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Abstract: This study's main goal is to determine how the prey population's cooperation and anti-predator behavior
affect the prey-predator model's dynamic with disease in prey with the fear interaction. For this purpose, a
mathematical model with Holling type Il functional response was proposed and analyzed. The existence conditions of
the equilibrium points with their stability analysis were analyzed to determine the qualitative behavior of the model.
Numerical simulations are performed to support our analytical results. It is obtained that fear has a stabilizing role,
whereas hunting cooperation has a destabilizing role in the system dynamics. Periodic oscillations were observed in
the model through bifurcation.
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1. INTRODUCTION

Eco-epidemiology is a prominent branch of biology and applied sciences research. It looks at
the dynamics of an ecological system under the influence of epidemiological elements, i.e. the
dynamics of a predator-prey system in the presence of an infectious disease. It consists of two
primary fields: ecology and epidemiology, which are currently interesting to scientists. When
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disease is introduced into prey or predator populations, a purely ecological system becomes eco-
epidemiological. The authors in [1] were the first to use a predator-prey system with disease in the
prey population to show how the disease might destabilize the system. The term eco-epidemiology
was first coined by [2], which combined the concepts of ecology and epidemiology. After that, an
eco-epidemiological system including disease in prey population that applied to the Salton Sea’s
fish-pelican system was proposed and studied by [3]. The authors in [4] investigated the role of
infectious disease in the dynamics of a predator-prey system for different forms of functional
responses. Several researchers proposed and studied eco-epidemiological models involving
numerous biological factors, see [5-8] when there is a disease in prey, [9-12] regarding the disease
in predator, while [13-15] in case of the existence of the disease in both the species. Furthermore,
it has been observed that the spread of diseases among a population is the main reason for the
species extinction see [16-18] and the references therein.

Ecosystems are also remarkably affected by fear. Numerous researchers have examined the effects
of panic on prey species; see [19-21] and the citations therein. In fact, fear can have either
immediate or secondary effects; in the former case, the predator kills the prey directly [22]. In the
secondary example, on the other hand, the presence of a predator significantly changes the
behavior of the prey because they fear being preyed upon [23-25]. In order to understand how
prey fear impacts the dynamics of the prey-predator system, a great deal of research has been done
[26-28].

Groups of species come together for mutual benefit through cooperation, a basic mechanism that
is important to ecology. It has been noted that cooperative hunting, in which predators chase their
prey together, is a common practice in nature. A few benefits of cooperative hunting include a
shorter chase distance [29], a larger chance of trapping several animals [30], and an enhanced
success rate. Furthermore, cooperative conduct makes prey fearful, which facilitates hunting even
more. The authors of Alves et al. [31] showed that a stable coexistence equilibrium emerges when
hunting cooperation is present in a system. Hunting cooperation in prey-predator interactions has
been the subject of numerous studies [32-34]. A mathematical eco-epidemiological model

incorporating anti-predator traits and a prey-predator model involving fear induced by hunting



PREY-PREDATOR MODEL WITH DISEASE

cooperation level was recently constructed and studied [35]. Additionally, Alwan and Satar [36]
built and analyzed an eco-epidemiological model that included a diseased predator with
cooperative hunting and anti-predator properties. The dynamics and ramifications of cooperative
hunting in ecological systems are better understood thanks to these investigations.

Harvesting species is an interesting aspect of prey-predator systems from an economical and
ecological standpoint. It is very important for resource conservation and societal management. A
system can be exploited when there is a lot of prey, predators, or both. Harvesting procedures and
a harvesting policy must be put in place for the efficient management of ecological resources to
stop such exploitation. To enable systematic resource management, harvesting regulations are
essential for regulating the type, time, and intensity of harvesting. Researchers have devoted their
time to this field's study during the last few decades. The idea of optimal harvesting in fishing
systems was first proposed by Clark [37]. Additional research has been conducted on several
predator-prey models that incorporate nonlinear harvesting [38-39]. They looked at numerous
kinds of bifurcations in the system and tested the stability of alternative equilibria. These kinds of
studies advance our knowledge of the best harvesting practices and how they affect the stability
and sustainability of ecological systems.

Anti-predator behavior in prey populations is a distinctive feature of predator-prey interactions and
it has been documented by several ecologists over the past decade. This behavior is a type of prey
survival strategy that has evolved in prey populations to prevent predation. Many behavioral
ecologists have studied different kinds of anti-predator behaviors in various prey species [40-42].
In the presence of a predator, prey species exhibit inducible defense, which is defined as protective
behaviors learned from past attacks. Inducible defense triggers chemicals in different body sections
of prey to develop new structures or intelligently combat predators.

The actions of every species in a biological system where predators and prey coexist can have an
impact on both populations. For instance, prey becomes more difficult to hunt for predators when
they are aware of their presence and react fearfully. This fact causes prey to avoid direct predation,
which may boost the prey's short-term survival but have the unintended consequence of reducing

the prey population over time [43]. In the mathematical modeling approach, many authors
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examined the roles of hunting cooperation and fear influence in the predator-prey system [33-35]
and the references therein.

In this work, we examine an eco-epidemiological system wherein the prey population becomes
infected with a disease. In a predator-prey model, this study intends to concurrently examine the
effects of hunting cooperation, anti-predator, harvesting, and terror effects. The phenomenon of
predator hunting in groups and predator harvesting will be included in our model. We will use
numerical simulations to examine the system dynamics, enabling us to evaluate the effects of
particular parameters like predator harvesting, prey growth, hunting cooperation, and fear effects.
Equilibrium point existence and local stability requirements are derived. For a single set of primary
points and a variety of parameter values, the global dynamics are examined both analytically and

numerically. There is a brief conclusion at the end of the work.

2. MATHEMATICAL MODEL

In this section, an eco-epidemiological system consisting of prey-predator including anti-
predator and hunting cooperation with disease in prey is formulated mathematically for study. It’s
assumed that there is a harvesting on the prey and predator. So to formulate the dynamics of such

a real-life system the following hypotheses are adopted

@ _ TS AT _ (c+my)sy _

dt ~ 1+ay (1 k ) osl 1+h(c+my)(s+BI) 915,

a _ (c+my)ly _

at osl 1+h(c+my)(s+BI) dil, 1)
dy _ (c+my)y _ _ _

ac = (bas + bo D) e g — G2y T HSY @2V,

where s(0) =s,=>0,1(0) =1, >0, and y(0) =y, = 0, with s(t),I(t), and y(t) represent
the densities at time t for the susceptible prey, Infected prey, and predator, respectively. The

biological meaning of all the non-negative parameters in the model (1) in Table (1).
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Table 1. Biological explanations of the parameters associated with the model (1).

Parameters Biological meaning
r The prey’s intrinsic growth rate
k The carrying capacity of the environment
a The prey’s fear rate
é The disease transmission rate
c the consumption rate by the predator
m The level of cooperation in predator hunting
B The preference of infected prey coefficient.
The predators handing time of a prey
d,,d, The death rates of the infected prey populations and predator populations.
q1, 9> The harvesting constant of susceptible prey and predators respectively.
by, b, The conversion efficiency from susceptible prey biomass and Infected prey biomass
to predator biomass
u The rate of anti-predator

Now, rewritten system (1) with (s,1,y), the following system can be obtained

ds _ r st o (c+my)y _ _

dat o (1+ay (1 k ) o1 1+h(c+my)(s+BI) ql) - Sfl'

ar (c+my)y —

dat I (65 N 1+h(c+my)(s+BI) N dl ) o Ifz ! (2)
dy _ (c+my) _ _ _ _

Il <(b15 + b,I) Tt h(ctmy)+BD) d, —us —q, ) =yfs.

According to biology, every population in the model ought to have boundaries. A boundedness

analysis is important for this. The following theorem on the boundedness of the model (1) solutions

was deduced by us. It is simple to verify that the prerequisite for every species in the system (2) to

survive is provided by

q1 <T (3)

Theorem

1. Insystem (2) all solutions with ICs are bounded for all time ¢t > 0.

Proof. The first equation of the system (2) gives % + %SZ < (r—gqy)s then for t > 00 we

have s <

K291 Now let E; = s + I + y, then applying some calculations gives that

r
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%Ss(‘r—q1+1)—d11—(d2+q2)ySL—uE1.

k(r—-q.)(r-q,+1)
B —

Here u = min{fr —q, +1,dy,d, + q,} and L =
Then according to the above differential inequality, it’s easy to verify that for t — o, we have

E; < == past — oo. Thus, every solution of system (2) is bounded in the region

® =

A={(s,,y) ER3:s(t) +I(t) + y(t) < pq}.

3. LOCAL STABILITY ANALYSIS OF EQUILIBRIUM POINTS

In this part, the stability analysis of all possible equilibrium points (EPs) is investigated.
System (2) has five nonnegative equilibrium point
e The origin equilibrium point (EEP), po = (0,0,0) always exists.

A _ k(r—q1)
r

e The predator-disease-free point ( PDFEP), p, = (5,0,0), where § which is

positive under the condition (1).

: — =7 =_ a1 7 _ OK(r-q1)-rdq
e The predator-free point (PFEP), p, = (5,1,0) where § = 5 and I = T soKke) Hence

the existence condition can be written as follows
rd, < 6K(r — qq).
e The disease-free point (DFEP) ,p; = (§,0,¥), where

—chus?~(u—cby+ch(da+q2))5—(da+q2)
m3(huS—b1+h(dz+q2))

y= (4)
While § is a positive root for the polynomial
Los® + Lys* + Lys3 + Lys? + Lys +Ls =0 (5)
where the coefficients of the equation (5) are given in Appendix A.
e The coexistence point COEP, p, = (§,1,¥), where

cy+my?—8$—ch$?8-hms?y8+d,+chsd, +hmsyd, 6)
h(c+my)B(65-d1) ’

I =

while ($,¥) represents the positive intersection point of the isoclines
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H,(s,y) = —cry — mry? — ck8y — km&y? — ckady? — kmady?
+(chr§ + hmr8y — chrf§ — hmrB8y + chK8? + hkmé&?y
+chkad?y + hkmad?y? — chkf 6% — hkmpB&%y — chkaB 5%y
—hkmaps?y?)s? —rd, — chkrfd, — hkmrpBd,y — kéd,
—kadd,y — chkfd? — hkmpBd?y — chkafd?y — hkmafd?y?
+chkpBd,q, + hkmpd,q, + chkyafd,q; + hkmaBfd,q,y* + (ré
+chkrBé + hkmrzf6s + k6% + kad?y — chrd, — hmrd,y + chrfd,
+hmrpBd,y — chkéd, — hkméd,y — chkadd,y — hkmadd,y?
+2chkBS&d, + 2hkmBSd,y + 2chkafSd,y + 2hkmaBd,y?
—chkf8q, — hkmBS8q,y — chkaBfSq,y — hkmafSq,y*)s = 0,

(7

H,(s,y) = (chf8by + hmBSb,y — ch6b, — hm&b,y)s? + x(—chfuy
—hmpBuy? — b, — chBb,d; — hmpBb,d,y + chb,d,
+hmb,d,y) + cb,y + mb,y? + b,d,

—chfd,y — hmBd,y? — chffqy — hmBq,y* =0

As y — 0, it is obtained that

®)

H,(s,0) = (chré + chk§?)(1 — B)s? + (ré + chkrfé + k&* )
—chrd, + chrfd, — chkéd, + 2chkféd, — chkfdq,)s f )
—rd, — (r — qy)chkfd, — kéd, — chkfd? = 0
H,(s,0) = (chB8by — ch8b,)s® + (—8b, — chBbydy + chbydy)s + bydy = 0

Therefore, H{(s,0) =0 crosses the s —axis at the point s; > 0, however, H,(s,0) =0
crosses the s —axis at the point s, > 0 under specific conditions. Accordingly, there is a unique
positive intersection point of the two isoclines (7) and (8), and then P, exists uniquely in the

interior of R3 if the next conditions hold.

chB8b, < chéb,

51 < Sy
ﬂ _ _aHl/aS 10
ds  8H,/dI >0 (10)
ﬂ _ aHz/aS
ds ~ 8H,/dl

The local dynamical behaviors are carried out by calculating

J 6, Ly) =[], (11)
and then computing the eigenvalues, which specify the stability type of each point, where
« _ TS hsy(c+my)? r LAY _ (c+my)y _
Jin = k(1+ay) (1+h(c+my)(s+ﬁ1))2 1+ay( k ) ol 1+h(c+my)(s+BI) 1,
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« _ __Ts hBsy(c+my)?
12 k(1+ay) (1+h(c+my)(s+/31))2’
% —-ras (c+2my)s hmsy(c+my)(s+BI) (s+D)sar

137 (ray)?  1+h(c+my)+BD | (1+h(ctmy)(s4pD). | k(1+ay)?’

. hly(c+my)?
21 (1+h(c+my)(s+BD))”>
i, = hpLy(c+my)? _ (c+my)y _
227 (1+h(c+my) (s+BD))° 1+h(c+my)(s+p) L
]* _ (c+2my)I hmly(c+my)(s+BI)
23 1+h(c+my)(s+BD)  (1+h(c+my)(s+BD)°>’
i = biy(ctmy)  hy(ctmy)?(b1s+bal)
317 14h(c+my)(s+BD)  (1+h(c+my)(s+BD))° ’
Ji, = by(c+my)y  hBy(c+my)®(bis+b,l)
32 7 14h(cHmy)(s+BD)  (1+h(c+my)(s+8D)°
]* _ __my(bis+b) hmy(c+my)(s+BI)(b1s+byI)
33 7 14n(c+my)(s+BI) (1+h(c+my)(s+BD))
(c+my)
+(b1$ + bzl) 1+h(c+my)(s+BI) N d2 “HS T2

The JM at p, = (0,0,0) is given by
r—q; O 0
J(®Bo) = ( 0 —d 0 ) (12)
0 0  —(dz+q2)
So, the eigenvalues of (py) are Ayy =1 — g4, 492 = —d; and Ag3 = —(d, + q32), Do 1s locally
asymptotically stable (LAS) if r < q;. Therefore, if the birth rate of prey is less than its death
rate, both prey and predator populations will extinct.

The JM examined at p; = (§,0,0) can be obtained by

2

-r$ rs A A c§ $car
— ———68 —ras — -
k k 1+hcs k
J@) = 0 65 —d,4 0 (13a)
b1C§ A
0 0 tthes G2 THS @2
Thus, (p;1) has the following eigenvalues A4, = _Trﬁ, A =68 —dyand 143 = 1?—:; —d, —

Us — qo then p; is LAS if
68 <d, (13b)
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byc$ R
#;;<d2 + usS + qs, (13¢)

The JM examined at p, = (§,1,0) can be obtained by

73 s oo = cs (S+Dsar
( k k &5 ras 1+hc(S+BI) T k
B _ —cI
J(®2) =| 61 0 TrheGiED (14a)
C(b1§+b2D —
0 0 1+hc(G+BD) dy — uS = qz
N . _ C(b1§+bzn _ _ = _ .
One of the eigenvalues is  A,3 = T+heGi gD d, — uS — q, and other two eigenvalues are
given by
Aoy = 2+ 2T2 = 4D; 2y = 2 —3T2 - 4D, (14b)
— s — 682 | oy~ . . .
where T = —~ and D = p + 651, So,the PFEP isa LAS if condition met
c(b15+byI) ”
m< d, +us + q,. (14¢)

The JM examined at p; = (§,0,¥) can be obtained by

J:(@3) = (@), (152)

where

- _ T hy(c+my)?

11 = S( k(1+ay) ol (1+h§(c+m5z))2)'

- _af e T hBy (c+my)?

alz_s( 0 k(1+ay) (1+h§(c+m37))2)'

~ _«f___ra AT (c+2my) hmsy(c+my)

d13 =S ( (1+a37)2( K) 1+h(c+my)s (1+h(c+my)§)2)'

az =0

G = sy _(ctmDy

22 1+h3(c+my) 1

3 =0

~ _~(_ (c+my)b,

31 —y( K (1+h§(c+my))2)'

~ o~ (_ hB5(c+m3)%by (c+m3)b, )
32 = Y\~ Ginscemy)? | 14hscemmn)
_ mb, 5y

T (1+hS(c+mP))?”

<N

33
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Ay, = 65 — M

Evidently, one of the eigenvalues is - -
1+hS(c+my)

— d;, and the other two eigenvalues
are given by
131 =§ VTZ 4‘D /133 =§_% 4‘5, (15b)

where T = dll + d33, and 5 = d11d33 - d13d31. SO, the DFEP is a LAS if the fOllOWing

conditions are met

h5y(c+my)? mby5y s

(1+h5(c+m3))°  (1+hs(c+my))’  k(1+ay)’ (15¢)
11033 — Q13031 > 0. (15e)
5y < % +d,. (15f)

Finally, the LAS at p, = (5,1,5) can be studied in the following theorem.

Theorem 2. The COEP of the system (2) is LAS if

dqi1 + dyy <0. (16a)
dqiq + dz3 <0. (16b)
dz, > 0. (16¢)
ds, > 0. (16d)
Up1(d12033 — d13d3z) + d31(dz2013—d12023) > 0. (10e)
11022 — Gq201 > 0. (16f)
d11033 — dq3d31 > 0. (16g)
A12053031 + Q13021032 > 0. (16h)

where d;; are the JM coefficients that are given in the proof.

Proof. The JM examined at p, can be written as

Y hy(c+my)?

di1 = $ ( k(1+ay) t (1+h(c+my/)(§+m))2)'

s _wf_ T hBy(c+my)*

12 =S ( k(1+ay) | (1+h(c+my)(E+B))2 )

. _uf__Ta _ ($+D) hmy (c+my)($+BI) _ (c+2my)

d13 = S( (1+ay)? ( K ) t (1+h(c+my)($+B1))2 1+h(c+m37)(§+ﬁi))'
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. ¥ hy (c+my)?

Gpq =1 ((1+h(c+m37)(§+/3i))2 6)'

- hBIY(c+my)?

U2z = (1+h(c+my)($+p1))2"

. Iv( hmy(c+my)S+pD) mz _ (c+2my) )
Az3 = (A+h(c+my)G+BD)2  1+h(c+m2)(X+¥B)  1+h(c+myp)(E+BD/
. _ (c+my)bq __h(c+my)?(bs$+by])

A31 = y( H 1+h(c+m¥)(§+BD) (1+h(c+m37)(s?+ﬂi))2)'

. v( by (c+my) _ hﬁ(c+m}7)2(b1§+bzi))

sz =Y 1+h(c+mP)E+BD)  (A+h(c+m¥p)($+BD))2)”

d3 m(b1§+b2f)37

37 (1+h(crm) s+D)
As a result, the characteristic equation of J(p,)
A34+0,22+0,1;+6;=0 (16i)

where,

0y = —(dyy + dgp + ds3).

0, = (dy1022 — d12031) + (d11033 — d13d31) + (Az2033 — dp3dsz).

O3 = —[d11(Az2d33 — dp3dss) — dp1(d12dss — di3dss) — dz1(d2di3—d12053)]
with

A= 6,0, — 05 = —(Cvl11 + Cvlzz)(cvlndzz - 512521)
—(Ay1 + d33) (011033 — dy3031) — (A2 + d33)(d22033 — dp3dsz)
+d;1,073031 + dy303103;

According to the Routh—Hurwitz criterion, the sign of the real part of the roots of equations (161)
will be negative when 6;, 63, and A= 0,60, — 63 have positive signs. Moreover, direct
computation shows that due to the given conditions Routh—Hurwitz conditions are satisfied and

hence the proof is done.

4. PERSISTENCE

The system's (2) persistence is examined in this part. Therefore, if every species is shown for every
positive moment, system (2) survives. We shall outline certain conditions for the system's
consistent persistence in the sections that follow (2).

The subsystems in the positive quadrant of the s/-plane and the sy-plane of the system (2) can
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be written respectively as follows

d I
d—i: [ _T(S+)_6‘I_q1] :Yl(S’I)’
di (17)
2 = 116s —di] = Y,(s,D),
and
ds T 5\ _ (c+my)y _ .
E =S [1+ay (1 k) 1+h(C+my)s ql] - Y3 (S, y)' (18)
ay _ [b15(6+my)_d_ . ]—Y(s )
at 1+h(c+my)s 2 T H qz| = 14(S,Y).

The subsystems (17) and (18) have a positive equilibrium point coinciding with p, =

(5,1,0) and p; = (5,0,7) of'the system (2) in the interior of the positive quadrant of the sI-

plane and the sy -plane. Dulac’s function T;(s,[) =S—11,and IL(s,y) =$, which are

continuously differentiable functions in the RZ . Moreover, it is obtained

r

0 0
Ay(s,D) = 5= (T Y) + = (T Yp) = — o

r h(c+my)?+bym
ky(1+ay)  [1+h(c+my)s]?’

d 2
A, (s,y) = g(rz-\@) + E(FZ-YAL) =

h(c+my)?+1 T
[1+h(c+my)s]? ~ ky’

Clearly, A;(s,I) <0 for any point and A,(s,I) < 0 under the condition
Consequently, there are no periodic dynamics in the interior of the positive quadrants of the
sl —plane and sy —plane.

Theorem3. Assume that there are no periodic dynamics in the boundary planes, then the system

(2) is uniformly persistent provided that

r> qy. (19a)
68 >d,
b s or . (19b)
1 N
Tthee > d2 +us+q,
Bistbale o 4 us+ 19
1+hc(5+BD) 2 THUS T q2 (19¢)
o (c+myp)y
65 >m+d1. (19d)

Proof. Define the function o(s,I,y) = sP1IP2yP3 where p,,p,, p; are positive constants, and

o(s,1,y) > 0 forall (s,1,y) € R} with o(s,I,y) - 0 ifeither s,I or y goes to zero. Now,
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let

o'(s,I,y)
£(s,1,y) = oG Ly) = p1fi + p2fa + p3f3

where the functions f;, f, and f; are given in the system (2).
Now, according to the average Lyapunov method, we must show that the function £(s,I,y) > 0

for all boundary equilibrium points. Then,

2(s,1,y) = p; [ r (1 _ s_+1) 5 — (c+my)y _ ql]

1+ay k 1+h(c+my)(s+pI)
(c+my)y
P2 [55 N 1+h(c+my)(s+pBI) e ] (20)
(c+my)
*hs [(bls + bzl) 1+h(c+my)(s+BI) —dy—ps - CIZ]

Therefore,

(Po) = p1lr — q1] + p2[—di] + p3[—d2 — 2],
then we will obtain that £(p,) > 0 for suitable choice of p;, p,, and p; with condition (19a).

b1C§

£(py) = p[68 — di] + p3 [ — d — pu§ — g5,

which satisfies €(p;) > 0 for suitable choice of p, and p; with condition (19b).

(b1§+bznc

2(p2) = p3 [m—dz —us— CIz]-

2(P3) = p2 [5§ — Somhy dy ]

1+hs(crmy)
Thus, the system (2) is uniformly persistent due to given conditions.
5. Global Stability (GS)
In this section, the Lyapunov method is used to investigate the GS or specify the basin of
attraction of each EP for all LSEs as shown in the following theorems
Theorem 4. The EEP, of the system (2) is GAS whenever it is LAS.
Proof. We select an appropriate positive definite function about p, as
Ly = &5+ &l + &y

. .. dL )
Then, the derivative d—t‘) can be determined as
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% - [11231 (1 B STH) — sl - 1+hg::n1£g+ﬁl) B qls]
+ [551 - 1+h((§::z))ésy+/m —dil ]
+ [(bls +bal) 1+h((cc:nr1n;))(i+/31) — day — sy = qzy]
Hence

dL
d_to S (r—qu)s—dil = (d2 +q2)y.
So, The function % is negative definite whenever p, is LAS. Hence, p, is GAS.

Theorem 5. The PDFEP of the system (2) is GAS if the forthcoming inequalities hold.

4, +dy > 5 = (1-2) + (c + my)s (21a)
dy > 68+ 21b)
k>3§ )

Proof. By selecting an appropriate positive definite function about p; as
L, = [s —§—38In G)] + [ + y which is a real-valued function.

. .. dL .
Then, the derivative d—tl can be determined as

dLl—(s—s)[ s+1) 61_(c+;ny)y_qll
+I651—%—dlll

(c + my)y

B —dyy — usy — qwl-

+ l(bls + b,1)

Hence

dL,

<—L(s-3)7? [1 ] [+d —crmpi— L 1-2)
S8 sy —|g2+da = (c+my)s ——(1A-Dy

k
where A =1+ ayand B = 1+ h(c + my)(s + BI). Therefore, if the inequalities in (21a)-(21c)

r§
—[d1—6§—— I,

hold,% is negative definite. Hence, p; is GAS.
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Theorem 6. The PFEP of the system (2) is GAS if the forthcoming inequalities hold.

S+1<k. (22a)
1(r 2\ 2 r
8Smax +5 < di. (22¢)
_ S+I _
ras (1 - T) + 5+ (I + by)Lngx + b1Smax) (€ + MYpay) < dy + q5. (22d)

Proof. By selecting an appropriate positive definite function about p, as

L, = [s—s‘—§ln(§_)]+(1_znz+y

. .. dL .
Then, the derivative d—tz can be determined as

A k Ak B

(c + my)ly
B

dL | ray S+1 r _ r - (c+my)y
d—tzz(s—s)l (1— )—E(s—s)—(—+6)(1—1)——l

+(I-1) la(s(z —D+ (-5 - —d, (I - 1‘)]

(c + my)y

B — dyy —usy — qul

+ [(bls + b,I)

Hence

2 B
W< ‘[ﬁ‘%(ﬁﬂ?—@l) ](S—S_)z—[dl—ds—%](l—[)z
_[dz +q, — ra§(1 —ST“) — G+ (T + by) gy + bySma) (C + mymax)] y

Using the inequalities in (22a)-(22d), make % negative definite. Hence, p, is GAS.

Theorem 7. The DFEP of the system (2) is GAS if the forthcoming inequalities hold

by <1 (23a)
boYmax < 1+ 1ECIDT 4 p 5, (23b)
=4+ 65 < dy. (23¢)
hy(c+mP)(c+mymax) (Qmax)2 r
B * 2 k(1+aymax)” (23d)

<1 (23¢)

§
kA
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bls% [hcSYimax (M + ¢) + mP + (¢ + MYpay) (1 + mh3F)] +% <dz+q;+us, (230

5 7)(1+hcs—b, ¥ hcs+hmys .
where Qnmax = UWmax + 7 (1 - %)  Lmy)A+hes 1y)+§m(1+ SHAMIDYmax hile Smax and

Vmax are the upper bound for the s and y respectively.
Proof. By selecting an appropriate positive definite function about p; as
Ly=[s—§—smn (3] +1+22 2

. .. dL )
Then, the derivative d—tz can be determined as

dLy; _  ra(s-)y-3) ri(s-5? | ras(s-5)y-y)
at A kA4 KAA
_ r(s- s)1+5 5] — c(1+hc§)(s~—§)(y—37)+ch37(c+m3~/)(s—§)2
BB BB
n cyh(c+my)(s $BI [m(1+hcd) y+3)+hm2y$5]|(s—5) (y—7)
BB BB
n mh(c+my)~372(s—§)2 " mhy?(c+my)B(s— NI (ctmyly dyl ,
BB BB B
n bys(c+c?hSy+m?hsyy)(y=3)* 4 Day(ermy) (-9 (y-9)
BB BB
n mbys(1+hcd) Y+ =37)*  h(c+my)(cb,§y+mb13y%)B(y=3)1
BB BB

(c+my)yb,(y—3)I
B

—(d2 + @+ @ - —u-D@ -y +
where A =1+ a¥,and B =1 + h(c + my)s.

Hence

dL3 <_ [ r h37(c+m373(c+my) _ Q_Z] (S _ §)2
kA BB 2

— [dz +qy + us — % (hesy(m + ¢) + my + (c + my)(1 + mhsy)).
1 52
-2 -|a-5-ss1
Therefore, % is a negative definite function, Thus, p3 is GAS under the given conditions.

Theorem 8. The COEP of the system (2) is GAS if the forthcoming inequalities hold.

(N12)? (1\’13)2

2+ 2= < Ny (24a)
2
Qo) 4 1< Ny, (24b)
1< Nas. (240)

Where N;; are given in the proof.
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Proof. Consider the appropriate positive definite function about p, that is given by

Ly = [S—§—§ln G)].F#_'_@

Then the derivative of L, can be determined by

s omp|E(a- L) o
B
+(1-1) [551— %ﬂ_ dlll
b b,1
+( - ) I( 15 P ;(Hmy)y— (d +q2)y—usyl-
Hence
dst —Nj; (s — 5)? _sz(l_l) — N33(y — 9)? _N12(5—5)(1—i)
—Niz3(s =5y —-y) — N23(1 - 1)(3’ -9,
where

N1y = =+ hy(c + my)(c + my),

N,, = d; + %(y(c + mj/)(l + hsS(c + my))) —

(b1s+byD[c+h(c+my)(c+my)(S+LD+m(y+3)]
BB >

N33 =d, +q; +ps —
rd - o v 1, v, -
Ny, = T 6 + Bhy(c + my)(c + my) — 61 + Ehly(c + my)(c + my),
B (5+1) (c(1+hc(§+ﬁf))+hm237y(§+ﬁf))
N13_E(1_ k)+ BB
—m (1 +he(3 +BI)) (& +3) +uy :

_ (c+my)y[bs—(c+my)hi(by—b1p)]
BB

(cI+h1(§+ﬁ7)(cz+m237y)+m1(1+hc(§+[>’7))(y+37))
23 = BB
_ (c+my)F[by+(b2—b1f)hS(c+my)]
BB

)

with A =1+ ay;and B =1+ h(c + my)(§ + BI). Now further computation gives that

<- [Nn - (N12_2)2 - %] (s — 5)2 - [sz (Nzg) ] (1 - f) [N33 — 1](y — Y)Z

Accordingly, if the inequalities in (24a)-(24c) hold,% is negative definite. Hence, p, is GAS.
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6. LOCAL BIFURCATION
The occurrence of local bifurcation is investigated in this section using the Sotomayor theorem
Recall that a non-hyperbolic equilibrium point represents a necessary but not sufficient condition
for a local bifurcation to occur. Now, the next theorems examine whether or not LB might occur
near a non-hyperbolic EP.
Theorem 9. System (2) at the EEP undergoes a transcritical bifurcation (TB) whenever the
parameter g, passes the value q;".
Proof. The JIM at (Py,q;*) can be represented by

0 O 0

Jo = Jwoary = (0 —d, 0 >

0 0 —(d2+q2)
Therefore, the eigenvalues of J, are given by A5; = 0,45, = —d,, A3 = —(d, + q2). So, the
EEP is a non-hyperbolic point.
Suppose, @y = (W1, Doz, Wo3)! be the eigenvectors corresponding to A§; = 0. Then it is
obtained from Jyw, = 0 that @y = (wyq,0,0)7, with (@y; # 0).
Now, let Uq = (U1, Ugz, Ugz)T refers to the eigenvector corresponding A4, = 0 for J,'.
Then J,"Up =0 gives Uy = (ugy,0,0)T, with (uy, # 0). Since F,, =(-s0, 0)". Hence
Fg, (B0, 41") = (0,0,0)". Then Uy Fy, (B0, 417) = 0.
Following the “Sotomayor theorem” at the EEP, the first requirement for TB is satisfied.
Now, we have Uy"[DF,, (Do, q1")®0o| = —®o1uer # 0.
Also, Uo" [D?F (Do, 91°) (@o, @o)] = —Tzrmmzumz # 0, where D?F is given in Appendix B.
Hence, TB takes place near p,.

Theorem 10. The system (2) undergoes a TB near PDFEP when the parameter d; crosses the

value di= 63 if the following condition holds.

2
(1+hcs$)3

# (1 + hcd)36m, (25)

Proof. The JM at (p;,d]) can be represented by
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—r$ r$ 58 . c$ N $2ar
N K- T T T e T Tk
J1 =J(B1,d7) 0 0 0
0 0 b,c$ p )
1+hes 2 K70
Thus, the eigenvalues of J; are given by Aj; = _Trs 12=0 and Aj;= f:—:; —d, —us —

q2- So, the PDFEP 1is a non-hyperbolic point.

Let @y, = (@1, @12, @q3)! be the eigenvectors corresponding to A, = 0. Thus J;@w; = 0
gives @y = (M, @1, @12,0)", where (@, # 0) with m, = —(1+2) <0.

Now, let Uy = (uq1, U, Uus3)T refers to the eigenvector corresponding to A3, = 0 of J;” then
JiT Uy =0 gives Uy = (0,uy,,0)7, where (uy, # 0).

Since Fy, = (0,—1,0)7, as result we find that F4 (P, d;) = (0,0,0)".

So, U,"F, (D1, di) = 0. Hence, system (2) has no SNB due to the Sotomayor theorem.

Now, we have UIT[DFd1 (P1, di)wl] = —wy, Uy F 0.

Additionally, U," [D?F(py, d}) (@, @1) + (1+hc§)36n1] @,%U, = 0 under

2
I= [(1+hcs:)3
the condition (25). Hence, TB takes place near p;.

Theorem 11. The system (2) undergoes under the following a TB near PFEP when the parameter

C(b1§+b2D
crosses the value ¢, = ——= —
a2 92 1+hc(5+B0)

d, — us, condition
M; # 0, (26)
where M; is defined in the proof.

Proof. The JM at (p,, q,") can be represented by

—7$ s 55 = c§ (§+Dsar
k k s ras 1+hc(5+p1) k
I2 =Jw,a = i - = (C_lij)'
o ol 0 1+hc(S+B1)
0 0 0

Then the matrix has two eigenvalues having negative real parts, while the third is zero.
Hence it is a non-hyperbolic point.

Let @, = (@1, Wy Wy3)! be the eigenvectors corresponding to A3; = 0. Thus J,@, =0
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21 12021

—dz3

gives that @y = (T,Wy3, M3Wy3, Wa3)! , where m, =
(@y3 # 0).

Now, let Uy = (uyq, Uy, Uyz)” represents the eigenvector corresponding to A3z = 0 of J,©
then J,” U, =0 yields U, = (0,0,u,3)7T, where (uy3 # 0).

Since F,, = (0,0,—y)". Hence F,, (P2, q.") = (0,0,0)"

Therefore, U ZTFqZ (P2,92") = 0. Hence system (2) has no SNB with the Sotomayor theorem.Now,

UZT[DFCIZ (ﬁZJ qZ*)“DZ] = —W»y3Uy3 * 0.

Also,
Ty bihc? 5 5
Uy [D°F (P2, q2") (W2, @3)] = — ~ —2z T2 U3 W23
(1 + he(5 + ,BI))
N b,c o+ b;hc?s — byhlc? "
———— — 2l — | T Uy
1+he(s+pID) (1+hc(§+ﬁ]))2 2rastes
b,hBc%s — byhBc?T 2ch, | ,
— - ————— | T3Uy3®
(1 + he(s + ﬁl))z 1+ hc(s+ ﬁ])_ 37233
2byms + byml  2(hmcs + hmceBI) (b5 + byD)] , ,
+ - =N _ 2 Up3W23° = MjUp3®23
(1+ he(5+BD) (1 + he(5+BD)

Consequently, U,"[D?F(P,,q,") (@2, ®2)] 0. Hence, TB occurs near p, under the
condition (26).
Theorem 12. The system (2) undergoes a TB near DFEP when the parameter §=6" =

(c+my)
(1+h3(c+my))

+ %, if the following condition holds.

M, # 0, (27)
where M, is defined in the proof.
Proof. TheJM at (p5,6™) can be represented by

dj; Qi Qg3
Js=Jpsen=|0 0 0
azi1 4azz d4zs
Then the matrix has two eigenvalues having negative real parts, while the third is zero.

Hence it is a non-hyperbolic point.
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Let w3 = (W3, W3, W33)] be the eigenvectors corresponding to A5, = 0. Thus J;w3 = 0

. G13032— 012013 G31012—011032
gives that @3 = (T, @3, W3y, Ms®3p). , Where m, = 232121 gpd g =3112 1132
a11Aa33—0A130431 a11033—0A130A31

and, (w3, # 0).
Now, let Uz = (ugq,usp, us3)” represents the eigenvectors corresponding to A5, = 0 for J3©
then J3© Us =0 leadsto Ujz = (0,u3,,0)7, where (us, # 0).
Since Fs = (—sl,sI,0)T. Hence, we obtain that F5(p3,6*) = (0,0,0)T
Therefore, Us" F5(5,8*) = 0, which shows that system (2) has no SNB.
Now, we have U3” [DF5(p3, 6 w3] = §w3, # 0.
Also,

U3" [D?F (3, 6%) (w3, 3)] = [AF(c + m§)?(1 + h3(c + m§))p
—((c + c®h?5%) + my(2 + hm3y(3 + hms¥p))
+c2h(3(2 + 3hm3y)) + chm3§(5 + 3hmsy))ms
+(h§(c + m§)?(1 + h3(c + my)) + (1 + h(c + m§y)35)386)m,
+my (3 + hm3y))m,ms]ws,* = Myw3,°

Then Us"[D?F (3, 8%) (w3, @w3)] # 0 under the condition (27). Hence, TB takes place near ps.

Theorem 13. The system (2) undergoes an SNB near COEP when the parameter yu = pu* =

—d11(d2d33—d23032)+d21(d12d33—d13d32) ( (c+my)by __h(c+my)?(by$+by1) ) if  the
(d22013—012023) ’

(A+h(c+mNG+BD  (1+h(c+m)($+BD)° Y
following condition holds.
My1T1Uy3 + My Tolyz + M3qlUyz # 0, (28)
where m,;, m,q, and m3; are given in the Appendix B.
Proof. The JM of the system (2) at (P4, #*) can be represented by
Ja = Jeauy = (@) 5
Therefore, it is straightforward to check that the coefficient 85 = 0 at 4 = y* in equation (16g).

Hence the characteristic equation has a zero root

Let @, = (W4, W4y, Wa3)! be the eigenvectors corresponding to A;; = 0. Thus J,@, = 0

: Uy lps—lgad
gives that @, = (Mg®,3, Wa3, T, W,43)" , Where mg =%

6’21&13_&11&23
— and m; = —————
a

11d22—012021 11d22—0A12021

and, (w43 # 0).
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Now, let @, = (Ugq, Usp, Uss)” represents the eigenvectors corresponding to AL; = 0 of J,©

then ]4TU4_ =0 ylelds U4_ = (T1U43, ToUys3, u43)T . where ) ( Uys * 0) with T, =

Since F, = (0,0,—59)". Hence we obtain that F, (P, u*) = (0,0, =39)"
Therefore, U4Tlil(ﬁ4,u*) = —SYuys # 0.
Also, by using the condition (28) it is obtained that

U4T[D2F(ﬁ4;ﬂ*)(w4: @,y)] = My1TiUyz + My ToUys + MaqUys # 0.

Hence, SNB takes place near p,.

7. NUMERICAL SIMULATIONS
This section explores the aspects of system (2) dynamics. The primary objective is understanding
how the system behaves as its parameters are altered.
The obtained theoretical results are verified utilizing numerical simulation. System (2) is solved
numerically utilizing Matlab version R2021a.
r=28 a=03K=10;6§ =0.3; c=0.6;m =0.02; b, = 0.5; b, = 0.25;
h=0.12; d; =0.1;d, =0.2; $ =0.1;, u =0.2; g, = 0.1; g, = 0.05; (29)
Now, utilizing the above data starting from different initial points, system (2) approaches
asymptotically to COEP, p, = (3.21,0.60,1.70), as illustrated in Figure (1).

b)

-~
=

Popalations

S kRt 3™ o &%

0 200 400 600 800 1006
Time

Figure 1. System’s trajectory utilizes the set of data (29) and starting from various initial points
approach asymptotically to p, = (3.20,0.60,1.70).(a) Phase portrait of system (2). (b) Evolution

of time series.
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As seen in Fig. 1, it is found that the system's (2) trajectories approach the COEP asymptotically
given the following set of hypothetical parameter values, stsrting from various initial conditions.
According to Fig. 1, the obtained theoretical finding of theorem 8 is confirmed.

Now, the influence of r is studied in Fig. 2, it is observed that for r € [0.1,0.5] the system
approaches the PFEP, while for r < 0.09 the system approach to EEP, as shown in Fig. 2

however, for r > 0.6 it approaches the COEP, as illustrated in Fig. 1.

(b)
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Time
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=

Figure 2. The system’s trajectories (2) with data set (29) and different values of 7. (a) The system
approaches asymptotically to p, = (0.33,1.09,0) when r = 0.5. (b) Time series for r = 0.5.
(c)The system approaches asymptotically to p, for r = 0.009. (d) Time series for r = 0.009.

The effect of varying the value of k of system (2) is investigated. Obviously, for k < 0.35 then
the system’s trajectory (2) approaches to PDFEP , Also for k € [0.36,2.3] then the system’s
trajectory (2) approaches to PFEP, and for k > 11 then the system’s trajectory converges to

3D period attractor as illustrated in Fig. 3. While for k € [2.4,10]the system’s trajectory
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approaches COEP, as illustrated in Fig. 1.
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Figure 3. The system’s trajectories (2) with Eq. (29) with different values of k. (a) Approaches
asymptotically to p; = (0.28,0,0) for k = 0.3. (b) Time series for k = 0.3. (c) The system
approaches asymptotically to p, = (0.33,1.31,0) for k = 2. (d) Time series for k = 2. (e)

Approaches to periodic attractor in  R3 for k = 15. (d) Time series for k = 15.
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Moreover, for the parameter «, it observed that for a < 0.01 the system’s trajectory(2)
approaches to PDFEP, for a € [0.02,0.2] the system’s trajectory converges to 3D period

attractor as illustrated in Fig 4, while a > 0.3 the system approaches the COEP, as illustrated in

Fig. 1.
()
i0 T T )
9 —
8. —
7
= g 6
2
3
E_ 3
< 4H
3
2
|
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A |
0 20 40 o0 8¢ 100
Time
(d)
9
. p
| -
7
6
) 4
a, S5
1
=
N .
< |
3
2
7
@ 180 260 360 400 506 690 70O 860 960 1060
Time

Figure 4. The system’s trajectories(2) with Eq. (29) with different values of a. (a) Approaches
asymptotically to p; = (9.64,0,0) for a = 0.01. (b) Time series for ¢ = 0.01. (c) Approaches

to periodic attractor in  R3 for a = 0.2. (d) Time series for a = 0.2.

The influence of varying the value c¢ of the system (2) is numerically investigated with data
(29), clearly, for ¢ < 0.2 the system’s trajectory(2) approaches to PFEP, Morevere, for ¢ €
[0.7,0.9] then the system’s trajectory approaches to DFEP, while for ¢ > 0.95 the system’s
trajectory approaches periodic attractor in 2D  as illustrated in Fig. 5, and where ¢ € [0.3,0.6]

the system approaches the COEP, as illustrated in Fig. 1.
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Figure 5. The system’s trajectories (2) with Eq. (29) and different values of c. (a) Approaches
asymptotically to p, = (0.33,4.4,0) for ¢ = 0.1. (b) Time series for ¢ = 0.1. (c) The system
approaches asymptotically to p; = (2.35,0,2.01) for ¢ = 0.7. (d) Time series for ¢ = 0.7. (¢)

Approaches to periodic attractor in  R3  for ¢ = 0.98. (f) Time series for a = 0.98.

Moreover, for the parameter in the range m € [0.04,0.053] and m > 0.2 then the system’s
trajectory converges to 3D period attractor, Also, for m € [0.06,0.08] the system approaches

DFEP. While for m € [0.09,0.1] the system’s trajectory converges to 2D period attractor as
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illustrated in Fig. 6. When m < 0.03 the system’s approaches to the COEP, as illustrated in Fig.

1.
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Figure 6. The system’s trajectories (2) with Eq. (29) and different values of m. (a) Approaches

periodic attractor in R3 for m = 0.05. (b) Time series for m = 0.05. (c) The system

approaches asymptotically to p3; = (2.10,0,2.01) for m = 0.08. (d) Time series for m =

0.08. (e) Appeoches periodic attractorin  SY — plane for m = 0.1. (f) Time series for m = 0.1.



28
AMEER M. SAHI, HUDA ABDUL SATAR

Now, the effect of varying the value of b; is investigated. Clearly, for b; < 0.4 the system’s
trajectory converges to 3D period attractor. Moreover, for b; > 0.54 the system’s approaches to

DFEP. as illustration in Fig. 7. Otherwise, the COEP of the system(2) is a GAS as illustrated in

Fig. 1.
5 )
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Time
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00 5:;)0 1‘(}'00 1‘5I00 2000

Time
Figure 7. The system’s trajectories (2) with Eq. (29) and different values of b;. (a) Approaches
Periodic attractor in R3 for b; = 0.2. (b) Time series for b; = 0.2. (c) The system approaches

asymptotically to p3 = (1.16,0,2.30) for b; = 0.7. (d) Time series for b; = 0.7.

The impact of value b, of the system is studied. For b, < 0.08 the system’s approaches to
DFEP. Also, for b, > 0.27. The system approaches a stable limit cycle as illustration in Fig. 8.

Otherwise, theCOEP of the system (2) is a GAS, as illustrated in Fig. 1.
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Figure 8. The system’s trajectories (2) with Eq. (29) and different values of b,. (a) Approaches
asymptotically to p, = (3.56,4.49,0) for b, =0.08. (d) Time series for b, = 0.08. (c)

Approaches periodic attractor in  R3 for b, = 0.3. (d) Time series for b, = 0.3.

Now, when u < 0.18, the solution of system (2) approaches DFEP. In addition, for u > 0.23
the system approaches a stable limit cycle, as illustration in Fig. 9. Otherwise, the COEP of the
system (2) is a GAS if u € [0.19,0.22] as illustrated in Fig. 1. Similar effect has been obtained,

as that happened with varying u when we varying the value h.
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Figure 9. The system’s trajectories (2) with Eq. (29) and different values of u. (a) Approaches
asymptotically to p; = (1.29,0,2.29) for u = 0.1. (d) Time series for u = 0.1. (c) Approaches

periodic attractorin R3 for p = 0.5. (d) Time series for u = 0.5.

It is observed that the influence of varying the values d, 8,and q; on the system (2) dynamics is
only a quantitative effect when the parameter values (29) are used, and the system trajectory
approaches asymptotically to COEP with a different position.

The influence the value of d, of system (2) is studied. For d, < 0.1 the system approaches
DFEP . While, for d, = 0.7 the system’s approaches to PFEP, as illustration in Fig. 10.
Otherwise, the COEP of the system (2) is a GAS if d, € [0.2,0.6] as illustrated in Fig. 1.
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Figure 10. The trajectories of system (2) using Eq. (29) with different values of d,. (a) The system
approaches asymptotically to p; = (1.81,0,2.24) for d, = 0.1. (b) Time series for d, = 0.1.
(c) The system approaches to p, = (0.33,4.49,0) for d, = 0.8. (d) Time series for d, = 0.8.

Finally, for the parameter q, < 0.02 the system approaches a stable limit cycle, while for g, >
0.5 the system approaches PFEP, as illustration in Fig. 11. Otherwise, the COEP of the system
(2) is a GAS if g, € [0.03,0.4] as illustrated in Fig. 1.
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Figure 11. The system’s trajectories (2) with Eq. (29) and different values of q,. (a) Approaches
periodic attractor in R3 for g, = 0.01. (b) Time series for g, = 0.01. (c) The system

approaches asymptotically p, = (0.33,4.49,0) for g, = 0.6. (d) Time series for g, = 0.6.

8. CONCLUSION

An investigation of the influence of hunting cooperation and anti-predator behavior induced
by the fear of predation for a Holling-II prey-predator model has been carried out analytically and
numerically. The analytical and numerical findings show that cooperation leads the maximal
number of individuals to escape predation through fear. The existence and stability of equilibria of
the model are given and the existence of bifurcation is investigated. In addition, the influence of
the fear effect on the population dynamics of the model is investigated, and find that the fear effect
can not only reduce the population density of both predator and prey but also prevent the

occurrence of limit cycle oscillation and increase the stability of the system.
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Appendix A:
The coefficients of the equation (5) can be determined as follows:

Lo = ch?Kmu® — c?h?Kau® + h2Km?ru?b, + 2hm?rub? — 2h*m?rub,d,
— h Km?ub,q, + ch®’Kmau®b,q, — 2h*m?rub,q,

L, = hKmu3® — 2chKau® — 2chKmu?b, + 2c?hKau?b, — 2hKm?rub? — m?rb3
+3ch?Kmu?d, — 3c?h?Kau?d, + 2h?Km?rub,d, + 2hm?rb?d, — h*m?rb,d3
+hKmau?b,q, + 2hKm?ub?q, — 2chKmaub?q, — 2h*Km?ub,d,q,
+2ch?Kmaub,d,q, + 3ch’Kmu?q, — 3c*h*Kau?q, + 2hKm?rub,q,
+2hm?rb2q, — 2h*m?rb,d,q, — 2h*Km?ub,q,q;
+2ch?Kmaub,q,q, — h*m?rb,q3

L, = —Kau® — Kmu?b, + 2cKau?b, + cKmub? — c?Kaub? + Km?rb3 + 3hKmu?d,
— 6chKau?d, — 4chKmub,d, + 4c*hKaub,d, — 2hKm?rb?d,
+ 3ch?Kmud3 — 3c?h?Kaud? + h?Km?rb,d3 — Kmaub?q, — Km?b3q,
+ cKmab3q, + 2hKmaub,d,q, + 2hKm?b?d,q, — 2chKmab?d,q,
— h?’Km?b,d3q, + ch*Kmab,d5q, + 3hKmu?q, — 6chKau?q,
— 4chKmub,q, + 4c*hKaub,q, — 2hKm?rb%q, + 6¢ch*Kmud,q,
— 6c2h?Kaud,q, + 2h2Km?rb,d,q, + 2hKmaub,q,q, + 2hKm?b?q,q,
— 2chKmab?q,q, — 2h*Km?b,d,q,q, + 2ch’*Kmab,d,q,q,
+ 3ch?Kmuq? — 3c?h?Kauqs + h?Km?rb,q3 — h?’Km?b,q,q>
+ ch?Kmab,q,q3
L; = —3Kau®d, — 2Kmub,d, + 4cKaub,d, + cKmb?d, — c?Kab?d, + 3hKmud?>
— 6¢chKaud? — 2chKmb,d3 + 2c?hKab,d? + ch?Kmd3 — c?>h*Kad>3
— Kmab?d,q, + hKmab,d3q, — 3Kau?q, — 2Kmub,q, + 4cKaub,q,
+ cKmb?q, — c?Kab?q, + 6hKmud,q, — 12chKaud,q, — 4chKmb,d,q,
+ 4c?hKab,d,q, + 3ch’Kmd2q, — 3c2h?Kad3q, — Kmab?q,q,
+ 2hKmab,d,q,q, + 3hKmuq3 — 6¢chKapuq? — 2chKmb, g3
+ 2c?2hKab,q3 + 3ch?Kmd,q% — 3c*h?Kad,q% + hKmab,q,q>
+ ch?Kmq3 — c?h?Kaq3
L, = —3Kaud? — Kmb,d3 + 2cKab,d? + hKmd3 — 2chKad3 — 6Kaud,q,
— 2Kmb,d,q, + 4cKab,d,q, + 3hKmd3q, — 6chKad3q, — 3Kauqs
— Kmb,q3 + 2cKab,q3 + 3hKmd,q3 — 6chKad,q% + hKmqs — 2chKaq3
Ls = —h?>m?rx®u?b; — Kad3 — 3Kad3q, — 3Kad,q5 — Kaq;.
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Appendix B:

Reformulating the system (2) in the vector form as follows

ax

where X = (s,1,y)T and F = (sf;,1f5,vf5)T . Then direct computation to obtain the second

derivative of F can be written as

D?*F(X) = (Mi1)3%15

where
_ 2 (_ hky(c+my)2(1+ay)(1+h(c+my)ﬁ1)) 2
M1 = rarany 7 (1+h(c+my)(s+BD))3 1
T hy(c+my)?B(1+h(c+my)(=s+BI))
+2v [( k(1+ay) (1+h(c+my)(s+BI))3 6)172
(r(—k+25+1)a 2hmsy(c+my) —my+hs(c+my)? _ (c+my) ) ]
k(1+ay)? A+h(c+my)(s+BD)3 = (1+h(c+my)(s+BD)2  (1+h(c+my)(s+BD)/) 3
_ 2h%y(c+my)3B?v2 ra
+S[ (1+h(c+my)(s+BD)3 (k(1+ay)2
+ h(c+my),8(c+czh(s+ﬁ1)+Zchmy(s+ﬁ1)+my(3+hmy(s+ﬁ1))))
(1+h(c+my)(s+BD))3 V2Vs

(r(k—s—l)az_ m(1+ch(s+p£1)) ) 2]
k(1+ay)3  (1+h(c+my)(s+BD)3/) 3

2
M1 = Trermeigny Y (e +my)*vf + hy(c +my)?(1 + hs(c + my))Bv3

—(c + c3h?s(s + BI) + my(2 + hmsy(3 + hmy(s + BI)))
+c2h(BI + s(2 + 3hmy(s + BI))) + chmy(BI + s(5 + 3hmy(s + BI))))v,v5
—mI(1 + ch(s + B1))v3 + v, ((hy(c + my)?(1 + h(c + my)(s + BI))
+(1 + h(c + my)(s + B1))38)v, + hi(c + my)(c + c?h(s + BI)
+2chmy(s + BI) + my(3 + hmy(s + S1)))vs)]

— 1 _ 3
- (1+h(c+my)(s+,8[))3 [ 2(1 + h’(c + my)(s + ﬁl)) Uv1U3

+2b,(h?Iy(c + my)3v2 — hy(c + my)?(1 + hs(c + my))pv?
+(c + c3h?s(s + BI) + my(2 + hmsy(3 + hmy(s + SI)))
+c2h(BI + s(2 + 3hmy(s + BI))) + chmy(BI + s(5 + 3hmy (s + BI))))v,v;
+mI(1 + ch(s + B1)vz + h(c + my)v;(—y(c + my)(1 + h(c + my)(s + 1)) v,
—I(c + c?h(s + BI) + 2chmy(s + BI) + my(3 + hmy(s + BI)))v3))
—2b;(hy(c + my)?(1 + hi(c + my)B)v? + v, (hy(c + my)?B(1 — h(c + my)(s + BD))v,
—(c + 2my + chs(c + my) + hi(c + my)(c?hs + 2¢(1 + hmsy)
+my(3 + hmsy))B + h?1%(c + my)3?)vs;)
+s(=h%y(c + my)3B?v2 + h(c + my)B(c + c*h(s + BI) + 2chmy(s + BI)
+my(3 + hmy(s + BI)))v,v; — m(1 + ch(s + BI))v3))]

msq
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