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Abstract. Dengue fever is one of the most common insect-borne infectious diseases in the world. In this paper, a
dynamics model of dengue fever with incubation periods and vertical transmission in a heterogeneous environment
is developed, taking into account the influence of incubation periods and vertical transmission on dengue virus
transmission. Theoretically the existence of a global classical solution of the model is proved uniquely, and the
threshold dynamics of the model is described using the basic reproduction number Rg. The global asymptotic
stability of the disease-free equilibrium is proved by constructing the upper and lower solutions in combination with
the properties of the basic reproduction number when Ry < 1, and the disease-free equilibrium is unstable when
Ro > 1. There exists a global exponential attraction set in the system when Ry > 1. Finally, numerical simulation
and PRCC sensitivity analysis were combined to obtain that increasing the diffusion coefficients of both susceptible
and infected populations exacerbates the spread of dengue virus. In reality, dengue virus transmission can be
effectively controlled by reducing the frequency of crowd activities, good personal protection against mosquito
bites, timely medical treatment, and effective vaccination, among which the reduction of mosquito bite rate has the
most significant effect.
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1. INTRODUCTION

Dengue fever (DF) is a mosquito-borne tropical infectious disease caused by the dengue
fever virus (DENV). The virus is transmitted primarily through the bites of infected female
mosquitoes, mainly in our country to the Aedes aegypti and Aedes albopictus mosquitoes,
mosquitoes infected with DENV can not only be carried for life, but also through the eggs
of the virus that will be passed on to the offspring, and at the same time, people can also be
transmitted through the mother and child, organ donation, etc[1, 2, 3]. Clinical studies have
shown that the life cycle of mosquitoes is about 3 weeks and DENV generally has incubation
periods of 5-8 days in mosquitoes and 3-14 days in humans[1]. The vast majority of people
infected with DENV individuals do not have symptoms. Symptomatic of infected people are
mainly fever, headache, muscle and joint pain. In severe cases, life-threatening dengue hem-
orrhagic fever (DHF), shock, or death[4]. According to WHO statistics, 80% of symptomatic
DF infections have only mild symptoms, such as fever, while the remaining 20% of infected
deteriorate further and develop severe symptoms[5].

During the 18th and 19th centuries, DF was prevalent mainly in the tropics, but the trend
of globalization has led to a more rapid spread of DF, a wider range of epidemics, and the
emergence of multiple DENV epidemics in different regions, resulting in most countries in the
tropics and subtropics becoming high-risk areas. In China,it is more serious in Guangdong,
Yunnan, Guangxi and Zhejiang[6]. There are four main serotypes of DENV, DENV-1, DENV-
2, DENV-3 and DENV-4. When a person recovers from infection with one of these serotypes,
he or she develops lifelong immunity to that type of serotype, but has only partial and short-
lived cross-immunity to the other serotypes, and the lethality of subsequent infections with the
other serotypes (secondary infections) can be as high as 5% to 8%[7]. During the last decade,
the incidence rate of DF has increased dramatically around the world. From 2000 to 2019,
the WHO reported cases have increased from 505,430 to 5.2 million, and the actual number
of cases will be higher as many of them will be misdiagnosed as other febrile disease[1]. In
the literature[8], it is known that the DENV is present in more than 110 counties around the
world and there are 390 million cases of DENV infection each year, 96 million of which are

clinically symptomatic, and based on prevalence estimates, a total of 3.9 billion people around
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the world are at risk of dengue infection, which kills about 25,000 people each year. In the first
decade of the 21st century, it is estimated that approximately 3 million people were infected with
the DENV and 6,000 died annually in 112 countries in South Asia[9]. In 2019, the domestic
DF epidemic in the form of severe, the country reported a total of 22,599 cases of DF, the
incidence of 1.63/100,000, the number of reported cases is second only to the big outbreak of
DF in 2014[10]. Until now, in the control of DF, although a lot of research has been done
on vaccine research, a truly effective vaccine has not yet been developed, so the prevention of
DENYV transmission is mainly dependent on avoiding the bite of mosquitoes, of which the main
control strategies are spraying insecticides, genetic modification, insect technology sterilization
and Wolbachia mosquito control technology. Due to the limited control strategies and the wide
range of populations involved, DF has become one of the most researched insect-borne diseases
in the world[11].

In existing research on DF, scholars use mathematical models to study, common are ordinary
differential equations, stochastic differential equations and partial differential equations[12, 13,
14]. In 1970, Fischer and Halstead[15] first proposed a class of dynamics models reflecting the
dynamics system of transmission of DF, with which they described the transmission of DHF
due to successive infections with different viral types, and evaluated the number of cases and
time intervals at which DHF occurs. In 1998, Esteva and Vargas[16] proposed the classical

SIR-SI model of DF with standard incidence(1.1)

(

b
d%f = WiNi— P22 S8, — S,

Np+m
b
4 Nf’;mShlv — (tn + ) I
d%h = Yulp — WnRn,
(1.1) as Bub
R - TR
| $1(0),1;(0),R(0),5,(0),1,(0) > 0.

The model divides the population into into three compartments: susceptible populations Sy,
infected population 7, and recovered population R, the mosquitoes are divided into two com-
partments: susceptible mosquito swarms S, and infected mosquito swarms /,. The model de-

picts the generalized process of the transmission of DF, and discusses the global asymptotic
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stability of the positive equilibrium point through the stability of the periodic solution, analyzes
the effective mosquito control measures based on the threshold conditions to further prevent the
transmission of DENV effectively.

Today, many scholars have further studied the vertical transmission of DF, cross-infection
and the characteristics of DENV under different age structures on the basis of this classic
model[17, 18, 19], among which in literature[17], based on hospitalization data of mothers
infected with DENV during breastfeeding in the region of New Caledonia, it was found that
there was a high risk of complications for mothers and infants, and that vertical transmission
of DF was up to 90% of mothers’ deliveries. In order to study the effects of climatic fac-
tors and cross-infection on DENV transmission, a dynamics model for the transmission of two
strains of DENC between mosquitoes and populations with seasonal influences is proposed
in literature[18]. Using the next-generation matrix method, the local asymptotic stability and
global asymptotic stability are obtained by determining the disease-free periodic solution of the
model. Subsequently following in 2017 in the literature[19], the authors investigated a class
of Aedes aegypti mosquito population models with with a class age structure and obtained the
threshold conditions controlling the growth and development of the stage structure of the Aedes
aegypti mosquito population: when the basic reproduction number Ry < 1, the local equilib-
rium state in the system is globally asymptotically stable; when the basic reproduction number
Ro > 1, the positive equilibrium states in the system are globally asymptotically stable. Through
the analysis of various dengue dynamics models, the characteristics of DENV transmission and
the transmission mechanism have been clarified. With the advent of the era of globalization and
the increasing frequency of contacts around the world, infectious diseases can be transmitted
from one area to another through the spread of the population or the migration of mosquito
swarms, so the spread of DENV is not only related to time, but also related to spatial loca-
tion, so some biomathematicians have used reaction-diffusion equations to construct a model
of DF infectious diseases to describe the transmission mechanism of DENV spread in space
and time. Taking into account spatial heterogeneity, in 2019, the problem of the free boundary
of several types of reaction-diffusion systems is considered in the literature[20], the determin-

ing criterion of spreading and elimination of the disease is given, and the expansion capacity



DYNAMICS OF A DENGUE MODEL WITH INCUBATION PERIODS AND VERTICAL TRANSMISSION 5
of the initial distribution region and the effect on the free boundary are analyzed by numeri-
cal simulation. In the following period of time, some scholars have considered the effects of
spatio-temporal transmission, media coverage and time delay on DENV spread using reaction-
diffusion equation in conjunction with the DENV spreading mechanism(21, 23, 22, 24], and
using stability theory and optimal control theory criteria for the propagation and elimination
of disease were given. Through existing research and real life, it is found that the spread of
DENV is a complex process which is affected by various factors, including environment, hu-
man behavior, socio-economic factors, ect. Therefore, to effectively control and prevent DENV
spread, it is necessary to consider various influencing factors in a comprehensive way and take
the corresponding response measures. In previous research on DF, the influence of DENV incu-
bation periods is often neglected in consideration of the convenience of model theory analysis,
which will overestimate the risk of DENV transmission. In 2020 Zhou and Zheng[25] dis-
cussed a class of dengue thermodynamic models with latent time delays,and obtained the local
asymptotic stability of the disease-free equilibrium and the endemic equilibrium using the lin-
earization method. Furthermore, by constructing Lyapunov functional models, the criteria for
determining the global asymptotic stability of the disease-free equilibrium and endemic equi-
librium were obtained. In this paper, based on the previous research on DENYV, optimize the
classic SIR-SI model considering the effects of DENV incubation and vertical transmission, we
use the next generation characteristic operator to calculate the basic reproduction number Ry. It
is theoretically proven that when Ry < 1, the global asymptotic stability of the disease-free equi-
librium of the system is obtained; when Ry > 1, the instability of the disease-free equilibrium
of the system is demonstrated. The existence theorem of the global exponential attraction set of
the system is proved by constructing upper and lower solutions. The accuracy of the relevant
theory is verified through numerical simulation. Considering the sensitivity analysis of PRCC
of each parameter to the basic reproduction number, some effective and feasible suggestions for

preventing DF are given.
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2. MODEL FORMULATION

Combining the DF dynamics model with time delays and vertical transmission in the literature[24],
we established a SEIR-SI reaction-diffusion dynamics model with incubation and vertical trans-

mission in a heterogeneous environment. The model flow diagram is as follows

I

d4E, diRy

Sy dnln
bNi=bian 1 Sh Bn(x,t)bSply/(N +m)k E+pr b},l, Y ,|>

v
Bu(X,t)bS,In/(Ny +m)

FIGURE 1. Flow diagram of DF SEIR-SI model

According to the figure 1, we construct the SEIR-SI model equation for DF with incubation

periods and vertical transmission in a heterogeneous environment

(

LD =V (Dy(x,1)VSy) + by — 2500 5,1, — dy Sy — pubudy, 1> 0,x€ Q,

IESE) — 7 (D (x, 1) VEy) + B Gy 1, — (dy+ k) Ep, 1>0x€Q,

% = V(Di(x,t)VIy) + knEn — (dn + Vi) In + prbulp, t>0,x€Q,

@1 % :z(Dr( )VRy) + Yl _Cf{lf:; t>0,xeQ,

57 =V (Dy(x,1)VS,) + byN, N+mSIh (dy+py)Sy, t>0,xcQ,

L) =V (Dy(x, )V1)+ﬁ]§(il,2151h (dv+pv) 1, t>0,x€Q,
Sn(x,0),Ep(x,0),1,(x,0),Ry(x,0),S,(x,0),1,(x,0) >0, x e Q.

\

Where Sy, (x,t), Ep(x,t),I,(x,t),Ry(x,t) represent the population densities of susceptible pop-
ulations, exposed populations, infected populations and recovered populations at location x and
time ¢, S, (x,1),1,(x,t) represent the population densities of susceptible and infected mosquitoes
at location x and time ¢, Ds(x,t),D.(x,t),D;(x,t),D,(x,t) represent the diffusion coefficients of
susceptible populations, exposed populations, infected populations and recovered populations

at location x and time ¢,D,(x,7) represents the diffusion coefficient of the mosquito populations
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at location x and time ¢. For convenience of discussion. To facilitate discussion, we assume
that the activity range of the crowd will not cross the region Q, which satisfies the Neumann

boundary condition

38, 9E, oI, dR, as, dl,

Gndn —dnan —am o= 1>0xE€0Q

where 7 is the out-of-unit normal vector of the boundary €, and the specific parameters repre-

sent the infectious disease significance as shown in table 1 here p; +q;, = 1.

Parameters Biological significance

B (x,t)  The transmission coefficient of DF from I, to S,

By (x,t)  The transmission coefficient of DF from 7, to S,

Y The recovery rate of patients infected with DENV

b The biting rate of mosquito

kp The conversion rate from exposed population to infected population

Py Mosquito mortality from insecticides or other similar measures

m The density of alternative hosts available as blood source

b, The breeding rate of mosquitoes

by, The birth rate of human population

d, The natural mortality of mosquitoes

dj, The natural mortality rate of human population

Ph The probability that an infected human will transmit DF to the next generation
qn The probability that an infected human won’t transmit DF to the next generation

TABLE 1. The notation of SEIR-SI model (2.1)

3. SUITABILITY OF SOLUTIONS

In this section, we discuss the problem of the suitability of the solution of the system (2.1)
in terms of the existence and uniqueness of the global classical solution and the domain of
existence of the solution. Firstly, based on the content of Section 2, we make the following

assumptions about the system (2.1).
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(A1) Assume that the birth rate of the population is equal to the natural mortality rate of
the population and that the mosquito breeding rate is equal to the sum of the natural mor-
tality rate of mosquitoes and the mortality rate of mosquitoes due to other measures, that is
by = dp,b, = d, + py, when Sj,(x,0),Ej(x,0),1,(x,0),R;(x,0),S,(x,0),1,(x,0) > (£)0,x € Q,

we define

3.1 /Q[Sh(x,t)+Eh(x,t)+Ih(x,t)+Rh(x,t)]dx:Mh(t),/Q[SV(x,t)—|—Iv(x,t)]dx=Mv(t).

Next, we prove the global existence, uniqueness, boundednes and positivity of thOe classical
solutions of the system (2.1), we take the vector d = (d|(+,1), da(-,t),d3(-,1),da(-,1),ds(-,1),
de(-,1)) = (Ds(-,t), Do(+,t),Di(+,1),Dy(-,t),Dy(-,1),Dy(-,1)), the operator L = (Ly,L,, L3,Ls,

Ls,Lg), in this paper we define the following differential operator

Li¢ :==V (di(-)V9),

(3.2) (L) :={9eC(@nC'@): Ly ec(q =0xe00)}.

According to literature[14], we can get that L; generates a Co-semigroup {T;(¢)},-, and at the
same time, it makes @;(r) = T;(¢)¢ is a solution of dw;(t) = L;®;(¢)d¢,t > 0 and the solution

satisfies 1;(0) = ¢ € D(L;), here

D(Li) = {¢ cC@): tim (T =l)¢

existence
t—0t t

where [; denotes the unit operator. In order to be able to utilize the representation system (2.1)

in the form of operators as above, we define the following nonlinear operators Fi(i = 1,2.....6)

Fi(y)(x) = bpN;, — Nf’fm% Vo — dpy1 — (1 —qn) bays,
B(y)(x) = 52wy — (dy + ki) v,

(3.3) F3(y)(x) = knW2 — (dn + Vi) W3 + prbr Vs,
Fa (W) (x) = 13 — dp Y,
F5(y)(x) = byN, — Nﬁfm Wsy3 — (dy+ py) ¥s,
Fe(y)(x) = va3v+bm Wsys3 — (dy +py) Y.

Take Y := C(Q,R®) to denote the state space with the upper bounding paradigm ||- ||y, i.e.,

lolly = maX{SuPle(-)l ;sup @ (-)],sup|es ()], sup |@a(-)], sup |s(-)] ,SuP|w6(-)|} :

xeQ xeQ xeQ xeQ xeQ xeQ



DYNAMICS OF A DENGUE MODEL WITH INCUBATION PERIODS AND VERTICAL TRANSMISSION 9

Let Y := C(Q,RY) denote the positive cone of ¥, so (Y,YT) is a strongly ordered Banach
space. Based on the operators defined in equation (3.2), the system (2.1) can be rewritten as the

following equation

(3.4) 400 — Lo(r)+F(o(1)),o(-,0) = w € D(L) C Y,

where 0(t) = (Si(-,1), Ex(-,1), In(-,1), Ry (-,1), Sy (-,1), 1, (1), ) , F = (F\, >, F3, Fy4, Fs, Fg)" . Wh-
en y; = 0,F; :=0,Y := C(Q). Since L is a contracted Cy-semigroup generated on Y and F sat-
isfies the local Lipschitz condition with respect to @(r), according to literature[14], it can be
known there exists at least one saturated solution of the system (2.1) when the initial values sat-
isfy (S5(x,0),Ep(x,0),1,(x,0), Ry(x,0),8,(x,0),1,(x,0)) € C(Q), o(t) € C>'(Q x (0,1]). The

following theorem is given in order to prove the existence of uniqueness of the global classical

solution.

Theorem 3.1. For any initial data (Sy,(x,0),E(x,0),1,(x,0),R;(x,0),S,(x,0),1,(x,0)), the so-

lution of the system (2.1) satisfies the following condition

3.5) lim sup /Q (Sh(x,8) + Ep(x,1) + I (x, 1) + Ry (x,8) + Sy (x,) + I, (x,£) ) dx < oo

Proof. Take
M) = /Q 1S3 06,8) + En (6, 1) + In (o, £) 4+ R (0, 1) + v (3, ) + I, (x,£)]dx = My (£) + M, (£).

Considering the overall growth trend below, when the diffusion coefficient is only time-dependent,

according to the system (2.1) we can obtain

IM(t) [ (dSy(xt)  E(vt)  Ol(xt)  ORy(vt)  3Sy(xr)  L(x.1)
8t_/g<8t+8t+8t+8t+8t+8tdx

= /Q (Ds(t) ASp+ Do (t) NER + Di(t) Al + Dy (1) AER + Dy (1) ASy, + Dy, (1) AlL) dx

+ /Q (bpNp + byN, — dp(Sp + Ep+ 1, +Ry) — (dy + py) (S, + 1)) dx.

Further by considering the boundary conditions, we can get

i (5 ) [, (5 [ ()
+Dr(t)/m (W) dx+Dv(t)/aQ (asg(;"t)) dx+Dv(t)/aQ (alva(i’t)> d
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+ /Q (thh + bva - dh(Sh +Eh +Ih +Rh) - (dv + pv) (SV +Iv)) dx
< (b +DuN,) Q| - BM (1),

where B = min{dy,d, + p,}, so we can get

limam(r) < LNt 9]

t—roo B
Therefore, the solution of the system (2.1) is bounded, i.e., equation (3.5) holds. The conclu-

sion is proved. U

Next, we prove that the system (2.1) has a unique positive solution.

Theorem 3.2. For any initial condition w € Y™ (Y is the positive cone of Y ). The system (2.1)
has a unique saturated solution @ (-,t;y¥) on (0,T], and o (-,0;¥) = y. That is, if t € (0,T),

then there is @ (-,t; W) € Y which is a solution to the system (2.1), where T < oo,

Proof. Forany w € Y and h € [0,0), we can get

(i +h (thh - %Lfn)fllf Vo — (1 —qn) bnys —dh%)
Vva+h (%ﬂ% V16 — (dn +kn) Wz)
V3 +h (kpya — (din+ Vi) W3 + prbrs)
Va+h (73 —dnys)
ys+h (b, — BED sy — (d,+p,) ys )
Ve +h (ﬁ&(iz W5y — (dv+py) 1!’6)

Y+ hF(y) =

vi [1-n (v +dn) |
V2 [1 —h(dp+ k)]
w3 [1 = h(dy+7)]
Vi [1 — hd)]
ys [1—h<Nﬁ1mw3+d +pv)}
Ve [1—h(dy+pv)],

v

where

Eh: max ﬁh(xvt)vﬁv: max ﬁv(xvt)>

x€Q.t>0 xeQt>0
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so it can be deduced that
1
lim —dist hF(y),YT)=0VyeY™,
Jim - dist (y +hF (),Y™) v

where dist denotes the spatial distance formula. By Corollary 4 in literature[26], it is known that

there exists a unique positive solution to the system (2.1) on (0, 7T]. The conclusion is valid. [J

Combining boundedness of solutions in theorem 3.1 and the existence of uniqueness of pos-
itive solutions in theorem 3.2, it can be deduced that there exists a unique positive solution

o(-,t;¥) € YT to the system (2.1) when 7 € [0,+o0), @(-,0; ¢) €Y.
4. BASIC REPRODUCTION NUMBER

Combining the assumptions (A1), we can know that the system (2.1) has a disease-free equi-
librium Ey = (Sp0(x),0, 0,0,S,0(x),0), where S,9 = Ny, Sy0 = N,. Then, for the convenience
of later discussion, linearizing the second, third, fourth, and sixth equations of the system (2.1)

at the disease-free equilibrium yields

/

% = V(Do (x,1)VEy(x,)) + BELL S, 01, — (dy -+ Ky )y,
% - V(Di<x7t)VIh(x7t)) +khEh - (dh + Yh)lh -I—phbhlh,
% = V(Dy(x,t)VRy(x,1)) + Ynln — dnRp,

| % = V(D (x,1) VI (x,0)) + BEDE S 00— (dy + py)Es.

4.1)

Inspired by literature[27], we give the basic reproduction number R for the system (2.1) by
the spectral radius of the next-generation infection operator. We divide the source of the pop-
ulation inside the silo into three components: the newly infected population .%, the population
moving in and out of the silo by other means # and the population moving in to the silo by

diffusion &, then the system (4.1) is equivalent to

a—“:.@—7/+ﬁ,xes},t>0,

ot
where
[ E, | [ V(D,(x,1)VEy(x,1)) | [ (dy+ k) Ey ]
Iy V(D;(x,t)VIy(x,t)) (dn+ ) In — knEp — prbply
u= , 9 = V= ,
Rh V(Dr(x,t)VRh(x,t)) thh — ’}/hlh
1 ] | V(D (1)L (x.1)) | i (dy+p),
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and

B (x,t)b i
Ny im Sholy

0

0

s (,1)b
i ﬁNEitrzz Swln |

Y
I

Using its Taylor expansion at the origin, we make the following definition

Ba(t)b dp+ky, 0 0 0
0 0 0 Bl
' —kn (dntm)—pubr O 0
F=10 0 0 0 V= )
0 Blkbg o o ’ o b0
Nt S0
0 0 0 dy+p,
and
V(Do (x,1)V) 0 0 0
. 0 V(Di(x,1)V) 0 0
0 0 V(D (x,1)V) 0
0 0 0 V(D,(x,1)V) |

So the system (4.1) is equivalent to

Let T'(¢) be the solution semigroup of the following linear equation

4.2) aa—‘L;:D,u—V,u,xEQ,t>0.

According to the definition of the next-generation infection operator, let the initial state distri-

bution be ¢, and take the differential operator

2@)0)=F@ [ T00dr
Then the basic reproduction number R can be defined as
Ro = r(cf )

Based on the above conclusion, in combination with[27], taking B = D —V we can obtain the

following lemma and theorem.
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Lemma 4.1. The sign of A* := s(B+ F) is the same as the sign of Ry — 1.

Proof. Obviously, B is an infinitesimal generator of the 7'(¢). Note that 7'(z) is a semigroup in
the sense of a positive direction, i.e., it holds for all # > 0. And B is the 4 X 4 matrix correspond-

ing to the bounded linear operators of Q x (0, +e) — R* and
43) (AI—B)~'¢ :/ MT(1)pdr, YA > s(B),d € Xi.
0

From the derivation of the Cy-semigroup properties in[14], it is known that s(B) < 0. Let A =0

in equation (4.3), we get

—B”¢:iAwTOMML Vo € G x (0,00).

Thus, ¥ = —FB~!. Define the linear operator A := B+ F. By the equivalence system, A
generates a positive Cy-semigroup. Using the characteristic operator, we know that s(A) has the

same sign as r(—FB_l)—lzRo—l. 0

Lemma 4.2. Suppose D,(x,t),D;(x,t),D(x,t),D,(x,t) > 0, if the elliptic eigenvalue problem

—DY+Vo =AF¢, xcQ,

“4.4) 5
a—ﬁ =0, x €.,

exists a unique positive eigenvalue Ay with a positive eigenfunction, then the basic reproduction

number is Ry = r(—FB_l) = r(—B_lF) =1/.
Proof. Let
Fe(x) =F(x)+€E, Ve(x)=V(x)—E&E,

where € > 0 is a constant and E is a 4 X 4 matrix whose elements are all 1. Consider the

following system of equations
4.5) o

Denote T¢(t)¢ as a solution of the system (4.5) and satisfying 7:(0)¢ = ¢. The following

definitions are made

Le(9)(0) = Felw) [ Te(0)9(w)ar.
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Obviously, Lg is a strongly positive and compact operator. Therefore, it has a positive spectral
radius denoted by Ry(€) and is an eigenvalue of algebraic multiplicity 1 and a positive eigen-

vector ¢¢. Thus, by the definition of the basic reproduction number we have

Fo(®) /0 " Tu(0)edt = Ro(€) de.

Let Be be the generator of the continuous semigroupan 7¢(f), then, we have
Be¢p =DA ¢ —Ve(x)9.

Since T¢(¢) is a positive semigroup, taking into account the presolution operator (A — Bg) ™"

for the infinitesimal generator B, yields
(AI—Be) ' ¢ :/ e MT(1)pdr, VYA > s(Be), €X,.
0

Due to the boundedness and continuity of the parameters, it is possible to restrict € to be small
enough such that s(Bg) < 0. Let A = 0, then for all ¢ it holds that —B; ¢ = [5° T (¢)¢dr.
Therefore, we obtain
—Fe(x)Bg ' ¢ = Ro(€)9e.
Set
We := —B; ' fe.

It follows that v is positive, and bylemma (4.1) that

Fe(x)We = —Ro(&)Be Ve,

Therefore, combining weakly coupled elliptic system eigenvalue problem leads to the following
system
—D@e + Ve (x)Pe = %FE(X)%? x €Q,
% =0, X € Q.
1

There exists a unique positive eigenvalue A, = Role) and the corresponding eigenfunction is

positive. Utilizing the regress theory of linear operators and letting € — 0, we can obtain R, I=

.
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Combining the above two lemmas, we consider the following principal eigenvalue problem

for the system (4.1) of equivalent equations

—V(De(x,1)VP1) + (dy+ k) o1 = A B, 06,
4.6) =V (Di(x,1)Va) — kh¢1+(dh+}’h)¢2—phbh¢z

=V(D,(x,t)V3) — Y2 + dp3 =

—V(Dy(x,1) V) + (d +pv)¢4_zﬁm;1s 0.

Where Ry = % To further understand the nature of the basic reproduction number, the fol-

lowing theorem can be obtained by combining the lemma 4.1 and Conclusion.

Theorem 4.1. When the diffusion coefficient is independent of spatial location, i.e., D,(x,t) =
D.,Dj(x,t) = D;, D,(x,t) = D,,D\(x,t) = D,, the basic reproduction number Ry of the system
(2.1) satisfies sign(1 — Ry) = sign(Ay). Where (A1; 01, 92,93, 04) is the principal feature pair of

the following characterization problem

( ~
—D A + (dy+ kp) 91 = Bylx)o Bletlb g, 04+ A0y, x€Q,

Nh-i-m
@7 —DiAGy — k@1 + (di + Vi) 92 — pabu = ¢, x € Q,
—D,A¢3 — Y2 + dp 93 = A1 93, xeQ,

| —DAGy+ (dy +py) 04 —ﬁ;(;itm Swdr+Ai¢s, x€Q.

Remark 1: According to the literature[28] and the literature[29], it can be obtained that
the basic reproduction number is positively correlated with the coefficients of the transmission
of DENV By (x,1), By(x,t), i.e., the higher the coefficient of the transmission of DENV, the
greater the basic reproduction number Ry, we give the following estimation of the range of

basic reproduction number R

ﬁ;l"b mb ﬁ}/lw B
Nh—l—mk N+mN Ni <Ry < Nh+mk va—i-mN Nn

(dp+ kn) (dp + Y — prbn) (dy + py) (dn+ kn) (dn + Y — pubp) (dy+ py)’

where

By'= min By(x,r) B"= min B, (x.2),

xeQ,t>0 x€Q,t>0

Byt = max By(x,r) B = max B,(x,1).
xeQt>0 xeQt>0
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Remark 2: When all parameters are constants independent of spatial position and time, i.e.,

Br(x,t) = B;, By (x,t) = B, the basic reproduction number R of the system (2.1) is

Byb ,  Bib

R, .
0 (dp + kn) (dn + Y — pnbn) (dy + pv)

According to equation (4.8), we can get that the basic reproduction number Rjj is positively
related to the transmission coefficient and vertical transmission rate of DENV, and inversely re-
lated to the recovery rate. Therefore, the vertical transmission of DENV increases the transmis-
sion risk of DENV. When the vertical transmission probability of DF is higher, the transmission
coefficient is higher, the recovery rate is lower the larger the value of the basic reproduction

number R is, the higher the risk of DENV transmission is.

5. THRESHOLD DYNAMICS

In this section, we focus on the influence of global dynamics of the system (2.1). To prove
the global asymptotic stability of the disease-free equilibrium point of the system (2.1), inspired
by literature[31, 27], let X be a decomposable Banach space, J(¢),>0 is a continuous semigroup

on X, where the space X is made as follows
X =X @Xz,dim(X) < oo,

Define M : X — X1, (I—M) : X — X, to be the orthogonal projection. According to literature[30],

the following lemma can be obtained

Lemma 5.1. For any bounded set B in X, there exists positive numbers t,,C, and any € > 0
such that || MJ(t)B|,>,, is bounded on a finite dimensional subspace X, of X, and the following

conclusion holds

I(7 =M)J(1)B| < Ce™™ +&,1 = 1,

where M : X — X is a bounded projection.

Let H=L%*(Q)NC>!(Q) and H; = H)(Q)NC>!(Q), denote H = Hx Hx Hx Hx Hx H

and H? =H; x H; x H; x H; x H; x Hj to be Banach spaces with the following paradigms

1Sy Ens Iy Ry Svs 1) [l = ma@x I Sullgg s [ En s [Vl s [1Rn g (1Sl 120 1}
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we define the number of paradigms on the space H to be || f(x,7)||; = max,en || f(x,7)||, and

1S B R o)y = s { 1S5, i, 1, R, S, D, -

Based on the above definitions, the following theorem is obtained for the system (2.1) having

a global exponential attractor set.

Theorem 5.1. If the system (2.1) has an attraction set By C H® which satisfies lemma 5.1, then

the system (2.1) has a global exponential attraction set Q, which can attract to any bounded set

HE.

Proof. By theorem 3.1 and theorem 3.2 we obtain that if the initial value of the system (2.1)

satisfies
v =w(0) = (Sy(x,0),Ep(x,0),1,(x,0), Ry (x,0),S,(x, 0),Iv(x,0))T € HS,
then the system (2.1) has the global classical solution

w(t) = (Sp(-,2), En(-1), In(-,1), R (1), Su (), L (-,0) T e C° <H6, [o,oo)> .

Based on the definition of operators in Section 3, we transform the system (2.1) into the follow-

ing operator problem
do(r)
dr

where the map L+ F : H; — H is called the gradient type operator. We can obtain that the

=Lo(1) + F(a(r)), o(-,0) = v,

system (2.1) with the following semigroup of operators

J(t) = (Ji(2), Ja(t),J5(1), Ja(2), J5(2), Je(1)) ",

and J(1)y = o(t;y). Next, we show that the operator semigroup J(7) has an attractor set
Bi C H®. When the diffusion coefficients are independent of the spatial position, we obtain the

inner product of the first equation of the system (2.1) with S,

ﬁh(x7t)b
Np+m

(5.1 <DsASh(XJ) +bpNp — Sn(x, 1)1 (x,1) — dpSp — Phbh1h75h>

Bh(xat)b

Q Nh—f—m

H

_ / DyAS)(x,1) - S (x, 1) dx + / BNy - Sp (2, 1) dx — Sp(6, ) (x, 1) - Sp(x,1)dx
Q Q

_ / S (x,1) - Sp (o, 1) dox — / prbaln(x,1) - Sy (x, 1) dx
Q Q
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2
< =Dy |IShllg, +/§2th}15th,
2

where H; is the subspace of fractional curtains generated by the sector operator L. By lemma
2

4.1, it follows that Sj, is bounded.Hence the following inequality can be obtained
/ bpNp - Spdx < Ky,
Q
since H 1 — H, there exists K > 0 such that
HShHHl > K ||Sh|ly,VSh € H%v
2
so the equation (5.1) can be written as
1d 2 20e 112
555 ISkl < D2 IS4 + Ko,
based on the above derivation, we can obtain

— 2 _ 5
IS4G < e 22K (1), (x, 0) |1 + — e

K
L (1
D,K?2
Next, using the same method, the second equation of the system (2.1) can be inner product with

E}, in the space H

<DeAEh(x, t) + %

Sk ()~ (d +kh)Eh(x,t),Eh>

H

Br(x,1)b

Sp(x, )1, (x,t) - Ep(x,t)dx
QNh-FI’I’l h(x,)\;(.x,) h(X,)

— | DAE (1) -Ey(x,1)dx+
Q

(52) ~ | (@) En(rar) - By ()

2 ﬁh(x7t)b
<-D.|E ————8l, - Epdx.
< DB, + [ o Sl

From theorem 3.1 and theorem 3.2, we get

Bn(x,t)b

Sil, - Epdx < K>.
QNh+m hiv - Lp >~ A2

Similarly since H 1= H, there exists K > 0 such that

HEhHH1 > KHEhHH>VEh € H%;
2
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the equation (5.2) can be written as

1d

2 2
55 |Eulli < DB + Ko

therefore,

2 _ 2D,k 2 K —2D,K2t
Bl < e PR B O + o (1 e25).

Similarly the inner product of the third, fourth, fifth and sixth equations of the system (2.1) with

Iy, Ry, Sy and I, respectively

(DA (x,1) + knEp(x, ) — (dp + )T (3, 0) + prbadi(x,0), Iy
(DrARy(x,1) + Yl (x,1) — dpRpy(x,1), R)y
<LnA&¢ng+4nN-—%ﬁ%&sxxJVMxJ)—(¢,+pﬁsxxt%&)H
<D AL (x, 1) + B0 g (0 1)1 () — (dv+pv)lv(x,t),lv>H

—D; ||, H%I, + Jo(knEp + prbudy) - Indx
2

—Dy |Rullft, + Jo Yaln - Rudx
(5.3) 2

IN

-D, HSV||12{1 -I—beva-Svdx

Dy |1, ||Hl +fgﬁlvvi;1 S.L - I,dx

According to theorem 3.1, theorem 3.2 and similar proofs of equation (5.1) and (5.2), we can

obtain that there exists a positive number K3, Ky, K5, Kg for which the following conclusions

holds
— 2
Il < e~ 225 |11, (x, 0) |4+ DK2< 2Dkt )
—2D,K*t K 2D, K%t
(5.4) IRu|IE < e IR, (x,0)|1% + D%<1 )
2
I3 < e 20 8,5, 0) [ + s (120K
11 < € 228 (e, 0) B+ s (1 - 7208 )

~, KL K K3 Ky Ks K s ——
If R > max{DxK2 ' DK2 DiKE DoKE DLRE DLRE [ then there exists t* > 0, for any ¢ > t*, sat

isfying @(t; y) C Bz. Therefore, By C HO is an attractor set. Next, we prove that the system

(2.1) has a global exponential attractor.
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Let L) := DyA : Hi — H be a symmetric operator, hence the eigenvectors e; belonging to the
eigenvalue Ag, ; (the ith eigenvalue with respect to S;,) are complete orthogonal bases in H. That

is, for any S, € H
Sh= ijej, Skl = ij-
j=1 j=1

Further, we get VNg, > 0,3Cs, > 1 (the constant associated with ) which satisfies —Ng, >

As,,i, Vi > Cs, + 1
C C Cs, \ +
HlSh :Span{el7ez7... 7eC5h},H2Sh — <Hlsh) .

For any Sj, € H can be decomposed as

Sh=MS,+(I—M)S), := Sp1+Sh2,

R C > C
S S
Sh1 = ZxkekEHl " Sho = Z xie; € Hy'",

k=1 i=Cs, +1

where M : H — Hfsh is an orthogonal projection. Ey, I, Ry, S, and I, have similar decomposition
forms. Since J(z) is a bounded attractor, for any bounded set Bz C H®, there exists a positive
to. Suppose to > t* such that (@ (¢;S,(x,0)), @ (1; Ep(x,0)), @3 (t;1;(x,0)), @4 (1;R;(x,0)),
s (¢;S,(x,0)), @ (£;1,(x,0))) C Bg, where

loor (23w (x,0)[[Fy = 1 (1)Sw(x,0) [F; < R,

llo (13 En(x,0)) Iy = [I2(1) En(x, 0) Iy < R,

@ (1324 (x, D7 = 193 (VI (x, 0) Iy < B2,

2 2 2
loos (2R (x,0)) [ = [[a ()R (x, 0) [y < R?,
s (134 (x, ) Ify = M5 (1)Su(x, 0) [y < R,

lloo (237, (%, 0)) 1§y = M6 (1) u(x, 0) [y < R?,

SO

(5.5) IMJ(t)y||gs < RVt > 1.
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Making an inner product of the first equation of the system (2.1) with §j, >, we get

1d
o (Sh>Sh2 )y
x,t)b
= <DsASh(XJ) +bpN;, — %Sh(x7t)lv(xat) —dpSp(x,t) — pubply, Sh,2>

x,t)b
(DS Sy + (s~ i) - s~ S et ). 52 )
ht+m H

H

= (DySp,1 (x,1) +DySp 2 (x,1),Sp2(x,1) ) gy + (bnNp — dSp (x,1) — ppbyly

 Bule)b

Sn(x,2)L,(x,1),S
T S ) 50z )

H

<(DySp(x,1),Sp2(x,1) )iy + (BalNR, Sh2 )y

< <DsSh,2(x7l)7Sh,2(xat)>H +thhR7

where
<DsSh,2(x7t)JSh,2(x7t)>H = —D; HSh>2||2H1
2
- Ds Z xizlSh,i
i:CSh-Fl
< —D;N, Z x D;Ns, ||Sh2HH’
i=Cs, +1
SO

d _
I HSthZH < —D;N, HSh,2H2H + bpNiR,

further it is possible to obtain

2 + thhR <1 _eDsNSh(t_tO)> , \V/t > tO

||Sh,2HE < e_zDSNSh (t—t9) ||Sh,2 (tO) HH DN
$20n

According to equation (5.3), similar to the above derivation we can get

[Ena i < e By )y + R (1= ¢ ) v,
thzHH < ¢ 2Dily (1=10) 4,2 (10 HH+””,'3R—W (l—e_ZD"N’h(t_t”)), Yt > 1o,
R[5 < €22 07100 |[Ry (1) I + i (1—e’2D’NRh(”’°)), Vi > 1o,
[Su2lf; < e 2PN =) |15, (19) 17, + ,?—}VV;V (1 —e_ZDvNSv(’_’O)) : Vi > 1o,

, (x,1)bR DN (t—
o, < e 20eMa (=) |, (t0)||H+%<l—e 2D, (0 10>>, .
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lemma 5.1 holds and we can obtain that the system (2.1) has a global exponential attractor set

Q. The theorem holds. O

In conjunction with the above theorem, we discuss the global stability of the disease-free

equilibrium of the system (2.1).

Theorem 5.2. (1) When Ry < 1, the disease-free equilibrium of the system (2.1) is globally

asymptotically stable, i.e.,

limSy (x,1) = S, ImEy(x,1) =0, limf,(x,1) =0, limR;(x,7) =0,

th_)rgSv(x,t) =S%: tlgglv(x,t) =0,

where Sy, = Nj,, 83y = N,.

(2) When Ry > 1, if there exists a function I'(x) such that the following inequality holds

tli_>mSh(x,t) >T(x), lUmEy(x,1) >T(x), tli_>m1h(x,t) >T(x), lmRy(x,7) >T(x)

t—o0 —oo
limS, (x,7) > '(x), lim/,(x,1) > T'(x),

{—o0 {—>o0

Then DF will form an endemic epidemic.

Proof. (1) When Ry < 1, according to lemma 4.1 and lemma 4.2 we can obtain that there exists
€ > 0 such that A¢ (S} + €,S} 4 €) < 0. From the first and fifth equations of the system (2.1) the

following inequality can be obtained

% < V(Dy(x,1)VSy) + by — diSp(x,1), xeQ, >0,
aastv < V(Dy(x,t)VS,) +byN, — (dy + py)Sy(x,2), x€Q,t >0,
%:%Snv:oa x€dQ,r>0.

So there exists #; > 0, when 7 > 11,x € Q, S; < S;;;+ € and S, < S%, + € hold. Comparing

theorems we get

)
I < V(Do(x,)VER) + BB (S5 + 2)1, — (dyy+ ki) Eny x € Q1 > 11,
% < V(Di<xat)VIh) +knEp — (dh + }’h)lh—f—phbhlh, xeQ,t>1,
2R < V(Dy(x,1)VRY) + Yuly — diRi, xeQr>1,

{ G < V(Dy(x,1)VI,) %(Sto“f’gﬂh —(dy+p)L, xeQt>1.
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Take (By(x,), [ (x,), R (1), (x,0), ) = (MeH Gy (x), M G (x), MeH G (x), MeH iy (1) ) o be

a solution that satisfies the following system of equations

9 = V(Do (x,)\VE) + BEDL (2 1 )], — (d+ k) B,
% — v (Dy(x,1) V) + knEp — (dn+ 1) T + pabils,
%y — V (D, (x,t)VRy) + Vil — di Ry,

W = V(Dy(x,1)VE) + BEDL (5% + &)l — (dy+ py) .

\

According to lemma 4.1 we can get that ¢ (x), ¢,(x), @3(x), 94(x) are the eigenfunctions under

A < 0. According to the comparison theorem we can get that when x € Q7 > 1, we have
Eh(-xvl) < /’L(x7t)7lh('x7l) < h(x7t)7Rh(x7l) < h<x7t)7IV(-x7t) < I_V(-xvt)~

So we can obtain

since A < 0, we take the limit on both sides when the time f — oo

(5.6) limE, = 0,lim/, =0,limR;, =0, lim/, = 0.
f—>oo t—oo f—o0 f—oo

Next we show that llimSh = Nh,tlimSV = N,. According to equation (5.6), we get that when
—»00 —>

t > t1,x € Q, there exists k > 0 such that 0 < E;, < k,0 < [, < k,0 < R;, < k,0 < I, < k hold.

By the first equation of the system (2.1) we can obtain that there exists a r, > 0 and that S, (x,)

is an upper solution of the following equation

(5.7)
J
M) = V(Dy(x, 1) V) + by — B2 1y (x 1) — dppa (x,1) — pabike, x€ Q.1 > 1,
§—=0, xX€IQt> 1,

== = V(Ds(x,t)Vv) + bpN — dpv(x,t), x € Q,t > 1o,
(5.8) =, X €IQ, 1> 1,
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According to the comparison theorem, we can get that the following conclusions hold when
t>th,xeQ

wx,t) < Sp(x,1) <v(x,t).

Similar to the proof of theorem 5.1, we can obtain that when the diffusion coefficient is inde-
pendent of spatial location there is a global exponential attractor set in the system (5.7) and in

the system (5.8). Similar to the proof of literature[31], we can get

— . _ +
th_>m.u(x t) Sh,O(Kax) ,tli)rgv(x,t) - Sh,O(Kax) )

where S, o(x,x)” and Sj,o(x,x)" represent the steady states of the system (5.7) and (5.8) re-

spectively. Thus when we take k¥ — 0, we have
Smo(l(',x)_,sh?o(lﬁ‘,x)-'_ — Spo = N, t — oo,

Similarly we can get tlgrgoSv = N,. The first half of the theorem is proved, i.e., the disease-free
equilibrium of the system (2.1) is globally asymptotically stable.

(2) When Ry > 1, by lemma 4.1 then there exists € > 0 such that A (SZ —€,85; — 8) > 0. This
means that there exists a | > 0 satisfying Sy, (x,t) > S;, — € and S, (x,t) > S, —€. When > 7;

and x € Q, by the principle of comparison, we can get

(

% > V(Do(x,1)VEy) + B (55 — )1, — (dy+ ki) En, x€ Q1> 1y,
% > V(Di(x,t)VIy) +kpEp — (dp + W) In + prbply, xeQt>t,
a;;h >V(D (x l‘)VRh)—i—’}/hIh—thh, x e Q.t>1,

| %> V(D (x,1)VE) + B (52 Vg, — (dy+pu ), xE Q>

For x € Q,r > 1, we denote

(B, 0), T, ), Ri(3,0), T 1), ) = (P @1 (), PeM o (), Pe s (1), e G () )

E
where (Eh (x, ), Iy (x,1), Ry, (x,1), T, (x,t),) satisfies the following equation

(

% =V (Do(x,1)VEy) + B (55— &)1, — (dy + ky) En,
% = V(Dj(x,t)VI) + kpEp — (dp + Vi) In + prbudy,
% = V(D (x,t)VRy) + Wy — dpRy,

\ % - V(DV(X’I)VI ) + B]l\)/()fk% (S:O )Ih - (dv +pv)lv
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where (@ (x), ®2(x), @3(x), 4(x)) are the eigenfunctions with respect to 4 > 0. According to

the comparison theorem, when x € Q. ¢ > f; we have
Ey(x,t) > Ep(x,0), 1, (x,t) > I (x,1), Ry (x,t) > Ry, (x,2), 1, (x,2) > I,(x,2),
then we obtain
Ep(x,1) > Pe™ @y (x), In(x,1) > Pe o (x), Ry(x,1) > Pe @3(x), 1, (x,1) > Pe* ¢y (x).
Taking the limit on both sides, we can get

llgginf(Eh(x7t)alh(xat)th(xat)7lv(x7t)) > (P¢1(x)7P¢2(x)7P¢3(x)v¢4(x))'

According to the boundedness of the system (2.1), we can obtain that there exists constants

K >0, > 0, when x € Q,t > 1>, we can get
(Ep(x,t),Iy(x,1),Rp(x,1),L,(x,1)) < (K,K,K,K).

Based on the above conclusions we can obtain that S; and S, satisfy the following equations

% > V(Ds(x,1)VSp) + bplNy — (dh + pnbpK + M) Sp(x,1), x€Q,t>0,

Nyp+m
% > V(DV(XJ)VSV) +byN, — (dv Pyt B‘I\(/fjr)’zK> SV(x,t>, *e QJ g 07
%:%:0, x€dQ,t>0.
So B (x.1)
x,t)bK

lim in n(x,) > by, h/( h+ PrnbrK + Nyt m )’

o x,t)bK

tlggmev(x,t) > b,N,/ (dv +pv+ %) :

In summary, the endemic equilibrium of the system (2.1) is uniformly persistent when I"(x) :=

min {thh / <dh ¥ pubiK + ﬁ’;@jjﬁ?) byN,/ (dv +pyt B‘;Sfﬁ?) PG (x), PGr(x), PB3(x), Pu(x) }

and x € Q are taken. Thus the theorem is proved. U

6. NUMERICAL SIMULATION

In this section, we verify the above conclusions by numerical simulation, then we obtain the
parameters that have a greater influence on the basic reproduction number Ry by performing
PRCC sensitivity analysis on the basic reproduction number. Let the space be Q = [0, 7]. We

take b, = d, =0.5,b, = 1,p, = d, = 0.5, and the rest of the parameters take values in table 2.
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Parameters Value Sources Parameters Value Sources

Ph 08  [24] N, 18 [24]
k 02778 [171 Dy 045 [33]
b 51 1311 D, 045 [33]
N, 7 [24] D, 045 [33]
m 3 [24] D, 0.375 [31]
Y 0.1429 [32] D 045 [31]

TABLE 2. Specific values for each parameter in the system (2.1)

6.1. The Impact of DENV Transmission Coefficients. According to the literature[24] on
the value of the infection coefficient, we discuss the various population density change curves
of the system (2.1) for Ry < 1 and Ry > 1 in the following two cases, respectively.

Case 1: Let f3,(x,t) = 0.015(1 4 0.3(sinx +sinz)), B, (x,7) = 0.01(1 + 0.2(sinx + cos?)), at
this time 0.04 < Ry < 0.09, we assume (Sy, Ep, I, Ry, Sy, I,) = (1+cosx,2+cosx,3+cosx, 1 +
cosx,6+5cosx, 18 —S,). Then we can get the following statistical graphs of changes in density

of various populations

1,068

FIGURE 2. Surface plot of density variation in each population compartment of

the system (2.1) when Ry < 1
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According to figure 2 it can be seen that when the basic reproduction number Ry < 1, the
disease-free equilibrium of the system (2.1) is globally asymptotically stabilized over time,
which is the same as the conclusion of the theorem in this paper. To further observe the trend
of the change in population density over time, the change in density of various populations is

plotted at different locations when Ry < 1, as shown in figure 3.

S,
1,068

E,(c)

)

s,
1,8

Ry

(Sv) (Iv) (Rh)

FIGURE 3. The change curve of population density of each compartment in the

system (2.1) when Ry < 1

From figure 3, we know that when Ry < 1, the system (2.1) eventually converges to the
disease-free equilibrium, and the mosquitoes can reach the disease-free equilibrium faster.
Since the density of the recovered populations is small at the positions x = 7 and x = %,
there is a process of rising and then falling. To observe the epidemiological trend of DF when
the basic reproduction number Ry > 1, we discuss the second case.

Case 2: Let f;(x,7) = 0.4(1 4 0.3(sinx +sinz)), B, (x,#) = 0.3(1 + 0.2(sinx + cos?)),at this
time 1.24 < Ry < 2.48, we assume (Sy,, Ep, Iy, Ry, Sy, I,) = (1 +cosx,2 + cosx,3 + cosx, 1 +

cosx,6+ 5cosx, 18 —S,). Then we can get the following statistical graphs of changes in the

density of various populations. From figure 4, we know that DF will form an endemic disease
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over time when Ry > 1. To observe the trend of population density over time, we plotted the

density change of various populations at different positions when Ry > 1, as shown in figure 5.
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FIGURE 4. Surface plot of density variation in each population compartment of

the system (2.1) when Ry > 1
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FIGURE 5. The change curve of population density in system (2.1) when Ry > 1
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From figure 5, we know that in the system (2.1), DF tends to stabilize periodically when
Ry > 1. It indicates that when the basic reproduction number Ry > 1, the system (2.1) has a

periodic solution.

6.2. The Influence of Diffusion Coefficient on the Transmission of DENV. In this section,
we focus on how changing the diffusion coefficient of susceptible and infected populations
affects the transmission of DENV. We discuss the following four cases.

Case 1: Let f3;(x,t) = 0.015(140.3(sinx+sint)), By (x,7) = 0.01(1+0.2(sinx+cos?)),Ds =
D,=D,=0.45D;=1,D,=0.375, we assume (S, E,, I, Ry, S, I,) = (1 4+ cosx,2+cosx,3 +
cosx, 1+ cosx,6+5cosx,18 —S,). Then we have plotted the changes in the infected popula-
tions and infected mosquitoes as shown in figure 6.
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FIGURE 6. Plot of changes in infected populations and infected mosquitoes den-

sities in system (2.1) when Rp < 1,D; =1

Compared with figure 6 and figure 3, it can be seen that increasing the diffusion coefficient of
the infected populations causes the infected populations in different locations to reach the same
value of density faster. To observe the impact of changing the diffusion coefficients of suscep-
tible populations, exposed populations, and convalescent populations on the epidemiological
trend of DF when Ry < 1, we discuss the following case.

Case 2: Let f3;(x,7) =0.015(140.3(sinx+sin?)), B, (x,7) =0.01(140.2(sinx+cos?)),Ds =
D,=D,=1,D;=0.45,D, =0.375, we assume (S, E,I;,, R, Sy, I,) = (1 +cosx,2+cosx,3 +
cosx, 1 +cosx,6+ 5cosx, 18 —S,). We have drawn the following population density change

curves for each compartment, as shown in figure 7.
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FIGURE 7. Plot of the variation of population density in each compartment of

the system (2.1) when Ry < 1,Dy =1

Compared with figure 7 and figure 3, it can be seen that when Ry < 1 increasing the diffusion
coefficient of the susceptible populations results in the susceptible population, the latent patient
population, and the recovering population reaching the same density value faster, and does not
have any significant delaying or advancing effect on the final extinction time of DF. Next, we
discuss the impact of changing the diffusion coefficient of infected populations on the trend of
DF epidemic when Ry > 1. In this paper, we discuss the following case.

Case 3: Let Bj(x,t) = 0.4(1 4 0.3(sinx +sint)), B, (x,7) = 0.3(1 + 0.2(sinx + cos?)),Dy; =
D,=D,=0.45,D;=1,D,=0.375, we assume (S, Ej, I;,, R, Sy, I,) = (1 +cosx,2+cosx,3 +
cosx, 1 +cosx,6+5cosx, 18 —S,). Then we have plotted the change curve of the infected pop-
ulations and mosquitoes. Compared with figure 8 and figure 5, it can be seen that increasing the
diffusion coefficient of the infected populations will accelerate the transmission of DENV when
Rop > 1, and the densities of the infected populations at different locations are closer during the
DF epidemic. Next, we discuss the impact of changing the diffusion coefficients of susceptible
populations, exposed populations, and convalescent populations on the epidemiological trend

of DF when Ry > 1.
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FIGURE 8. Plot of changes in infected populations and infected mosquitoes den-

sities in system (2.1) when Ry > 1,D; =1

Case 4: Let Bj,(x,t) = 0.4(1 4 0.3(sinx +sint)), B, (x,7) = 0.3(1 + 0.4(sinx + cos?)),Dy; =
D,=D,=1,D;=0.45,D, =0.375, we assume (Sy, Ey, Iy, Ry, Sy, I,) = (1 4+ cosx,2+cosx,3 +
cosx, 1 4+ cosx,6 + 5cosx, 18 — S,). Then we have drawn the following population density

change curves for each compartment, as shown in figure 9.
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FIGURE 9. Plot of the variation of population density in each compartment of

the system (2.1) when Ry > 1,D; =1
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Compared with figure 9 and figure 5, it can be seen that increasing the diffusion coefficient
of susceptible populations will not only cause DF to form endemic diseases earlier, but also
lead to closer density values of susceptible, expose, and recovering populations when DF forms
endemic diseases. Therefore, in reality, reducing the frequency of activities of susceptible and

infected populations is conducive to the prevention and treatment of DF.

6.3. Sensitivity Analysis. In this subsection, we performed PRCC sensitivity analysis of the
basic reproduction number Ry according to equation (4.8),and plotted the histogram of the
PRCC sensitivity analysis of each parameter to the basic reproduction number Ry when the

parameters are constant, as shown in figure 10
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FIGURE 10. PRCC sensitivity analysis of each parameter to the basic reproduc-

tion number Ry

According to the PRCC sensitivity analysis, it can be obtained that the total population den-
sity Np, the total population density of mosquitoes N,, the birth rate by, the transmission co-
efficient of DENV f;,, B,, the vertical transmission rate pj, the conversion rate of the exposed
population to the infected population k;, and the biting rate b were positively correlated with the
basic reproduction number Ry, while other population densities m, the natural mortality rates of
the population and mosquitoes dj, d,, the recovery rates 7, and the mortality rates of mosquitoes
due to other measures p, were negatively correlated with the basic reproduction number Ry.
When the PRCC sensitivity coefficient exceeds 0.6, there is a significant correlation; when the

PRCC sensitivity coefficient is greater than 0.4, there is a more obvious correlation, then we
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can obtain the total density of the population N, the total density of mosquitoes N,, the natu-
ral mortality rate of the population dj,, the DENV transmission coefficient from mosquitoes to
population f3;, The conversion rate k;, from the population of exposed to the infected popula-
tions and the mosquito bite rate b have a significant effect on the basic reproduction number Ry.
The population recovery rate 7, the mosquito mortality rate due to various other measures p,,
transmission coefficient of DENV from population to mosquito swarms 3, and other population
densities m have more significant correlations on the basic reproduction number Ry. Combin-
ing positive and negative correlations with the real-life situation, the risk of DENV transmission
can be reduced by taking personal protection measures to reduce the number of mosquito bites,
using efficient mosquito killing measures, developing effective vaccines, and seeking medical
treatment as early as possible. Since the mosquito bite rate b has a significant effect on the
basic reproduction number Ry, the prevention and control of DF should focus on reducing the

mosquito bite rate in real life.

7. CONCLUSION

In this paper, we incorporate the factors of incubation periods and vertical transmission of
DENV into the spread of DF, and develop a class of dengue dynamics models in a heterogeneous
environment with the effects of incubation periods and vertical transmission. Theoretically we
prove the existence and uniqueness of global classical solutions for the system (2.1); and we
obtain the expression of the basic reproduction number Ry and the related properties by using
the next-generation matrix operator. We show the threshold-type dynamics in terms of the
basic reproduction number Ry: the disease-free equilibrium is global asymptotic stable when
Rop < 1, the disease-free equilibrium is unstable when Ry > 1; and the existence of a global
exponential attractor set for the system (2.1) is proved analytically by constructing upper and
lower solutions.In the end,combined with numerical simulation, we verify the correctness of
the theory, and find that shortening the incubation periods of DF can reduce the risk of dengue
virus transmission through PRCC sensitivity analysis, and the vertical transmission of DENV in
the population can increase the risk of DF transmission, but the effect is not obvious. In reality,
the risk of DENV transmission can be reduced by reducing the frequency of crowd activities,

taking good personal protection measures to reduce the rate of mosquito bites, seeking medical
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treatment as early as possible, and developing an effective vaccine, among which the reduction
of the rate of mosquito bites has the most significant effect on the prevention and control of
DENV.

In this paper, although the basic reproduction number can be utilized to describe the related
threshold dynamics, the explicit expression of the basic regeneration number is not given in
this paper, and only an approximate range of values of the basic reproduction number can be
obtained. Therefore, finding a new method to calculate the exact value of the basic reproduction
number is a key task in the future. DF transmission is a complex process, which is affected by
a variety of factors such as weather variations and human activities, and the 2014 Guangdong
DF outbreak was the most serious outbreak to date, Yi Jing, Xia Wang[34] evaluated the effects
of a variety of factors on DF, including weather variables and human activities, with respect
to the current outbreak of the DF, and the results showed that there was a significant correla-
tion between the density of adult mosquitoes and the increasing number of cases, and that the
weather variables might lead to the increase of complexity in spread of DENV. Combined with
the latest research[35], it is found that the DF incidence in children is much higher than that
in adults, and the development of a vaccine is difficult because the pathogenesis of DF has not
yet been clarified. Therefore, incorporating the effects of weather variations and anthropogenic

characteristics on DF in the model is our next research focus.

FUNDING INFORMATION

This work was partially supported by the National Natural Science Foundation of China (No.:
12461096) and the Construction Project of First-Class Disciplines in Ningxia Higher Education
(NXYLXK2017B09).

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests.

REFERENCES

[1] S. Bhatt, PW. Gething, O.J. Brady, et al. The Global Distribution and Burden of Dengue, Nature 496 (2013),
504-507. https://doi.org/10.1038/nature12060.


https://doi.org/10.1038/nature12060

DYNAMICS OF A DENGUE MODEL WITH INCUBATION PERIODS AND VERTICAL TRANSMISSION 35

[2] O.J. Brady, P.W. Gething, S. Bhatt, et al. Refining the Global Spatial Limits of Dengue Virus Transmission
by Evidence-Based Consensus, PLoS Negl. Trop. Dis. 6 (2012), e1760. https://doi.org/10.1371/journal.pntd
.0001760.

[3] D.J. Rogers, A.J. Wilson, S.I. Hay, et al. The Global Distribution of Yellow Fever and Dengue, Adv. Parasitol.
62(2006), 181-220. https://doi.org/10.1016/S0065-308X(05)62006-4.

[4] M.J. Hasan, M. Islam, T. Tabassum, et al. Clinical and Epidemiological Characteristics of the Dengue
Outbreak of 2024: A Multicenter Observation from Bangladesh, Trop. Med. Health 53 (2025), 45-53.
https://doi.org/10.1186/s41182-025-00691-y.

[5] J. Farrar, D. Focks, D. Gubler, et al, Towards a Global Dengue Research Agenda, Trop. Med. Int. Health 12
(2007), 695-699. https://doi.org/10.1111/j.1365-3156.2007.01838.x.

[6] F.C.Zhang, The Epidemiology and Management of Dengue, Med. Philos. 31 (2010), 21-23.

[7] EX. Meng, Y.G. Wang, L. Feng, Review on Dengue Prevention and Control and Integrated Mosquito Man-
agement in China, Chinese J. Vector Biol. Control 26 (2015), 58-63. https://doi.org/10.11853/j.issn.1003.4
692.2015.01.002.

[8] A.L. Rothman, ed., Dengue Virus, Springer, Berlin, Heidelberg, 2010. https://doi.org/10.1007/978-3-642-02
215-9.

[9] D.S. Shepard, E.A. Undurraga, Y.A. Halasa, Economic and Disease Burden of Dengue in Southeast Asia,
PLoS Negl. Trop. Dis. 7 (2013), €2055. https://doi.org/10.1371/journal.pntd.0002055.

[10] N. Zhao, Y.H. Guo, H.X. Wu, et al, National Vector Surveillance Report on Mosquitoes in China, Chinese J.
Vector Biol. Control 31 (2020), 395-400. https://doi.org/10.11853/j.issn.1003.8280.2020.04.003.

[11] S. Yacoub, B. Wills, Predicting Outcome from Dengue, BMC Med. 12 (2014), 147-157. https://doi.org/10.1
186/512916-014-0147-9.

[12] M.Y. Li, An Introduction to Mathematical Modeling of Infectious Diseases, Springer, Cham, 2018. https:
//doi.org/10.1007/978-3-319-72122-4.

[13] A. Rogato, V. Zazzu, M. Guarracino, eds., Dynamics of Mathematical Models in Biology, Springer, Cham,
2016. https://doi.org/10.1007/978-3-319-45723-9.

[14] K.Y.Lam, Y. Lou, Introduction to Reaction-Diffusion Equations: Theory and Applications to Spatial Ecology
and Evolutionary Biology, Springer, Cham, 2022. https://doi.org/10.1007/978-3-031-20422-7.

[15] D.B. Fischer, S.B. Halstead, Observations Related to Pathogenesis of Dengue Hemorrhagic
Fever.V.Examination of Agspecific Sequential Infection Rates Using a Mathematical Model, Yale J. Biol.
Med. 42 (1970), 329-349.

[16] L. Esteva, C. Vargas, Analysis of a Dengue Disease Transmission Model, Math. Biosci. 150 (1998), 131-151.
https://doi.org/10.1016/s0025-5564(98)10003-2.


https://doi.org/10.1371/journal.pntd.0001760
https://doi.org/10.1371/journal.pntd.0001760
https://doi.org/10.1016/S0065-308X(05)62006-4
https://doi.org/10.1186/s41182-025-00691-y
https://doi.org/10.1111/j.1365-3156.2007.01838.x
https://doi.org/10.11853/j.issn.1003.4692.2015.01.002
https://doi.org/10.11853/j.issn.1003.4692.2015.01.002
https://doi.org/10.1007/978-3-642-02215-9
https://doi.org/10.1007/978-3-642-02215-9
https://doi.org/10.1371/journal.pntd.0002055
https://doi.org/10.11853/j.issn.1003.8280.2020.04.003
https://doi.org/10.1186/s12916-014-0147-9
https://doi.org/10.1186/s12916-014-0147-9
https://doi.org/10.1007/978-3-319-72122-4
https://doi.org/10.1007/978-3-319-72122-4
https://doi.org/10.1007/978-3-319-45723-9
https://doi.org/10.1007/978-3-031-20422-7
https://doi.org/10.1016/s0025-5564(98)10003-2

36 JINYAN WANG, HONGXIN LI

[17] L. Arragain, M. Dupont-Rouzeyrol, O. O’Connor, et al. Vertical Transmission of Dengue Virus in the Peri-
partum Period and Viral Kinetics in Newborns and Breast Milk: New Data, J. Pediatr. Infect. Dis. Soc. 6
(2016), piw058. https://doi.org/10.1093/jpids/piw058.

[18] T.T. Zheng, L.F. Nie, Dynamics of a Multi-Strain Dengue Model with the Effect of Seasonality, J. Sichuan
Normal Univ. (Nat. Sci.) 41 (2018), 176-184. https://doi.org/10.3969/j.issn.1001-8395.2018.02.005.

[19] W.J. Feng, L.M. Cai, K. Liu, Dynamics of a Dengue Epidemic Model with Class-Age Structure, Int. J.
Biomath. 10 (2017), 1750109. https://doi.org/10.1142/s1793524517501091.

[20] J. Ren, D. Zhu, On a Reaction-Advection-Diffusion Equation with Double Free Boundaries and mTh-Order
Fisher Non-Linearity, IMA J. Appl. Math. 84 (2019), 197-227. https://doi.org/10.1093/imamat/hxy057.

[21] K. Wang, H.Y. Zhao, Traveling Wave of a Reaction-Diffusion Dengue Epidemic Model with Time Delays,
Acta Math. Sci. 42 (2022), 1209-1226. http://121.43.60.238/sxwIxbA/CN/Y2022/V42/14/1209.

[22] M. Zhu, Y. Xu, A Time-Periodic Dengue Fever Model in a Heterogeneous Environment, Math. Comput.
Simul. 155 (2019), 115-129. https://doi.org/10.1016/j.matcom.2017.12.008.

[23] W. Wang, W. Ma, X. Lai, Repulsion Effect on Superinfecting Virions by Infected Cells for Virus Infection
Dynamic Model with Absorption Effect and Chemotaxis, Nonlinear Anal.: Real World Appl. 33 (2017),
253-283. https://doi.org/10.1016/j.nonrwa.2016.04.013.

[24] M. Li, H. Zhao, Dynamics of a Reaction-Diffusion Dengue Fever Model with Incubation Periods and Vertical
Transmission in Heterogeneous Environments, J. Appl. Math. Comput. 68 (2022), 3673—-3703. https://doi.or
2/10.1007/s12190-021-01676-w.

[25] Y. Zhou, T.T. Zheng, A Dengue Virus Transmission Model with Incubation Delay, J. Capital Normal Univ.
(Nat. Sci. Ed.) 41 (2020), 7-12. https://doi.org/10.19789/j.1004-9398.2020.04.002.

[26] R.H. Martin, H.L. Smith, Abstract Functional-Differential Equations and Reaction-Diffusion Systems, Trans.
Amer. Math. Soc. 321 (1990), 1-44. https://doi.org/10.1090/s0002-9947-1990-0967316-x.

[27] W. Wang, X.Q. Zhao, Basic Reproduction Numbers for Reaction-Diffusion Epidemic Models, STAM J. Appl.
Dyn. Syst. 11 (2012), 1652-1673. https://doi.org/10.1137/120872942.

[28] T.H. Yang, L. Zhang, Remarks on Basic Reproduction Ratios for Periodic Abstract Functional Differential
Equations, Discrete Contin. Dyn. Syst. Ser. B 24(2017), 6772—-6782. https://doi.org/10.3934/dcdsb.2019166.

[29] X. Liang, L. Zhang, X.-Q. Zhao, Basic Reproduction Ratios for Periodic Abstract Functional Differential
Equations (with Application to a Spatial Model for Lyme Disease), J. Dyn. Differ. Equ. 31 (2019), 1247-
1278. https://doi.org/10.1007/s10884-017-9601-7.

[30] J. Zhang, P.E. Kloeden, M. Yang, et al. Global Exponential k-Dissipative Semigroups and Exponential At-
traction, Discrete Contin. Dyn. Syst. - A 37 (2017), 3487-3502. https://doi.org/10.3934/dcds.2017148.

[31] K. Chang, Q. Zhang, X. Xu, Dynamic Behavior of a Reaction-Diffusion Dengue Model with Spatial Hetero-
geneity, Commun. Pure Appl. Anal. 22 (2023), 751-771. https://doi.org/10.3934/cpaa.2023008.


https://doi.org/10.1093/jpids/piw058
https://doi.org/10.3969/j.issn.1001-8395.2018.02.005
https://doi.org/10.1142/s1793524517501091
https://doi.org/10.1093/imamat/hxy057
http://121.43.60.238/sxwlxbA/CN/Y2022/V42/I4/1209
https://doi.org/10.1016/j.matcom.2017.12.008
https://doi.org/10.1016/j.nonrwa.2016.04.013
https://doi.org/10.1007/s12190-021-01676-w
https://doi.org/10.1007/s12190-021-01676-w
https://doi.org/10.19789/j.1004-9398.2020.04.002
https://doi.org/10.1090/s0002-9947-1990-0967316-x
https://doi.org/10.1137/120872942
https://doi.org/10.3934/dcdsb.2019166
https://doi.org/10.1007/s10884-017-9601-7
https://doi.org/10.3934/dcds.2017148
https://doi.org/10.3934/cpaa.2023008

[32]

[33]

[34]

[35]

DYNAMICS OF A DENGUE MODEL WITH INCUBATION PERIODS AND VERTICAL TRANSMISSION 37

B. Adams, M. Boots, How Important Is Vertical Transmission in Mosquitoes for the Persistence of Dengue?
Insights from a Mathematical Model, Epidemics 2 (2010), 1-10. https://doi.org/10.1016/j.epidem.2010.01.0
01.

M. Zhu, Z. Lin, L. Zhang, Spatial-Temporal Risk Index and Transmission of a Nonlocal Dengue Model,
Nonlinear Anal.: Real World Appl. 53 (2020), 103076. https://doi.org/10.1016/j.nonrwa.2019.103076.

Y. Jing, X. Wang, S. Tang, J. Wu, Data Informed Analysis of 2014 Dengue Fever Outbreak in Guangzhou:
Impact of Multiple Environmental Factors and Vector Control, J. Theor. Biol. 416 (2017), 161-179. https:
//doi.org/10.1016/}.jtbi.2016.12.014.

S.N.S. Fonseca, Changing Epidemiology of Dengue Fever in Children in South America, Curr. Opin. Pediatr.
35 (2023), 147-154. https://doi.org/10.1097/mop.0000000000001220.


https://doi.org/10.1016/j.epidem.2010.01.001
https://doi.org/10.1016/j.epidem.2010.01.001
https://doi.org/10.1016/j.nonrwa.2019.103076
https://doi.org/10.1016/j.jtbi.2016.12.014
https://doi.org/10.1016/j.jtbi.2016.12.014
https://doi.org/10.1097/mop.0000000000001220

	1. Introduction
	2. Model Formulation
	3. Suitability of Solutions
	4. Basic Reproduction Number
	5. Threshold Dynamics
	6. Numerical Simulation
	6.1. The Impact of DENV Transmission Coefficients
	6.2. The Influence of Diffusion Coefficient on the Transmission of DENV
	6.3. Sensitivity Analysis

	7. Conclusion
	Funding Information
	Conflict of Interests
	References

