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Abstract: Binary logistic regression is a statistical method used to examine the relationship between a binary response
variable and predictor variables, measured on a categorical or continuous scale. Binary logistic regression modeling
is typically applied to cross-sectional data; however, this study extends its application to a binary logistic regression
model for longitudinal data, which combines cross-sectional and time-series data. In longitudinal data, time and
individual variables are critical components associated with random effects, as fixed predictor variables often do not
fully explain temporal variations and inter-individual differences. Furthermore, the response variable is influenced by
predictor variables (fixed effects) and random factors (random effects) such as sample selection, time, and area. A
model that incorporates fixed and random effects components is called a mixed-effects model. This study develops a
mixed-effects logistic regression model by considering the longitudinal data structure and predictor variables as
random effects. The analysis is applied to loading equipment productivity data at PT Kaltim Prima Coal, with variables
such as spotting time and loading time as fixed effects and environmental factors beyond control as random effects.
This approach improves parameter estimation accuracy to 74.63% and provides a deeper interpretation of the factors
affecting productivity.
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1. INTRODUCTION

Binary logistic regression is a statistical method used to examine the relationship between a
binary response variable and predictor variables, measured on a categorical or continuous scale
[1]. Logistic regression has been extensively applied across diverse disciplines, such as education
[2], health [3], and social sciences [4], to identify factors influencing specific parameters. The
binary logistic approach has also been developed in nonparametric regression, such as spline
binary logistic regression [5]. However, most of these studies rely on cross-sectional data. In
fields such as economics, epidemiology, and health, time is often crucial for analyzing changes
in research subjects over time. Therefore, this study develops a binary logistic regression model
using longitudinal data.

Longitudinal data combines cross-sectional and time-series data from repeated observations over
different periods on multiple subjects. In longitudinal data analysis, models are categorized into
fixed-effects and random-effects models [7]. A model that incorporates both components is
referred to as a mixed-effects model. Time and individual variables are crucial in longitudinal
data, where time captures changes in subjects over the observation period, and individual
variables reflect differences between subjects that may influence the observed response [8], [6],
[9]. These variables are closely related to random effects, as fixed predictors often do not fully
explain temporal fluctuations and inter-individual differences [10]. Random effects are thus
utilized to accommodate unpredictable variations arising from individual differences and
temporal changes [11]. This study aims to develop a mixed-effects logistic regression model by
considering longitudinal data structure and treating predictor variables as random effects.
Researchers observe cases involving fixed and random variables in data on the productivity
targets of loading equipment during overburden removal activities at PT Kaltim Prima Coal
(KPC) in 2022. Factors influencing the productivity of loading equipment include fixed variables,
such as spotting time and loading time, which can be optimized through production processes.
At the same time, bench height, fragmentation (bucket), and excavation & material methods
remain random factors that cannot be controlled as they depend on company standards and are
influenced by natural conditions, introducing considerable variability [12]. Previous studies [10],
[13] have confirmed that controllable operational factors, such as working time and equipment
speed, are essential to productivity. Controllable external factors, such as geological conditions
and weather, increase randomness in production outcomes. Based on this, the mixed-effects

binary logistic regression model for longitudinal data is expected to describe the factors affecting
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the productivity targets of loading equipment during overburden removal activities at PT Kaltim

Prima Coal Sangatta, enabling efforts to improve productivity.

2. PRELIMINARIES
Binary logistic regression with mixed effects combines fixed and random effects in the
longitudinal data analysis, where multiple observations are collected from each individual

Vit Xit,» ;). The binary logistic regression model for longitudinal data is as follows:

Yie =XuB+zyy+epi=1...nt=1,..,T Q)
where:
B =[P - PBp]" avector of fixed effect coefficient parameters with dimensions p X 1.
x;; = [%¥1ic -+ Xpit] avector of fixed effect predictor variables with dimensions 1 X p.
Y = " Yq]" avecto rofrandom effect parameters with dimensions g X 1
z;; = [Z1it - Zqit] avector of random effect predictor variables with dimensions 1 X q.
g = a skalar of random errors which follows a logistic distribution with a mean of 0 and

_ 2
variance / 3

The parameters of the mixed-effects binary logistic regression model for longitudinal data are
estimated using the Maximum Likelihood Estimation (MLE) approach. The principle of MLE is
to find parameter estimation by maximizing the likelihood function, which requires the response
variable to follow a specific distribution [14]. If the response y;; is biner y;; € {0,1} it

follows a binomial distribution with a probability density function (pdf) expressed as follows:

. 1-y;
fie) = m(x;e, Zit)y”(l - n(xitrzit)) ‘ )
The MLE method is a parameter function that maximizes the likelihood function to estimate
parameters. Given the probability of y;; with model parameters (f8,¥) and predictor variables
(xit, zi¢) the joint likelihood for all time observations for all time observations t = 1,...,T for

the—i individua as:
T

LBy = | | £ Oielxic. 7 8,70 ©)

t=1

And the total likelihood for all individuals i = 1, ...,n is then given by:
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LBy =| [LBr @

Since y; is an unobserved random effect and follows y; ~ N(0, g2), the likelihood function in
Equation (4) is integrated concerning the distribution f(y; ) obtain the marginal likelihood in
Equation (5).

LB,y = ﬁwai(ﬁ»)’i) S rody;
i=1 "%

= j_c: [ﬁf(yitlxitl Zi, B, Vi)

Where L;(B,y;) is the joint likelihood for individual i, f(y;) is the probability density

frddyi )

function (pdf) of the random effect, which follows a multivariate normal distribution:

FO) = e Vi 6
Vi _\/FO'& p 20_& ()

Thus, the likelihood function in Equation (5) becomes as in Equation (7):

1 Yivi
- ) dy, 7
Zmﬁexp< 202 ) 41 (7

The likelihood function in Equation (7) poses analytical challenges, requiring numerical methods

for its solution. The Adaptive Gauss Hermite Quadrature (AGHQ) method [15] is applied by

L(B'Yl) = f [nf(yitlxitﬂzit'ﬁ'},i)
~*li=1

multiplying and dividing the likelihood function by the normal density. The Gauss Hermite

integration formula is expressed in Equation (8) as follows:

| O:of(x)dx ~ i Wi f (e ®)

Where x,,, are the quadrature points and w,, are the Gauss-Hermite wights. Thus, the

likelihood function in Equation (8) can be written as Equation (10).

L; = (o/V2) f fwp)dw; 9)

= (6;V2) Z e exp(a,zn)( exp ( W)) nf(ywlxnﬂ amoi N2 + 1) (10)
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It is known that ¢2 = 1,50 the likelihood function for n observations in Equation (10), after
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substituting ;2 becomes Equation (11):

n 2m %M (a o2 + ?)2(1_ ) T
L= L_l[(ﬁi*\/i) (%) mz_l Wi exp(a,zn) exp <_ mYi Hi P )1_[ (”(xﬂﬁ

2p o1 (11)
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The next step is to maximize the likelihood function by transforming it into the form of the log-

likelihood function as follows:

1
2

@)
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n
log(L) = Z log 2p
i=1 t=1

" (12)
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+ anoiV2 + ,uz‘))y” (1 —n(xLB + apoiV2 + u?))

The log-likelihood function is maximized by differentiating the log-likelihood function
concerning each parameter, and then the first derivative is equal to zero. Based on the first
derivative results, the obtained estimates do not have a closed-form solution and cannot be solved

analytically. Therefore, the estimation process continues using the Newton-Raphson iteration
method. The iteration process stops when the results converge ||9(k+1) - B(k)” < &, where ¢

represents the smallest positive number is 10716,

3. MAIN RESULTS

PT KPC is one of the largest open-pit coal mining companies globally, playing a significant
role in meeting domestic and international market demands. Achieving optimal production
outcomes requires continuous efforts to improve productivity through the efficient performance
of mechanical equipment, particularly the productivity of loading machinery. The loading
equipment consists of three units, with repeated observations recorded daily, making the dataset
suitable for longitudinal analysis. Predictor variables include Spotting Time (x;) and Loading
Time (x,), measured on a ratio scale and treated as fixed effects. Fragmentation and Bucket
Capacity (x3) and Excavation and Material Method (x,) are also measured on an ordinal scale
and modeled as random effects. The response variable (Y) is binary categorical, making the
mixed-effects binary logistic regression model an appropriate analytical method. This approach
accounts for longitudinal data by analyzing repeated observations from the same unit over

different periods while considering variability between units (random effects) and within units
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(fixed effects). The mixed-effects binary logistic regression model will be applied to the
longitudinal dataset to evaluate the achievement of productivity targets. The influence of
predictor variables on the response variable will be assessed using a simultaneous test to identify
significant predictors, followed by partial tests to refine the model [14].

The test statistics in the parameter testing was conducted simultaneously using the G-test or LRT
(Likelihood Ratio Test) with @ = 5% where G = 62.854 > )((20.05;2) = 5.991, thus the null

hypothesis (H,) is rejected. This indicates that predictor variables (x,z) have a significant
effect on the response variable (y), making the model suitable for further analysis. In the next
phase, partial tests are conducted to identify which predictor variables significantly influence the
response variable. The results of the partial test for the f parameters are presented in Table 1.

Table 1 Results of Partial Testing for Parameter f8

Estimated .
Parameter ; Std. error | W; | p-value Information
Coefficient
P -5.246 0.876 -5.987 2x 107 significant
B> -2.088 0416 | -5.013 5x 107 significant

Table 1 shows that with a significance level of @ = 5% or 0.05 and p — value < a, the null
hypothesis H, is rejected. This indicates that all predictor variables, namely spotting time (x;)
and loading time (x,) in the binary logistic regression model with random effects on longitudinal
data have a significant effect on the binary response variable (y). Meanwhile, the random effects
or y parameter are presented in Table 2.

Table 2 Results of Partial Testing for Parameter y

Parameter LRT(G?) )((20_0 5:2) p-value Information
subject 125.5 5.991 2.2x 10716 Significant
time 0.092 3.841 0.761 not significant
V3 2.126 3.841 0.144 not significant
Va 1.865 3.841 0.172 not significant

Table 2 shows that the criteria for the G-test or LRT (Likelihood Ratio Test) with a significance

level of @ = 5% where G > )((Za;df) or p —value < «a indicate that only the subject variable
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significantly affects the response variable (y). Conversely, the time, Y5, and y, parameters do
not significantly affect the response variable. Consequently, the probability function for the
significant variables in the mixed-effects binary logistic regression model for longitudinal data is

formulated as follows:

exp(10.0703 — 5.246%; — 2.088X; — Ysupject)
1+ exp(10.0703 — 5.246%, — 2.088X; — Ysupject)

e (Xie) Zit) =

The interpretation of coefficient values in the logistic regression model is conducted in the form
of odds ratios. The odds ratio values for predictor variables deemed significant about the
productivity of loading equipment during overburden removal activities at PT Kaltim Prima Coal
in 2022 can be shown in Table 3. The odds ratio for the variable Spotting Time (x;) is
exp(—5.246) = 0.0053, which means that each one-unit increase in spotting time decreases the
probability of achieving the productivity of the loading equipment by 0.0053, assuming other
variables remain constant. The negative coefficient indicates that an increase in spotting time (the
time required for the equipment to position itself and start loading material) reduces the
productivity of achieving the productivity of the loading equipment at PT KPC. Therefore, the
longer the spotting time, the lower the probability of achieving the productivity target. The odds
ratio for the variable Loading Time (x,) is exp(—2.088) = 0.1241, which means that each one-
unit increase in loading time decreases the probability of achieving the productivity of the loading
equipment by 0.1241, assuming other variables remain constant. The negative coefficient
indicates that an increase in loading time reduces the probability of achieving the productivity of
the loading equipment at PT KPC. Therefore, the longer the loading time, the lower the probability
of achieving the productivity target. The subject variable (identified as the type of excavator)
exhibits very high variance, with a value of 5.69968 and a standard deviation of 2.3874. The
subject variable is a random effect that significantly affects productivity achievement. The high
variance indicates substantial differences among types of excavators, which consistently affect the
probability of achieving productivity. This may reflect that certain excavators have a baseline
productivity level that differs significantly from others, suggesting that selecting excavator types

considerably impacts productivity outcomes.
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Table 3 Odds Ratio Values of the Mixed-Effects Binary Logistic Regression Model for
Longitudinal Data

Parameter Estimated Coefficient Odds Ratio
Intercept 10.0703 23672.5
P -5.246 0.0053
B2 -2.088 0.1241
Vsubject 5.699

The relationships between factors influencing the productivity of loading equipment can be seen

in Figures 1, 2, and 3.

Qutcome
0.50 = P(Y=0)
— Py=1)

10
Spotting Time

Figure 1. Graph of the Relationship between Probabilities P(Y=1), P(Y=0)
and Spotting Time x4

Figure 1 shows the probability distribution of two binary outcomes, P(Y=1) and P(Y=0), with the
predictor variable Spotting Time (x1). The probability P(Y=1) increases exponentially,
approaching one when the spotting time is low, and decreases significantly as the spotting time
increases. Conversely, the probability P(Y=0) decreases exponentially, approaching zero when the
spotting time is low and increases significantly as the spotting time increases. This indicates that
the longer the spotting time, the higher the probability that the productivity of the loading

equipment fails to be achieved.
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Outcome
050 = P(Y=0)
— Pov=1)

3
Loading Time

Figure 2. Graph of the Relationship between Probabilities P(Y=1), P(Y=0)

and Loading Time x,

Figure 2 illustrates the probability distribution of two binary outcomes, P(Y=1) and P(Y=0), with
the predictor variable Loading Time (x2). The probability P(Y=1) increases, approaching one
when the loading time decreases and significantly declines as the loading time increases.
Conversely, the probability P(Y=0) decreases, approaching zero when the loading time decreases
but increases significantly as the loading time increases. This indicates that the longer the loading

time, the higher the probability that the productivity of the loading equipment fails to be achieved.

Probabiltas
0

100
Waktu

Figure 3. Graph of the Relationship between Probabilities P(Y=1), P(Y=0)
and Subject as Random Effect
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Figure 3 shows that the blue curve illustrates the differences in the probability of achieving
productivity across different types of excavators over time, reflecting the influence of random
effects within the model. Excavator A demonstrates a fluctuating probability pattern but maintains
higher probabilities at most points, suggesting that this type of excavator is more likely to achieve
the desired productivity. This indicates that Excavator A may be more reliable or perform better
than the other excavators. Excavator B shows lower and more stable probabilities over time, with
a slight increase at specific time points before declining. This suggests that Excavator B may have
limitations in achieving consistent productivity, with some instances showing better opportunities
but remaining low overall. Excavator C exhibits a significant decline in probabilities at the final
time point. This indicates that the excavator’s performance decreases drastically, or other factors
may substantially reduce the productivity of achieving productivity at specific times. Overall,
Excavator A demonstrates the highest performance with consistently high probabilities of
achieving productivity, whereas Excavator C shows a significant decline in performance during
the later period.

Subsequently, the model was evaluated using a classification table and accuracy values to
demonstrate its overall performance, as presented in Table 4.

Table 4 Classification and Accuracy Value of the Best Model

Prediction
Actual 0 » Total Accuracy
0 158 51 209
1 86 245 331 74.63%
Total 244 296 540

Table 4 shows the correct classifications for achieving productivity totaled 245. The model’s

accuracy of 74.63% indicates that it performs reasonably well in predicting the data overall.
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