steps, the linearization technique is applied to examine the system's local stability

across the earlier-mentioned equilibrium points. The basic Jacobian matrix of system (2) appears

to be evaluated as follows:

6f1 ofi 0f
T fl dy x 0z
_ afz ofz
](xlyJZ)_ yax +f2 yaz
df3 afs afs
z dx dy T f3
where:
y
Gy = —x+ [1 X 1+z]’
Ary = ———
12 7 4
xy
%3 = iz
p1y
21 = 7,
_ _P2p3yz p1X P2z
Az2 = (1+p3y)? [1+z 1+p3y '04]’
— _ (_P1x P2
Q23 = ((1+z)2 + 1+p3y) Y,
az; =0,
Qo = (Pspepﬂ _ )
32 7 \(1+p7y)? 1+p92 ’
PsPeZ PgPoYyZ PsPeZ [4:34
a = — + [ —_— =
33 1+p,y | (tpen)? T 1P T Tapy T 1poz
Now, at ey, matrix (7) becomes:

1 0 O
J(ep) = <0 —ps 0 )
0 0 ps

|

= (aif)3x3 !

(7)

(8)
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Thus, J(ey) has the following eigenvalues: 1y, = 1, A9, = —pa4, and Ay3 = ps. Therefore, e, is a

saddle point.

At e;, matrix (7) becomes:

-1 -1 0
J(e1) = < 0 pr—ps O > 9
0 0 Ps

Therefore, e, is a saddle point, as J(e,) has the eigenvalues: 1,; = —1, A;, = p; — ps, and A5 =

Ps-

At e,, matrix (7) becomes:

1 0 0
Jen=[0 e 0 (10)
0 (p5p7-ﬁfﬁi)£% —ps
Therefore, e, is asaddle point, as /(e,) has the eigenvalues: 1,; = 1, 1,, = —ﬁ — pg,and A5 =
—Ps-
Moreover, at e;, matrix (7) transfers to:
-1 __Ps_ 0
pe+1
Je)=| 0 ﬁf%—£§—04 0 (11)
0 (pyh-jfﬁi)i; —ps
Thus, J(e3) has the eigenvalues: 13; = —1, A3, = % — % — pg, and A3 = —ps. Therefore, e,

is locally asymptotically stable if the condition (12) holds, becomes a non-hyperbolic point in case

of equality in equation (12), and a saddle point otherwise:

P1Pe

P2
,D6+1 < E + p4. (12)

Additionally, at e,, the matrix (7) becomes:

2 -z 29
Jen=|py 0 —(p2+55)7 |= (@) 13

0 0 ps — psy
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VEZ-4p1 XY

Thus, the eigenvalues of J(ey) are 494, = ‘7’? + .

and A43 = ps — pgy. Therefore, as

A41 and A4, have negative real parts, e, is locally asymptotically stable if the condition (14) holds,
becomes a non-hyperbolic point when the inequality sign becomes an equality sign in condition

(14), while it is a saddle point otherwise:
ps < pgy. (14)
Finally, the matrix (7) at e transfers to:

dll dlz a13
J(es) = | G21 G2 Q3 . (15)

0 C_132 C_133

where:
= — _rx = —_ X = __ Xy = _ Py = _ P2p3YZ
d11 = X, 12 1z 413 (1+2)?’ d21 = 17 %22 (1+p39)?’
— p1x P2 )— —  _ N = _ (pspepﬂ‘ Ps )-
a —(—= az,1 =0, az, = —
23 ((1+z)2 T+pey) Y 31T P 432 T (04 502 T Tapez

__ PspPeZ PspPoyZz
1+p77  (1+p92)?’

sz =

As a result, the characteristic equation of J(es) can be expressed as follows:

133 + All32 + A213 + A3 = O, (16)
where:

Ay = —(G11 + @pp + a33),

Ay = @110y + A11A33 + Ap2033 — Q12021 — A3033,

Az = —033(A1103; — A12051) + A32(A11023 — A21813),
with:

A1A; — Az = —(Gqq + Gp2) 01182, — T12851] — (Ga2 + A33)[A22833 — A2303;]

—611533 (C_lll + 2622 + C_l33) + 613a21a32'

According to the Routh-Hurwitz criterion, es = (X, ¥, Z) is locally asymptotically stable provided

A; > 0,45 > 0and A, A, > A3, which is true if and only if the following conditions are satisfied:

Ps PsPeP7Z
17
1+poz  (1+p7¥)? (17)
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P2pP3YZ =
P2P3¥Z 18
(1+p37)2 (18)
PsPoy p2P3y PsPe (19)
(1+p92)2 ~ (1+p3y)? 1+p7y

P2p3Z P1
(1+ps3)?  (1+2)2 (20)
P1y p1% P2

(1+2)3 ~ (1+2)?2  1+p3y (21)
P2P3 [pspaz‘ _ pspgs‘/z‘] <( p1% P2 )(pspspﬂ‘ _ _Ps ) (22)
(1+p33)? L1+p7;y  (1+p92)? (1+2)2 * 1+p3y/ \(1+p7¥)?  1+poZ

As a result, the following theorem is established.
Theorem 3. The point es is locally asymptotically stable if the conditions (17—22) are fulfilled.

4. PERSISTENCE

The survival of all species is the meaning of persistence in biological systems. Hence, in the
sense of mathematics, system (2) will be persistent if it has no omega limit set that is part of its

boundary domain for all positive initial points.

The subsystems located in the positive quadrant of the xz — and xy —planes of a system (2) can

be represented by the following formulas:

d
d—f =x(1—-x) =F,(x,2),

. (23)
% = z(ps — pspez) = F>(x, 2).
% =x(1-x-y) =G(x,y),
(24)

a :
— = Y(o1x = ps) = G2(x,y).
The subsystems (23) and (24) have positive equilibrium points that correspond to the projection
of e = (1,0, pi) and e, = (X, ¥,0) on the corresponding planes of the system (2) respectively. To
6

prove whether periodic dynamics exist near the interior positive points of subsystems (23) and

(24), the Dulac function approach [48] is used.
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Let g,(x,2) = é and g, (x,y) = % be continuously differentiable functions that are defined for

all (x,z), (x,y) € R2 and are located in the interior of the positive quadrant of the xz-plane and

xy-plane, with g, (x, z), g, (x, y) > 0. Additionally, the basic calculation produces the following:

2 d
Al(xyZ) = a(gl'Fl) +£('g1'FZ) = —E_M

zZ X
2 a _ 1
A, (x,y) = 5(92- Gy) + @(92- Gy) = 5
Then A;(x,z) < 0 and A,(x,y) < 0 for any value of (x, z), (x,y) € RZ. As a result, there are no

periodic dynamics in the positive quadrants of the xz-plane and xy-plane.

Theorem 4. System (2) is uniformly persistent if the conditions below are met.

P2 P1Pe
=+ p, <— 25
e Pa < T e (25)

psy < ps (26)
Proof. Define F(x,y,z) = x“1y%z%  where a,, a,, a; are arbitrary positive constants, and
F(x,y,z) > 0 forall (x,y,z) € R3 with F(x,y,z) = 0 whenever x, y or z goes to zero. Now, let

F'(xy,z) _

¢(x,y,z) = Fy) arfi + arf; + asfs.

The functions f3, f>, and f3 are defined in system (2).
For the persistence of system (2), the average Lyapunov technique demands establishing that

©(x,y,z) > 0 at all boundary equilibrium points. Therefore:

y p1X p2Z
xX,V,Z)=o,|1—x —— a, |— —
(P( 'y' ) 1[ 1+z + 2 1+z 1+p3y

_M_M]

B P4] + a3 [ps 1+p7y 1+pgz

Then:
@(eg) = ay — azps + asps.
Clearly, by allowing the arbitrary positive constants a; and a5 to be sufficiently greater than the

positive constant a,, @(ey) > 0 is obtained.

@(e1) = az[p1 — pa] + azlps].

Hence ¢@(e;) > 0, whether (p; — p,4) is positive or negative, by selecting the arbitrary positive

constants a, and a3 suitably.
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¢p(e;) = ai[1] + ay [_% - 94]-
6
So, @(e;) > 0 by selecting the arbitrary positive constants a; and a, suitably.

p(es3) = ay [ﬁ—%— 4]-
As a result, condition (25) indicates that @(e;) > 0.
Furthermore, at the point e,, straightforward computation reveals that:
¢(e4) = az[ps — psPl.
Under condition (26), @(e,) > 0. Hence, system (2) is uniformly persistent, and the proof is

complete. -

5. GLOBAL STABILITY ANALYSIS
This section uses Lyapunov functions to investigate the possibility of global stability inside
the bounded region IT of the system's (2) locally asymptotically stable equilibrium points, as shown

in the theorems below.

Theorem 5. The first planar point e; = (1,0,5) = (1,0,%) is globally asymptotically stable,
6

provided the following condition is met.

1+ popyzpe +2 < 22, (27)
Pe P1
+2 . . .
where z,q, = :—p’” that is given in Theorem 2.
6

Proof. Consider the following a real-valued function:
1 . . z
Gi(x,y,z2) =(x—1—1Inx) +Ey + (z —Z—2ZIn (E))
It is a positive definite function since G,(e;) = 0 and G,(x,y,z) > 0, forall {(x,y,z) € R3:x >

0,y =0,z > 0},and (x,y,2) # (1,0, 2). Furthermore, some direct computation yields:

aG X 1 z ~ z—Z z
—1=(x—1)(1—x—L)+—y——£—p—4y+(z—z)(—p5p6( ) _ PsPepP7Zy pey)_
dt 1+z 1+z p1 1+p3y P1 1+psy 1+p7y 1+pgz

After simple simplification, it is obtained that:
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a6y _ —(x — 1)2 + y 1 pyz &y _ psps(z=D)? | pspepsvz pspeps 2y _ pgyz PgZy

dt 1+z p1 1+p3y P1 1+pyy 1+p,y 1+p,y 1+pgyz 1+p92.
Therefore:

dG, 2 P4 Pg pspe(z—2)?

—=—(x-1D*—-|=-1- z, = ——|y ===

" ( ) [m PsPrmax P

Thus, % Is negative definite provided that condition (27) holds. Hence the proof isdone. =

Theorem 6. The second planar point e, is globally asymptotically stable, provided the following

conditions hold.

P2y < L_ (28)
P1 1+p9Zmax

y+29%+ps < — (29)
~(1-92<1, (30)
3 _pa

> < ~ (31)

Proof. Define G,(x,y,z) = (x —X—XIn (2)) + %(y —$)2+ 2z, which is a real-valued
1

function. It is a positive definite function since G,(e,) =0 and G,(x,y,z) >0, for all
{(x,y,z) ER3:x>0,y>0,z>0}, and (x,v,z) # (%,9,0) . Furthermore, some direct

computation yields:

aaG A~ ~ -X)(y-y ~
0 o)t (1S [2_ gy

dt 1+z P1 1+z
_[ﬁ_x_ﬁ_ﬁ_ ]Z_a?ffyZ_ p2y*z _ _ pspez’
1+z 14z 14z 5 1+z p1(1+p3y) 1+p7y
_ [ Ps  _ p2¥ ]yz.
1+poz  p1(1+p3y)

Using the given conditions leads to:

a2 (=9) o ~ Pa x AND
<=2 G-y - - [Z__Hz] =9
PPN 5 52
_ ﬂ_ﬂ_&_ps]z_

1+z 1+z 1+z

dG,
dt
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By using further simplification, it is obtained that:

R e

~ o002
X X X
. [ y y y 5] 7.

Hence, % IS a negative-definite if the conditions (28-31) hold, thus proof is complete. =

Theorem 7. The positive point es is globally asymptotically stable, provided the following

conditions hold.

1 2 . 1(7)?
093’ + 1 Ps5Pe6 , (33)
1+p7Ymax
1(Xy | P2Ymax _ P5P6P7Z 1 _ ps p2Z
L+ 2 ( A + p1 +Ps ) + 2 < p1 + p1(1+P3Ymax)B’ (34)

- _ _ 1 _ _ _ . .
Proof. Define G3(x,y,2) = (x —X—XIn G)) + o y—y?2+ (z —Z—ZIn (g)) which is a
real-valued function. It is a positive definite function since G;(es) = 0 and G5(x,y,z) > 0, for all

{(x,y,2) ER3:x >0,y >0,z > 0}, and (x,y,2) # (x,y, Z). By using some direct computation

yields:

46 _ _(x_f)Z_@(x—f)(y—)_/)+l(x—f)(z—z_)

dt
_|[*y | p2y PsPeP7Z Ps _
[+ +2|(y -z -2

_[Z: p’i;ZB ](y y)z [Pspe P9Y] (z — Z)Z

where A= (1+2), A=(1+2), B=1+p3y), B=1+p35),C=0+p;y), C=(1+
p79), D = (1+ psz),and D = (1 + po2).

By using further simplification, it is obtained that:

dG, L-7\* 177> 5 [PsPs  PoY ,
E‘_[l_E(T) -3z |- - [ ‘_—‘1](2 ?
_|Pey paz_ X 1(xy pzy pspspﬂ

—Z (=4

%)—Eky—@%
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Hence, % is negative definite provided that conditions (32-34) hold. Hence the proof is done. m

6. LOCAL BIFURCATION ANALYSIS
This section uses the Sotomayor theorem [48] for local bifurcation to study how changing
parameters affect the system's (2) qualitative dynamics near non-hyperbolic points. Rewrite system

(2) with the vector form:

g F(X' p)v X = (x' y' Z)Tv F = (xfl(X, .u)lny(Xl /'L)'ZfS(X' M))T,

dt
where the system (2) specifies f;(X, p), Vi = 1,2,3. The potential bifurcation parameter p € R, is
also specified. Direct computation of the second and third derivatives of vector F gives the
following:
D?*F(X,p).(V,V) = (ci1)3x1, (35)

where V = (v, v,,v3)T be any vector and

2x Vv 2xy UZ
(1+42)2 273 (1423 3"

2p1y (plx P2 ) 2p2p3Z 2 |, 2p1XY _ 2
C — ———— P,V — 2 (2%
21 7 142 7172 (14202 7173 (1+2)2 * (1+psy)2) 273 T (A4psy)3 T2 T (142)3 73

Car = —2 PsPePFZ> (4p5p6p72_ 2pg )v v _2(p5p6 _ pspgy) 2
31 (1+p79)3 2 " \(@+p»)2  (1+pez)2) 7273 1+p;y  (1+pez)3) 3
Furthermore,
3 —
D F(X! P) (V! v! V) - (di1)3><11 (36)
where:
6 2 2 xy 3
VU,V v
11 (1+2)2 1¥2%3 (1+2)3 273 (1+2)3 1%3 +(1+Z)4' 30
601y 2 6p1 6p2p3Z 3 60203 2
d,; = VE — ——— VD VU3 —
7T a+3 I3 ()2 T2 (epay)t 2 (1psy)d 23
6p1% 2 6p1xy 3 !
(1423 72V3 T 52 U3
3,2 2 2
PsPeP7Z” 3 PsPeP7Z 2 PsPeP7 PgP9 2 P8Py 3
d;; = 62— —py — 12—,V +6( ) —6——s3.
31 (1+p7y)* 2 (1+p7y)3 372 (A+p7)2 | (1+pez)3) 273 T (14pez)t 73
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Theorem 8: Near the first planer point e5, system (2) experiences a transcritical bifurcation when

the parameter p, passes through the positive value p;; = % — % if the following condition holds:
6 6

-2

1\71 1 1
2p1 (1 + E) o, + 2p2p3g * 2 (pl (1 + E) + pz) 03, (37)

where g; and g5 are given in the proof. Otherwise, a pitchfork bifurcation takes place when

1\73 1\72  6pyp2
60,0303 + 6p105> (1 + E) #+ 610,03 (1 + E) + %. (38)

Proof: The matrix (11) at (es, p3) yields:

-1 —_Ps 0
petl
Ji=]J(ez,ps) =| O 0 o0
_ Pebs ) - _
0 (p5p7 P6+P9) Ps Ps

The eigenvalues of J; are as follows: 13, = —1, 43, = 0 and A33 = —ps. Hence a non-hyperbolic
point e; has been obtained. Let V; = (vy1,v,1,v31)7 and W; = (wyq, wyq,w3,)T be the
eigenvectors corresponding A, = 0 of J; and J;” respectively. The straightforward computation

ields that V, = (a,,1,03)7, and W, = (0,1,0)", where o, = — 25 and o =22 — — P2
yields that V; = (03,1,03)", and W; = (0,1,0)", where g; p6+1ado-3 ps  Ps(Pe+po)

Moreover, equation (35) is used to provide the following:

Fp4 = (O’ - O)T = Fp4 (63, pZ) = (O,O,O)T = WfFP4(e3' ,DZ) = 0.

DFp4_V1 = (O’ —1,0)T == WlT.DFp4(63,pZ).V1 =-1.

my
DZF(e3,pD. (Vlfvl) = <m2>,
ms

where;

2 o
(1+pi6)2 3

1\ ! 1\7? 1
m2:2,01(1+g) 01—2(P1(1+z) +P2>03+2P2P3;1

1 1\72
ms = —2p5p7 —+ (4psp7 — 2pg (1 + po E) )03 — 2p5pe03 -
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Hence, due to condition (37), it is obtained that:

my
WZ'LT[DZF(83J PZ) (Vlrvl)] = (Olllo)T <m2> = m2 * O
ms

Hence, when p, = p3, system (2) experiences a transcritical bifurcation at the equilibrium point

es. Otherwise, when condition (37) is not satisfied, then using (36) yields:

myq
DSF(93'PD-(V1'V1'V1)= may |,

ms,
where:
m _ 60'10'3 60'32
11 — 1 - 3

14— 2 1
( +p6) (1+P_6)

Moy = __6py10,03 _5»02/3% + 6p,p305 + 6p103°

P6 Pe

6 3
mzy = pp;:h — 12pspios + 6 <Pspep7 + %) a3*.

(1+P9E

Hence, due to condition (38), it is obtained that:
Wi[' D3F(e3,p2). (Vl, Vl, Vl) = Mmyq * 0

Hence, when p, = p3, system (2) experiences a pitchfork bifurcation at the equilibrium point e5.

Thus, the proof is completed. [

Theorem 9: Near the second planar equilibrium point, system (2) experiences a transcritical
bifurcation when the parameter p passes through the positive value pz = pg¥ if the following

condition holds:

PspPoY # pgby + L2E0 (39)

1+p79’

where §, is given in the proof. Otherwise, pitchfork bifurcation occurs provided that:

PsPeP7 24
(—(1+p75;)2 + P8P9) 8, # pgpsy. (40)
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Proof: The matrix (13) at (e,, ps) yields:

—-X —-X Xy
— * —_ A~ _ A P2 A~
Jo=J(ewps) =|py O (Plx + —1+p3y)y
0 0 0
The eigenvalues of J, are as follows: A4 4, = _79? i—“?z_zw and 1,3 = 0. This transfers the

point e, to a non-hyperbolic point. Let V, = (v4,, V55, v3,)T and W, = (wq,, wy,, ws,)T be the
eigenvectors corresponding 1,3 = 0 of J, and J,” respectively. The straightforward computation

yields that V, = (6;,8,,1)7, and W, = (0,0,1)7, where §; = £ + —£2—>0and §, = —% +

p1(1+p3P)
N P2 . . . -
Yo Moreover, equation (35) is used to provide the following:
pGZZ T * T T *
F,, = (o,o,z - m) = F,_(e4,p3) = (0,0,0)7 = WJF,_(e,,p5) = 0.
0
W] [DF,_(e4,p2).V,] =(0,0,1){ 0 | =1 # 0.
1
ny
DZF(e4,p§). (VZIVZ) = <n2>1
n3
where:

ny = _2812 - 25152 + 2?51 + 2X52 - 2555} y

P2

Ny = 2p16,6; — 2p1 61 — 2 (P17? + m) 8, + 2p,1 XY,

nz = —2pgb, — 2 (1i5:765} - P8P937)-
Thus, using condition (39) yields that:
W7 [D?F(ey, p5). (V2,V;)] = ng # 0.
Hence, when ps = pz, system (2) experiences a transcritical bifurcation at the equilibrium point

e,. When the condition (39) fails to be met, equation (36) yields the following result:

USE!
D3F(341p;)'(V21V2'V2): N2y !
N3q

where:
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n11 = 66162 - 65('\62 - 6?61 + 6%?,

~ 6 ~ an
N1 = 6p1Y61 — 6p16:6, + (1:;)%522 + 6p1%6; — 6p,1 XY,

nz; =6 (% + ,08.09) 8, — 6pgp5y.

Hence, due to condition (40), it is obtained that:
W] [D3F(ey, p2). (V,V,, V)] = n3y # 0.

Thus, the proof is finished and the pitchfork bifurcation occurs. [

Theorem 10: Assuming the conditions (17)-(19) hold, as the parameter p4 reaches the value p; =

PS(((522374‘6_1232_)“11—6_121(6_112374'5132_))/394'511523—521513)(1+P737)2

, sSystem (2) experiences a saddle-node
Ps(((ﬁzzy"‘dzsz—)an—am(51237"'5132_))[37"'(7111522—512‘721)(1+P9Z_)2 y () P

bifurcation around the positive point if the following condition holds:
W13S11 + Wa3Sz1 + 531 # 0, (41)
where the definition of each new symbol is represented in the proof.
Proof: The matrix (15) at (es, pg) yields:
a_ll C_1'12 C_113
Js =J(es, pg) = <C_l21 A2 ?23)
0 a3 dass
where a3; = a33(pg), and @z, = a3,(ps)-
Simple computations show that the determinant of /5, represented by A5 in equation (16), is zero.
Therefore, J; will have a zero eigenvalue (153 = 0) and two additional non-zero eigenvalues. Thus,
the point es becomes a non-hyperbolic point. Let V; = (v3,v,3,733)7 and W; =
(wy3,Wa3,Ww33)T be the eigenvectors corresponding A5 = 0 of J; and J;” respectively. Then

straightforward computation yields that:

= = ~ = — =%
A12023—013022 az14d32
G11022—01205, V13 A11022— 01205, Wi3
_ — - A —_ — —_— —3 —% —
Vo = | _@ulp3=0130y | = Va3 |, Wy =| _ _ auas, | =Wz ).
G11022—0120;5, 1 A11022— 01205, 1

Moreover, equation (35) is used to provide the following:



22
MUSLIM SAAD JABBAR, RAID KAMEL NAJI

_ psz? T N\ _ _ psZ? T
Fa, = (00,-£2-) =, (es,00) = (0.0, - £2)

* psz?
= Wngs(eSip6) = _%pﬁ_/ #0

In addition, it is obtained that:

S11
DZF(eS,pZ). (V3,V3) =\ S21 y
S31
Whel’e 511 = Cll(es,pg, V3), 821 = CZl(es,pg,V3), and 531 = C31(€5, pg,V3) . Hence, due tO

condition (41), it is obtained that:

Wg[DZF(es;PZ)- (V3,V3)] = w3811 + Wp3Sy1 + 531 # 0.

Hence, when pg = pg, system (2) experiences a Saddle-node bifurcation at the equilibrium point

es. Thus, the proof is completed. [

7. NUMERICAL SIMULATION

This section will numerically solve the food chain system (2) by picking biologically
acceptable values for the parameters p;, (i = 1,2,3, ...,9) represented by the set (42). The objective
is to confirm the previously stated outcomes as well as to understand and explain the impact of
changes in system parameters. The numerical solutions will be presented in a variety of ways using
MATLAB version R2023b. All the obtained results use the initial points

I, = (0.75,0.75,0.75), I, = (0.1,0.25,0.9), I = (0.9,0.1,0.9),1, = (1,0.5,0.2), I; = (1,1,0.5),
I, = (0.5,0.25,0.75), I, = (0.25,0.5,0.1), Iy = (0.1,0.9,1), I, = (0.02,0.02,0.02),

and the following parameters set

p1 = 0.75,p, = 0.05,p3 = 0.5,p, = 0.2, ps = 0.5,

ps = 0.9,p;, = 0.1, pg = 0.25,p9 = 0.1 (42)

Moreover, the red dot stands for the final state of the solution, while the blue dots stand for the
above initial points. It is obtained that for the set (42) with the given initial data, system (2)

approaches a positive equilibrium point as shown in Fig. 1.
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23

Figure 1. The trajectory of the system (2) using the parameters set (42). (a) Shows the 3D phase
portrait of the system (2) from different initial points. (b) The time series. (c) The projection of the

phase portrait on the xy-plane. (d) The projection of the phase portrait on the yz-plane. (e) The

According to Fig. 1, system (2) approaches asymptotically to the positive equilibrium point e =
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Now, the effect of changing the parameter p; on the dynamics of the system (2) indicates that
when p; < 0.54, the system approaches the first planar point e; from different initial points, the
system approaches the positive point es; when 0.54 < p; < 3.5, which is presented by

Fig 1. Moreover, when p; > 3.5 reveals that the system exhibits 3D periodic dynamics see Fig. 2.

@ D

i T e=orfin T

0.5 R 0.5 4

Figure 2. The 3D phase portrait of the system (2) using the parameters set (42) with different
values of p;. (a) Phase portrait shows the approaching of the system solution to the first planer

point e; = (1,0,1.11) when p, = 0.5. (b) 3D periodic dynamics when p; = 4.

The analysis of the impact of varying the parameter p, on the system's (2) dynamics reveals that
it approaches the positive point es when p, < 0.15 (see Fig. 1). Also, it approaches the first planer

point e; when p, > 0.15, see Fig. 3.

@ ‘ (b)

T e=oafin

0.5

T 5000 10000 15000
Time

Figure 3. The trajectory of the system (2) using the parameters set (42) with p, = 0.2. (a) 3D

phase portrait of the system (2) that approaches e; = (1,0,1.11). (b) The time series.
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It is observed that system (2) dynamics do not qualitatively change when the parameter p5, p,, and
P Values vary. On the contrary, system (2) exhibits 3D periodic dynamics when p, < 0.01, it
approaches asymptotically the positive point es when 0.01 < p, < 0.3 (see Fig. 1). Finally,

system (2) approaches the first planar point e; when p, > 0.3, see Fig 4.

®

T e,s(LoLin

Figure 4. The 3D phase portrait of the system (2) using the parameters set (42). (a) 3D periodic
dynamics when p, = 0.005. (b) System (2) approaches e; = (1,0,1.11) with p, = 0.5.

The effect of changing the parameter ps on the dynamics of system (2) indicates that when ps <
0.2 the system approaches e, as in Fig. 5. Moreover, the system approaches ez when ps > 0.2,

see Fig. 1.

w 0.5

2000 4000 6000 8000 10000
Time

Figure 5. The trajectory of the system (2) using the set of parameters (42). (a) The 3D phase

portrait of the system (2) approaches e, = (0.26,0.73,0) when ps = 0.1. (b) The time series.
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On the other hand, it is obtained that the parameters p, and pg will behave oppositely to the

parameters p, and ps respectively. For more information see Table 2.

Table 2. The food chain system (2)'s dynamical behavior as a function of the parameters for pg

and pg using the set of parameters (42).

The parameter The range The dynamic behaviour
P6 =0.6 System (2) approaches e3
p
¢ Pe > 0.6 System (2) approaches es

ps < 0.68 System (2) approaches es
Psg

ps = 0.68 System (2) approaches e,

8. DISCUSSION AND CONCLUSIONS

A Leslie-Gower food chain model consisting of producer-consumer-predators was formulated
mathematically. Although consumers have a fear of predators, they are capable of defending
themselves against predation. The solution properties of the proposed food chain model are
obtained. All the feasible equilibrium points are determined. Their stability analysis is established.

The persistence requirements are determined. The bifurcation analysis of the system is studied.

Finally, the system is solved numerically using an estimated set of parameter values and starting
from different sets of initial points to verify the obtained analytical results and understand the
impact of varying the parameter values. Regarding numerical results, it is obtained that decreasing
(increasing) the consumer fear, alternative food for predators, and intrinsic growth rate of
producers in comparison with that of predators stabilizes (loses the persistence) the food chain
system. On the other hand, decreasing (increasing) the consumer fear, or half saturation constant,
or intrinsic growth rate of producers in comparison with predators' attack rate loses the persistence
(stabilizes) the food chain system. Similar results are obtained when decreasing (increasing) the
half-saturation constant in comparison with the consumer antipredator level or intrinsic growth
rate of producers in comparison with the consumer death rate. Finally, decreasing (increasing) the

intrinsic growth rate of producers in comparison with the multiplication quotient between producer
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conversion rate and producer carrying capacity destabilizes but keeps the persistence (losing of

persistence) of the food chain system. Similar results are obtained when increasing (or decreasing)

the intrinsic growth rate of producers in comparison with the consumer death rate
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