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Abstract: Considering the significance of prey-predator models in the environment, these models illustrate the 

relationship between living things and their interactions. In this paper, a prey-predator model was advanced and studied 

that included the wind flow and disease in prey. This study aims to understand how these factors affect the behavior 

of species. The solution properties of the proposed model were examined. Also, all potential equilibrium points and 

their stability were studied. In addition, the persistence conditions that ensure the continued existence of organisms 

were calculated. The theoretical results were supported by numerical analysis by using the MATLAB program (version 

R2018b), which also explained how changing parameter values affected the dynamic behavior of the prey-predator 

model. Our findings suggest that diseases in prey have different effects on the proposed system, which can both 

stabilize or destabilize it. On the other hand, the wind flow represents a significant abiotic factor in the environment 

that affects the predation process. It is found that increasing the wind flow causes the extinction of the predator, which 

means the effect of wind flow acts as a bar to the search for food and decreases the efficiency of predators. 
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1. INTRODUCTION 

Due to the large spread and significance of the interaction between predators and their prey, it 

will continue to be a critical topic, see [1-9]. The Lotka-Volterra model between predator and their 

prey has been the subject of many good articles since it was introduced by Lotka and Volterra 

[10,11]. Many modifications have been made to the basic model of the Lotka-Volterra model [12-

16]. In the last decades, many mathematical biologists have tried to merge the ecology and 

epidemiology areas. The term Eco-epidemiological indicates to the incorporation of infection 

disease into the ecosystems [17]. It is well known that species in nature do not live alone. Really, 

any habitat may include dozens, hundreds or sometimes thousands of species. So, the possibility 

of disease spreading in the community becomes greater as the infected species increases. Therefore, 

studying the impact of disease on the dynamic behavior of interacting species is a vital biological 

importance in the environment [18-27]. 

Various mathematical models have been developed to analyze these effects, revealing complex 

relationships between disease spread in prey and predator responses. When analyzing the impacts 

of disease on the environment, disease in a prey [28-31], disease in a predator [32-35] and disease 

in both of them [36-39] can all be taken into account. All of these models illustrated that infection 

disease could cause fundamental changes in ecosystem dynamics. Predators may be eating 

susceptible and infected animals if the disease is existing in the prey. The interaction between 

predator and their prey can be affected by a set of factors. In these models, many researchers have 

been taken different environmental factors that can affect the presence and stability of the models 

as fear in prey populations [40- 42], anti-predator [43-45], hunting cooperation [46-48], stage 

structure [49-50] and many other factors that affect the dynamics of the system. 

Ibrahim and Naji [51] suggested the effect of fear and harvesting in a prey-predator model with 

disease in a prey. They found that the disease and harvesting cause the extinction of one or more 

species, while the effect of fear leads to the stabilization of the system.  

An ecological system contains biotic (living organisms) and abiotic (physical environment) factors 

that work together as a single unit. Different studies have been focused on biotic factors (the 

influences of any living components on the other organisms), while abiotic factors (the influences 

of nonliving components of the environment on living organisms) in ecological system have been 

less studied. In the last decades, many valuable studies have been behaved that consider the effect 

of temperature, water and wind flow differences on ecological systems [52]. 

The wind flow plays a critical role in the interactions between prey and predator with effects that 
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can strengthen or dampen the impact of predators on their prey, for instance, [53-55]. Barman et 

al. [53] formulated and studied a prey–predator model involving wind flow in the predation 

function. They found complex dynamics under wind flow states. Also, Takyi et al. [54] introduced 

the dynamics of a prey-predator model that contains wind flow and prey refuge. Their results 

referred that the wind flow has both stabilizing and destabilizing influences on the system, while 

the prey refuge can stabilize the system and also increase the density of the prey and decrease the 

density of the predators.  

On the other hand, Panja [55] suggested a prey-predator model with wind flow and anti-predator 

behavior. He found the effect of anti-predator behavior and wind flow can stabilize the system.  

To the best of our understanding, very few studies have been conducted on examining the wind 

effects on predator-prey dynamics in a mathematical eco-epidemiological model. This inspires the 

effort to present this research paper. Recently,  

This paper analyzes the impact of disease on prey population, specifically focusing on a 

susceptible-infected (𝑆𝐼) model. It highlights the wind flow affecting population interactions and 

stability. This article is structured as follows: Section 2 is formulated an eco-epidemiological 

model under the influence of wind flow. Section 3 is showed that the properties of the solution of 

the proposed model. While section 4 is appeared the existence of all feasible equilibrium points. 

Section 5 is discussed local stability at various equilibrium points. Section 6 Persistence of the 

model is discussed. Section 7 is offered the global stability of feasible equilibrium points. Further, 

section 8 with the help of the bifurcation theory, the local bifurcation is examined. Numerical 

analyses are conducted to numerically verify our analytical results in Section 9. Section 10 is 

contained conclusion and discussion. 

 

2. MATHEMATICAL MODEL EQUATIONS  

In this section, a prey-predator model involving infectious disease in prey under wind flow 

factor is formulate and study. The disease spreads by contact between susceptible and infected prey. 

The suggested model includes a modified Holling type II functional response in a windy 

environment as suggested in [56]. The following assumptions adopt to formulate the model. 

1. Prey populations are divided into two categories: susceptible and infected individuals, 

where the susceptible and infected prey densities at time 𝑡  denote by 𝑆(𝑡)  and 𝐼(𝑡) , 

respectively. While the predator density at time 𝑡 denotes by 𝑍(𝑡). 
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2. The prey grows logistically in the absence of predator with an intrinsic growth rate (𝑟 >

0) and carrying capacity (𝑘 > 0). It is supposed that the infected prey cannot reproduce 

or grow, due to the disease makes it weak. Furthermore, they still compete with susceptible 

for space and food. 

3. The susceptible prey population becomes infected by contact with an infection rate 

( 𝜇 > 0), the infected prey does not recover from the disease is assumed.  

4. The infected prey, weak and more vulnerable, is available for predators to predate, but this 

does not prevent the susceptible prey from being attacked by predators. Also the hindrance 

rate in susceptible and infected prey catching for the predator denoted by (𝛽1, 𝛽2 > 0). 

5. The predator consumes both the susceptible and infected prey according to modified 

Holling type-II functional response containing the wind flow in the predation function with 

maximum attack rates (𝛾1 , 𝛾2 > 0)  whereas (𝑒1, 𝑒2 > 0)  are indicate the conversion 

rates of predator, where  0 < 𝑒𝑖 < 1, for 𝑖 = 1,2. 

6. The natural mortality rate of predators is indicated by 𝜃1 while 𝜃2 the mortality rate of 

the infected prey encompasses both natural and disease-related mortality rates. 

7. In a windy environment, increased wind flow reduces the predator's search efficiency. Let 

𝜋(𝜔) =
1

1+𝜔
 be the wind efficiency under the following assumptions: 

i. In the absence of wind flow, the predator's search efficiency remains the same as 

before, i.e. 𝜋(0) = 1. 

ii. As wind flow increases, the predator search efficiency decreases continuously, i.e. 

𝜋′(𝜔) < 0. 

iii. Due to the large amount of wind flow, the predator cannot view any prey for its 

food resources, i.e. lim
𝜔→∞

𝜋(𝜔) = 0. 

From the above assumptions, the mathematical model is formulating as follow  

𝑑𝑆

𝑑𝑡
= 𝑟𝑆 (1 −

𝑆+𝐼

𝐾
) − 𝜇𝑆𝐼 −

𝛾1𝑆𝑍

1+𝜔+𝛽1𝑆+𝛽2𝐼
,                

𝑑𝐼

𝑑𝑡
= 𝜇𝑆𝐼 −

𝛾2𝐼𝑍

1+𝜔+𝛽1𝑆+𝛽2𝐼
− 𝜃1𝐼,                        

𝑑𝑍

𝑑𝑡
=

𝑒1𝛾1𝑆𝑍+𝑒2𝛾2𝐼𝑍

1+𝜔+𝛽1𝑆+𝛽2𝐼
− 𝜃2𝑍,                            

       (1) 

with initial conditions, 𝑆(0) = 𝑆0 ≥ 0, 𝐼(0) = 𝐼0 ≥ 0, 𝑍(0) = 𝑍0 ≥ 0.  

In the right hand side of the system (1), the interaction functions are continuous and have 

continuous partial derivatives on 𝑅+
3  . Therefore, the functions in system (1) are Lipschitizian 
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functions. So system (1) has a unique solution. Moreover, in the following theorems, the positivity 

and bounded-ness of the solutions of system (1) are established. 

 

3. POSITIVITY AND BOUNDED-NESS 

To verify the well-posed of system (1), it suffices to prove all positive solutions remain positive 

for 0 ≤ 𝑡 < ∞. From a biological point of view, positivity and bounded-ness confirm that the 

species interaction in our proposed system behaves ecologically well. 

Theorem 3.1. All solution of system (1) with initial conditions exist starting in 𝑅+
3  , remain 

positive for all 𝑡 > 0. 

Proof. 

Now, to investigate the positivity of system (1), integrate its equations and use the following 

positive initial conditions (𝑆0, 𝐼0, 𝑍0) to get the following expressions: 

From the system (1), it obtained 

𝑆(𝑡) = 𝑆0 𝑒𝑥𝑝 [∫  
𝑡

0
{𝑟 (1 −

𝑆(𝑥)+𝐼(𝑥)

𝑘
) − 𝜇𝐼(𝑥) −

𝛾1𝑍(𝑥)

1+𝜔+𝛽1𝑆(𝑥)+𝛽2𝐼(𝑥)
} 𝑑𝑥] > 0, 

Similarly, 

𝐼(𝑡) = 𝐼0 𝑒𝑥𝑝 [∫  
𝑡

0
{𝜇𝑆(𝑥) −

𝛾2𝑍(𝑥)

1+𝜔+𝛽1𝑆(𝑥)+𝛽2𝐼(𝑥)
− 𝜃1} 𝑑𝑥] > 0, 

and 

𝑍(𝑡) = 𝑍0 𝑒𝑥𝑝 [∫  
𝑡

0
{

𝑒1𝛾1𝑆(𝑥)+𝑒2𝛾2𝐼(𝑥)

1+𝜔+𝛽1𝑆(𝑥)+𝛽2𝐼(𝑥)
− 𝜃2} 𝑑𝑥] > 0. 

Given the above equations and the definition of an exponential function, any solution starting with 

positive initial conditions (𝑆0, 𝐼0, 𝑍0)  remains positive. Hence, the proof of the theorem is 

completed. 

Theorem 3.2. In system (1), All solutions beginning in 𝑅+
3  are uniformly bounded. 

Proof. From system (1), the first equation can be written as  

𝑑𝑆(𝑡)

𝑑𝑡
≤ 𝑟𝑆 (1 −

𝑆

𝑘
)  

Hence, by solving the above differential inequality, it is obtained that  

lim
𝑡⟶∞

sup 𝑆(𝑡) ≤ 𝑘. 

A solution of system (1) can be represented as follows 𝐵(𝑡) = 𝑆(𝑡) + 𝐼(𝑡) + 𝑍(𝑡). After that, by 

using the derivative about 𝑡, it is obtained that 
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𝑑𝐵

𝑑𝑡
= 𝑟𝑆 (1 −

𝑆+𝐼

𝑘
) − 𝜇𝑆𝐼 −

𝛾1𝑆𝑍

1+𝜔+𝛽1𝑆+𝛽2𝐼
+ 𝜇𝑆𝐼 −

𝛾2𝐼𝑍

1+𝜔+𝛽1𝑆+𝛽2𝐼

−𝜃1𝐼 +
𝑒1𝛾1𝑆𝑍+𝑒2𝛾2𝐼𝑍

1+𝜔+𝛽1𝑆+𝛽2𝐼
− 𝜃2𝑍

.  

So, 
𝑑𝐵

𝑑𝑡
≤ 𝑘(1 + 𝑟) − 𝜉𝐵,  where 𝜉 = 𝑚𝑖𝑛{ 1, 𝜃1, 𝜃2}  and this gives that 

𝑑𝐵

𝑑𝑡
+ 𝜉𝐵 ≤ 𝑘(1 + 𝑟) . 

Hence, due to the Gr𝑜̈nwall Differential Inequality and for 𝑡 → ∞, it is obtained,  𝐵(𝑡) ≤
𝑘(1+𝑟)

ξ
. 

Hence, all solutions of the system that begin in 𝑅+
3  remain confined to the region Λ for all time.  

Λ = {(𝑆, 𝐼, 𝑍): 0 < 𝑆(𝑡) ≤ 𝑘; 0 ≤  𝐵(𝑡) ≤
𝑘(1+𝑟)

ξ
, ξ = 𝑚𝑖𝑛{ 1, 𝜃1, 𝜃2}}. 

 

4. EXISTENCE OF EQUILIBRIUM POINTS 

In this section, the presence of all equilibrium points (biologically feasible) of the system (1) 

are discussed. It is noted that system (1) contains five equilibrium points at most, which can be 

determined as follows: 

i. The population vanishing equilibrium point (PVEP) represented by 𝐸0 = (0,0,0) always 

existence.   

ii. The Axial equilibrium point (AEP) represented by 𝐸1 = (𝑘, 0,0) always existence. 

iii. The predator-free equilibrium point (PF-EP) represented by 𝐸2 = (𝑆̅, 𝐼,̅ 0),  where  𝑆̅ =

𝜃1

𝜇
 and 𝐼 ̅ =

𝑟(𝑘−𝑆̅)

𝑘𝜇+𝑟
. Note that, the 𝐸2 exists under the following condition is met. 

 𝑆̅ < 𝑘                                       (2) 

iv. The infected prey-free equilibrium point (IPF-EP) is denoted by 𝐸3 = (𝑆̂, 0, 𝑍̂), where 𝑆̂ =

𝜃2(1+𝜔)

𝑒1𝛾1−𝜃2𝛽1
 and 𝑍̂ =

𝑟(𝑘−𝑆̂)(1+𝜔+𝛽1𝑆̂)

𝑘𝛶1
. Moreover, the 𝐸3 exists under the following condition 

is met. 

𝛽1𝜃2 < 𝑒1𝛶1                                    (3) 

𝑆̂ < 𝑘                                      (4) 

v. The interior equilibrium point (I-EP) denoted by 𝐸4 = (𝑆∗, 𝐼∗, 𝑍∗), where   

 

𝑆∗ =
𝜃2𝛾2(1+𝜔)(𝑟+𝑘𝜇)−𝑘(𝑒2𝛾2−𝜃2𝛽2)(𝑟𝛾2+𝛾1𝜃1)

𝛾2(𝑟+𝑘𝜇)(𝑒1𝛾1−𝜃2𝛽1)−(𝑒2𝛾2−𝜃2𝛽2)(𝑟𝛾2+𝑘𝛾1𝜇)
, 𝐼∗ =

𝜃2(1+𝜔)−(𝑒1𝛾1−𝜃2𝛽1)𝑆∗

(𝑒2𝛾2−𝜃2𝛽2)
 ,  

and 𝑍∗ =
(𝜇𝑆∗−𝜃1)(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)

𝛾2
 . Therefore, when the condition (3) holds, 𝐸4 exists if 

one of the following sets of additional conditions are met. 
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𝑒2𝛾2 < 𝜃2𝛽2

𝑀𝑎𝑥{𝑆̂, 𝑆̅} < 𝑆∗}                                (5)                                                                                                      

 
𝜃2𝛽2 < 𝑒2𝛾2

𝑆̅ < 𝑆∗ < 𝑆̂
}                      (6)      

 

5. LOCAL STABILITY ANALYSIS  

In this section, the local stability of the system (1) around each equilibrium point is analyzed 

by finding the eigenvalues of the related Jacobian matrices. As stated in this, an equilibrium point 

is locally asymptotically stable (LAS) if the Jacobian matrix of the related equilibrium point has 

all eigenvalues with negative real parts and unstable if at least one or all eigenvalues becomes 

positive. The Jacobian matrix 𝐽(𝑆, 𝐼, 𝑍) can be expressed as 

𝐽(𝑆, 𝐼, 𝑍) = [

𝜏11 𝜏12 𝜏13

𝜏21 𝜏22 𝜏23

𝜏31 𝜏32 𝜏33

],                        (7) 

where 

𝜏11 = 𝑟 (1 −
2𝑆+𝐼

𝑘
) −

𝛾1𝑍(1+𝜔+𝛽2𝐼)

(1+𝜔+𝛽1𝑆+𝛽2𝐼)2
− 𝜇𝐼, 𝜏12 = 𝑆 (

−𝑟

𝑘
− 𝜇 +

𝛾1𝛽2𝑍

(1+𝜔+𝛽1𝑆+𝛽2𝐼)2
), 

𝜏13 =
−𝛾1𝑆

(1+𝜔+𝛽1𝑆+𝛽2𝐼)
, 𝜏21 = 𝜇𝐼 +

𝛾2𝛽1 𝐼𝑍

(1+𝜔+𝛽1𝑆+𝛽2𝐼)2
, 𝜏22 = 𝜇𝑆 −

𝛾2𝑍(1+𝜔+𝛽1𝑆)

(1+𝜔+𝛽1𝑆+𝛽1𝐼)2
− 𝜃1, 

𝜏23 =
−𝛾2𝐼

(1+𝜔+𝛽1𝑆+𝛽2𝐼)
, 𝜏31 =

𝑒1𝛾1(1+𝜔+𝛽2𝐼)𝑍−𝑒2𝛾2𝛽1𝐼𝑍

(1+𝜔+𝛽1𝑆+𝛽2𝐼)2
, 𝜏32 =

𝑒2𝛾2(1+𝜔+𝛽1𝑆)𝑍−𝑒1𝛾1𝛽1𝑆𝑍

(1+𝜔+𝛽1𝑆+𝛽2𝐼)2
, 

 𝜏33 =
𝑒1𝛾1𝑆+𝑒2𝛾2𝐼

1+𝜔+𝛽1𝑆+𝛽2𝐼
− 𝜃2. 

5.1. THE LOCAL STABILITY ANALYSIS AT 𝑬𝟎 = (𝟎, 𝟎, 𝟎) 

The Jacobian matrix of system (1) at 𝐸0 can be written as, 

𝐽(𝐸0) = [
𝑟 0 0
0 −𝜃1 0
0 0 −𝜃2

]                             (8) 

Then the eigenvalues of 𝐽(𝐸0) are 𝜆01 = 𝑟 > 0, 𝜆02 = −𝜃1 < 0 and 𝜆03 = −𝜃2 < 0. Thus, the 

equilibrium point 𝐸0 is a saddle point. 

5.2. THE LOCAL STABILITY ANALYSIS AT 𝑬𝟏 = (𝒌, 𝟎, 𝟎) 

The Jacobian matrix of system (1) at 𝐸1 can be written as: 

𝐽(𝐸1) =

[
 
 
 
 −𝑟 −𝑘 (

𝑟

𝑘
+ 𝜇)

−𝑘𝛾1

1+𝜔+𝑘𝛽1

0 𝜇𝑘 − 𝜃1 0

0 0
𝑘𝑒1𝛾1

1+𝜔+𝑘𝛽1
−𝜃2]

 
 
 
 

                     (9) 
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Then the eigenvalues of 𝐽(𝐸1) are 𝜆11 = −𝑟 < 0, 𝜆12 = 𝜇𝑘 − 𝜃1 and 𝜆13 =
𝑘𝑒1𝛾1

1+𝜔+𝑘𝛽1
− 𝜃2. 

Thus, the equilibrium point 𝐸1 is a LAS provided the following conditions are satisfied. 

𝑘 < 𝑆̅                                      (10) 

𝑘𝑒1𝛾1

1+𝜔+𝑘𝛽1
< 𝜃2                                     (11) 

Furthermore, it is easy to prove that point 𝐸1 is a saddle point if condition (2) is satisfied. 

5.3. THE LOCAL STABILITY ANALYSIS AT 𝑬𝟐 = (𝑺̅, 𝑰, 𝟎) 

The Jacobian matrix of system (1) at 𝐸2 can be written as: 

𝐽(𝐸2) =

[
 
 
 
 −

𝑟

𝑘
𝑆̅ (

−𝑟

𝑘
− 𝜇) 𝑆̅ −𝛾1𝑆̅

(1+𝜔+𝛽1𝑆̅+𝛽2𝐼)̅

𝜇𝐼 ̅ 0
−𝛾2𝐼̅

(1+𝜔+𝛽1𝑆̅+𝛽2𝐼)̅

0 0
𝑒1𝛾1𝑆̅+𝑒2𝛾2𝐼̅

(1+𝜔+𝛽1𝑆̅+𝛽2𝐼)̅
− 𝜃2]

 
 
 
 

= [𝑏𝑖𝑗]                (12) 

For all 𝑖, 𝑗 = 1,2,3. 

Obviously, the characteristic equation of 𝐽(𝐸2) is  

(𝜆2 − (𝑇𝑟𝑎𝑐𝑒1)𝜆 + 𝐷𝑒𝑡1)(𝑏33 − 𝜆) = 0.                     (13) 

here,  

𝑇𝑟𝑎𝑐𝑒1 = −
𝑟

𝑘
𝑆̅ < 0,  𝐷𝑒𝑡1 = 𝜇 (

𝑟

𝑘
+ 𝜇)𝑆̅𝐼 ̅ > 0. 

Applying the Routh-Hawirtiz-criterion44, all the eigenvalues of equation (13) have negative 

real parts and 𝐸2 is a LAS if the following condition is met.  

𝑒1𝛾1𝑆̅+𝑒2𝛾2𝐼̅

(1+𝜔+𝛽1𝑆̅+𝛽2𝐼)̅
< 𝜃2                               (14) 

Moreover, 𝐸2 is a saddle point with a stable manifold 𝑆𝐼 −plane when the condition (14) is 

reflected as the eigenvalue in the 𝑍 −direction becomes positive.  

5.4. THE LOCAL STABILITY ANALYSIS AT 𝑬𝟑 = (𝑺̂, 𝟎, 𝒁̂) 

The Jacobian matrix of system (1) at 𝐸3 can be written as: 

𝐽(𝐸3) =

[
 
 
 
 
 
−𝑟𝑆̂

𝑘
+

𝛾1𝛽1𝑆̂𝑍̂

(1+𝜔+𝛽1𝑆̂)2
𝛾1𝛽2𝑆̂𝑍̂

(1+𝜔+𝛽1𝑆̂)2
−

𝑟

𝑘
𝑆̂ − 𝜇𝑆̂

−𝛾1𝑆̂

1+𝜔+𝛽1𝑆̂

0 𝜇𝑆̂ −
𝛾2𝑍̂

1+𝜔+𝛽1𝑆̂
− 𝜃1 0

𝑒1𝛾1(1+𝜔)𝑍̂

(1+𝜔+𝛽1𝑆̂)2
𝑒2𝛾2𝑍̂(1+𝜔+𝛽1𝑆̂)−𝑒1𝛾1𝛽2𝑆̂𝑍̂

(1+𝜔+𝛽1𝑆̂)2
0 ]

 
 
 
 
 

= [𝐶𝑖𝑗]       (15) 

For all 𝑖, 𝑗 = 1,2,3. 

Obviously, the characteristic equation of 𝐽(𝐸3) is  

(𝜆2 − (𝑇𝑟𝑎𝑐𝑒2)𝜆 + 𝐷𝑒𝑡2)(𝐶22 − 𝜆) = 0.                  (16) 
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here,  

𝑇𝑟𝑎𝑐𝑒2 = −
𝑟𝑆̂

𝑘
+

𝛾1𝛽1𝑆̂𝑍̂

(1+𝜔+𝛽1Ŝ)2
,  𝐷𝑒𝑡2 =

𝑒1𝛾1
2(1+𝜔)𝑆̂𝑍̂

(1+𝜔+𝛽1𝑆̂)3
> 0. 

Applying the Routh-Hawirtiz-criterion44, all the eigenvalues of equation (16) have negative 

real parts and 𝐸3 is a LAS if the following conditions are met.  

𝜇𝑆̂ <
𝛾2𝑍̂

1+𝜔+𝛽1𝑆̂
+ 𝜃1                         (17) 

𝛾1𝛽1𝑍̂

(1+𝜔+𝛽1Ŝ)2
<

𝑟

𝑘
                             (18) 

Moreover, 𝐸2  is a saddle point with a stable manifold 𝑆𝑍 − plane when the condition (17) is 

reflected as the eigenvalue in the 𝐼 −direction becomes a positive. However, it is a saddle with a 

stable manifold in the 𝐼 − direction when condition (18) is reflected as the eigenvalues in the 

𝑆 −direction and that of 𝑍 −direction become positive. 

5.5. THE LOCAL STABILITY ANALYSIS AT 𝑬𝟒 = (𝑺∗, 𝑰∗, 𝒁∗) 

The Jacobian matrix of system (1) at 𝐸4 can be written as: 

𝐽(𝐸4) = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 0
]                                (19) 

here,  

𝑎11 = (−
𝑟

𝑘
+

𝛾1𝛽1𝑍∗

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
) 𝑆∗, 𝑎12 = (

𝛾1𝛽2𝑍∗

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
−

𝑟

𝑘
− 𝜇)𝑆∗,  

𝑎13 =
−𝛾1𝑆∗

1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗
, 𝑎21 = (𝜇 +

𝛾2𝛽1𝑍∗

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
) 𝐼∗, 𝑎22 =

𝛾2𝛽2𝐼∗𝑍∗

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
, 

𝑎23 =
−𝛾2𝐼∗

1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗
, 𝑎31 =

𝑒1𝛾1𝑍∗(1+𝜔+𝛽2𝐼∗)−𝑒2𝛾2𝛽1𝐼∗𝑍∗

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
, 

𝑎32 =
𝑒2𝛾2𝑍∗(1+𝜔+𝛽1𝑆∗)−𝑒1𝛾1𝛽2𝑆∗𝑍∗

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
, 𝑎33 = 0. 

The characteristic equation for 𝐸4 = (𝑆∗, 𝐼∗, 𝑍∗) is as follows: 

𝜆3 + 𝐴1
∗𝜆2 + 𝐴2

∗𝜆 + 𝐴3
∗ = 0,                              (20) 

where:  

𝐴1
∗ = −(𝑎11 + 𝑎22),  

𝐴2
∗ = (𝑎11𝑎22 − 𝑎12𝑎21 − 𝑎13𝑎31 − 𝑎23𝑎32), 

𝐴3
∗ = 𝑎23(𝑎11𝑎32 − 𝑎12𝑎31) + 𝑎13(𝑎22𝑎31 − 𝑎21𝑎32). 

So, by Routh–Hurwitz criterion, equation (21) has negative real parts provided that 𝐴1
∗ > 0, 𝐴3

∗ >

0, and ∆ > 0, where: 
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Δ = 𝐴1
∗𝐴2

∗ − 𝐴3
∗ = −(𝑎11 + 𝑎22)(𝑎11𝑎22 − 𝑎12𝑎21) + 𝑎31(𝑎11𝑎13 + 𝑎12𝑎23)

+𝑎32(𝑎22𝑎23 + 𝑎13𝑎21).
  

Therefore, 𝐸4 is a LAS, if the following conditions hold  

𝑍∗(𝛾1𝛽1𝑆∗+𝛾2𝛽2𝐼∗)

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
<

𝑟𝑆∗

𝑘
                               (21) 

𝑎11𝑎32 − 𝑎12𝑎31 < 0                                (22) 

𝑎22𝑎31 − 𝑎21𝑎32 < 0                                (23) 

𝑎11𝑎22 − 𝑎12𝑎21 > 0                                      (24) 

𝑀1 + 𝑀2 > 0                                   (25) 

here,  

𝑀1 = −(𝑎11 + 𝑎22)(𝑎11𝑎22 − 𝑎12𝑎21) + 𝑎31(𝑎11𝑎13 + 𝑎12𝑎23) > 0, 

𝑀2 = 𝑎32(𝑎22𝑎23 + 𝑎13𝑎21) < 0. 

 

6. PERSISTENCE OF SYSTEM (1) 

In this section, the persistence of system (1) is investigated. It is well recognized that system (1) 

is said to persist if and only if none of its species becomes extinct, this means system (1) will be 

persist if the system's trajectory that begins at a positive initial point doesn't has omega limit set 

on the boundary planes of the positive cone. 

System (1) contains two sub-systems located in the 𝑆𝐼 − and 𝑆𝑍 − planes, respectively, which 

can be described as follows: 

𝑑𝑆

𝑑𝑡
= 𝑆 (𝑟 (1 −

𝑆+𝐼

𝐾
) − 𝜇𝐼) = 𝑔1(𝑆, 𝐼),

𝑑𝐼

𝑑𝑡
= 𝐼(𝜇𝑆 − 𝜃1) = 𝑔2(𝑆, 𝐼)

                     (26) 

and  

𝑑𝑆

𝑑𝑡
= 𝑆 (𝑟 (1 −

𝑆

𝐾
) −

𝛶1𝑍

1+𝜔+𝛽1𝑆
) = 𝐺1(𝑆, 𝑍),

𝑑𝑍

𝑑𝑡
= 𝑍 (

𝑒1𝛶1𝑆

1+𝜔+𝛽1𝑆
− 𝜃2) = 𝐺2(𝑆, 𝑍)

                 (27) 

It can be simply asserted that the above sub-systems (27) and (28) have positive equilibrium points 

that corresponding to those in system (1) in the interior of boundary planes 𝑆𝐼 − and 𝑆𝑍 −planes, 

respectively. Now, to explore the possibility of the presence of periodic oscillation in the boundary 

planes, the Dulac function is utilized. 

Now, define the Dulac function as 𝐻1(𝑆, 𝐼) =
1

𝑆𝐼
 . It’s clear that, 𝐻1(𝑆, 𝐼) > 0 and  𝐶1 function 

in the 𝐼𝑛𝑡. 𝑅+
2  of 𝑆𝐼 −plane. Furthermore, it is obtained that 
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∆(𝑆, 𝐼) =
𝜕(𝐻1 𝑔1)

𝜕𝑆
+

𝜕(𝐻1 𝑔2)

𝜕𝐼
= −

𝑟

𝑘𝐼
                       (28) 

Therefore, ∆(𝑆, 𝐼) doesn’t identically zero and doesn’t alter sign. Therefore, there are no periodic 

oscillation in the interior positive quadrant of 𝑆𝐼 −plane for sub-system (26). 

Similarly, by utilizing another Dulac function 𝐻2(𝑆, 𝑍) =
1

𝑆𝑍
. It’s note that, 𝐻2(𝑆, 𝑍) > 0 and 𝐶1 

function in the 𝐼𝑛𝑡. ℝ+
2  of 𝑆𝑍 −plane. Moreover, it is obtained that 

∆(𝑆, 𝑍) =
𝜕(𝐻2 𝐺1)

𝜕𝑆
+

𝜕(𝐻2 𝐺2)

𝜕𝑍
= −

𝑟

𝑘𝑍
+

𝛾1 𝛽1

(1+𝜔+𝛽1𝑆)2
                 (29) 

Clear that, no periodic oscillation is observed in the interior positive quadrant of the 𝑆𝑍 − plane 

of sub-system (27) under the following conditions:    

𝛾1 𝛽1

(1+𝜔+𝛽1𝑆)2
<

𝑟

𝑘𝑍
                              (30) 

   or 

𝑟

𝑘𝑍
<

𝛾1 𝛽1

(1+𝜔+𝛽1𝑆)2
                              (31) 

Theorem 6.1. Assume that the boundary planes have no periodic oscillation if condition (30) or 

(31) are met. then system (1) is uniformly persistent as long as that condition (2) and the following 

conditions are met. 

𝜃2 <
𝑒1𝛾1𝑘

1+𝜔+𝛽1𝑘
                                   (32) 

𝜃2 <
𝑒1𝛾1𝑆̅+𝑒2𝛾2𝐼̅

1+𝜔+𝛽1𝑆̅+𝛽2𝐼
 ̅                                (33) 

𝛾2𝑍̂

1+𝜔+𝛽1𝑆̂
+ 𝜃1 < 𝜇𝑆̂                               (34) 

Proof. Consider an average Lyapunov function as 𝜁(𝑆, 𝐼, 𝑍) = 𝑆𝜁1𝐼𝜁2𝑍𝜁3; ∀𝜁𝑖; where 𝜁𝑖 for 𝑖 =

1,2,3  are positive constants and 𝜁(𝑆, 𝐼, 𝑍) > 0  for all (𝑆, 𝐼, 𝑍) ∈ 𝐼𝑛𝑡. 𝑅+
3  . with 𝜁(𝑆, 𝐼, 𝑍) → 0 

𝑖𝑓 𝑆 → 0 𝑜𝑟 𝐼 → 0 𝑜𝑟 𝑍 → 0. Therefore, some calculation gives 

 
𝛺(𝑆, 𝐼, 𝑍) =

𝜁̀ (𝑆,𝐼,𝑍)

𝜁(𝑆,𝐼,𝑍)
= 𝜁1 [𝑟 (1 −

𝑆+𝐼

𝑘
) − 𝜇𝐼 −

𝛾1𝑍

1+𝜔+𝛽1𝑆+𝛽2𝐼
]

+𝜁2 [𝜇𝑆 −
𝛾2𝑍

1+𝜔+𝛽1𝑆+𝛽2𝐼
−𝜃1] + 𝜁3 [

𝑒1𝛾1𝑆+𝑒2𝛾2𝐼

1+𝜔+𝛽1𝑆+𝛽2𝐼
−θ2]

. 

Now, by the average Lyapunov method, the proof is valid provided that 𝛺(𝑆, 𝐼, 𝑍) > 0 for all 

boundary equilibria of system (1). Therefore, 

Ω(𝐸0)=𝜁1(𝑟) + 𝜁2(−𝜃1) + 𝜁3(−θ2) 

Clearly, by selecting the suitable positive value of 𝜁1 sufficiently larger than that of 𝜁2 𝑎𝑛𝑑 𝜁3, it's 

got that Ω(𝐸0) > 0. 
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Ω(𝐸1) = 𝜁2(𝜇𝑆−𝜃1) + 𝜁3 (
𝑒1𝛾1𝑆

1+𝜔+𝛽1𝑆
−θ2). 

Obviously, conditions (2) and (32) ensure that Ω(𝐸1) > 0. 

Ω(𝐸2) = 𝜁3 (
𝑒1𝛾1𝑆̅+𝑒2𝛾2𝐼̅

1+𝜔+𝛽1𝑆̅+𝛽2𝐼̅
− 𝜃2). 

 Visibly, condition (33) guarantees that Ω(𝐸2) > 0. 

Ω(𝐸3) = 𝜁2 (𝜇𝑆̂ −
𝛾2𝑍̂

1+𝜔+𝛽1𝑆̂
−𝜃1). 

Finally, condition (34) guarantees that Ω(𝐸3) > 0. So, system (1) is uniformly persistent. 

7. GLOBAL STABILITY ANALYSIS 

In this section, the global stability of the equilibrium points of system (1) that are locally 

asymptotically stable LAS will be determined utilizing suitable Lyapunov functions.  

Theorem 7.1. Presume that 𝐸1 = (𝑘, 0,0) is LAS, then it’s globally asymptotically stable if the 

following conditions are met 

𝑟 + 𝜇𝑘 < 𝜃1                                (35) 

𝛾1𝑘

1+𝜔
< 𝜃2                                         (36) 

Proof. Consider a suitable Lyapunov function 

𝜎1(𝑆, 𝐼, 𝑍) = ∫  
𝑆

𝑆̌

𝑢1 − 𝑆̌

𝑢1
𝑑𝑢1 + 𝐼 + 𝑍. 

Here, 𝜎1(𝑆, 𝐼, 𝑍)  is a positive definite function so that 𝜎1(𝑘, 0,0) = 0 , 𝜎1(𝑆, 𝐼, 𝑍) > 0 for all 

(𝑆, 𝐼, 𝑍) ∈ 𝑅+
3  and 𝑆 > 0. The time derivative of 𝜎1 is given by 

𝑑𝜎1

𝑑𝑡
= (𝑆 − 𝑆̌) [𝑟 (1 −

𝑆 + 𝐼

𝑘
) − 𝜇𝐼 −

𝛾1𝑍

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
]

+𝜇𝑆𝐼 −
𝛾2𝐼𝑍

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
− 𝜃1𝐼

+
𝑒1𝛾1𝑆𝑍

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
+

𝑒2𝛾2𝐼𝑍

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
− 𝜃2𝑍

 

It was obtained through the use of basic algebraic calculations. 

𝑑𝜎1

𝑑𝑡
=

−𝑟

𝑘
(𝑆 − 𝑆̌)2 +

𝑟𝑆̌𝐼

𝑘
+ 𝜇𝑆̌𝐼 −

(1−𝑒1)𝛾1𝑆𝑍

𝐴
−

(1−𝑒2)𝛾2𝐼𝑍

𝐴
+

𝛾1𝑆̌𝑍

𝐴
− 𝜃1𝐼 − 𝜃2𝑍, 

where, 𝐴 = 1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼. 

Hence, 
𝑑𝜎1

𝑑𝑡
≤ −

𝑟

𝑘
(𝑆 − 𝑘)2 − (𝜃1 − (𝑟 + 𝜇𝑘))𝐼 − (𝜃2 −

𝛾1𝑘

1+𝜔
)𝑍. 

Hence, utilizing conditions (35)-(36) lead to 
𝑑𝜎1

𝑑𝑡
  is negative definite. Thus, 𝐸1  is a globally 
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asymptotically stable. □ 

Theorem 7.2. Presume that 𝐸2 = (𝑆̅, 𝐼,̅ 0) is LAS, then it’s globally asymptotically stable if the 

following condition is met 

𝛾1𝑆̅+𝛾2𝐼̅

1+𝜔
< 𝜃2                                   (37) 

Proof. Consider a suitable Lyapunov function 

𝜎2(𝑆, 𝐼, 𝑍) = ∫  
𝑆

𝑆̅

𝑢1 − 𝑆̅

𝑢1
𝑑𝑢1 + ∫  

𝐼

𝐼̅

𝑢2 − 𝐼̅

𝑢2
𝑑𝑢2 + 𝑍. 

Here, 𝜎2(𝑆, 𝐼, 𝑍)  is a positive definite function so that 𝜎2(𝑆̅, 𝐼,̅ 0) = 0 , 𝜎2(𝑆, 𝐼, 𝑍) > 0 for all 

(𝑆, 𝐼, 𝑍) ∈ 𝑅+
3  and 𝑆 > 0 and 𝐼 > 0. The time derivative of 𝜎2 is given by 

𝑑𝜎2

𝑑𝑡
= (𝑆 − 𝑆̅) [𝑟 (1 −

𝑆 + 𝐼

𝑘
) − 𝜇𝐼 −

𝛾1𝑍

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
]

+(𝐼 − 𝐼)̅ [𝜇𝑆 −
𝛾2𝑍

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
− 𝜃1]

+
𝑒1𝛾1𝑆𝑍

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
+

𝑒2𝛾2𝐼𝑍

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
− 𝜃2𝑍

 

It was obtained through the use of basic algebraic calculations. 

𝑑𝜎2

𝑑𝑡
=

−𝑟

𝑘
(𝑆 − 𝑆̅)2 −

𝑟

𝑘
(𝑆 − 𝑆̅)(𝐼 − 𝐼)̅ − 𝜇(𝑆 − 𝑆̅)(𝐼 − 𝐼)̅

−
𝛾1𝑆𝑍

𝐴
+

𝛾1𝑆̅𝑍

𝐴
+ 𝜇(𝑆 − 𝑆̅)(𝐼 − 𝐼)̅ −

𝛾2𝐼𝑍

𝐴

+
𝛾2𝐼𝑍̅

𝐴
+

𝑒1𝛾1𝑆𝑍

𝐴
+

𝑒2𝛾2𝐼𝑍

𝐴
− 𝜃2𝑍.

 

where, 𝐴 = 1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼. 

𝑑𝜎2

𝑑𝑡
≤

−𝑟

𝑘
(𝑆 − 𝑆̅)2 −

𝑟

𝑘
(𝑆 − 𝑆̅)(𝐼 − 𝐼)̅ +

(𝛾1𝑆̅+𝛾2𝐼)̅𝑍

𝐴
− 𝜃2𝑍. 

Hence, 
𝑑𝜎2

𝑑𝑡
<

−3𝑟

2𝑘
(𝑆 − 𝑆̅)2 −

𝑟

2𝑘
(𝐼 − 𝐼)̅2 − 𝑍 [𝜃2 −

𝛾1𝑆̅+𝛾2𝐼̅

1+𝜔
]. 

Hence, utilizing condition (37) leads to 
𝑑𝜎2

𝑑𝑡
  is negative definite. Thus, 𝐸2  is a globally 

asymptotically stable. □ 

Theorem 7.3. Presume that 𝐸3 = (𝑆̂, 0, 𝑍̂)  is LAS, then it’s globally asymptotically stable 

fulfilled the following conditions are met  

(
𝑟

𝑘
+ 𝜇) 𝑆̂ +

𝛾1𝛽2𝑘𝑍̂

(1+𝜔)(1+𝜔+𝛽1𝑆̂)
< 𝜃1 +

𝑒2𝛾2𝑍̂

(1+𝜔)
                     (38) 

𝛾1𝛽1𝑍̂

(1+𝜔+𝛽1𝑆̂)
<

𝑟(1+𝜔)

𝑘
+

𝛾1(𝛽1𝑆̂+(1+𝜔)(1−𝑒1))

2(1+𝜔+𝛽1𝑆̂)
                      (39) 
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Proof. Consider a suitable Lyapunov function 

𝜎3(𝑆, 𝐼, 𝑍) = ∫  
𝑆

𝑆̂

𝑢1 − 𝑆̂

𝑢1
𝑑𝑢1 + 𝐼 + ∫  

𝑍

𝑍̂

𝑢3 − 𝑍̂

𝑢3
𝑑𝑢3. 

Here, 𝜎3(𝑆, 𝐼, 𝑍) is a positive definite function so that 𝜎3(𝑆̂, 0, 𝑍̂) = 0, 𝜎3(𝑆, 𝐼, 𝑍) > 0 for all 

(𝑆, 𝐼, 𝑍) ∈ 𝑅+
3  and 𝑆 > 0 and 𝑍 > 0. The time derivative of 𝜎3 is given by 

𝑑𝜎3

𝑑𝑡
= (𝑆 − 𝑆̂) [𝑟 (1 −

𝑆 + 𝐼

𝑘
) − 𝜇𝐼 −

𝛾1𝑍

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
] + 𝜇𝑆𝐼 −

𝛾2𝐼𝑍

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
− 𝜃1𝐼

+(𝑍 − 𝑍̂) [
𝑒1𝛾1𝑆

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
+

𝑒2𝛾2𝐼

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
− 𝜃2] .

 

It was obtained through the use of basic algebraic calculations. 

𝑑𝜎3

𝑑𝑡
= −

𝑟

𝑘
(𝑆 − 𝑆̂)

2
−

𝑟

𝑘
𝑆𝐼 + 𝜇𝑆𝐼 + (

𝑟

𝑘
+ 𝜇) 𝑆̂𝐼 −

𝛾1(1+𝜔)

𝐴𝐴̂
(𝑆 − 𝑆̂)(𝑍 − 𝑍̂)

+
𝛾1𝛽2𝑆𝐼𝑍̂

𝐴𝐴̂
−

𝛾1𝛽2𝑆̂𝐼𝑍̂

𝐴𝐴̂
+

𝛾1𝛽1𝑍̂

𝐴𝐴̂
(𝑆 − 𝑆̂)

2
−

𝛾1𝛽1𝑆̂

𝐴𝐴̂
(𝑆 − 𝑆̂)(𝑍 − 𝑍̂)

+𝜇𝑆𝐼 −
𝛾2𝐼𝑍

𝐴
− 𝜃1𝐼 +

𝑒1𝛾1(1+𝜔)

𝐴𝐴̂
(𝑆 − 𝑆̂)(𝑍 − 𝑍̂)

−
𝑒1𝛾1𝛽2𝑆̂𝐼𝑍

𝐴𝐴̂
+

𝑒1𝛾1𝛽2𝑆̂𝐼𝑍̂

𝐴𝐴̂
+

𝑒2𝛾2𝐼𝑍

𝐴
−

𝑒2𝛾2𝐼𝑍̂

𝐴

.  

Therefore, 

𝑑𝜎3

𝑑𝑡
≤ − [

𝑟

𝑘
−

𝛾1𝛽1𝑍̂

𝐴𝐴̂
] (𝑆 − 𝑆̂)

2
+ (

𝑟

𝑘
+ 𝜇) 𝑆̂𝐼 − [

𝛾1(𝛽1𝑆̂+(1+𝜔)(1−𝑒1))

𝐴𝐴̂
] (𝑆 − 𝑆̂)(𝑍 − 𝑍̂)

+
𝛾1𝛽2𝑆𝐼𝑍̂

𝐴𝐴̂
− 𝜃1𝐼 −

𝑒2𝛾2𝐼𝑍̂

𝐴
.

 

where, 𝐴 = 1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼, and 𝐴̂ = 1 + 𝜔 + 𝛽1𝑆̂. 

Hence, 

𝑑𝜎3

𝑑𝑡
< − [

𝑟

𝑘
−

𝛾1(2𝛽1𝑍̂ + 𝛽1𝑆̂ + (1 + 𝜔)(1 − 𝑒1))

2𝐴𝐴̂
] (𝑆 − 𝑆̂)

2
− [

𝛾1(𝛽1𝑆̂ + (1 + 𝜔)(1 − 𝑒1))

2𝐴𝐴̂
] (𝑍 − 𝑍̂)

2

−𝐼 [𝜃1 +
𝑒2𝛾2𝑍̂

𝐴
− (

𝑟

𝑘
+ 𝜇) 𝑆̂ −

𝛾1𝛽2𝑆𝑍̂

𝐴𝐴̂
] .

 

Hence, utilizing conditions (38)-(39) lead to 
𝑑𝜎3

𝑑𝑡
  is negative definite. Thus, 𝐸3  is a globally 

asymptotically stable. □ 

Theorem 7.4. Presume that 𝐸4 = (𝑆∗, 𝐼∗, 𝑍∗) is LAS, then it’s globally asymptotically stable 

fulfilled the following condition is met 

𝑍∗ < 𝑚𝑖𝑛 {
𝛾1(1−𝑒1)(1+𝜔+𝛽2𝐼∗)+𝛽1(𝛾1𝑆∗+𝑒2𝛾2𝐼∗)

2𝛾1𝛽1+𝛾1𝛽2+𝛾2𝛽1
,
𝛾2(1−𝑒2)(1+𝜔+𝛽1𝑆∗)+𝛽2(𝛾2𝐼∗+𝑒1𝛾1𝑆∗)

2𝛾2𝛽2+𝛾1𝛽2+𝛾2𝛽1
}    (40) 

Proof. Consider a suitable Lyapunov function 
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𝜎4(𝑆, 𝐼, 𝑍) = ∫  
𝑆

𝑆∗

𝑢1 − 𝑆∗

𝑢1
𝑑𝑢1 + ∫  

𝐼

𝐼∗

𝑢2 − 𝐼∗

𝑢2
𝑑𝑢2 + ∫  

𝑍

𝑍∗

𝑢3 − 𝑍∗

𝑢3
𝑑𝑢3. 

Here, 𝜎4(𝑆, 𝐼, 𝑍) is a positive definite function so that 𝜎4(𝑆
∗, 𝐼∗, 𝑍∗) = 0, 𝜎4(𝑆, 𝐼, 𝑍) > 0 for all 

(𝑆, 𝐼, 𝑍) ∈ 𝑅+
3  and 𝑆 > 0 , 𝐼 > 0 and 𝑍 > 0. The time derivative of 𝜎4 is given by 

𝑑𝜎4

𝑑𝑡
= (𝑆 − 𝑆∗) [𝑟 (1 −

𝑆 + 𝐼

𝑘
) − 𝜇𝐼 −

𝛾1𝑍

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
] + (𝐼 − 𝐼∗) [𝜇𝑆 −

𝛾2𝑍

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
− 𝜃1]

+(𝑍 − 𝑍∗) [
𝑒1𝛾1𝑆

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
+

𝑒2𝛾2𝐼

1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼
− 𝜃2]

 

It was obtained through the use of basic algebraic calculations. 

𝑑𝜎4

𝑑𝑡
= −(

𝑟

𝑘
−

𝛾1𝛽1𝑍∗

𝐴𝐴∗ ) (𝑆 − 𝑆∗)2 − (
𝑟

𝑘
−

𝛾1𝛽2𝑍∗

𝐴𝐴∗ −
𝛾2𝛽1𝑍∗

𝐴𝐴∗ ) (𝑆 − 𝑆∗)(𝐼 − 𝐼∗)

−(
−𝛾2𝛽2𝑍∗

𝐴𝐴∗ )(𝐼 − 𝐼)2

−[
𝛾1(1+𝜔)

𝐴𝐴∗ +
𝛾1𝛽1𝑆∗

𝐴𝐴∗ +
𝛾1𝛽2𝐼∗

𝐴𝐴∗ −
𝑒1𝛾1(1+𝜔)

𝐴𝐴∗ −
𝑒1𝛾1𝛽2𝐼∗

𝐴𝐴∗ +
𝑒2𝛾2𝛽1𝐼∗

𝐴𝐴∗ ] (𝑆 − 𝑆∗)(𝑍 − 𝑍∗)

− [
𝛾2(1+𝜔)

𝐴𝐴∗ +
𝛾2𝛽1𝑆∗

𝐴𝐴∗ +
𝛾2𝛽2𝐼∗

𝐴𝐴∗ +
𝑒1𝛾1𝛽2𝑆∗

𝐴𝐴∗ −
𝑒2𝛾2(1+𝜔)

𝐴𝐴∗ −
𝑒2𝛾2𝛽1𝑆∗

𝐴𝐴∗ ] (𝐼 − 𝐼∗)(𝑍 − 𝑍∗)

. 

Moreover 

𝑑𝜎4

𝑑𝑡
= −(

𝑟

𝑘
−

𝛾1𝛽1𝑍∗

𝐴𝐴∗ ) (𝑆 − 𝑆∗)2 − (
𝑟

𝑘
−

𝑍∗

𝐴𝐴∗
(𝛾1𝛽2 + 𝛾2𝛽1)) (𝑆 − 𝑆∗)(𝐼 − 𝐼∗)

+ (
𝛾2𝛽2𝑍∗

𝐴𝐴∗ ) (𝐼 − 𝐼∗)2

−
1

𝐴𝐴∗
[𝛾1(1 − 𝑒1)(1 + 𝜔+𝛽2𝐼

∗) + 𝛽1(𝛾1𝑆
∗ + 𝑒2𝛾2𝐼

∗)](𝑆 − 𝑆∗)(𝑍 − 𝑍∗)

−
1

𝐴𝐴∗
[𝛾2(1 − 𝑒2)(1 + 𝜔 + 𝛽1𝑆

∗) + 𝛽2(𝛾2𝐼
∗ + 𝑒1𝛾1𝑆

∗)](𝐼 − 𝐼∗)(𝑍 − 𝑍∗)

. 

where, 𝐴 = 1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼, and 𝐴∗ = 1 + 𝜔 + 𝛽1𝑆
∗ + 𝛽2𝐼

∗. 

Hence, 

𝑑𝜎4

𝑑𝑡
< −𝜌1(𝑆 − 𝑆∗)2 − 𝜌2(𝐼 − 𝐼∗)2 − 𝜌3(𝑍 − 𝑍∗)2 

here,  

𝜌1 =
1

2
[
3𝑟

𝑘
+

𝛾1(1−𝑒1)(1+𝜔+𝛽2𝐼∗)+𝛽1(𝛾1𝑆∗+𝑒2𝛾2𝐼∗)

𝐴𝐴∗
−

𝑍∗

𝐴𝐴∗
(2𝛾1𝛽1 + 𝛾1𝛽2 + 𝛾2𝛽1)], 

𝜌2 =
1

2
[
𝑟

𝑘
+

𝛾2(1−𝑒2)(1+𝜔+𝛽1𝑆∗)+𝛽2(𝛾2𝐼∗+𝑒1𝛾1𝑆∗)

𝐴𝐴∗ −
2𝛾2𝛽2𝑍∗

𝐴𝐴∗ −
𝑍∗

𝐴𝐴∗
(2𝛾2𝛽2 + 𝛾1𝛽2 + 𝛾2𝛽1)], and 

𝜌3=
1

2𝐴𝐴∗
[𝛾1(1 − 𝑒1)(1 + 𝜔 + 𝛽2𝐼

∗) + 𝛾2(1 − 𝑒2)(1 + 𝜔 + 𝛽1𝑆
∗) + 𝛽1(𝛾1𝑆

∗ + 𝑒2𝛾2𝐼
∗) +

𝛽2(𝛾2𝐼
∗ + 𝑒1𝛾1𝑆

∗)]. 

Hence, utilizing condition (40) lead to 
𝑑𝜎4

𝑑𝑡
  is negative definite. Thus, 𝐸4  is a globally 

asymptotically stable. □ 
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8. BIFURCATION ANALYSIS  

In this section, Sotomayor’s theorem [57] is utilized to identify the local bifurcation near the 

equilibrium points of system (1). It is known that the presence of a non-hyperbolic equilibrium 

point is a necessary but not sufficient condition for bifurcation to happen. Thus, the candidate 

bifurcation parameter is chosen such that the equilibrium point is non-hyperbolic at a particular 

value of that parameter. 

Now, expressing system (1) in the following: 

  
𝑑𝑿

𝑑𝑡
= 𝑮(𝑿) , where 𝑿 = (𝑆, 𝐼, 𝑍)𝑇 , 𝑮 = (𝑆𝑔1, 𝐼𝑔2, 𝑍𝑔3)

𝑇 ,  with 𝑔𝑖; 𝑖 = 1,2,3  represent the 

interaction functions in the right-hand side of system (1). Let 𝑽 = (𝑣1, 𝑣2, 𝑣3)
𝑇 be any non-zero 

vector, then the direct calculations on the Jacobian matrix of system (1) give the second and third 

directional derivatives: 

𝐷2𝑮(𝑆, 𝐼, 𝑍)(𝑽, 𝑽) = [𝑐𝑖1]3×1, 𝑖 = 1,2,3                      (41) 

𝑐11 = 2 [−
𝑟

𝑘
+

𝛾1𝛽1𝑍(1+𝜔+𝛽2𝐼)

(1+𝜔+𝛽1𝑆+𝛽2𝐼)3
] 𝑣1

2 + 2 [−(
𝑟

𝑘
+ 𝜇) +

𝛾1𝛽2𝑍(1+𝜔−𝛽1𝑆+𝛽2𝐼)

(1+𝜔+𝛽1𝑆+𝛽2𝐼)3
] 𝑣1𝑣2

+2 [−
𝛾1(1+𝜔+𝛽2𝐼)

(1+𝜔+𝛽1𝑆+𝛽2𝐼)2
] 𝑣1𝑣3

+2 [−
𝛾1𝛽2

2𝑆𝑍

(1+𝜔+𝛽1𝑆+𝛽2𝐼)3
] 𝑣2

2 + 2 [
𝛾1𝛽2𝑆

(1+𝜔+𝛽1𝑆+𝛽2𝐼)2
] 𝑣2𝑣3

.  

𝑐21 = 2 [−
𝛾2𝛽1

2𝐼𝑍

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)3
] 𝑣1

2 + 2 [𝜇 +
𝛾2𝛽1𝑍(1 + 𝜔 + 𝛽1𝑆 − 𝛽2𝐼)

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)3
] 𝑣1𝑣2

+2 [
𝛾2𝛽1𝐼

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)2
] 𝑣1𝑣3

+2 [
𝛾2𝛽2𝑍(1 + 𝜔 + 𝛽1𝑆)

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)3
] 𝑣2

2 + 2 [−
𝛾2(1 + 𝜔 + 𝛽1𝑆)

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)2
] 𝑣2𝑣3.

 

𝑐31 = 2 [
𝛽1𝑍(𝑒2𝛾2𝛽1𝐼 − (1 + 𝜔 + 𝛽2𝐼)𝑒1𝛾1)

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)
3

] 𝑣1
2 + 2 [

−𝑍(𝑒1𝛾1𝛽2(1 + 𝜔 − 𝛽1𝑆 + 𝛽2𝐼)+𝑒2𝛾2𝛽1(1 + 𝜔 + 𝛽1𝑆 − 𝛽2𝐼))

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)
3

] 𝑣1𝑣2

+2 [
(1 + 𝜔 + 𝛽2𝐼)𝑒1𝛾1 − 𝑒2𝛾2𝛽1𝐼

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)
2

] 𝑣1𝑣3

+2 [
𝛽2𝑍(𝑒1𝛾1𝛽2𝑆 − (1 + 𝜔 + 𝛽1𝑆)𝑒2𝛾2

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)
3

] 𝑣2
2 + 2 [

(1 + 𝜔 + 𝛽1𝑆)𝑒2𝛾2 − 𝑒1𝛾1𝛽2𝑆

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)
2

] 𝑣2𝑣3

 

While 

𝐷3𝑮(𝑆, 𝐼, 𝑍) (𝑽, 𝑽, 𝑽) = [𝑑𝑖1]3×1, 𝑖 = 1,2,3                   (42) 

where 

𝑑11 = 6 [−
𝛾1𝛽1

2𝑍(1+𝜔+𝛽2𝐼)

(1+𝜔+𝛽1𝑆+𝛽2𝐼)4
] 𝑣1

3 + 6 [
𝛾1𝛽1𝛽2𝑍(2(1+𝜔+𝛽2𝐼)+𝛽1𝑆)

(1+𝜔+𝛽1𝑆+𝛽2𝐼)4
] 𝑣1

2𝑣2 + 6 [
𝛾1𝛽1(1+𝜔+𝛽2𝐼)

(1+𝜔+𝛽1𝑆+𝛽2𝐼)
3] 𝑣1

2𝑣3 +6 [−
𝛾1𝛽2

2𝑍(1+𝜔−2𝛽1𝑆+𝛽2𝐼)

(1+𝜔+𝛽1𝑆+𝛽2𝐼)4
] 𝑣1𝑣2

2 +
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6 [
𝛾1𝛽2(1+𝜔−𝛽1𝑆+𝛽2𝐼)

(1+𝜔+𝛽1𝑆+𝛽2𝐼)3
] 𝑣1𝑣2𝑣3 + 6 [

𝛾1𝛽2
2SZ

(1+𝜔+𝛽1𝑆+𝛽2𝐼)4
] 𝑣2

3 + 6 [
−𝛾1𝛽2

2𝑆

(1+𝛼+𝛽1𝑆+𝛽2𝐼)
3
] 𝑣2

2𝑣3  

𝑑21 = 6[
𝛾2𝛽1

3𝐼𝑍

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)
4]𝑣1

3 + 6[−
𝛾2𝛽1

2𝑍(1 + 𝜔 + 𝛽1𝑆 − 2𝛽2𝐼)

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)
4 ]𝑣1

2𝑣2 + 6[−
𝛾2𝛽1

2𝐼

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)
3]𝑣1

2𝑣3

+6[−
𝛾2𝛽1𝛽2𝑍(2(1 + 𝜔 + 𝛽1𝑆) − 𝛽2𝐼)

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)
4 ]𝑣1𝑣2

2 + 6[
𝛾2𝛽1(1 + 𝜔 + 𝛽1𝑆 − 𝛽2𝐼)

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)
3 ]𝑣1𝑣2𝑣3

+6[−
𝛾2𝛽2𝑍(1 + 𝜔 + 𝛽1𝑆)

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)
4]𝑣2

3 + 6[
𝛾2𝛽2(1 + 𝜔 + 𝛽1𝑆)

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)
3]𝑣2

2𝑣3

 

𝑑31 = 6 [−
𝛽1

2𝑍(𝑒2𝛾2𝛽1𝐼 − (1 + 𝜔 + 𝛽2𝐼)𝑒1𝛾1

(1 + 𝜔 + 𝛽2𝑆 + 𝛽2𝐼)4
] 𝑣1

3 + 6 [
𝛽2𝑍(𝑒1𝛾1𝛽2(1 + 𝜔 − 2𝛽1𝑆 + 𝛽2𝐼) + 𝑒𝛾2𝛽1(2(1 + 𝜔 + 𝛽1𝑆) − 𝛽2𝐼))

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)4
] 𝑣1𝑣2

2

+6 [
𝛽1𝑍(𝑒1𝛾1𝛽2(2(1 + 𝜔 + 𝛽2𝐼) − 𝛽1𝑆) + 𝑒2𝛾2𝛽1(1 + 𝜔 + 𝛽1𝑆 − 2𝛽2𝐼)

(1 + 𝑤 + 𝛽2𝑆 + 𝛽2𝐼)4
] 𝑣1

2𝑣2 + 6 [
𝛽1(𝑒2𝛾2𝛽1𝐼 − (1 + 𝜔 + 𝛽2𝐼)𝑒1𝛾1)

(1 + 𝑤 + 𝛽2𝑆 + 𝛽2𝐼)3
] 𝑣1

2𝑣3

−6[
𝑒1𝛾1𝛽2(1 + 𝜔 − 𝛽1𝑆 + 𝛽2𝐼) + 𝑒2𝛾2𝛽1(1 + 𝜔 + 𝛽1𝑆 − 𝛽2𝐼)

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)3
]𝑣1𝑣2𝑣3 + 6[−

𝛽2
2𝑍(𝑒1𝛾1𝛽2𝑆 − 𝑒2𝛾2(1 + 𝜔 + 𝛽1𝑆))

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)4
]𝑣2

3

+6 [
𝛽2(𝑒1𝛾1𝛽2𝑆 − 𝑒2𝛾2(1 + 𝜔 + 𝛽1𝑆))

(1 + 𝜔 + 𝛽1𝑆 + 𝛽2𝐼)3
] 𝑣2

2𝑣3.

 

Theorem 8.1. System (1) undergoes a transcritical bifurcation at 𝐸1  when the parameter 𝜃1 

passes into the value 𝜃1
∗ = 𝜇𝑘. 

Proof. By using the 𝐽(𝐸1) which given in eq.(9), system (1) has the Jacobian matrix at 𝐸1 and 

𝜃1 = 𝜃1
∗, which represents as 𝐽(𝐸1, 𝜃1

∗) 

𝐽(𝐸1, 𝜃1
∗) =

[
 
 
 
 −𝑟 −𝑘 (

𝑟

𝑘
+ 𝜇)

−𝑘𝛾1

1 + 𝜔 + 𝑘𝛽1

0 0 0

0 0
𝑘𝑒1𝛾1

1 + 𝜔 + 𝑘𝛽1
−𝜃2]

 
 
 
 

 

Obviously, 𝐽(𝐸1, 𝜃1
∗) possess zero eigenvalue (𝜆12 = 0) and so 𝐸1 is a non-hyperbolic point. 

Now, let 𝑽[1] = (𝑣1
[1]

, 𝑣2
[1]

, 𝑣3
[1]

)
𝑇

and  𝝋[1] = (𝜑1
[1]

, 𝜑2
[1]

, 𝜑3
[1]

)
𝑇

represent the eigenvectors that 

corresponding to 𝜆12  of 𝐽(𝐸1, 𝜃1
∗)  and 𝐽𝑇(𝐸1, 𝜃1

∗) . Simple calculations yield 𝑽[1] =

(𝜂1𝑣2
[1]

, 𝑣2
[1]

, 0)𝑇  and 𝝋[1] = (0, 𝜑2
[1]

, 0)𝑇 , where 𝜂1 = −
𝑟+𝜇𝑘

𝑟
< 0 . By using the above 

Mathematical expressions: 

𝑮𝜃1
(𝑿, 𝜃1) = (0,−𝐼, 0)𝑇 ⇒ 𝑮𝜃1

(𝐸1, 𝜃1
∗) = (0,0,0)𝑇 ⇒ (𝝋[1])

𝑇
𝑮𝜃1

(𝐸1, 𝜃1
∗) = 0. 

𝐷𝑮𝜃1
(𝐸1, 𝜃1

∗) 𝑽[1] = (0,−𝑣2
[1]

, 0)
𝑇

⇒ (𝝋[1])
𝑇
(𝐷𝑮𝜃1

(𝐸1, 𝜃1
∗) 𝑽[1]) = −𝜑2

[1]
𝑣2

[1]
≠ 0.  

Furthermore, utilizing eq. (41) results in 

(𝝋[1])
𝑇
[𝐷2𝑮(𝐸1, 𝜃1

∗) (𝑽[1], 𝑽[1])] = 2𝜇𝜂1𝜑2
[1]

(𝑣2
[1]

)
2

≠ 0. 

Therefore, by Sotomayor’s theorem, the system (1) undergoes a transcritical bifurcation around 
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𝐸1 at 𝜃1 = 𝜃1
∗. 

Theorem 8.2. System (1) undergoes a transcritical bifurcation at 𝐸2  when the parameter 𝜃2 

passes into 𝜃2
∗ =

𝑒1𝛾1𝑆̅+𝑒2𝛾2𝐼̅

1+𝜔+𝛽1𝑆̅+𝛽2𝐼
 ̅ and provided that the following condition is met  

 (
((1+𝜔+𝛽2I̅)𝑒1𝛾1−𝑒2𝛾2𝛽1I̅)𝜏1+((1+𝜔+𝛽1S̅)𝑒2𝛾2−𝑒1𝛾1𝛽2S̅)𝜏2

(1+𝜔+𝛽1S̅+𝛽2I̅)2
) ≠ 0                (43) 

Otherwise, system (1) undergoes a pitchfork bifurcation at 𝐸2  provided that the following 

condition is met  

(𝛽1𝜏1
2(𝑒2𝛾2𝛽1𝐼 ̅ − (1 + 𝜔 + 𝛽2𝐼)̅𝑒1𝛾1) − (𝑒1𝛾1𝛽2(1 + 𝜔 − 𝛽1𝑆̅ + 𝛽2𝐼)̅ + 𝑒2𝛾2𝛽1(1 + 𝜔 +

𝛽1𝑆̅ − 𝛽2𝐼)̅)𝜏1𝜏2 + 𝛽2𝜏2
2(𝑒1𝛾1𝛽2𝑆̅ − 𝑒2𝛾2(1 + 𝜔 + 𝛽1𝑆̅))) ≠ 0.                       (44) 

Proof. By using the 𝐽(𝐸2) which given in eq.(12), system (1) has  the Jacobian matrix at 𝐸2 and 

𝜃2 = 𝜃2
∗, which represents as 𝐽(𝐸2, 𝜃2

∗) 

𝐽(𝐸2, 𝜃2
∗) = [

𝑏11 𝑏12 𝑏13

𝑏21 0 𝑏23

0 0 0

] 

Where [𝑏𝑖𝑗], for all 𝑖, 𝑗 = 1,2,3  are given in eq.(12). Clearly, 𝐽(𝐸2, 𝜃2
∗)  has 𝜆23 = 0 , which 

referred a zero eigenvalue and so 𝐸2 is a non-hyperbolic point. 

Now, let 𝑽[2] = (𝑣1
[2]

, 𝑣2
[2]

, 𝑣3
[2]

)
𝑇

and  𝝋[2] = (𝜑1
[2]

, 𝜑2
[2]

, 𝜑3
[2]

)
𝑇

represent the eigenvectors that 

corresponding to 𝜆23  of 𝐽(𝐸2, 𝜃2
∗)  and 𝐽𝑇(𝐸2, 𝜃2

∗) . Simple calculations yield 𝑽[2] =

(𝜏1𝑣3
[2]

, 𝜏2𝑣3
[2]

, 𝑣3
[2]

)𝑇 and 𝝋[2] = (0,0, 𝜑3
[2]

)𝑇, where 𝜏1 =
−𝑏23

𝑏21
> 0 and 𝜏2 =

𝑏11𝑏23−𝑏13𝑏21

𝑏12𝑏21
< 0 . 

By using the above Mathematical expressions 

𝑮𝜃2
(𝑿, 𝜃2) = (0,0, −𝑍)𝑇 ⇒ 𝑮𝜃2

(𝐸2, 𝜃2
∗) = (0,0,0)𝑇 ⇒ (𝝋[2])

𝑇
𝑮𝜃2

(𝐸2, 𝜃2
∗) = 0. 

𝐷𝑮𝜃2
(𝐸2, 𝜃2

∗) 𝑽[2] = (0,0, −𝑣3
[2]

)
𝑇

⇒ (𝝋[2])
𝑇
(𝐷𝑮𝜃2

(𝐸2, 𝜃2
∗) 𝑽[2]) = −𝜑3

[2]
𝑣3

[2]
≠ 0.  

Furthermore, utilizing eq. (41) results in 

(𝝋[2])
𝑇
[𝐷2𝑮(𝐸2, 𝜃2

∗) (𝑽[2], 𝑽[2])] =

2 (
((1+𝜔+𝛽2𝐼)̅𝑒1𝛾1−𝑒2𝛾2𝛽1𝐼)̅𝜏1+((1+𝜔+𝛽1𝑆̅)𝑒2𝛾2−𝑒1𝛾1𝛽2𝑆̅)𝜏2

(1+𝜔+𝛽1𝑆̅+𝛽2𝐼)̅2
)𝜑3

[2]
(𝑣3

[2]
)
2

. 

Therefore, by Sotomayor’s theorem, the system (1) undergoes a transcritical bifurcation around 

𝐸2 at 𝜃2 = 𝜃2
∗, as long as condition (43) is valid.   

In case the condition (43) is not fulfilled, then using eq. (42) it is determined that 
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(𝝋[2])
𝑇
(𝐷3𝑮(𝐸2, 𝜃2

∗)(𝑽[2], 𝑽[2], 𝑽[2])) =
6 𝜑3

[2]
(𝑣3

[2]
)
3

(1+𝜔+𝛽1𝑆̅+𝛽2𝐼)̅3
[𝛽1𝜏1

2(𝑒2𝛾2𝛽1𝐼 ̅ − (1 + 𝜔 +

𝛽2𝐼)̅𝑒1𝛾1) − (𝑒1𝛾1𝛽2(1 + 𝜔 − 𝛽1𝑆̅ + 𝛽2𝐼)̅ + 𝑒2𝛾2𝛽1(1 + 𝜔 + 𝛽1𝑆̅ − 𝛽2𝐼)̅)𝜏1𝜏2 +

𝛽2𝜏2
2(𝑒1𝛾1𝛽2𝑆̅ − 𝑒2𝛾2(1 + 𝜔 + 𝛽1𝑆̅))].  

This indicates that a pitchfork bifurcation can occurred as long as condition (44) is valid. If 

condition (44) is not fulfilled, then no any type of local bifurcation occurs. 

Theorem 8.3. System (1) undergoes a transcritical bifurcation at 𝐸3 when the parameter 𝜇 passes 

into 𝜇∗ =
1

Ŝ
(

𝛾2Ẑ

1+𝜔+𝛽1𝑆̂
+ 𝜃1) and provided that the following condition is met 

  ((𝜇∗ +
𝛾2𝛽1𝑍̂

(1+𝜔+𝛽1Ŝ)2
) 𝛿1 −

𝛾2 𝛿2

1+𝜔+𝛽1Ŝ
+

𝛾2𝛽2𝑍̂

(1+𝜔+𝛽1Ŝ)
2) ≠ 0                        (45) 

Otherwise, system (1) undergoes a pitchfork bifurcation provided that the following condition is 

met 

 ((𝛽1𝛿1 + 𝛽2)((1 + 𝜔 + 𝛽1Ŝ)𝛿2 − 𝛽1
2𝑍̂𝛿1) − 𝛽2𝑍̂) ≠ 0               (46) 

Proof. By using the 𝐽(𝐸3) which given in eq.(15), system (1) has the Jacobian matrix at 𝐸3 and 

𝜇 = 𝜇∗, which represents as 𝐽(𝐸3, 𝜇
∗) 

𝐽(𝐸3, 𝜇
∗) = [

𝑐11 𝑐12 𝑐13

0 0 0
𝑐31 𝑐32 0

] 

Where [𝑐𝑖𝑗], for all 𝑖, 𝑗 = 1,2,3  are given in eq.(15). Clearly, 𝐽(𝐸3, 𝜇
∗)  has 𝜆32 = 0 , which 

referred a zero eigenvalue and so 𝐸3 is a non-hyperbolic point. 

Now, let 𝑽[3] = (𝑣1
[3]

, 𝑣2
[3]

, 𝑣3
[3]

)
𝑇

and  𝝋[3] = (𝜑1
[3]

, 𝜑2
[3]

, 𝜑3
[3]

)
𝑇

represent the eigenvectors that 

corresponding to 𝜆32  of 𝐽(𝐸3, 𝜇
∗)  and 𝐽𝑇(𝐸3, 𝜇

∗) . Simple calculations yield 𝑽[3] =

(𝛿1𝑣2
[3]

, 𝑣2
[3]

, 𝛿2𝑣2
[3]

)𝑇 and 𝝋[3] = (0, 𝜑2
[3]

, 0)𝑇, where  𝛿1 =
−𝑐32

𝑐31
< 0 and 𝛿2 =

𝑐11𝑐32−𝑐12𝑐31

𝑐13𝑐31
. By 

using the above Mathematical expressions 

𝑮𝜇(𝑿, 𝜇) = (−𝑆𝐼, 𝑆𝐼, 0)𝑇 ⇒ 𝑮𝜇(𝐸3, 𝜇
∗) = (0,0,0)𝑇 ⇒ (𝝋[3])

𝑇
𝑮𝜇(𝐸3, 𝜇

∗) = 0. 

𝐷𝑮𝜇(𝐸3, 𝜇
∗) 𝑽[3] = (−𝑆 ̂𝑣2

[3]
, 𝑆 ̂𝑣2

[3]
, 0)

𝑇

⇒ (𝝋[3])
𝑇
(𝐷𝑮𝜇(𝐸3, 𝜇

∗) 𝑽[3]) = 𝑆 ̂𝜑2
[3]

𝑣2
[3]

≠ 0.  

Furthermore, utilizing eq. (41) results in 
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(𝝋[3])
𝑇
[𝐷2𝑮(𝐸3, 𝜇

∗)(𝑽[3], 𝑽[3])] = 2𝜑2
[3]

(𝑣2
[3]

)
2
((𝜇∗ +

𝛾2𝛽1𝑍̂

(1+𝜔+𝛽1Ŝ)2
) 𝛿1 −

𝛾2 𝛿2

1+𝜔+𝛽1Ŝ
+

𝛾2𝛽2𝑍̂

(1+𝜔+𝛽1Ŝ)
2). 

Therefore, by Sotomayor’s theorem, the system (1) undergoes a transcritical bifurcation around 

𝐸3 at 𝜇 = 𝜇∗, as long as condition (45) is valid.   

If condition (45) is not fulfilled, then using eq. (42) it is determined that 

(𝝋[3])
𝑇
(𝐷3𝑮(𝐸3, 𝜇

∗)(𝑽[3], 𝑽[3], 𝑽[3])) =
6𝛾2𝜑2

[3]
(𝑣2

[3]
)
3

(1+𝜔+𝛽1Ŝ)
3 ((𝛽1𝛿1 + 𝛽2)((1 + 𝜔 + 𝛽1Ŝ)𝛿2 − 𝛽1

2𝑍̂𝛿1) −

𝛽2𝑍̂). 

This indicates that a pitchfork bifurcation can occurred as long as condition (46) is valid. If 

condition (46) is not fulfilled, then no any type of local bifurcation occurs. 

Theorem 8.4. System (1) undergoes a saddle-node bifurcation at 𝐸4 when the parameter 𝑟 passes 

into 𝑟∗ =
𝑘

𝑆∗𝑎23(𝑎31−𝑎32)
[𝑎13𝐵1 + 𝑎23𝐵2] , where 𝐵1 = (𝑎21𝑎32 − 𝑎22𝑎31) > 0, 𝐵2 =

𝛾1𝛽2𝑆∗𝑍∗𝑎31

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
− (𝜇𝑆∗𝑎31 +

𝛾1𝛽1𝑆∗𝑍∗𝑎32

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
) provided that conditions (21) and (23) with the 

following conditions are met 

𝑎32 < 𝑎31                               (47) 

  𝜇𝑆∗𝑎31 +
𝛾1𝛽1𝑆∗𝑍∗𝑎32

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
<

𝛾1𝛽2𝑆∗𝑍∗𝑎31

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
                      (48) 

𝜄1𝜑3
[4]

𝑐11

∗
+ 𝜄2𝜑3

[4]
𝑐21

∗
+ 𝜑3

[4]
𝑐31

∗
≠ 0                    (49) 

where 𝑎𝑖𝑗 for all 𝑖, 𝑗 = 1,2,3 are given in eq. (20).    

Proof. By using the 𝐽(𝐸4) which given in eq. (19), system (1) has the Jacobian matrix at 𝐸4 and 

𝑟 = 𝑟∗, which represents as 𝐽(𝐸4, 𝑟
∗) = [𝑎𝑖𝑗

∗], where 𝑎𝑖𝑗
∗ = 𝑎𝑖𝑗;  ∀ 𝑖, 𝑗 = 1,2,3. 

Direct calculation shows that 𝐴3
∗ = 0 in the characteristic equation which given in eq. (20) and 

then 𝐸4 becomes a non-hyperbolic equilibrium point with 𝜆∗ = 0.  

Now, let 𝑽[4] = (𝑣1
[4]

, 𝑣2
[4]

, 𝑣3
[4]

)
𝑇

and  𝝋[4] = (𝜑1
[4]

, 𝜑2
[4]

, 𝜑3
[4]

)
𝑇

represent the eigenvectors that 

corresponding to 𝜆∗  of 𝐽(𝐸4, 𝑟
∗)  and 𝐽𝑇(𝐸4, 𝑟

∗) . Simple calculations yield 𝑽[4] =

(𝜀1𝑣3
[4]

, 𝜀2𝑣3
[4]

, 𝑣3
[4]

)𝑇 and 𝝋[3] = (𝜄1𝜑3
[4]

, 𝜄2𝜑3
[4]

, 𝜑3
[4]

)𝑇, where  

 𝜀1 =
𝑎12(𝑎11𝑎23−𝑎13𝑎21)+𝑎13(𝑎12𝑎21−𝑎11𝑎22)

𝑎11(𝑎11𝑎22−𝑎12𝑎21)
, 𝜀2 =

(𝑎13𝑎21−𝑎11𝑎23)

(𝑎11𝑎22−𝑎12𝑎21)
, 
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𝜄1 =
𝑎21(𝑎11𝑎32−𝑎12𝑎31)+𝑎31(𝑎11𝑎22−𝑎12𝑎21)

𝑎11(𝑎11𝑎22−𝑎12𝑎21)
  𝑎𝑛𝑑 𝜄2 =

(𝑎12𝑎31−𝑎11𝑎32)

(𝑎11𝑎22−𝑎12𝑎21)
 . By using the above 

Mathematical expressions 

𝑮𝑟(𝑿, 𝑟) = (𝑆 (1 −
𝑆+𝐼

𝐾
) , 0,0)

𝑇

⇒ 𝑮𝑟(𝐸4, 𝑟
∗) = (𝑆∗ (1 −

𝑆∗+𝐼∗

𝐾
) , 0,0)

𝑇

⇒ (𝝋[4])
𝑇
𝑮𝑟(𝐸4, 𝑟

∗) =

𝜄1𝑆
∗ (1 −

𝑆∗+𝐼∗

𝐾
)𝜑3

[4]
≠ 0. 

According to Sotomayor’s theorem a first condition of the saddle-node bifurcation is occurred.  

Moreover, since 

𝐷2𝑮(𝐸4, 𝑟
∗)(𝑽[4], 𝑽[4]) = [𝑐𝑖𝑗

∗]
3×1

, 

Here, 

𝑐11
∗ = 2 [−

𝑟∗

𝑘
+

𝛾1𝛽1𝑍∗(1+𝜔+𝛽2𝐼∗)

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)3
] (𝜀1𝑣3

[4]
)
2

+ 2 [−(
𝑟∗

𝑘
+ 𝜇) +

𝛾1𝛽2𝑍∗(1+𝜔−𝛽1𝑆∗+𝛽2𝐼∗)

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)3
] 𝜀1𝜀2 (𝑣3

[4]
)
2

+ 2 [−
𝛾1(1+𝜔+𝛽2𝐼∗)

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
] 𝜀1 (𝑣3

[4]
)
2

+

2 [−
𝛾1𝛽2

2𝑆∗𝑍∗

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)3
] (𝜀2𝑣3

[4]
)
2

+ 2 [
𝛾1𝛽2𝑆∗

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
] 𝜀2 (𝑣3

[4]
)
2

.  

𝑐21
∗ = 2 [−

𝛾2𝛽1
2𝐼∗𝑍∗

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)3
] (𝜀1𝑣3

[4]
)
2

+ 2 [𝜇 +
𝛾2𝛽1𝑍∗(1+𝜔+𝛽1𝑆∗−𝛽2𝐼∗)

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)3
] 𝜀1𝜀2 (𝑣3

[4]
)
2

+2 [
𝛾2𝛽1𝐼∗

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
] 𝜀1 (𝑣3

[4]
)
2

+ 2 [
𝛾2𝛽2𝑍∗(1+𝜔+𝛽1𝑆∗)

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)3
] (𝜀2𝑣3

[4]
)
2

+ 2 [−
𝛾2(1+𝜔+𝛽1𝑆∗)

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
] 𝜀2 (𝑣3

[4]
)
2
  

𝑐31
∗ = 2 [

𝛽1𝑍∗(𝑒2𝛾2𝛽1𝐼∗−(1+𝜔+𝛽2𝐼∗)𝑒1𝛾1)

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)3
] (𝜀1𝑣3

[4]
)
2

+

2 [
−𝑍∗(𝑒1𝛾1𝛽2(1+𝜔−𝛽1𝑆∗+𝛽2𝐼∗)+𝑒2𝛾2𝛽1(1+𝜔+𝛽1𝑆∗−𝛽2𝐼∗))

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)3
] 𝜀1𝜀2 (𝑣3

[4]
)
2

+

2 [
(1+𝜔+𝛽2𝐼∗)𝑒1𝛾1−𝑒2𝛾2𝛽1𝐼∗

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
] 𝜀1 (𝑣3

[4]
)
2

+ 2 [
𝛽2𝑍∗(𝑒1𝛾1𝛽2𝑆∗−(1+𝜔+𝛽1𝑆∗)𝑒2𝛾2

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)3
] (𝜀2𝑣3

[4]
)
2

+

2 [
(1+𝜔+𝛽1𝑆∗)𝑒2𝛾2−𝑒1𝛾1𝛽2𝑆∗

(1+𝜔+𝛽1𝑆∗+𝛽2𝐼∗)2
] 𝜀2 (𝑣3

[4]
)
2

.  

Furthermore, utilizing eq. (41) results in 

(𝝋[4])
𝑇
[𝐷2𝑮(𝐸4, 𝑟

∗)(𝑽[4], 𝑽[4])] = 𝜄1𝜑3
[4]

𝑐11

∗
+ 𝜄2𝜑3

[4]
𝑐21

∗
+ 𝜑3

[4]
𝑐31

∗
≠ 0. 

Therefore, by Sotomayor’s theorem, the system (1) undergoes a saddle-node bifurcation around 

𝐸4 at 𝑟 = 𝑟∗, as long as conditions (47-49) are valid.   

9. NUMERICAL ANALYSIS 

In this section, the dynamics of system (1) are investigated numerically. The aim is to complete 
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the visualization of the global dynamics of the system, and to discover the effect of changing the 

values of the parameters on its dynamic behavior. The solutions are analyzed by analyzing time 

series and phase portraits analyses utilizing MATLAB Program. All the results are use the 

following initial points (3,5,7), (5,5,5), (4,7,6), (6,2,5), (8,6,4). 

The set of presumptive parameter values, which given in table (1), are utilized.  

Table 1: Presumptive sets of parameters: 

Parameters 𝑟 𝑘 𝜇 𝛾1 𝜔 𝛽1 𝛽2 𝛾2 𝜃1 𝑒1 𝑒2 𝜃2 

Values 2 10 0.02 0.2 2 0.6 0.4 0.25 0.08 0.4 0.4 0.1 

Furthermore, the blue points refer to the initial points, whilst the red point refers to the final state 

of the solution. It is noted that for the values in the table (1), system (1) approaches an interior 

equilibrium point as illustrated in Figure 1. 

Figure 1 shows that system (1) approaches asymptotically to the interior equilibrium point 𝐸4 =

(6.7,2.7,1.7) from various initial points. 
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Figure 1. The trajectory of the system (1) utilizing the parameter values in table (1). (a) Illustrates the phase portrait 

from various initial points. (b) Shows the time series of (a). (c) Illustrates the projection on the 𝑆𝐼 − plane. (d) 

Illustrates the projection on the 𝐼𝑍 − plane. (e) Illustrates the projection on the 𝑆𝑍 − plane. 

 

Now, the impact of changing the parameter 𝑟 on the dynamic of system (1) refers that when 0 <

𝑟 ≤  0.29, the system approaches 𝐸2 in the 𝑆𝐼 − plane from various initial points (see Figure 2). 

Also, system (1) approaches the interior point 𝐸4 when 0.3 <  𝑟, which is illustrated by Figure 

1. 

 

 

Figure 2. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 𝑟. (a) 

Illustrates the phase portrait when 𝑟 = 0.2. (b) Shows the time series of (a). 

 

In Figure 3, the effect of varying the parameter 𝑘 on the dynamic of system (1) discovers that it 
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approaches 𝐸1 when 1 ≤ 𝑘 < 4.2. So, it approaches 𝐸2 in the 𝑆𝐼 − plane when 4.2 ≤ 𝑘 < 7.6. 

in the range 7.6 ≤ 𝑘 < 17, the trajectory approaches 𝐸4 (see Figure1).The trajectory approaches 

𝐸3  in the 𝑆𝑍 − plane  when 17 ≤ 𝑘 < 35 . Finally, for 35 ≤ 𝑘  the trajectory approaches a 

periodic oscillation in the 𝑆𝑍 − plane. 
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Figure 3. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 𝑘. (a) 

Illustrates the phase portrait when 𝑘 = 3. (b) Shows the time series of (a). (c) Illustrates the phase portrait when 𝑘 =

6. (d) Shows the time series of (c). (e) Illustrates the phase portrait when 𝑘 = 20. (f) Shows the time series of (e). (g) 

Illustrates the phase portrait when 𝑘 = 35. (h) Shows the time series of (g). 

 

It is observed that system (1) approaches 𝐸1  when 𝜇 = 0  (in the absence of disease), it 

approaches 𝐸2  in the 𝑆𝐼 − plane  when 0 < 𝜇 < 0.01 . In the range 0.01 ≤ 𝜇 < 0.3  the 

trajectory approaches 𝐸4  (see Figure 1). Again, system (1) approaches 𝐸2  in the 𝑆𝐼 − plane 

when 0.3 ≤ 𝜇, (see Figure 4). 
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Figure 4. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 𝜇. (a) 

Illustrates the phase portrait when 𝜇 = 0. (b) Shows the time series of (a). (c) Illustrates the phase portrait when 𝜇 =

0.01. (d) Shows the time series of (c). (e) Illustrates the phase portrait when 𝜇 = 0.35. (f) Shows the time series of 

(e).  

 

 

To explain the impact of changing the parameter 𝜔 on the dynamic of system (1) and by utilizing 

the parameter values in table (1), the impact of wind flow with various values are plot as illustrated 

in Figure 5. It is note that, system (1) approaches 𝐸3 in the 𝑆𝑍 − plane when 0 ≤ 𝑤 < 1. Also, 

the trajectory approaches asymptotically 𝐸4  in the range 1 ≤ 𝜔 < 3.5 . Moreover, it 

approaches 𝐸2 in the 𝑆𝐼 − plane for 3.5 ≤ 𝜔. 
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Figure 5. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 𝜔. (a) 

Illustrates the phase portrait when 𝜔 = 0. (b) Shows the time series of (a). (c) Illustrates the phase portrait when 𝜔 =

10. (d) Shows the time series of (c).  

 

In Figure 6, the effect of varying the parameter 𝛾1 on the dynamic of system (1) discovers that it 

approaches 𝐸2 in the 𝑆𝐼 − plane when 0 < 𝛾1 < 0.1. So, it approaches 𝐸4 when 0.1 ≤ 𝛾1 <

0.3 (see Figure1). In the range 0.3 ≤ 𝛾1 < 0.45, the trajectory approaches 𝐸3 in the 𝑆𝑍 − plane. 

Finally, for 0.45 ≤ 𝛾1 the trajectory approaches a periodic oscillation in the 𝑆𝑍 − plane. 
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Figure 6. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 𝛾1. (a) 

Illustrates the phase portrait when 𝛾1 = 0.05. (b) Shows the time series of (a). (c) Illustrates the phase portrait when 

𝛾1 = 0.3. (d) Shows the time series of (c). (e) Illustrates the phase portrait when 𝛾1 = 0.7. (f) Shows the time series 

of (e). (g) Illustrates the projection on the 𝑆𝑍 − plane.  

 

The influence of changing the parameter 𝛽1  on the dynamic of system (1) refers that when 

0 < 𝛽1 < 0.5  the trajectory approaches 𝐸3  in the 𝑆𝑍 − plane  as in Figure 7. Moreover, the 

trajectory approaches 𝐸4 when 0.5 ≤ 𝛽1, see Figure 1. 

 

Figure 7. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 𝛽1. (a) 

Illustrates the phase portrait when 𝛽1 = 0.3. (b) Shows the time series of (a). 

 

The influence of changing the parameter 𝛽2  on the dynamic of system (1) refers that when 

0 < 𝛽2 < 0.7 the trajectory approaches 𝐸4 as in Figure 1. Furthermore, the trajectory approaches 
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𝐸2 in the 𝑆𝐼 − plane when 0.7 ≤ 𝛽2, see Figure 8. 

 

Figure 8. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 𝛽2. (a) 

Illustrates the phase portrait when 𝛽2 = 0.8. (b) Shows the time series of (a). 

 

The impact of varying the parameter 𝛾2  on the dynamic of system (1) indicates that when 

0 < 𝛾2 < 0.2 the trajectory approaches 𝐸2 in the 𝑆𝐼 − plane as in Figure 9. Furthermore, the 

trajectory approaches 𝐸4 when  0.2 ≤ 𝛾2, see Figure 1. 

 

 

Figure 9. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 𝛾2. (a) 

Illustrates the phase portrait when 𝛾2 = 0.1. (b) Shows the time series of (a). 

 

Now, the impact of changing the parameter 𝑒1 on the dynamic of system (1) refers that when 0 <

𝑒1 < 0.3, the system approaches 𝐸2 in the 𝑆𝐼 − plane from various initial points.  Also, system 
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(1) approaches the interior point 𝐸4 when 0.3 ≤  𝑒1 < 0.5, which is illustrated by Figure 1. For 

0.5 ≤ 𝑒1 < 0.9 , it approaches 𝐸3 in the 𝑆𝑍 − plane, while for 0.9 ≤ 𝑒1, it approaches a periodic 

oscillation in the 𝑆𝑍 − plane, see Figure 10. 
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Figure 10. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 𝑒1. (a) 

Illustrates the phase portrait when 𝑒1 = 0.1. (b) Shows the time series of (a). (c) Illustrates the phase portrait when 

𝑒1 = 07. (d) Shows the time series of (c). (e) Illustrates the phase portrait when 𝑒1 = 0.9. (f) Shows the time series 

of (e). (g) Illustrates the projection on the 𝑆𝑍 − plane.  

 

The impact of varying the parameter 𝜃1 on the dynamic of system (1) refers that when 0 < 𝜃1 <

0.2 the trajectory approaches 𝐸4 as in Figure 1. So, the trajectory approaches 𝐸1when  0.2 ≤

𝜃1, see Figure 11. 

 

 

Figure 11. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 𝜃1. (a) 

Illustrates the phase portrait when 𝜃1 = 0.5. (b) Shows the time series of (a). 
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In Figure 12, the effect of varying the parameter 𝑒2 on the dynamic of system (1) discovers that 

it approaches 𝐸2 in the 𝑆𝐼 − plane when 0 < 𝑒2 < 0.35. So, it approaches 𝐸4 when 0.35 ≤ 𝑒2. 

 

 

Figure 12. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 𝑒2. (a) 

Illustrates the phase portrait when 𝑒2 = 0.2. (b) Shows the time series of (a).  

 

Finally, the impact of varying the parameter 𝜃2 on the dynamic of system (1) refers that when 

0 < 𝜃2 < 0.05 the trajectory approaches a periodic oscillation in the 𝑆𝑍 − plane. Furthermore, 

the trajectory approaches 𝐸3 in the 𝑆𝑍 − plane when  0.05 ≤ 𝜃2 < 0.1, while it approaches 

𝐸4  when 0.1 ≤ 𝜃2 < 0.2 . moreover, for 0.2 ≤ 𝜃2  the trajectory approaches 𝐸2  in the 𝑆𝐼 −

plane see Figure 13. 

 

 



34 

RASHA A. ALI, HIBA ABDULLAH IBRAHIM 

 

  

  

Figure 13. The trajectory of the system (1) utilizing the parameter values in table (1) with different values of 𝜃2. (a) 

Illustrates the phase portrait when 𝜃2 = 0.04. (b) Shows the time series of (a). (c) Illustrates the projection on the 

𝑆𝑍 − plane. (d) Illustrates the phase portrait when 𝜃2 = 0.07. (e) Shows the time series of (d). (f) Illustrates the phase 

portrait when 𝜃2 = 0.5. (g) Shows the time series of (f).  
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10. CONCLUSION AND DISCUSSION 

The effects of wind and disease are explored from a dynamics viewpoint in this paper utilizing 

a prey-predator model. The properties of the solution are demonstrated. The existence of 

equilibrium points and their stability are investigated. The persistence of system (1) are explained. 

The global stability of all possible equilibrium points is employed. The local bifurcation around 

the equilibrium points are investigated.  

System (1) is solved numerically utilizing a set of parameter values as in table (1) and starting 

from various initial points to confirm the analytical results which obtained and understand the 

effect of changing the parameter values. It is spotted that the system has various types of dynamics. 

It is noticed that decreasing the intrinsic growth rate, the attack rate of the predator on the infected 

prey and conversion rate from infected prey below the specific value, lead to lose the persistence, 

and the trajectory goes to the PF-EP. 

On the other side, decreasing the attack rate of the predator on the susceptible prey and 

conversion rate from susceptible prey below a specific value lead to loss of persistence, and the 

trajectory goes to the PF-EP. While increasing of them above a specific value lead to loss of 

persistence, and the trajectory goes to the IPF-EP. Furthermore, increasing them further above a 

specific value lead to loss of persistence, and the trajectory goes to a periodic oscillation in the 

𝑆𝑍 − plane. 

On the other hand, decreasing the carrying capacity below a specific value lead to loss of 

persistence, and the trajectory goes to the PF-EP. While decreasing further lead to loss of 

persistence, and the trajectory goes to the AEP. Moreover, increasing it above a specific value lead 

to loss of persistence, and the trajectory goes to IPF-EP. Whilst increasing it further lead to loss of 

persistence, and the trajectory goes to a periodic oscillation in the 𝑆𝑍 − plane. 

Moreover, increasing (decreasing) the infection rate above (below) a specific value lead to loss 

of persistence, and the trajectory goes to the PF-EP. While decreasing it further lead to loss of 

persistence, and the trajectory goes to the AEP. However, decreasing the wind flow below a 

specific value lead to loss of persistence, and the trajectory goes to the IPF-EP. While increasing 

it further lead to loss of persistence, and the trajectory goes to the PF-EP.  

Also, decreasing the hindrance rate in susceptible prey catching for the predator below a 

specific value lead to loss of persistence, and the trajectory goes to the IPF-EP.  

Furthermore, increasing the hindrance rate in infected prey catching for the predator above a 

specific value lead to loss of persistence, and the trajectory goes to the PF-EP. On the other hand, 
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increasing the mortality rate of predator above a specific value lead to loss of persistence, and the 

trajectory goes to the AEP. Finally, increasing the mortality rate of infected prey above a specific 

value lead to loss of persistence, and the trajectory goes to the PF-EP. Moreover, decreasing it 

below a specific value lead to loss of persistence, and the trajectory goes to the IPF-EP. While 

decreasing it further lead to loss of persistence, and the trajectory goes to a periodic oscillation in 

the 𝑆𝑍 − plane.  

Therefore, the previous conclusions explained that system (1) is sensitive to varying the 

parameter values. In this paper, the future direction will be discussed as follows 

For the suggested a prey-predator model which involving the wind flow and disease in prey, it's 

possible to develop it. Various types of functional responses which describing the process of 

predation. In addition to studying the impact of time delays on the ecosystem. 
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