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Abstract. The rise in population and robust economic expansion have led to a heightened need for food, energy,

and water resources. In such circumstances, food security becomes an indispensable necessity for human survival.

However, while striving to uphold food security, we frequently encounter the challenge of crop failure due to pest

infestations, particularly green planthoppers. These infestations can lead to a reduction in both the quality and

quantity of crop yields, and they also have the potential to disseminate the destructive tungro disease virus, further

compromising crop health. Utilizing a mathematical modeling approach, a complex five-dimensional nonlinear
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system of differential equations is formulated to depict the intricate dynamics between rice plants and planthopper

pests in the transmission of the tungro virus. This approach is adopted to investigate the effectiveness of control

measures in curtailing the transmission of the tungro virus via planthopper pests. The model includes two control

measures, which are the application of insecticides and the removal of infected plants, aimed at mitigating the

virus’s transmission. We conducted stability analysis and derived the basic reproduction number formula (R0) to

examine the qualitative behavior of the model. Furthermore, the stability of the interior equilibrium was analyzed

using the Monte Carlo method, allowing for a robust evaluation of system dynamics under varying parameter

uncertainties. As the basic reproduction number is influenced by the two aforementioned controls and endemic

conditions emerge when this number exceeds one, we performed a sensitivity analysis to assess the impact of these

control measures on reducing the R0 value and infected compartment. Subsequently, we conducted an optimal

control investigation to assess the efficacy of implementing these two control measures by developing various

scenarios. Our results indicate that implementing both insecticide application and the removal of infected plants

together is considerably more effective than implementing these control measures separately.
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1. Introduction

Food is a fundamental biological necessity for all individuals, playing a crucial role in ful-

filling nutritional requirements, maintaining health, and fostering sustainable productivity. En-

suring every person has access to an adequate, safe, nourishing, and reasonably priced food

supply represents a fundamental human entitlement. The significance of food also resonates in

the pursuit of Sustainable Development Goals, particularly in the endeavor to eradicate hunger.

The growth in population has significantly influenced the continuously rising demand for food.

This has implications for the food supply, necessitating a continuous increase in its volume.

Moreover, the food industry is a sector capable of influencing the advancement of the national

economy [1, 2]. The economic expansion in Asia experienced instability due to the impact

of the COVID-19 pandemic several years ago. The COVID-19 pandemic has burdened the

agricultural sector by disrupting labor availability and market access, leading to additional eco-

nomic losses [3, 4]. As a consequence, the regional economic growth in Asia is anticipated

to decelerate, with a projected rate of 7.1% in 2021 and 5.4% in 2022. This has given rise to

various challenges, particularly within the realm of agriculture, which is a pivotal sector in the

development of Asian economies.[5, 6]. In regions like Assam, India, the lockdowns resulted
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in substantial crop losses due to halted agricultural activities, with large farms experiencing up

to 71.69% loss [4]. Despite these challenges, the agricultural sector in India showed resilience,

contributing positively to GDP, although it faced significant hurdles [7].

Although COVID-19 has a broader economic impact [8], organisms like algae, fungi, bacte-

ria, mycoplasma, and viruses on plants are more destructive in the agricultural sector, particu-

larly in rice cultivation [9]. COVID-19 does not directly damage crops but disrupts the agricul-

tural supply chain. Mobility restrictions during the pandemic caused difficulties in distributing

fertilizers, pesticides, and agricultural labor [8]. As a result, crop production was affected, lead-

ing to increased food prices. Its impact was global, affecting various agricultural sectors and

worsening food security in many countries, especially developing nations reliant on food im-

ports. On the other hand, plant viruses directly attack rice plants through vectors like the green

leafhopper, causing total crop failure in infected fields [10]. Historical data indicates that major

epidemics have caused rice production losses of up to 53% in affected districts, translating to

millions of tonnes lost annually. For instance, the 2001 epidemic in West Bengal resulted in a

loss of 0.5 million tonnes of unmilled rice, valued at approximately Rs 2911 million. The cumu-

lative economic impact of these losses has escalated over the years, with significant increases

in real value losses during major outbreaks [11, 12]. Similarly, rice black-streaked dwarf virus

(RBSDV), transmitted by the small brown planthopper, has led to severe yield losses in rice

production during outbreaks in countries like Japan, China, and Korea [13]. This virus also has

the potential to destroy up to 100% of rice production in endemic regions such as Indonesia, the

Philippines, and Thailand, where rice is a staple food [14]. If left uncontrolled, this plant virus

could become a serious threat to national food security and lead to billions of rupiahs in losses

for farmers.

Plant viruses pose a significant agriculture-related worry due to their ease of transmission

and the substantial impact they bring about. The consequences of these viruses are evident in

the disruptions they cause, leading to persistent reductions in agricultural production and crop

quality [15]. Viruses are well-known for their propensity to infect practically every form of

plant and cause significant damage to certain cultivated crops. Research indicates that there are

25 distinct virus types that can infect rice plants and directly affect crop yields economically.
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Most of these viruses are transmitted by insects that either swim or feed on plant leaves [16].

The rice tungro virus, sometimes known as tungro, is a dangerous rice disease that necessitates

precise management efforts. It is caused by two viruses, RTBV (Rice Tungro Bacilliform Virus)

with a rod-like structure and RTSV (Rice Tungro Spherical Virus) with a spiral shape. RTBV,

a pararetrovirus belonging to the Caulimoviridae family, depends on helper viruses produced

by RTSV for its transmission and plays a primary role in causing severe tungro symptoms [17].

These two viruses engage with rice plants, prompting symptom expression and the development

of the disease [16, 18]. Plant viruses need to be transmitted by vector organisms (insects,

nematodes, zoosporic endoparasites) for their spread from plant to other plants [19]. This virus

spreads by vectors, with the green leafhoppers Nephottetix virescens and N. nigropictus, as well

as the striped leafhopper Roselia dorsalis, being particularly responsible.

Green planthoppers have a significant role in disseminating and transmitting the Tungro virus

within rice fields [20]. Rice Tungro Bacilliform Virus (RTBV) induces symptoms like yellow-

ing of leaves, decreased tillering, stunted plant growth, the emergence of suspended panicles,

and grain browning due to incomplete filling [21]. Conversely, Rice Tungro Spherical Virus

(RTSV) is a virus that contributes to the Tungro disease and is required by RTBV for trans-

mission by green planthoppers [17, 22]. Green planthoppers undergo a three-phase life cycle,

consisting of eggs, nymphs, and adults. Eggs are deposited on the midribs of rice leaves and

hatch into nymphs within 7-10 days. These nymphs undergo five molting stages before matur-

ing into adult planthoppers, which have a lifespan of 20-30 days and then lay eggs again. The

damage inflicted by green planthoppers involves extracting liquid from the leaves, leading to

symptoms like leaf yellowing, stunted growth, and reduced plant size. It is during this phase

that planthoppers carrying the Tungro virus can transmit the virus to other plants. The Tungro

disease is disseminated via infection sources like remnants of diseased plants and interaction

with other susceptible host plants. Green leafhopper numbers exhibited an increase during the

wet season, and the rice planting schedules were not synchronized, especially in plants receiving

significant nitrogen fertilization [20].

Detecting Tungro disease in the field isn’t always straightforward, as the classic symptoms

may not manifest in all varieties. Tungro can be identified through tests using iodine and flour,
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or by subjecting plants to insect transmission tests. However, the iodine and starch test only

reveals an increase in starch levels in infected plants, making it less dependable, while the

insect transmission test involves a complex procedure. On the other hand, serological tech-

niques offer a relatively specific, sensitive, and reliable means of detecting the Tungro virus

[23]. Management of plant viral diseases typically involves the widespread use of chemicals

designed to target and control the vectors (such as insects, nematodes, and fungi) responsible for

transmitting the viruses. Nevertheless, chemicals have notable adverse effects on both human

health and the environment [15], underscoring the necessity for alternative methods to reduce

chemical usage in pest and disease management. A commonly employed alternative involves

harnessing plant genetic resistance, a strategy rooted in the interplay between plants and viruses

within agricultural contexts [24]. Farmers utilize insecticides, including the active component

Cypermethrin and pyrethroid compounds, as a preventive measure against the transmission of

the tungro virus [25].

Besides the application of insecticides, managing the tungro virus involves the selection of

superior seeds through breeding to develop resistant varieties [26]. Fundamentally, plant re-

sistance to viruses hinges on the intricate interactions between plants and viruses, leading to

physiological alterations and disease manifestations in plants. In response to viral infections,

plants possess secondary metabolites that contribute to defensive reactions against both biotic

and abiotic stressors. These secondary metabolites enhance plant resistance to viruses by reg-

ulating defense pathways. Furthermore, plant hormones, such as ethylene (ET), jasmonic acid

(JA), and salicylic acid (SA), serve as immune agents, governing responses to viral infections.

Candidate varieties identified as strong donors for tungro resistance, as determined by the spec-

trum of tungro infection rates in single-cross populations, encompass Utri Merah, Tjempo Kijik,

Hundred Days T36, M1085c-10-1 (Indonesia), and F8 plants with codes PSB Rc4 x TI-11- 8,

BPI Ri10 x TI-11-8, and IR64 x TI-11-8 (Philippines) [27]. Breeding lines originating from

Red Utri (IRGC accession number 16680) and ARC11554 (IRGC accession number 21473)

exhibited resistance to the tungro virus in the Philippines and Indonesia, but not in India [28].

A systematic literature review conducted by Amelia [29] stated that there has been limited

research focused on analyzing the transmission of the tungro virus within rice plants using
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mathematical modeling within 2016 - 2021. Among the 129 papers in the Dimension database,

5,000 papers in the Google Scholar database, and 374 papers in the Scopus database related

to tungro viruses, merely eight of them are associated with mathematical models examining

the propagation of tungro viruses. The dynamical tungro viruses spread has been modeled by

eight compartments, including compartments for rice plants and green leafhoppers [30]. More-

over, this research was completed by an optimal control model based on the pesticide used [31].

An examination of mathematical models depicting the transmission of the tungro virus involv-

ing two distinct virus types is presented in [32],[33]. The exploration of insecticide control is

also addressed through mathematical model analysis in [34]. Furthermore, [35] investigates

the propagation of the Tungro virus within rice plants by utilizing a matrix method approach,

partitioning rice plant plots into two stages: the vegetative phase and the generative phase.

Additionally, [36] delves into constructing a mathematical model that incorporates biological

agents and environmental factors

Among the reviewed literature on mathematical models of tungro virus transmission, inter-

ventions like the removal of diseased plants have not been incorporated and thoroughly in-

vestigated. In this examination of tungro virus spread in rice plants, we will take this factor

into account. Furthermore, we will also examine the impact of pest control measures using

insecticides to explore various effective scenarios. This discussion holds significant importance

in establishing a comprehensive understanding for devising an optimal strategy to control the

spread of tungro pests in rice plants.

2. Mathematical Formulations

Mathematical modeling will be used to investigate the dissemination of the tungro virus

within rice plants, incorporating two distinct strategies for its control. These treatments encom-

pass managing plants through the removal of infected ones and managing the vector responsible

for spreading the tungro virus by employing insecticides. The population of rice plants will be

categorized into three distinct subgroups: one comprising susceptible plants denoted as S h, the

other comprising plants infected with the tungro virus denoted as Ih, and a third comprising

virus-resistant rice plants denoted as Rh. At the same time, the population of planthoppers,
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acting as carriers of the tungro virus, is segregated into two subgroups: one susceptible sub-

group labeled as S v and another consisting of infected planthoppers denoted as Iv. A visual

representation of the interplay between these two populations is presented in Figure 1.

Λ Sh Ih Rh

Π Sv Iv u2Iv

µhS h µhIh µhRh

µvS v

u2S v

µvIv

u1Ih

βhS hIv αIh

βvS vIh

Figure 1. Diagram illustrating the interaction between sub-populations of rice

plants, categorized into three groups, and populations of planthoppers responsi-

ble for transmitting the Tungro virus.

Each sub-group within the rice plant or planthopper pest populations experiences a natural

mortality rate, denoted as µh and µv respectively. When a subpopulation of uninfected rice

plants encounters infected planthoppers, a portion of these uninfected plants transitions into

the infected rice compartment, occurring at a rate of βh. Nevertheless, some rice plants that

have interacted with infected planthoppers do not display any symptoms and are thus classified

as resistant. In contrast to human populations, where individuals can be classified as resistant

post-vaccination, determining resistance in rice plant populations relies on their interaction with

planthoppers carrying the tungro virus without exhibiting infection symptoms. Consequently,

there exists a rate (α) at which rice plants transition from the infected subpopulation to the

resistant subpopulation. It’s important to clarify that in this scenario, we are assuming that

the subpopulation of resistant rice plants does not serve as a vector for transmitting the tungro

virus through the leafhopper population. Conversely, when a healthy planthopper subpopulation

interacts with an infected rice subpopulation, the healthy planthopper individuals shift to the

infected planthopper population at a rate of βv.
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To manage the tungro virus’s spread, infected rice plant subpopulations were reduced by a

rate of u1 through cutting. Simultaneously, in order to decrease the planthopper pest popula-

tion, insecticides are employed, causing a mortality rate of u2 among the planthopper pests.

Equation 2.1 presents the comprehensive dynamic model that outlines the propagation of the

tungro virus, taking into account these two interventions. Briefly, we have compiled a summary

of parameter descriptions, including both standard values and value ranges, for the parameters

used in equation 2.1, presented in Table 1.

dS h

dt
= Λ−βhS hIv−µhS h

dIh

dt
= βhS hIv− (u1 +α+µh)Ih

dRh

dt
= αIh−µhRh(2.1)

dS v

dt
= Π−βvS vIh− (u2 +µv)S v

dIv

dt
= βvS vIh− (u2 +µv)Iv

Table 1. Description of the parameters and their value.

Par Description Standard Value Range unit Ref

Λ recruitment rate of plant 8 0 –10 plant ·daya−1 [37]

βh infection rate due to interaction with in-

fected planthopper

0.008 0.002–0.032 vector−1day−1 [38]

µh natural date rate of plant populations 0.003 0–0.033 day−1 [38]

u1 control of plant by pruning intervention 0 – 1 day−1 assumed

α the proportion of plants that are resis-

tant to the virus

0.003 0 – 1 day−1 assumed

Π recruitment rate of planthopper popula-

tion

10 0 – 10 vector ·day−1 [37]

βv infection rate due to interaction with in-

fected plant

0.008 0.002–0.032 day−1 [38]

u2 control of planthopper populations with

insecticide interventions

0.3 0 – 1 day−1 [37]

µv natural death rate of planthopper popu-

lations

0.12 0.06–0.18 day−1 [38]
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It should be emphasized that the model presented in system (2.1) is augmented with initial

conditions that ensure non-negativity, as outlined below.

S h(0) ≥ 0, Ih(0) ≥ 0, Rh(0) ≥ 0, S v(0) ≥ 0, Iv(0) ≥ 0.

All parameters are presumed to maintain constant values and remain non-negative throughout.

Employing the aforementioned initial conditions, the positivity of the solution to the system

(2.1) can be achieved, as will be demonstrated shortly in the subsequent section of our analysis.

Nevertheless, it is important to acknowledge that this particular model is encumbered by a

multitude of inherent limitations, one of the most significant being the presumption that all

parameters remain constant and unchanging throughout the passage of time, a notion that may

not accurately encapsulate the intricate biological and environmental dynamics that are typically

observed in the field of study. Additionally, the model’s neglect of the numerous environmental

influences, including but not limited to climate fluctuations and the intricate interrelationships

between diverse plant populations and other pest species, is a critical oversight. These elements

have been demonstrated to exert a substantial influence on the transmission and proliferation of

the Tungro virus.

3. Mathematical Analysis

3.1. Invariant and Bounded Solution. Prior to undertaking further analysis, it is essential to

ascertain that the system of non-linear differential equations presented in equation (2.1) is both

mathematically well-posed and biologically realistic. To this end, it is necessary to demonstrate

the existence of a positively invariant set and the bounded solution. To prove that the solution

of a system of differential equations is an invariant set, we need to show that if the initial

values of the solution start from the first octant, then the solution will never leave the first

octant over time, even as t→∞. Assume the initial value of the system is in the first octane,

i.e. S h(0) ≥ 0, Ih(0) ≥ 0,Rh(0) ≥ 0,S v(0) ≥ 0, and Iv(0) ≥ 0. The first octant in this context is

a subset of 5-dimensional space where all coordinate components are nonnegative. To ensure

that the solution remains within the first octant, we consider the behavior of the system at the

boundaries of the octant space. Here, the external normal vectors n at the octant boundaries are

used to analyze the direction of the vector fields of the system of differential equations. If we
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compute the dot product between the vector field of system (2.1) and the external normal vector

n evaluated at the octant boundary, we find that the result is always nonpositive. This means that

the vector field forms an obtuse or perpendicular angle to the external normal vector, indicating

that the direction of the vector field tends to enter the octant or remain at the boundary. The

implication of this analysis is that the solution to the system cannot leave the first octant because

the vector field pushes the solution back into the octant or remains on the octant boundary. Thus,

it can be concluded that the solution to this system of differential equations is permanently

confined within the first octant in 5-dimensional space.

Further to show the bounded solution, let us assume that P(t) = S h(t)+ Ih(t)+Rh(t) and A(t) =

S v(t) + Iv(t). From equation 2.1, it can be demonstrated that

dP
dt

=
dS h

dt
+

dIh

dt
+

dRh

dt

= Λ−µh(S h + Ih + Rh)−u1Ih

If we exclude the mortality proportion resulting from cutting a specific quantity of infected

plants (u1 = 0), the resulting equation can be simplified to:

dP
dt

+µhP ≤ Λ

The integration of the two sides yields the following result:

P(t)eµht ≤

∫
Λeµhtdt +C

=
Λ

µh
eµht +C

P(t) ≤
Λ

µh
+Ce−µht

where C is a constant. By employing the initial value P(0) = P0, we derive the result C =

P0−
Λ

µh
, which implies that

P(t) ≤
Λ

µh
(1− e−µht) + P0e−µht(3.1)

From the equation (3.1) it can be seen that for t→∞ then P(t)→
Λ

µh
. This show that the

system of
dP
dt

is bounded. In the same way it can also be seen that
dA
dt

has bounded solutions.
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3.2. Basic Reproduction Number and DFE Stability. Under conditions of equilibrium, the

DFE (Disease-Free Equilibrium) is attained by solving the system of equation (2.1) in the ab-

sence of infected quantities, yielding the following result:

DFE :=

S h =
Λ

µh
, Ih = 0,Rh = 0,S v =

Π

u2 +µv
, Iv = 0

(3.2)

The Jacobian matrix of system (2.1) evaluated at any point X = (S h, Ih,Rh,S v, Iv) is

J(X) =



−βhIv−µh 0 0 0 −βhS h

βhIv −u1−α−µh 0 0 βhS h

0 α −µh 0 0

0 0 0 −Ivβv−µv−u2 −βvS v

0 βvS v 0 βvIh −µv−u2



(3.3)

As a generally accepted concept, the basic reproduction number is determined when there

is one infected individual within a population where all individuals have the potential to be-

come infected [39]. Various methods for calculating the basic reproduction number expression

are available, some of which are outlined in references [39, 40], and these methods are also

employed in our work. The Jacobian matrix of system (2.1) is computed at equilibrium point

(3.2) under the Disease-Free Equilibrium (DFE) condition. Subsequently, this matrix is divided

into a transition matrix and a transmission matrix to ascertain the spectral radius of the matrix

ρ(FV −1), in the following context:

F =


0

βhΛ

µh

βvΠ

µv + u2
0

 , and V −1 =


−
(
u1 +α+µh

)−1 0

0 −
(
µv + u2

)−1

 .
As a result, the expression for R0 is derived as follows :

R0 :=
βhβvΛΠ

(u2 +µv)2(u1 +α+µh)µh
.(3.4)

By examining the DFE equilibrium expression in equation (3.2), it becomes apparent that the

presence of this equilibrium is independent of the value of R0. This indicates that the DFE

equilibrium will persist under all circumstances, regardless of the magnitude of R0.
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We will now examine the local stability of the Disease-Free Equilibrium (DFE) by assessing

the Jacobian matrix of system (2.1) at the DFE. We can explicitly determine the three eigenval-

ues of the Jacobian matrix as follows: λ1 = −µh with a multiplicity of two, and λ2 = −(u2 +µv).

The signs of the remaining two eigenvalues can be inferred from the polynomial equation (3.5).

p1(λ) := λ2 + (µv +α+µh + u1 + u2)︸                     ︷︷                     ︸
:=A1

λ−(µv + u2)(u1 +α+µh)(R0−1)︸                                  ︷︷                                  ︸
:=A0

(3.5)

We observe that the coefficient A1 in polynomial (3.5) consistently exhibits a positive value,

thereby indicating that the stability of the Disease-Free Equilibrium (DFE) is contingent upon

the constant term A0 within the polynomial. It becomes evident that the constant A0 assumes a

positive value when R0 < 1. This signifies that the DFE equilibrium is stable when the condition

R0 < 1 is met. Conversely, if R0 > 1, the constant A0 assumes a negative value, signifying the

instability of the DFE equilibrium, as one of the eigenvalues in (3.5) becomes positive.

3.3. Endemic Equilibrium and its Stability. Upon eliminating Iv from equation (2.1) while

considering equilibrium conditions, we derive the endemic equilibrium point (END), which is

contingent upon the compartment Iv, as described below.

END :=

S ∗h =
Λ

βhI∗v +µh
, I∗h =

I∗v
(
u2 +µv

) (
βvI∗v + u2 +µv

)
Πβv

,R∗h =
α

µh
I∗h,S

∗
v =

Π

βvI∗v + u2 +µv


(3.6)

where I∗v is the root of the following polynomial equation (3.7).

p2(Iv) = βhβvI2
v +

(
βh(u2 +µv) +βvµh

)
Iv−µh(u2 +µv)(R0−1)(3.7)

Looking at the polynomial (3.7), it becomes apparent that a sole positive root for the polynomial

I∗v emerges when R0 > 1 This indicates that the existence of an endemic equilibrium is assured

under the condition of R0 > 1, whereas there is no endemic equilibrium when R0 < 1.

The Monte Carlo simulation approach is used to prove the stability of the equilibrium point

in the R0 > 1 region, as explained in the article by [41]. The parameters required in this analysis

are summarized in Table 1, where the values of u1 and u2 are randomly generated based on a

uniform distribution. During the simulation, the generated parameters are filtered so that only

values that satisfy the internal equilibrium stability conditions are used for further analysis. The
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results of the Monte Carlo simulation are visualized in Figure 2, which provides an overview of

the stability of the system in the region studied.
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Figure 2. Stability of the R0 > 1 region with the Monte Carlo method approach

The first image in Figure 2 shows the random values u1 and u2, which are in the interior of

the equilibrium stability region. On the other hand, the second image shows the dynamics of

the system, specifically in the susceptible and infected rice compartments. This system pro-

duces five eigenvalues, three of which are independent of the parameters u1 and u2 and all have

negative signs. The distribution of the other two eigenvalues, which depend on the parameters

u1 and u2, is shown in the second row of Figure 2. From the visualization, it can be seen that

the distribution of the two eigenvalues is entirely in the negative region. This indicates that the

internal equilibrium is stable in the region R0 > 1.
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Figure 3. Robustness Analysis: Effect of Parameters on Stability

Figure 3 shows the robustness analysis of the effect of variation of parameters u1 and u2

on the sign of the eigenvalues as an indicator of system stability. The left figure shows the

distribution of the real part of the second eigenvalue on the parameters u1 and u2. Meanwhile,

the right figure shows the distribution of the real part of the third eigenvalue. The color in each

panel indicates the sign of the eigenvalue, with red indicating values closer to zero and blue

indicating more negative values. This distribution confirms that changes in parameters u1 and

u2 consistently produce eigenvalues that remain in the negative region, especially in the region

of system stability. Thus, this analysis proves that the system maintains interior equilibrium

stability over the entire range of parameter values u1 and u2, indicating the robustness of the

system stability to parameter variations.

4. Numerical Simulation and Biological Interpretation

4.1. Qualitative Behaviour. The simulation of the solution of model (2.1) without controls

(u1 = u2 = 0) versus time is given in Figure 4. We use parameter values as in Table 1 but with

Λ = Π = 0.1 and the following initial condition (S h, Ih,Rh,S v, Iv) = (200,50,0,50,10). By these

parameter values, we have the basic reproduction number R0 = 2.46, so in this case, the simu-

lation will produce an endemic. We differentiate the simulation for the case of plant population

and planthopper population. As illustrated in Figure 4a, the observed population of healthy

plants, denoted as S h, experiences a marked decline in numbers at the onset of the interaction.

This decline can be attributed to the detrimental effects stemming from interactions with in-

fected planthoppers. Conversely, the population of infected plants (Ih), exhibits a rapid increase
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initially, followed by a gradual decline as the system approaches a state of equilibrium. Further-

more, the population of recovered plants (Rh), experiences an initial surge due to the acquisition

of resistance mechanisms, yet it ultimately stabilizes at a particular value, which is constrained

by limitations in available resources. In Figure 4b, the population of healthy planthoppers (S v),

undergoes a gradual decline due to the propagation of infection by infected plants. In contrast,

the population of infected planthoppers (Iv), experiences a brief period of increase before reach-

ing a state of stabilization. These observable trends serve to elucidate the direct ramifications of

infection on both plant populations and their corresponding vectors, culminating in the attain-

ment of equilibrium when the interactions between the various populations cease to contribute

to the escalation of infection rates.

(a) (b)

(c) (d)

Figure 4. Solution of (a) plant’s compartments S h, Ih,Rh, and (b) virus’s com-

partments S v, Iv. The behaviour of (c) infected plant as control u1 vary, and (d)

infected virus as control u2 vary.
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The objective of control of plant by pruning intervention, denoted by u1, is to remove the

infected plants so that the virus transmission can be minimized. From the previous simulation

we show that even without control u1 the infected plant population decreases in a long time.

But, in Figure 4c, the presence of control u1 makes the infected plant population decreases

more rapidly, moreover at certain value of u1 the infected plant population can become extinct.

On the other hand, the implementation of u2 control, which involves the strategic application

of insecticides meticulously designed to mitigate the population density of leafhoppers, has

resulted in a significant decrease in the number of infected leafhoppers, as illustrated in Figure

4d. This outcome is of considerable importance because it curtails the potential dissemination

of viral pathogens to other plant species within the ecosystem. However, it is noteworthy that

the populations of healthy leafhoppers may persist in the environment despite these efforts.

4.2. Sensitivity Analysis.

4.2.1. Elasticity Index. The basic reproduction number, denoted R0, is the estimated number

of cases where plants and planthoppers are vulnerable to infection that would be directly created

by one case. In Eq. (3.4), the value of R0 is influenced by parameters βh, βv, Λ, Π, α, µh, µv,

and controls u1, u2. In the previous section, it has been demonstrated that if R0 < 1 then the

diseases is free, and on the other hand, if R0 > 1 the disease becomes endemic. Thus, those

parameters affect directly to the beginning of the disease transmission. But, which one will have

most impact on the disease transmission? This question can be answered through studying the

elasticity index of the basic reproduction number.

The elasticity index of R0 of parameter p is calculated by

(4.1) Υ
R0
p =

∂R0

∂p
×

p
R0

,

where p ∈ {βh,βv,Λ,Π,α,µh,µv,u1,u2}. The elasticity index gives a normalized sensitivity of

R0. Thus, the parameter that has biggest absolute value of the elasticity index will be interpreted

as the best parameter to be controlled in order to curb the disease transmission.

We provide the calculation of the elasticity index as a chart in Figure 5. It can be observed that

the control u2 is the most sensitive aspect in the disease transmission. Therefore, the insecticide

intervention will be the most effective way to control the disease transmission. The second most



EFFICACY OF INSECTICIDES IN CONTROLLING THE SPREAD OF TUNGRO VIRUS 17

sensitive parameter is µh. We may interpret it as follows. The plant with superior varieties,

especially for low natural death rate, will be less suffered from the disease and lower the disease

transmission. The less sensitive parameter is α. This means that the proportional of resistance

plant provide less contribution to the disease transmission.

Figure 5. Elasticity index of R0.

4.2.2. Contour of the Basic Reproduction Number. Suppose that R0 in (3.4) is seen as a

function of two parameters. It is interesting to perform a sensitivity analysis by observing

the contour plot of R0. From this point of view, we can observe the simultaneous impact

from a combination of two parameters. For the simulation purposes, there are three cases: a

combination of parameters for each plant and planthopper models, a combination of parameters

with interplay effect between plant and planthopper, and a combination of infection rates with

controls. In Figure 6, we present the contour plot of R0 as a function of two parameters for

plant model: (βh,Λ), (βh,µh), (βh,α), and for planthopper model: (βv,Π), (βv,µv). For the case

of (βh,Λ) and (βv,Π), they have similar effects on R0, that is the greater their value the more

rapid the disease transmission. Meanwhile, the case of (βh,µh), (βh,α), and (βv,µv), the greater

the value of infection rates and the less the value of α, µh, and µv, the more rapid the disease

transmission.
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(a) (b) (c)

(d) (e)

Figure 6. Contour plot of R0 as a function of (a-c) combination of plant’s parameters

βh with Λ,α,µh, and (d-e) combination of virus’s parameters βv with Π,µv.

(a) (b) (c)

(d) (e) (f)

Figure 7. Contour plot of R0 as a function of (a-c) combination of βh with virus’s

parameters βv,Π,µv, and (d-e) combination of βv with plant’s parameters Λ,α,µh.
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Figure 7 presents a contour plot analysis of the basic reproduction number (R0) in response to

variations in key model parameters. This sensitivity analysis reveals how R0 is influenced by in-

teractions between different biological and epidemiological factors related to both the plant and

planthopper populations. Subplot (A) illustrates that increasing both the infection rate due to

interaction with infected planthopper (βh) and the infection rate due to interaction with infected

plant (βv) leads to a significant increase in R0. This indicates that the bidirectional transmission

cycle between plants and planthoppers plays a critical role in sustaining virus spread. In sub-

plot (B), a similar increasing trend is observed when βh is combined with the recruitment rate

of planthopper population (Π), suggesting that a larger vector population amplifies the potential

for plant infection. Subplot (C) shows that higher values of the natural death rate of planthop-

per populations (µv) result in a noticeable decrease in R0, even when βh remains high. This

implies that vector mortality is a crucial factor in suppressing disease transmission. Subplot (D)

highlights the positive relationship between βv and the plant recruitment rate (Λ), emphasizing

that an increased availability of host plants contributes to the persistence and expansion of the

virus. In subplot (E), R0 increases with higher values of the infection rate βv, especially when

the proportion of virus-resistant plants (α) is low. However, as α increases, the value of R0

decreases, demonstrating the protective effect of resistance within the plant population. Lastly,

subplot (F) illustrates that increasing the natural death rate of plant populations (µh) corresponds

with a reduction in R0, indicating that a shorter lifespan of susceptible plants can help disrupt

the transmission chain. Overall, the results indicate that transmission-related parameters (βh,

βv), population recruitment rates (Π, Λ), and the proportion of resistant plants (α) are positively

associated with increases in R0. In contrast, natural mortality rates of both vectors and hosts

(µv, µh) are inversely related to R0, suggesting that vector control and plant resistance are key

strategies for mitigating the spread of the disease.

Figure 8 further explores the impact of control strategies on R0. Subplot (A) shows that

increasing the control parameter u1, representing pruning intervention on infected plants, sig-

nificantly reduces R0, even under high values of βh. The gradient from red to blue indicates the

strong efficacy of this control measure. Subplot (B) depicts the effect of insecticidal control (u2)

on the planthopper population, in relation to the infection rate from plants (βv). As u2 increases,
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(a) (b)

Figure 8. Contour plot of R0 as a function of (a) control u1 with βh, and (b)

control u2 with β2.

R0 decreases substantially, especially when βv is high, emphasizing the role of vector control

in managing disease spread. Together, these results highlight that both plant-based control (u1)

and vector-based control (u2) are effective in reducing the reproduction number, suggesting that

an integrated management strategy would be most effective in controlling the epidemic.

4.2.3. Time-dependent sensitivity of parameters. Suppose a vector of variables X = (S h, Ih,Rh,S v, Iv),

a vector of parameters P = (Λ,βh,µh,u1,α,Π,βv,u2,µv), and a vector of the right-hand side of

(2.1) F. Define S = ∂X
∂P . By total differential, we have

(4.2)
dS
dt

= J(X)S +
∂F
∂P

,

where J(X) is the 5×5 Jacobian matrix (3.3), S and ∂F
∂P are 5×9 matrix, where

(4.3) S =



∂S h
∂Λ

∂S h
∂βh

· · ·
∂S h
∂µv

∂Ih
∂Λ

∂Ih
∂βh

· · ·
∂Ih
∂µv

...
...

. . .
...

∂Iv
∂Λ

∂Iv
∂βh

· · ·
∂Iv
∂µv


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and

(4.4)
∂F
∂P

=



1 −S hIv −S h 0 0 0 0 0 0

0 S hIv −Ih −Ih −Ih 0 0 0 0

0 0 −Rh 0 Ih 0 0 0 0

0 0 0 0 0 1 −S vIh −S v −S v

0 0 0 0 0 0 S vIh −Iv −Iv



(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 9. Time-dependent sensitivity of parameters.
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Figure 9 depicts a numerical solution of equation (4.2), illustrating the evolving sensitivity

levels of all parameters to all variables over time. Over time, parameter Λ exhibits high sensi-

tivity to the population of healthy rice plants, denoted as S h (refer to figure 9a). This indicates

that even a slight rise in the value of Λ significantly influences the increase in population of

S h. Meanwhile, parameter βh demonstrates a pronounced sensitivity to the negative impact on

variable S h as time progresses (refer to Figure 9b). The significant impact on the abundance of

healthy rice populations stems from the minute increments in parameter βh, resulting in a reduc-

tion in the healthy rice plant population. Conversely, minimizing the infection rate leads to an

increase in healthy rice plant populations. These findings elucidate the potential to diminish the

population of infected plants through mitigation of the infection rate. Strategies encompassed

within the model for reducing the infection rate include pruning and the application of insecti-

cides. In Figure 9c, it becomes evident that during the initial phase, parameter µh is responsive

to fluctuations in variable Ih; however, as equilibrium conditions are reached, particularly at

t = 30, the natural death rate parameter becomes influential. This suggests that the regulation

of plant infection via natural death rates holds significance primarily during the proximity to

initial conditions. However, as equilibrium is approached, its effect becomes more pronounced

in diminishing the population of healthy plants compared to infected ones.

Figure 10. Sensitivity index of parameters after reaching t = 50.

4.3. Optimal Scenario Simulation. From previous analysis, we can see that increasing u1

and/or u2 can successfully reduce R0. However, high intensity of these intervention resulting
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in a high cost of intervention. The intervention should be adapted with the current condition at

each time. Hence, control parameter should be depend on time t. Our aim is to minimize the

number of infected individuals Ih and Iv with as low as possible rate of intervention u1 and u2.

This aims reflected in the following cost function.

(4.5) J =

∫ T

0

(
ε1Ih +ε2Iv +

c1

2
u2

1 +
c2

2
u2

2

)
dt,

where ε1 and ε2 is the weight parameter for infected compartment, while c1 and c2 for control

variables u1 and u2, respectively.

To characterize the optimal control problem, lets define the Hamiltonian function of our

problem as follows:

H = ε1Ih +ε2Iv +
c1

2
u2

1 +
c2

2
u2

2 +λ1
dS h

dt
+λ2

dIh

dt
+λ3

dRh

dt
+λ4

dS v

dt
+λ5

dIv

dt
(4.6)

On the other hand, taking the negative partial derivative of H with respect to each state vari-

ables, we obtain:

dλ1

dt
=

(
Ivβh +µh

)
λ1−λ2βhIv(4.7)

dλ2

dt
= −ε1 + (u1 +α+µh)λ2−αλ3 +λ4βvS v−λ5βvS v(4.8)

dλ3

dt
= λ3µh(4.9)

dλ4

dt
= (βvIh +µv + u2)λ4−βvIhλ5(4.10)

dλ5

dt
= −ε2 +βhS hλ1−βhS hλ2 + (u2 +µv)λ5(4.11)

where the transversality condition λi(T f ) = 0 for i = 1..5. The optimal control variables for

tree pruning intervention u1 is obtained by solving
dH
du1

= 0 respect to u1, which gives us u∗1 =

Ihλ2

c1
. Considering budget constraints and preferences, we establish a lower bound umin

1 and an

upper bound umax
1 for u1. Consequently, the optimal solution for the tree pruning intervention is

represented by equation (4.12).

(4.12) u†1 = max
umin

1 ,min
{

umax
1 ,

Ihλ2

c1

} .
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Using a similar method, we can also determine the optimal solution for implementing insec-

ticide intervention u2 given by equation (4.13).

(4.13) u†2 = max
umin

1 ,min
{

umax
1 ,

S vλ4 + Ivλ5

c2

} .
Furthermore, We perform numerical experiment for this optimal control problem. To run

the simulation, we use parameter values as given in Table 1 and the following initial condition

(S h, Ih,Rh,S v, Iv) = (200,50,0,50,10). We use forward-backward sweep method to solve our

problem. Please see [42] for further explanation and example. We conduct the simulation in

three different strategy i.e. combination of u1 and u2, implementation of u1 only, implementa-

tion of u2 only.

Scenario 1. The first simulation is conducted to assess the impact of the combination of u1 and

u2 in reducing the spread of diseases. The results are presented in Figure 11. Panels (f) and (g)

depict the dynamics of u1 and u2.We can observe that a high intensity of u1 and u2 should be

applied from the beginning of the simulation and gradually decreased as we approach the final

time of the simulation. The maximum values of u1 and u2 are 0.246 and 0.64, respectively. As

a result of the high intensity of u1, we can see a reduction in the number of infected individuals

(Ih) in panel (b) and an increase in the number of susceptible individuals (S h) and individuals

who have recovered (Rh) in panels (a) and (c), respectively. A high intensity of u2 results in a

reduced number of susceptible and infected vectors (please refer to panels (d) and (e)). In this

scenario, the cost function J is 62.334.

Scenario 2. The next simulation is aimed at understanding the potential of u1 in reducing the

spread of disease when u1 is implemented as the single-intervention. The results are presented

in Figure 12. With an intervention rate of u1 as shown in panel (f), we can observe a significant

reduction in the number of infected individuals (see panel (b)), which is quite similar to the

results of scenario 1 in Figure 11, panel (b). However, since the infection is transmitted through

direct contact between plant and vectors, with no intervention applied to the vector population,

we can observe the number of susceptible individuals as time progresses still decreases (see

panel (a)). By the same argument, due to the substantial decrease in the number of infected

hosts, panel (d) indicates that the number of susceptible vectors increases because infections
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Figure 11. Simulation results for scenario 1

with infected plant occur less frequently. Although the intervention primarily focuses on the

plant population, we can still see its impact on the number of infected vectors, even though it

continues to increase. With maximum value of u1 is 0.361 (larger than scenario 1), the cost

function J for this scenario is 88.516.

Scenario 3. The last simulation is conducted to assess the impact of a vector-focused strategy,

where u1 = 0 and u2 , 0. The results are presented in Figure 13. The dynamics of u2 are depicted

in panel (g), where the maximum value reaches 0.648, which is larger than that of scenario 1.

As a result of this vector control intervention, the number of vectors is significantly reduced (see

panels (d) and (e)), leading to a reduced number of infected plants (see panel (b)). The number

of susceptible plants remains at a high level from the beginning of the simulation period (see

panel (a)). The cost functionJ for this scenario is 213,677, which is the largest among all other

scenarios.

4.4. Cost-effectiveness analysis. To analyze the most effective strategy between scenario 1,

2, and 3, it is necessary to analyze the cost-effectiveness for each scenario. To conduct this

analysis, we calculate the Infected Averted Ratio (IAR) and Average Cost Effectiveness Ratio
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Figure 12. Simulation results for scenario 2

Figure 13. Simulation results for scenario 3

(ACER) for each scenario. IAR define as the ratio between total infection that been averted with

the total number of recovered individuals [42]. This definition of IAR provides a measure of
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the proportion of infections that have been averted or prevented compared to the total number

of individuals who have recovered from the disease. It can be a useful metric for evaluating

the effectiveness of interventions or treatments in reducing the burden of disease. Higher IAR

values typically indicate a more successful intervention in preventing infections relative to the

number of individuals who have recovered. From Table 2, Strategy 1 where u1 and u2 combined

is the most effective strategy, followed by strategy 3 and 2, respectively.

Table 2. Infected averted (IA), Total cost of intervention (TC), Total Recovered

(TR), Infected Averted Ratio (IAR), and Average Cost Effective Ratio (ACER).

Blue and red represent the most and less effective strategy, respectively.

Scenario IA TC TR IAR ACER

1: u1 , 0,u2 , 0 1.034×104 4.145×102 58.558 176.7 0.040

2: u1 , 0,u2 = 0 8.639×103 4.043×102 1.062×103 8.127 0.046

3: u1 = 0,u2 , 0 5.697×103 2.82×102 1.831×102 31.109 0.049

The Average Cost-Effectiveness Ratio (ACER) is a metric used in health economics and cost-

effectiveness analysis to evaluate the cost-effectiveness of healthcare interventions or treatments

[42]. In our case, it assesses the effectiveness of pruning u1 and insecticide intervention u2.

ACER is defined as the ratio between the total cost of the intervention and the total number of

infections averted due to the strategy. Therefore, ACER represents the average cost for each

averted infection, with a smaller ACER indicating better cost-effectiveness. Looking at Table 2,

we can once again observe that Strategy 1 is the most cost-effective, followed by Strategies 2

and 3, respectively

5. Conclusion

A mathematical model has been developed to depict the epidemiology of tungro disease in

rice crops. This model incorporates two strategies for managing the spread of the virus: the

application of insecticides to control the planthoppers that transmit the virus and the removal

of infected rice plants. The model, which is a system of fifth-order non-linear differential equa-

tions, has two equilibria whose stability depends on the basic reproduction number. Local
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stability analysis indicates that if the basic reproduction number is below one, the disease-free

equilibrium is stable. Conversely, if the basic reproduction number exceeds one, the endemic

equilibrium is guaranteed to exist and to be stable. This last condition has been proven numeri-

cally through a Monte Carlo simulation approach. An examination of the elasticity of the basic

reproduction number provides valuable insight, indicating that insecticide application remains

an effective method for controlling tungro, closely followed by the utilization of enhanced seeds.

In addition, a number of potential control strategies for the tungro virus were evaluated. The

results indicate that the most effective approach involves a dual strategy of using insecticides

and removing infected rice plants. Another reliable option is to solely utilize insecticides. The

proposed control strategy, specifically the integration of insecticide application alongside the

removal of infected flora, can be employed as a comprehensive methodology in the manage-

ment of Tungro disease within agronomic settings. This methodology is not solely efficacious

in mitigating the propagation of the virus; it can concurrently assist agriculturalists in signif-

icantly reducing crop losses. The practical implications of this strategy suggest that disease

management initiatives may leverage this framework to enhance the optimization of resources,

including insecticides and labor, on a macro scale.
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