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Abstract: Considering the significance of prey-predator models in the environment, these models illustrate the
relationship between living things and their interactions. In this paper, a prey-predator model was advanced and studied
that included the wind flow and disease in prey. This study aims to understand how these factors affect the behavior
of species. The solution properties of the proposed model were examined. Also, all potential equilibrium points and
their stability were studied. In addition, the persistence conditions that ensure the continued existence of organisms
were calculated. The theoretical results were supported by numerical analysis by using the MATLAB program (version
R2018b), which also explained how changing parameter values affected the dynamic behavior of the prey-predator
model. Our findings suggest that diseases in prey have different effects on the proposed system, which can both
stabilize or destabilize it. On the other hand, the wind flow represents a significant abiotic factor in the environment
that affects the predation process. It is found that increasing the wind flow causes the extinction of the predator, which
means the effect of wind flow acts as a bar to the search for food and decreases the efficiency of predators.
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1. INTRODUCTION

Due to the large spread and significance of the interaction between predators and their prey, it
will continue to be a critical topic, see [1-9]. The Lotka-Volterra model between predator and their
prey has been the subject of many good articles since it was introduced by Lotka and Volterra
[10,11]. Many modifications have been made to the basic model of the Lotka-Volterra model [12-
16]. In the last decades, many mathematical biologists have tried to merge the ecology and
epidemiology areas. The term Eco-epidemiological indicates to the incorporation of infection
disease into the ecosystems [17]. It is well known that species in nature do not live alone. Really,
any habitat may include dozens, hundreds or sometimes thousands of species. So, the possibility
of disease spreading in the community becomes greater as the infected species increases. Therefore,
studying the impact of disease on the dynamic behavior of interacting species is a vital biological
importance in the environment [18-27].
Various mathematical models have been developed to analyze these effects, revealing complex
relationships between disease spread in prey and predator responses. When analyzing the impacts
of disease on the environment, disease in a prey [28-31], disease in a predator [32-35] and disease
in both of them [36-39] can all be taken into account. All of these models illustrated that infection
disease could cause fundamental changes in ecosystem dynamics. Predators may be eating
susceptible and infected animals if the disease is existing in the prey. The interaction between
predator and their prey can be affected by a set of factors. In these models, many researchers have
been taken different environmental factors that can affect the presence and stability of the models
as fear in prey populations [40- 42], anti-predator [43-45], hunting cooperation [46-48], stage
structure [49-50] and many other factors that affect the dynamics of the system.
Ibrahim and Naji [51] suggested the effect of fear and harvesting in a prey-predator model with
disease in a prey. They found that the disease and harvesting cause the extinction of one or more
species, while the effect of fear leads to the stabilization of the system.
An ecological system contains biotic (living organisms) and abiotic (physical environment) factors
that work together as a single unit. Different studies have been focused on biotic factors (the
influences of any living components on the other organisms), while abiotic factors (the influences
of nonliving components of the environment on living organisms) in ecological system have been
less studied. In the last decades, many valuable studies have been behaved that consider the effect
of temperature, water and wind flow differences on ecological systems [52].

The wind flow plays a critical role in the interactions between prey and predator with effects that
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can strengthen or dampen the impact of predators on their prey, for instance, [53-55]. Barman et
al. [53] formulated and studied a prey—predator model involving wind flow in the predation
function. They found complex dynamics under wind flow states. Also, Takyi et al. [54] introduced
the dynamics of a prey-predator model that contains wind flow and prey refuge. Their results
referred that the wind flow has both stabilizing and destabilizing influences on the system, while
the prey refuge can stabilize the system and also increase the density of the prey and decrease the
density of the predators.

On the other hand, Panja [55] suggested a prey-predator model with wind flow and anti-predator
behavior. He found the effect of anti-predator behavior and wind flow can stabilize the system.
To the best of our understanding, very few studies have been conducted on examining the wind
effects on predator-prey dynamics in a mathematical eco-epidemiological model. This inspires the
effort to present this research paper. Recently,

This paper analyzes the impact of disease on prey population, specifically focusing on a
susceptible-infected (SI) model. It highlights the wind flow affecting population interactions and
stability. This article is structured as follows: Section 2 is formulated an eco-epidemiological
model under the influence of wind flow. Section 3 is showed that the properties of the solution of
the proposed model. While section 4 is appeared the existence of all feasible equilibrium points.
Section 5 is discussed local stability at various equilibrium points. Section 6 Persistence of the
model is discussed. Section 7 is offered the global stability of feasible equilibrium points. Further,
section 8 with the help of the bifurcation theory, the local bifurcation is examined. Numerical
analyses are conducted to numerically verify our analytical results in Section 9. Section 10 is

contained conclusion and discussion.

2. MATHEMATICAL MODEL EQUATIONS
In this section, a prey-predator model involving infectious disease in prey under wind flow
factor is formulate and study. The disease spreads by contact between susceptible and infected prey.
The suggested model includes a modified Holling type II functional response in a windy
environment as suggested in [56]. The following assumptions adopt to formulate the model.
1. Prey populations are divided into two categories: susceptible and infected individuals,
where the susceptible and infected prey densities at time t denote by S(t) and I(t),
respectively. While the predator density at time t denotes by Z(t).
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2. The prey grows logistically in the absence of predator with an intrinsic growth rate (r >
0) and carrying capacity (k > 0). It is supposed that the infected prey cannot reproduce
or grow, due to the disease makes it weak. Furthermore, they still compete with susceptible
for space and food.

3. The susceptible prey population becomes infected by contact with an infection rate
(u > 0), the infected prey does not recover from the disease is assumed.

4. The infected prey, weak and more vulnerable, is available for predators to predate, but this
does not prevent the susceptible prey from being attacked by predators. Also the hindrance
rate in susceptible and infected prey catching for the predator denoted by (S;, 8, > 0).

5. The predator consumes both the susceptible and infected prey according to modified
Holling type-II functional response containing the wind flow in the predation function with
maximum attack rates (y;,y, > 0) whereas (e;,e, > 0) are indicate the conversion
rates of predator, where 0 <e; < 1,fori = 1,2.

6. The natural mortality rate of predators is indicated by 6; while 8, the mortality rate of
the infected prey encompasses both natural and disease-related mortality rates.

7. In a windy environment, increased wind flow reduces the predator's search efficiency. Let
m(w) = ﬁ be the wind efficiency under the following assumptions:

1. In the absence of wind flow, the predator's search efficiency remains the same as
before, i.e. w(0) = 1.

1.  As wind flow increases, the predator search efficiency decreases continuously, 1.e.
' (w) < 0.

iii.  Due to the large amount of wind flow, the predator cannot view any prey for its

food resources, i.e. lim m(w) = 0.
w—00

From the above assumptions, the mathematical model is formulating as follow

as AN _ V152
dat rS (1 K ) ust 1+w+B1S+pBI"
ar _ V21Z _
ac M 1+w+B1S+Bo1 011, (1)

dZ _ ey 1SZ+eyy21Z
dt  1+w+BS+B2I

with initial conditions, S(0) =S, = 0,1(0) =1, =>0,Z(0) =Z, = 0.

0,7,

In the right hand side of the system (1), the interaction functions are continuous and have

continuous partial derivatives on R3. Therefore, the functions in system (1) are Lipschitizian
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functions. So system (1) has a unique solution. Moreover, in the following theorems, the positivity

and bounded-ness of the solutions of system (1) are established.

3. POSITIVITY AND BOUNDED-NESS

To verify the well-posed of system (1), it suffices to prove all positive solutions remain positive
for 0 <t < oo. From a biological point of view, positivity and bounded-ness confirm that the
species interaction in our proposed system behaves ecologically well.
Theorem 3.1. All solution of system (1) with initial conditions exist starting in R3, remain
positive for all t > 0.
Proof.

Now, to investigate the positivity of system (1), integrate its equations and use the following
positive initial conditions (S, Iy, Zy) to get the following expressions:

From the system (1), it obtained

_ Ef (g S@HEY oy @)
S(t) = So exp [fO {r (1 k ) ,uI(x) 1+w+[315(x)+[5’21(x)} dx] >0,
Similarly,
_ t _ V2 Z(x) _
I(t) = Io exp [fo {,uS(x) 1+w+B1S(x)+B21(x) 91} dx] >0,
and
_ t [ eyaiS@)+exval(x)
Z(t) = Zoexp [fo {1+w+[s’1$(x)+[s’21(x) Hz}dx] > 0.

Given the above equations and the definition of an exponential function, any solution starting with
positive initial conditions (S, 1y, Z,) remains positive. Hence, the proof of the theorem is
completed. B

Theorem 3.2. In system (1), All solutions beginning in R3 are uniformly bounded.

Proof. From system (1), the first equation can be written as

ds(t)
dt

S
<rs(1-3)
Hence, by solving the above differential inequality, it is obtained that
tlim supS(t) < k.
A solution of system (1) can be represented as follows B(t) = S(t) + I(t) + Z(t). After that, by

using the derivative about t, it is obtained that
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45 _ SN e — — 52 N ¢ LA
_ ely15Z+ezy21Z _ .
0.1+ 1+w+B,S+p;1 0,2

So, Z—f < k(1+7r)—¢&B, where £ =min{1,6,,6,} and this gives that % +éB<k(l1+r).

Hence, due to the Gronwall Differential Inequality and for t — oo, it is obtained, B(t) < kQim)

Hence, all solutions of the system that begin in R3 remain confined to the region A for all time.

k(1+71)
E )

A={(512):0<S®) k0= B@) < §=min{1,6,,6,}}.m

4. EXISTENCE OF EQUILIBRIUM POINTS
In this section, the presence of all equilibrium points (biologically feasible) of the system (1)

are discussed. It is noted that system (1) contains five equilibrium points at most, which can be
determined as follows:

i.  The population vanishing equilibrium point (PVEP) represented by E, = (0,0,0) always

existence.

ii.  The Axial equilibrium point (AEP) represented by E; = (k, 0,0) always existence.

iii.  The predator-free equilibrium point (PF-EP) represented by E, = (S,1,0), where S =

% and | = % Note that, the E, exists under the following condition is met.

S<k (2)
iv.  Theinfected prey-free equilibrium point (IPF-EP) is denoted by E; = (§,0,2), where S =
% and Z = r(k_g)(:;:“”ﬁlg).Moreover, the E; exists under the following condition
is met.
B0, < elq 3)
S<k (4)

v.  The interior equilibrium point (I-EP) denoted by E, = (S, 1*,Z"), where

S§* = 0272 (1+w)(r+kp)—k(e,¥2—0282)(ryz+y161) * _ 02(1+w)—(e1y1—0,61)S”
Y2(r+ku)(e1v1—6281)—(e2v2—0282) (ryz+kyip)’ (e272—0202) ’
(uS*=01)(1+w+B1S"+B,1")
Y2

and Z* = . Therefore, when the condition (3) holds, E, exists if

one of the following sets of additional conditions are met.
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exY2 < 05, (5)
Max{$,S} < s*
028, < ez)/z} ©6)
S<s*<$§

5. LOCAL STABILITY ANALYSIS

In this section, the local stability of the system (1) around each equilibrium point is analyzed
by finding the eigenvalues of the related Jacobian matrices. As stated in this, an equilibrium point
is locally asymptotically stable (LAS) if the Jacobian matrix of the related equilibrium point has
all eigenvalues with negative real parts and unstable if at least one or all eigenvalues becomes

positive. The Jacobian matrix J(S,1,Z) can be expressed as

T11 T12 T3
J(S,1,Z) = |T21 T2z T23, (7)
T31 T32 133
where
2S+I Z(1+w+Bo1) -r VA
T11:7”(1— )— - = —#1,T12:5(_—M+L),
k (1+w+B1S+p21)? k (1+w+B1S+p,1)?

_ -v1S _ V2B11Z _ V2Z(1+w+P1S)
3= ot =Mt — o, T =US—— 5 — 04,
(1+w+B1S+B21) (1+w+B1S+B21) (1+w+B1S+B11)

Tow = —Y2l Tuy = e1y1(1+w+p1)Z—eyv, 8117 _ ey, (1+w+p1S)Z—e v, f15Z
23 (1+w+B1S+B21) 31 (1+w+B1S+P21)? > 132 (1+w+L15+P21)? i
__ e1yiS+tezyal
Ty3=— ————— b,

T 1+ w+B1S+BoI
5.1. THE LOCAL STABILITY ANALYSIS AT E, = (0,0,0)
The Jacobian matrix of system (1) at E, can be written as,

r 0 0
J(Eo) = [0 -6 0 ] )]
0 0 -0,

Then the eigenvalues of J(E,) are 1g; =7 >0, 15, = —0; <0 and Ay3 = —60, < 0. Thus, the
equilibrium point E, is a saddle point.
5.2. THE LOCAL STABILITY ANALYSIS AT E; = (k,0,0)

The Jacobian matrix of system (1) at E; can be written as:

r —ky,
-r —k (E + /J) 1+w+kB4
J(ED)=]0 pk — 60, 0 ©)
O 0 kelYl _

1+w+kB, 2
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keiyi

Then the eigenvalues of J(E;) are A;; = —1r <0, A1, =uk—6; and A5 = TratkE
1

Thus, the equilibrium point E; is a LAS provided the following conditions are satisfied.

k<$§ (10)

e g (11)

Furthermore, it is easy to prove that point E; is a saddle point if condition (2) is satisfied.
5.3. THE LOCAL STABILITY ANALYSISAT E, =(S5,1,0)

The Jacobian matrix of system (1) at E, can be written as:

rs (-r = -y1S
|[_ el (7 N “) 5 (1+w+B15+B21)
I vl T
](EZ) - .ul 0 (1+w+pB15+B20) - [blj] (12)
0 0 e1y1S+exyol

(1+w+B15+B2D) R
Forall i,j = 1,2,3.
Obviously, the characteristic equation of J(E,) is
(42 — (Trace;)A + Dety) (b33 — 1) = 0. (13)

here,
Trace, = —%.S: <0, Det; = ,u(£+,u)§1_> 0.
Applying the Routh-Hawirtiz-criterion**, all the eigenvalues of equation (13) have negative

real parts and E, is a LAS if the following condition is met.

e1v1S+eyy,l
(1+w+B15+B,1) 2 (14)

Moreover, E, is a saddle point with a stable manifold S/ —plane when the condition (14) is
reflected as the eigenvalue in the Z —direction becomes positive.
5.4. THE LOCAL STABILITY ANALYSIS AT E; = (5,0,2)
The Jacobian matrix of system (1) at E5 can be written as:

15 v1B15Z V18252 _ :S" _ S" —71$
k (1+w+p18)?2 (1+w+p152 k 1 1+w+£1S
_ & v2Z _
J(E3) = 0 uS— st 0 |=[c] (15)
ery1(1+w)Z e2¥2Z(1+w+B1S)—e1v1 8252 0
(1+w+p15)? (1+w+p,5)?

Forall i,j = 1,2,3.
Obviously, the characteristic equation of J(E3) is

(A2 — (Trace,)A + Det,)(C,, — A) = 0. (16)
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here,

r§ )/1/315'2 elyf(l'l'(i))SAZ
Trace, = —— —_— Det, = ————
2 k T (1+w+p,5)?’ 2 (1+w+p15)3

> 0.

Applying the Routh-Hawirtiz-criterion*, all the eigenvalues of equation (16) have negative

real parts and E5 is a LAS if the following conditions are met.

& V22
S <+ 0 (17)

(1+w+p15)? "k
Moreover, E, is a saddle point with a stable manifold SZ —plane when the condition (17) is
reflected as the eigenvalue in the I —direction becomes a positive. However, it is a saddle with a
stable manifold in the I —direction when condition (18) is reflected as the eigenvalues in the
S —direction and that of Z —direction become positive. B
5.5. THE LOCAL STABILITY ANALYSISAT E, = (S",I',Z")

The Jacobian matrix of system (1) at E, can be written as:

ay;; A4qz Qg3
J(Ey) = Q21 Q22 Qp3 (19)
as; as; 0
here,
_(_r V1B1Z’ ) * _ ( V1B2Z" _r_ ) *
a1 = ( k T (1+w+B1S*+B,1%)? §7 a1y = (1+w+B1S*+B219)2  k H)ST
_ 715" _ V2B1Z"* ) * _ V2B21"Z"
d13 = 1+w+B1S* +Bo1* dz21 = (,u + (1+w+B1S*+B,1%)? I", az = (1+w+B1S*+ P12’
(ra = —y 1" — ey V1 Z*(1+w+Bo1")—ey, 11" 2"
23 1+w+B1S*+LI* 31 (1+w+B1S*+L,1%)2 >
_ ¥ Z"(1+w+p15")—e1y1 25" Z" _
A3z = (1+w+pB1S*+Bo1%)2 , azz = 0.
The characteristic equation for E, = (§*,1%,Z") is as follows:
23+ A”{AZ + A1+ A5 =0, (20)

where:

A7 = —(aq1 + azp),

Ay = (ay102; — A12031 — Ay3031 — Az30372),

A3 = az3(ay1a3; — A12031) + a13(az2a31 — az1a37).
So, by Routh—Hurwitz criterion, equation (21) has negative real parts provided that A7 > 0, A3 >
0, and A > 0, where:
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A= ATA; — A3 = —(ay; + a3)(a1105; — A12031) + az1(a11a43 + a412a53)
t+as;(aza;3 + ag3a;1).
Therefore, E, is a LAS, if the following conditions hold

sz 2 a
A11032 — Q12031 < 0 (22)
Q22031 — Gz1032 < 0 (23)
A1107 — Q12021 > 0 (24)
M, + M, >0 (25)
here,
M; = —(ay1 + az2)(a1102; — A12021) + az1(a11a13 + a12a53) > 0,

M, = az;(az,a;3 + ag3a;,1) < 0.

6. PERSISTENCE OF SYSTEM (1)

In this section, the persistence of system (1) is investigated. It is well recognized that system (1)
is said to persist if and only if none of its species becomes extinct, this means system (1) will be
persist if the system's trajectory that begins at a positive initial point doesn't has omega limit set
on the boundary planes of the positive cone.

System (1) contains two sub-systems located in the SI — and SZ — planes, respectively, which

can be described as follows:

£ 5 (r(1-52) ) = (5.

dl (26)
7 =[S = 61) = g5(S, 1)
and
ds _ _ i _ Y,z _
=s(r(1-)-55) = a6,
at (1+w+ﬁ15 - 2) = G,(S,2)

It can be simply asserted that the above sub-systems (27) and (28) have positive equilibrium points
that corresponding to those in system (1) in the interior of boundary planes SI — and SZ —planes,
respectively. Now, to explore the possibility of the presence of periodic oscillation in the boundary

planes, the Dulac function is utilized.

1

Now, define the Dulac function as H,(S,I) = T It’s clear that, H,(S,I) > 0and C! function

in the Int.R% of SI —plane. Furthermore, it is obtained that
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__0(Hyg1) |, 0(H1 g2) _ _r
A(S, 1) = 35 + TR, (28)

Therefore, A(S,I) doesn’tidentically zero and doesn’t alter sign. Therefore, there are no periodic

oscillation in the interior positive quadrant of SI —plane for sub-system (26).
Similarly, by utilizing another Dulac function H,(S,Z) = é It’s note that, H,(S,Z) > 0 and C!

function in the Int.R% of SZ —plane. Moreover, it is obtained that

9(Hz G1) + 0HG) _ 1 Y1 81

AS,Z) = as oz kZ = (1+w+B.15)?

(29)

Clear that, no periodic oscillation is observed in the interior positive quadrant of the SZ — plane

of sub-system (27) under the following conditions:

(1+w+pB41S5)? kz

or

r Y1 B1
kz < (1+w+p15)? €2y

Theorem 6.1. Assume that the boundary planes have no periodic oscillation if condition (30) or
(31) are met. then system (1) is uniformly persistent as long as that condition (2) and the following

conditions are met.

e1y1k
6, < 1+w+pB1k (32)
e1y1S+eyyal
02 < otps+pT (33)
Yzz &
Tostei<us (34)

Proof. Consider an average Lyapunov function as {(S,1,Z) = §11%22%3;¥(;; where {; for i =
1,2,3 are positive constants and {(S,I,Z) > 0 forall (5,1,Z) € Int.R}. with {(S,1,Z) - 0

if S>0o0rl - 0orZ - 0. Therefore, some calculation gives

_ sz _ _SHNY o v1Z
Q(S,1,2) = sz G [r (1 k ) u 1+w+[315+ﬁ21]
S AN _eviSteayal
+4 [“S 1+w+B1S+Bal 61] + ¢ [1+w+ﬁ15+[321 92]

Now, by the average Lyapunov method, the proof is valid provided that 2(S,1,Z) > 0 for all
boundary equilibria of system (1). Therefore,

Q(Eg)=¢ (1) + (2(—01) + {5(—0,)
Clearly, by selecting the suitable positive value of {; sufficiently larger than that of {, and 3, it's
got that Q(E,) > 0.
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Q(E;) = &(uS—01) + 3 (ﬂ—ez)-

1+(J)+ﬁ15

Obviously, conditions (2) and (32) ensure that Q(E;) > 0.

Q(E;) = (3 (—e1y15‘+e_2y21‘__ 92)-

1+w+ﬁ15+ﬁ21

Visibly, condition (33) guarantees that Q(E,) > 0.
Q(E3) = ¢, (#§ - A—6’1)-

1+w+ﬁ15

Finally, condition (34) guarantees that Q(E3) > 0. So, system (1) is uniformly persistent.

7. GLOBAL STABILITY ANALYSIS

In this section, the global stability of the equilibrium points of system (1) that are locally
asymptotically stable LAS will be determined utilizing suitable Lyapunov functions.
Theorem 7.1. Presume that E; = (k,0,0) is LAS, then it’s globally asymptotically stable if the
following conditions are met

r+ uk < 6, (35)
v1k
< 0, (36)

Proof. Consider a suitable Lyapunov function

Sul_

S
O-l(S,I,Z)=j du1+I+Z

s U
Here, 0,(S,1,Z) is a positive definite function so that a,(k,0,0) =0, 0,(S,1,Z) > 0 for all
(5,1,Z) € R3 and S > 0. The time derivative of o, is given by

dal V1Z
=(5=3)|r B Ty 0+ BS+ 4,1
yle
+uSI — — 041
T T Y w+BS+B,1 !
81]/152 ezyzlz

YA
1+w+BS+pB] 1+w+pBS+p,I 2

It was obtained through the use of basic algebraic calculations.

doq
dt

where, A =1+ w + B,S + B,1.

— e _ &2 TSl g1 (-e)niSZ  (1-e)v2lZ | v1SZ .
== =9+ o + uSl1 " " + " 0,1 — 0,27,

Hence, — < ——(S k)2 — (6, — (r + pk))I — (92 _ Vlk)Z

1+w

1

Hence, utilizing conditions (35)-(36) lead to ddit is negative definite. Thus, E; is a globally
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asymptotically stable. O
Theorem 7.2. Presume that E, = (S,1,0) is LAS, then it’s globally asymptotically stable if the
following condition is met

Y1S+yoI
1+w

< 0, (37)

Proof. Consider a suitable Lyapunov function

Suy Tu, =1
Gz(S,I,Z):f du1+.l- duz +Z
T

S 1 Uy

Here, 0,(S,1,Z) is a positive definite function so that ¢,(S,1,0) =0, ,(S,1,Z) > 0 for all
(5,1,Z) € R3 and S > 0 and I > 0. The time derivative of o, is given by

d _ S+1 Z
1 (-9 (1S L]
dt k 1+ w+BiS+ Bl

+( -1 [,uS - vaZ - 91]
1+w+ BiS+ Bl
V152 NI VA

+ — 0,7
1+ w+BS+B] 14+w+pBS+pBI 2

It was obtained through the use of basic algebraic calculations.

do, -r ~y T _ - _ _
—=—(5S - ——(S — I—1)— — I1—1
T~ T ST DDk =HU-D
Y1SZ  v1SZ = ~ Y2IZ
) + ) +ulS-5)U-1) y
1Z e y:SZ e, y,1Z
Y2 n 1Y1 " 2Y2 —0,7.

A A A
where, A =1+ w + ;S + B,1.

92 =T o _ &2 _Tee_ & _ 7)o aStrDZ
< (S =822 (S =HU~-D+= 0,Z7.

492 - 36 &2 _ T ()2 — _ S+l

Hence, 22 < 2 (5 — §)> = L (1 — )2 — z 9, - L2 ]

Hence, utilizing condition (37) leads to % is negative definite. Thus, E, is a globally
asymptotically stable. o

Theorem 7.3. Presume that E; = (5, 0, 2) is LAS, then it’s globally asymptotically stable

fulfilled the following conditions are met

r & Y1B2kZ NV
(k + ‘u) S+ (1+w)(1+w+p15) < 91 t (1+w) (38)
v1B1Z r(1+w) | y1(B1$+(1+w)(1-eyp)) (39)

(1+w+£419) k 2(1+w+p4195)
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Proof. Consider a suitable Lyapunov function

zZ

S — Us

Uq
U3(S,I,Z)=f du1+I+J

§ W z U3

dus.

Here, 05(S,1,Z) is a positive definite function so that ¢5($,0,2) = 0, 05(S,1,Z) > 0 for all

(5,1,Z) € R3 and S > 0 and Z > 0. The time derivative of o5 is given by

dos S+1 y1Z yo1Z
— == (1——)— I— ]+ SI — — 041
( )[ B T o+ BS+ 0l " 14+ w+pBS+pBI °

~ 31)/15 62)/21
H(z-2)] : ~0)
( )1+w+ﬁ15+ﬁ21 1+w+pBS+pI 2

It was obtained through the use of basic algebraic calculations.

AN 2 A (1+w) A 5
S5 = _L(5—8)" —ISI+pSI+ (= +p)S1 -2 (s - 8)(2 - 2)
V182812 yﬁSIZ yﬁz y1B818 A A
+2E 1r2 L1 (S — s) %(5—5)(2—2)
+uSI —”A#— 911 +$(s-§)(z-2)
_e1V1B281Z | e1v1B251Z + ex21Z _ exy2lZ
AA AA A A
Therefore,
B2 A 2 n B S+(1+w)(1 e1)
%s—[%—y—lm;z](s—s) +(£+u)51—[ n(6 1)l(s $)(z - 2)

¥1B2S1Z exy21Z
— =0, ———.

+ —
AA A

where, A=1+4+w+ S+ p,l,and A =1+ w + B;S.

Hence,
@ c_ [Z V1(2B1Z + 1S + (} +w)(1 - 31))] (S B g)z _ [V1(131~§ +(1+ f*))(l - 31))] (Z B 2)2
dt k 2AA 2AA

Ao G-

03

Hence, utilizing conditions (38)-(39) lead to C;—t is negative definite. Thus, E; is a globally

asymptotically stable. O
Theorem 7.4. Presume that E, = (S§%,1*,Z*) is LAS, then it’s globally asymptotically stable
fulfilled the following condition is met

Y1(1—e)(1+w+B,I")+B1 (V1S +exv21") 72 (1—92)(1+w+ﬁ15*)+ﬁ2(Y21*+€1Y15*)} (40)

7" < min{
2Y1B1+Y1B2+Yy2P1 ’ 2Y2B2+Y1B2+Yy2B1

Proof. Consider a suitable Lyapunov function
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Sul_S* qu_l* Zu3_Z*
0'4(5, I,Z) = f u du1 +f u duz +.l- u du3.
* 1 * 2 * 3

Here, 0,(S,1,Z) is a positive definite function so that o,(S*,1*,Z*) = 0, a,(S,1,Z) > 0 for all
(5,1,Z) €R3 and S >0, I > 0and Z > 0. The time derivative of o, is given by

da‘*—(s 5*)[ (1 SH) I 1z ]+(1 1*)[5 v2Z 9]
at r k B Y 0+ BS + Byl W T 0+ B S+l 1
e1yY1S e,y,l
+(Z -2 [ 1V1 2V2 _ 2]

It was obtained through the use of basic algebraic calculations.
dos _ _ (1 Y1ﬁ12 )(S S* )2 (1_]’132 _Vzﬁl )(S S =17

dt k AA*
— (22— py?
- [ nhE  nPel_eEte)  sfal 2T (S-S (Z - 27)
_ [)’2;1;(1)) + sz:if n yﬁz*l n el):ffs _ ezyil(::-w) _ ez]zf:s ] (I =1)Z - 2%

Moreover

2 (LAY (-5 = (- L e+ 720 (S = SO = 1)
(Yzﬁz ) (1 1*)2
- AZ* [y1(1—e)(A + w+BI") + B1(r1S™ + exyI)I(S — S*)(Z - Z7)
— L= (1 + 0+ 5 + Bl + ea SO — 1N(Z - 2°)

where, A=1+w+ B, S+p,0,and A" =1+ w+ B,S™ + B,I".

Hence,
dd0t4 < =p1(S =8 = p,(I = I")? — p3(Z — Z*)?
here,
p, = %[3% n Vl(1—61)(1+w+ﬁ2AI;)*+ﬁ1(V15*+82V21*) _ AZ_; (2y1By + V1Bs + V2,31)],
p, = %[i n Yz(1—e2)(1+w+31:2+ﬂz(y21*+e1y15*) _ ZyZiiZ* B Az; Q2¥2By + Vifs + Vzﬁ1)], and

1 * * * *
P3=7m V11 —e)(A + @+ BoI") +v,(1 =€) (1 + @ + B1S™) + B1(r1S™ + e27217) +
B2(y2l" + e1y1SM)].
Hence, utilizing condition (40) lead to % is negative definite. Thus, E, is a globally

asymptotically stable. O
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8. BIFURCATION ANALYSIS

In this section, Sotomayor’s theorem [57] is utilized to identify the local bifurcation near the
equilibrium points of system (1). It is known that the presence of a non-hyperbolic equilibrium
point is a necessary but not sufficient condition for bifurcation to happen. Thus, the candidate
bifurcation parameter is chosen such that the equilibrium point is non-hyperbolic at a particular
value of that parameter.

Now, expressing system (1) in the following:
% = G(X), where X =(S,1,2)T, G =(Sg1,19,,Zg3)", with g;;i =1,2,3 represent the

interaction functions in the right-hand side of system (1). Let V = (vq,v,, v3)T be any non-zero
vector, then the direct calculations on the Jacobian matrix of system (1) give the second and third
directional derivatives:

DZG(SJ I,Z)(V V) = [Ci1]3X11i = 1I2I3 (41)

Y1B1Z(1+w+B21) 2 Y1BZZ(1+w—ﬁ15+le)
(1+w+ﬁ15+[?21)3] T 2[ ( +IJ) (1+w+pB1S+p21)3

r
Cll :2[_;"‘ ]Ulvz
y1(1+w+p,1) v
(1+w+pB1S+p,1)? 1v3
_ y1B%5Z ] 2 Y1B2S
12 [ (1+w+B1S+B21)3 v +2 (1+w+pB1S+B21)?

+2[-

] VU3

Cry =2 |— v2pilZ 2 19 +y2,812(1+w+ﬁ15—[>’21)
2 (1+ w + ByS + B,1)3 (1+ @ + B.S + Bo1)3
12 V2Pl ]Vﬂ?s
(14 w+ B1S + Bo1)?
Y2B2Z(1 + w + B15) y,(1+ w + B1S)

+2 s +2]|-
(1+w+pS+ ﬁ21)3l V2 (1+ o+ B,S + ,1)?

[312(32]/2.811 —(1+w+pDeyl)| +2 [_2(31)’1.32 1+ w—piS+ BaD)+ey2 (1 +w+ 1S — ﬁzl))] v

= 1%
Cs1 (1+ @+ BiS + pal)? I+w+BS+hI)° V2
1+ o + B2Dey, — exy2pil
(1+w+ ByS + B,1)? 1
42 B2Z(e1v12S — (1 + w + B1S)ezy, V2 42 1+ w+ BiS)esy; — e1v1f2S Vv
1+ w+ B,S + B,1)3 z 1+ w + 1S + B,1)2 273
While
D3G(S,1,Z) (V,V,V) = [di1]sx1,i = 1,2,3 (42)
where
_ V1BiZ(1+w+B,1) 3 V1B1B2Z2(1+w+LD+B15)] 2 ¥1B1(1+w+ 1) 2 _Y1ﬁ222(1+w_2ﬁ15+ﬁ21) 2
=6 [ (1+w+,815+,821)4] + 6[ (1+w+B15+B,D* ] 1v2+6 [(1+w+ﬁls+ﬁ21)3 vivs +6[ (1+w+B,S+B,D* ] 1z +
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_ 2 .2
6 [Ylﬂz(l"'w ﬂ15+ﬂ21)] Vv,V + 6 [(1+ V1B3SZ ]77% +6 [(1+ v1B3S ]U22v3

(1+w+B1S+B1)3 w+B1S+B,D* a+pB1S+B,1)3
317 271+ w + ByS — 28,1 2]
dyy = 6] Y2Pi 4]1;13 n 6[_]/251 ( By fz )]Ulzvz +6[— Y2Bi 3]1712173
Y2B162Z(2(1 + w + B1S) — Bo1) 2 Y2Bi(1+ @+ 1S — 1)
+6[_ 2 1V7 +6[ 3 ]171172173

V2B2Z(1 + w + B1S5) V2B2(1+ w + B1S)

+6[- (1+w+/?15+/?21)4] [(1 +w+BS+ B3

Jvivs

do = 6 _ﬁlzz(ezyzﬁll —(1+w+pDey| , 46 [ﬁzz(eﬂﬁﬁz(l +w—2BS+ Bl) +ey,f1(2(1+ w + B S) — /321))] w2
T A+ w + B2S + BoD)* ! 1+ w+BiS + BaD)* 2
ﬁ1Z(91V1ﬁ2(2(1 +w+ 1) = piS) + ey fi(l+w+ S — 2,821) 16 [,81(92)’2,811 —(l+w+ /321)91)’1)] 2
(1 +w+ oS + D" A+ w+ oS+ D)3 1
_6[91}’1ﬁ2(1 +w—BiS+ )+ ey fi(l+w+piS— ﬁzl)]v Vavs + 6[— B3Z(e1y1B2S — exv2(1 + w + ﬁls))]v3
A+ w+BiS + BoI)3 1 A+ w+BiS + Bol)* 2
+6 Bz(e1v1B2S — €27, (1 + w + B,S)) 2
1+ w+piS+ B.1)3

Theorem 8.1. System (1) undergoes a transcritical bifurcation at E; when the parameter 6,
passes into the value 6; = uk.

Proof. By using the J(E;) which given in eq.(9), system (1) has the Jacobian matrix at E; and
0, = 67, which represents as J(E;, 61)

—ky,
—r —k(= S & S
rookGrr) Trad 1B,
keiy,
0 0 1+w+ kB, =0

Obviously, J(E;, 01) possess zero eigenvalue (4, = 0) and so E; is a non-hyperbolic point.

Now, let V1l (vl[ ]’02[1]’1]5[1]) and @l = (gal ,goz ,g03 ) represent the eigenvectors that

corresponding to Ay, of J(E,0)) and JT(E,,6;) . Simple calculations yield VI =

ol 017,007 and 1 = 0,007 , where 7, = 2%

< 0. By using the above

Mathematical expressions:
* T *
Go,(X,0,) = (0,—1,0)T = Gy, (Ey,67) = (0,0,0)" = () Gy, (E;,67) = 0.

T T
DGy, (E1,67) VU = (0,—v}",0) = (¢1) (DGo, (B, 07) VIV) = —pwl! = 0.

Furthermore, utilizing eq. (41) results in

(1) 10265, 07) (VI0,v)] = 2umof? (u17)” 0.

Therefore, by Sotomayor’s theorem, the system (1) undergoes a transcritical bifurcation around
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E1 at 91 = 9;
Theorem 8.2. System (1) undergoes a transcritical bifurcation at E, when the parameter 6,

passes into 6 = % and provided that the following condition is met
1 2
((1+w+BzDe v —e,v2 B1D)T1+((1+w+B1S)e¥2—e1v1 B25)T,
( (1+w+B1S+p,1)2 ) #0 (43)

Otherwise, system (1) undergoes a pitchfork bifurcation at E, provided that the following
condition is met

(Biti(e2v2Bil — (1 + w + BrD)erys) — (eryifo(1+ w — B1S + Bo]) + exy,5:(1 + w +

B1S — B2D)T17, + Bo75(e17182S — exv2(1 + w + B15))) # 0. (44)
Proof. By using the J(E,) which given in eq.(12), system (1) has the Jacobian matrix at E, and
8, = 0, which represents as J(E,, 65)

by b1, bis
](52,95) = |by 0 b23
0 0 0

Where [bl-j],for alli,j = 1,2,3 are given in eq.(12). Clearly, J(E;,0;) has A3 =0, which
referred a zero eigenvalue and so E, is a non-hyperbolic point.

Now, let V12l = ( 1[2],v2[2],v3[2])T and @2l = ((p{z],¢£2],¢£2])Trepresent the eigenvectors that
corresponding to A,; of J(E,, 0;) and JT(E,,63) . Simple calculations yield V12 =
b

_b“>0andtz=

21 bi2b21

(008, 1,vl, vIPhT and @l2 = (0,0, o7, where 7, = b1abaa=buzba )

By using the above Mathematical expressions
* T *
Go,(X,0,) = (0,0,—2)" = Gg,(E,, 03) = (0,0,0)" = () Gy, (E,, 63) = 0.
T T
DGy, (Ey,63) VA = (0,0,—v!"') = (¢) (DGo, (£, 05) V1) = ol = 0.
Furthermore, utilizing eq. (41) results in

((p[Z])T[DZ(;(Ez,g;) (vizl yl2)] =

((1+w+p2Dery1—exy2 f1DT1+H((1+w+B15)ery2—e1v1 B25)T [2] [2] 2
2( (1+w+B:5+B21)2 )‘p3 (”3 ) :

Therefore, by Sotomayor’s theorem, the system (1) undergoes a transcritical bifurcation around
E, at 8, = 6, as long as condition (43) is valid.
In case the condition (43) is not fulfilled, then using eq. (42) it is determined that
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2N (n3 (2] vizl vizl 6“’[32](”£2])3 2 2
(o) (D G(E,, 6;) (v, viE vy )):m[ﬂlﬁ(ezyzﬂﬂ—(l"‘w"‘

B2Deiy1) — (e1v1B(1+ @ — B1S + Bo) + exv2 81 (1 + w + B1S — Bo1))147, +
B3 (e1v1B28 — €272 (1 + w + B15))].
This indicates that a pitchfork bifurcation can occurred as long as condition (44) is valid. If

condition (44) is not fulfilled, then no any type of local bifurcation occurs.
Theorem 8.3. System (1) undergoes a transcritical bifurcation at E; when the parameter u passes

S CA— 01) and provided that the following condition is met
1+a)+ﬁ15

into u* = %(

* V2812 ) [P V2827
((# + (1+w+ﬁ’1§)2) 01 1+w+p4S + (1+w+[;1g)2> #0 (45)
Otherwise, system (1) undergoes a pitchfork bifurcation provided that the following condition is

met

((B161 + B (A + @ + B15)6, — PEZ61) — B,2) # 0 (46)
Proof. By using the J(E3) which given in eq.(15), system (1) has the Jacobian matrix at E5 and
u = u*, which represents as J(Es3, u*)

€11 €12 €13
J(Esu)={0 0 0
€31 €3z O
Where [cl-j],for alli,j = 1,2,3 are given in eq.(15). Clearly, J(E5,u*) has A3, = 0, which
referred a zero eigenvalue and so E3 is a non-hyperbolic point.

T T
Now, let V131 = ( 1[3],172[3],173[3]) and @Bl = ((p£3],(p£3],(p£3]) represent the eigenvectors that

corresponding to Az, Of J(Esu*) and JT(Es,u*) . Simple calculations yield VIl =

G103 vy, 8,077 and @B = (0,0, 0)7, where 6, = =22 < 0 and §, = L2 By
31

¢ C13C31
using the above Mathematical expressions
T
Gu(X,11) = (=SL,SL,0)" = G (B3, 1) = (0,0,0)" = (@) G, (E;5,u7) = 0.
= 3] & T R
DG, (Es, 1) VP = (=5v,50),0) = (9P) (D6, (Ey, 1) VE) = S olwf¥ 2 0.

Furthermore, utilizing eq. (41) results in
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T . o BB (o v2B1Z 126 Y2822
(1)) [D2G(Es, ) (VI V)] = 205 (vz ) ((M +m)81 1+a2)+/23’1§+(1+:+j31§)2>.

Therefore, by Sotomayor’s theorem, the system (1) undergoes a transcritical bifurcation around
E; at u = u*, as long as condition (45) is valid.

If condition (45) is not fulfilled, then using eq. (42) it is determined that

T 6y2<p[31(v[3])3
(O] (D3G(E3.u*)(V[3],V[3],V[31)) _ %2 \V2 )

(1+w+B;8)° ((3181 t BZ)((l +w+B;5)6, - ﬁ12251) -

B,2).
This indicates that a pitchfork bifurcation can occurred as long as condition (46) is valid. If

condition (46) is not fulfilled, then no any type of local bifurcation occurs.

Theorem 8.4. System (1) undergoes a saddle-node bifurcation at E, when the parameter r passes

. . k
Into r = —[a1331 + a23B2] ) where B1 = (a21a32 - a22a31) > O, Bz =
S*azz(azi—asz)

V1B2S"Zaz * V1B1S"Z as, : -2 :
it B 1B (,uS asq + (1+w+ﬁls*+ﬁ'21*)2) provided that conditions (21) and (23) with the

following conditions are met

azz < 4z (47)
* V115" Z az; Y1B25"Z"az,
,uS a1+ (1+w+B1S*+Bo1%)? (1+w+B1S*+Bo1%)? (48)
l1§0£4]c11 + lz§0£4]521 + (P£4]C31 #0 (49)

where a;j forall i,j = 1,2,3 are given in eq. (20).
Proof. By using the J(E,) which given in eg. (19), system (1) has the Jacobian matrix at E, and
r = r*, which represents as J(E,, ") = [a;;*], where a;;* = a;;; Vi,j = 1,2,3.
Direct calculation shows that A3 = 0 in the characteristic equation which given in eq. (20) and
then E, becomes a non-hyperbolic equilibrium point with A* = 0.

T T
Now, let V14l = ( 1[4],172[4],173{4]) and @™ = (<p£4],<p£4],<p£4]) represent the eigenvectors that
corresponding to A* of J(E,r*) and JT(E,r*) . Simple calculations yield VI =
(e1vs™, &v3*, v and @ = (43", 3!, i, where

a12(A11023—013021)+0a13(A12021—A11037) _ (a13a21-a11a;3)
5 =
ai1(a11a22—a12a21) ’ (‘111a22—a12a21)’

& =
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_ a21(a11a32—a12a31)+0a31(a11a22—a12021)

L (a1za31—a11as3z) By
1 — - < .
a11(a11a22—a12az1)

using the above
(a11a22-a12az1)

and 1, =
Mathematical expressions

6 (xr)=(s(1-25),0 0) = G, (E, ) = (57 (
us*(1-E5) ol 2 0.

According to Sotomayor’s theorem a first condition of the saddle-node bifurcation is occurred.

% 7 T
228),00) = (@) 6, (Ey ™) =

Moreover, since
D2G(E, r)(VH, V) = [c;7].
Here,

o =2 4 B (0 o[ (C4 )4

Y1B2Z" (1+w—P1S"+B1") (4] y1(1+w+B,17) [4]
(1+w+B1S*+Bo1%)3 ] 1€2 (v3 ) +2[ (1+w+B1S*+BoI%)2 (v3 ) T

2 [~ ] (o) 2 it tm] e ()

« _o[_ V2Bi1°Z" ] [4]\? Y2B1Z* (1+w+P1S*—BoI") [41\?
€21 = 2[ (1+w+B1S*+B21%)3] (€1v3 ) +2 [,u t rwtBs Bl ]glgz (v3 )
V2Bal” [4] V2822 (1+0+15") [41)2 __ 72(1+w+BiS) [4])
(1+w+ﬁ15*+ﬁ21*)2] & (v3 ) +2 | (14+w+B1S*+B21*)3 (82v3 ) + 2[ (1+a>+,815*+,821*)2] €2 (v3 )
B1Z" (exy2 11" —(1+w+B21")e1y1) [4] 2
€31 =2 (1+w+B1S*+B,1%)3 ( 13 ) +
[—Z*(e171B2(1+w—B1S* +P2I")+e2v2 f1(1+w+B1S* —f1%)) 2
2 | (1+w+pB1S*+p,1%)3 ]glgz ( ) +

[(1+w+B1")e1yi—erv2 811" [4] B2Z"(e1Y1B25" - (1+w+B15")ezv, [4] 2
2 (1+w+p1S*+B21%)? ]81 (v3 ) +2[ (1+w+pB1S*+P21%)3 ](82173 ) +

[(1+w+B1S)ey2—e1yY1625™ [4] 2
2 (1+w+B1S*+B21%)? ] 2(173 ) )

Furthermore, utilizing eq. (41) results in

((p[4])T[DZG(E4,r*)(V[4],V[“'])] = ngog”cn* + ngogﬂcm* + (p£4]c31* # 0.

Therefore, by Sotomayor’s theorem, the system (1) undergoes a saddle-node bifurcation around

E, at r = r*, as long as conditions (47-49) are valid.

9. NUMERICAL ANALYSIS
In this section, the dynamics of system (1) are investigated numerically. The aim is to complete
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the visualization of the global dynamics of the system, and to discover the effect of changing the
values of the parameters on its dynamic behavior. The solutions are analyzed by analyzing time
series and phase portraits analyses utilizing MATLAB Program. All the results are use the
following initial points (3,5,7), (5,5,5), (4,7,6), (6,2,5), (8,6,4).

The set of presumptive parameter values, which given in table (1), are utilized.

Table 1: Presumptive sets of parameters:

Parameters T k U Y1 W B1 | B2 Y2 0, e e, 0,
Values 2 | 10 (002 02| 2 |06 |04 |025/008| 04|04 |01

Furthermore, the blue points refer to the initial points, whilst the red point refers to the final state

of the solution. It is noted that for the values in the table (1), system (1) approaches an interior
equilibrium point as illustrated in Figure 1.

Figure 1 shows that system (1) approaches asymptotically to the interior equilibrium point E, =
(6.7,2.7,1.7) from various initial points.
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Time
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T (e) T

Figure 1. The trajectory of the system (1) utilizing the parameter values in table (1). (a) lllustrates the phase portrait
from various initial points. (b) Shows the time series of (a). (c) Illustrates the projection on the SI — plane. (d)

Illustrates the projection on the IZ — plane. () Illustrates the projection on the SZ — plane.

Now, the impact of changing the parameter r on the dynamic of system (1) refers that when 0 <
r < 0.29, the system approaches E, inthe SI — plane from various initial points (see Figure 2).
Also, system (1) approaches the interior point E, when 0.3 < r, which is illustrated by Figure
1.

@ B )

Populations

0 100 200 300 400 500 600 700 800 900 1000
Time

Figure 2. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of r. (a)

[llustrates the phase portrait when r = 0.2. (b) Shows the time series of (a).

In Figure 3, the effect of varying the parameter k on the dynamic of system (1) discovers that it
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approaches E; when 1 < k < 4.2. So, it approaches E, inthe SI — plane when 4.2 <k < 7.6.
in the range 7.6 < k < 17, the trajectory approaches E, (see Figurel).The trajectory approaches
E5 in the SZ —plane when 17 < k < 35. Finally, for 35 < k the trajectory approaches a
periodic oscillation in the SZ — plane.
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Figure 3. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of k. (a)
Illustrates the phase portrait when k = 3. (b) Shows the time series of (a). (c) Illustrates the phase portrait when k =
6. (d) Shows the time series of (c). (e) Illustrates the phase portrait when k = 20. (f) Shows the time series of (e). (g)

Illustrates the phase portrait when k = 35. (h) Shows the time series of (g).

It is observed that system (1) approaches E; when u =0 (in the absence of disease), it
approaches E, in the SI —plane when 0 < u < 0.01. In the range 0.01 < u < 0.3 the
trajectory approaches E, (see Figure 1). Again, system (1) approaches E, in the SI — plane
when 0.3 < py, (see Figure 4).
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Figure 4. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of u. (a)
Illustrates the phase portrait when u = 0. (b) Shows the time series of (a). (¢) Illustrates the phase portrait when u =

0.01. (d) Shows the time series of (c). (e) Illustrates the phase portrait when p = 0.35. (f) Shows the time series of

e).

To explain the impact of changing the parameter w on the dynamic of system (1) and by utilizing
the parameter values in table (1), the impact of wind flow with various values are plot as illustrated
in Figure 5. It is note that, system (1) approaches E; inthe SZ — plane when 0 < w < 1. Also,
the trajectory approaches asymptotically E, in the range 1< w < 3.5. Moreover, it

approaches E, in the SI — plane for 3.5 < w.

200

300

400 500 600 700 800
Time

900 1000



27
WIND AND DISEASE EFFECTS ON PREY-PREDATOR DYNAMICS

a b
1 P )
_ S
. 1
! N z
20 - ~ |
15 4
E;=(50,0,20.0)——> 25t
S
10 |
| 3
g
5 é 10
ol — )
.
6 \ 5
~ 2 |
. -~ \
- |
2 ‘
\\\x:m | UL X | | | | | | | |
1 0 2 S 0 100 200 300 400 500 600 700 800 900 1000
Time
(c) (d)
1 8 I i T T T
_ S
\\
\ 1
~ 7 |
8 \\\\\
.
- 6
95
N
S &
S
S
&3
2
> k
1L
0 L

0 100 200 300 400 500 600 700 800 900 1000
Time

Figure 5. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of w. (a)
Illustrates the phase portrait when w = 0. (b) Shows the time series of (). (c) Illustrates the phase portrait when w =

10. (d) Shows the time series of (c).

In Figure 6, the effect of varying the parameter y; on the dynamic of system (1) discovers that it
approaches E, in the SI — plane when 0 < y; < 0.1. So, it approaches E, when 0.1 < y; <
0.3 (see Figurel). Intherange 0.3 < y; < 0.45, the trajectory approaches E; inthe SZ — plane.
Finally, for 0.45 < y, the trajectory approaches a periodic oscillation in the SZ — plane.
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Figure 6. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of y;. (a)
Illustrates the phase portrait when y; = 0.05. (b) Shows the time series of (a). (c) Illustrates the phase portrait when
y1 = 0.3. (d) Shows the time series of (c). (e) [llustrates the phase portrait when y; = 0.7. (f) Shows the time series

of (e). (g) Hlustrates the projection on the SZ — plane.

The influence of changing the parameter [; on the dynamic of system (1) refers that when
0 < B; < 0.5 the trajectory approaches E3 in the SZ — plane as in Figure 7. Moreover, the
trajectory approaches E, when 0.5 < f3;, see Figure 1.

@ I ()

20 - ,.,,.,.,.,,.,. — \\\

E,=(6.0,0,19.2) 14+ f

=)
T

0 100 200 300 400 500 600 700 800 900 1000
Time

Figure 7. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of f;. (a)

Illustrates the phase portrait when B; = 0.3. (b) Shows the time series of (a).

The influence of changing the parameter [, on the dynamic of system (1) refers that when

0 < B, < 0.7 thetrajectory approaches E, asinFigure 1. Furthermore, the trajectory approaches
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E, inthe SI — plane when 0.7 < [3,, see Figure 8.
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Figure 8. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of ;. (a)

Ilustrates the phase portrait when [, = 0.8. (b) Shows the time series of (a).

The impact of varying the parameter y, on the dynamic of system (1) indicates that when

0 <y, < 0.2 the trajectory approaches E, in the SI — plane as in Figure 9. Furthermore, the

trajectory approaches E, when 0.2 <y,, see Figure 1.
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Figure 9. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of y,. (a)

Illustrates the phase portrait when y, = 0.1. (b) Shows the time series of (a).

Now, the impact of changing the parameter e; on the dynamic of system (1) refers that when 0 <

e; < 0.3, the system approaches E, inthe SI — plane from various initial points. Also, system
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(1) approaches the interior point E, when 0.3 < e; < 0.5, which is illustrated by Figure 1. For
0.5 <e; < 0.9 ,itapproaches E; inthe SZ — plane, while for 0.9 < e,, it approaches a periodic
oscillation in the SZ — plane, see Figure 10.
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Figure 10. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of e;. (a)
Illustrates the phase portrait when e; = 0.1. (b) Shows the time series of (a). (c) Illustrates the phase portrait when
e; = 07. (d) Shows the time series of (c). (e) Illustrates the phase portrait when e; = 0.9. (f) Shows the time series

of (e). (g) Hlustrates the projection on the SZ — plane.

The impact of varying the parameter 6; on the dynamic of system (1) refers that when 0 < 6; <
0.2 the trajectory approaches E, as in Figure 1. So, the trajectory approaches E;when 0.2 <

0., see Figure 11.
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Figure 11. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 6;. (a)

[lustrates the phase portrait when 8; = 0.5. (b) Shows the time series of (a).
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In Figure 12, the effect of varying the parameter e, on the dynamic of system (1) discovers that

itapproaches E, inthe SI — plane when 0 < e, < 0.35. So, itapproaches E, when 0.35 < e,.

)

Populations

Time
Figure 12. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of e,. (a)

Ilustrates the phase portrait when e, = 0.2. (b) Shows the time series of (a).

Finally, the impact of varying the parameter 6, on the dynamic of system (1) refers that when
0 < 8, < 0.05 the trajectory approaches a periodic oscillation in the SZ — plane. Furthermore,
the trajectory approaches E; in the SZ — plane when 0.05 < 8, < 0.1, while it approaches
E, when 0.1 <6, < 0.2. moreover, for 0.2 < 6, the trajectory approaches E, in the SI —

plane see Figure 13.

@ I ()

1 0 0 S 0 100 200 300 400 500 600 700 800 900 1000
Time



34
RASHA A. ALI, HIBA ABDULLAH IBRAHIM

c
40 : © ;
350
30
25+
N 20
15
10+
51 <
0 L
0 1 2 3 4 5 6 7 8 9
S
d 3
@ 30 T ; : : (,) ; ; : :
/ ) s
L f 1]
30 1 VA
25 f
E,=(55,0,282)
20 b 7))
c
Q
=
o
3
a
9)
o
300 400 500 600 700 800 900 1000
Time
6 ®
s
1
7 711
6
6
w5
=
4 S
N -
S 4
3
2 <,
0. (4.0, 5.4,0) )
8
8
1
1 2 s 0 100 200 300 400 500 600 700 800 900 1000
Time

Figure 13. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 6,. (a)
Illustrates the phase portrait when 6, = 0.04. (b) Shows the time series of (a). (c) Illustrates the projection on the
SZ — plane. (d) Illustrates the phase portrait when 6, = 0.07. (e) Shows the time series of (d). (f) Illustrates the phase

portrait when 6, = 0.5. (g) Shows the time series of (f).
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10. CONCLUSION AND DISCUSSION

The effects of wind and disease are explored from a dynamics viewpoint in this paper utilizing
a prey-predator model. The properties of the solution are demonstrated. The existence of
equilibrium points and their stability are investigated. The persistence of system (1) are explained.
The global stability of all possible equilibrium points is employed. The local bifurcation around
the equilibrium points are investigated.

System (1) is solved numerically utilizing a set of parameter values as in table (1) and starting
from various initial points to confirm the analytical results which obtained and understand the
effect of changing the parameter values. It is spotted that the system has various types of dynamics.
It is noticed that decreasing the intrinsic growth rate, the attack rate of the predator on the infected
prey and conversion rate from infected prey below the specific value, lead to lose the persistence,
and the trajectory goes to the PF-EP.

On the other side, decreasing the attack rate of the predator on the susceptible prey and
conversion rate from susceptible prey below a specific value lead to loss of persistence, and the
trajectory goes to the PF-EP. While increasing of them above a specific value lead to loss of
persistence, and the trajectory goes to the IPF-EP. Furthermore, increasing them further above a
specific value lead to loss of persistence, and the trajectory goes to a periodic oscillation in the
SZ — plane.

On the other hand, decreasing the carrying capacity below a specific value lead to loss of
persistence, and the trajectory goes to the PF-EP. While decreasing further lead to loss of
persistence, and the trajectory goes to the AEP. Moreover, increasing it above a specific value lead
to loss of persistence, and the trajectory goes to IPF-EP. Whilst increasing it further lead to loss of
persistence, and the trajectory goes to a periodic oscillation in the SZ — plane.

Moreover, increasing (decreasing) the infection rate above (below) a specific value lead to loss
of persistence, and the trajectory goes to the PF-EP. While decreasing it further lead to loss of
persistence, and the trajectory goes to the AEP. However, decreasing the wind flow below a
specific value lead to loss of persistence, and the trajectory goes to the IPF-EP. While increasing
it further lead to loss of persistence, and the trajectory goes to the PF-EP.

Also, decreasing the hindrance rate in susceptible prey catching for the predator below a
specific value lead to loss of persistence, and the trajectory goes to the IPF-EP.

Furthermore, increasing the hindrance rate in infected prey catching for the predator above a

specific value lead to loss of persistence, and the trajectory goes to the PF-EP. On the other hand,
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increasing the mortality rate of predator above a specific value lead to loss of persistence, and the
trajectory goes to the AEP. Finally, increasing the mortality rate of infected prey above a specific
value lead to loss of persistence, and the trajectory goes to the PF-EP. Moreover, decreasing it
below a specific value lead to loss of persistence, and the trajectory goes to the IPF-EP. While
decreasing it further lead to loss of persistence, and the trajectory goes to a periodic oscillation in
the SZ — plane.

Therefore, the previous conclusions explained that system (1) is sensitive to varying the
parameter values. In this paper, the future direction will be discussed as follows
For the suggested a prey-predator model which involving the wind flow and disease in prey, it's
possible to develop it. Various types of functional responses which describing the process of

predation. In addition to studying the impact of time delays on the ecosystem.
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