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Abstract. Buruli Ulcer, a devastating skin disease caused by Mycobacterium Ulcerans, poses considerable public
health challenges in endemic areas. This article focuses on the use of fractional optimal control theory to prevent
the spread of Buruli ulcers via integrated public health interventions. We formulated a mathematical model using
the Atangana-Baleanu-Caputo fractional order derivative operator. We investigated the model’s existence and
uniqueness and presented numerical simulations using the predict-evaluate-correct-evaluate (PECE) method of
Adam-Bashforth Moulton. We also study the fractional optimal control problem (FOCP) to minimize the spread
of the disease in the endemic regions. We employ the Fractional Pontryagin’s Maximum Principle (FPMP) and
implement the forward-backward method to determine the extremals of the problem. Four control strategies were
implemented: promoting health education on the use of protective clothing, enhancing vaccination rates, improving
treatment protocols for infected individuals, and spraying insecticides to reduce water-bug populations. After
examining the optimal control dynamics of the Buruli ulcer transmission model via multiple simulations with and
without control, we discover that there is a substantial decrease in the population of infected humans and the water-
bug population. Hence we conclude that the best strategy to implement is by applying all the control strategies
suggested.
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1. INTRODUCTION

Buruli ulcer is a mysterious necrotizing tropical skin disease which is found mainly in the
tropical regions with high cases recorded in Africa, America, Asia and Western Pacific [1, 39,
14, 15]. Amongst the 20 countries in Africa that cases have been recorded, Ghana recorded
over 11,000 cases, Cote d’Ivoire recorded 21,000 and Togo reported over 2,000 cases[1]. While
previously considered a childhood disease, statistical analysis shows that over 25% of affected
individuals are over 50 years old [16].

The disease-causing organism belongs to the same family of bacteria that causes leprosy and
tuberculosis, presenting a possibility for collaboration between the two disease programs [37].
Whereas the disease is known to be linked to contaminated water, according to the authors of
[3] the mode of transmission to humans is still unclear, which makes it difficult to propose con-
trol interventions[38]. While the mode of transmission remains unresolved, once the causative
bacterial, Mycobacterium Ulcerans enters the skin through direct injury or bites from insects
like water bugs or mosquitoes as hypothesized in literature, it releases the Mycolactone Toxin
[6, 3]. This toxin is responsible for the immunosuppression, cytotoxicity, modulation of host
cell function and ultimately, the proliferation of Mycobacterium Ulcerans [7, 8]. Buruli Ul-
cer starts as nodule with no pains in patients but develops into painless ulcerating wound with
weakened edges[4, 2]. Due to its painlessness [5], patients who mostly live in rural areas re-
port late for treatment due to the reliance on traditional medication [9] and by which at the
time of reporting, the ulcerating wound might have reached a severe stage which may lead to
amputation of body part(s) or weeks to months of hospitalization. The cost and long duration
of treatment coupled with its associated stigma and economic hardships that comes to bear on
patients and their immediate aids is very alarming [31]. However, although clinical treatment
is the ultimate effective preventive measure, one of the effective control measures for Buruli
Ulcer is promoting education on the relevance of early detection through targeted programs and
campaigns can increase public awareness of the availability and of clinical interventions[10]

thereby reducing the disease’s stress.
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Although several mathematical models on BU are found in literature, few of these models
provide insight into the understanding of the dynamics of the transmission of the disease, effi-
cient and effective control measures and the use of the model to predict a suitable prevention
technique. The authors in [37] developed a non-linear mathematical model to examine the
optimal control of transmission dynamics of Mycobacterium Ulcerans and obtained qualita-
tive results using theories of stability of differential equations, optimal control and computer
simulations. The authors employed two optimal control conditions, that is environmental and
health education to people for prevention and to apply water and environmental purification
rate. Based on the numerical results obtained, the authors established that, application of opti-
mal control leads to the decrease of the number of infected water-bugs and also decreases the
number of human infected by MU. However the authors concluded that, in order to reduce the
spread of MU infection,the application of optimal control on environmental and health educa-
tion in human must be used for prevention. Although [13] and [39] used somewhat different
optimal control conditions, they yielded similar results and conclusions to those found in [37].

In [28], the authors used fractional and integer derivatives to study the dynamics of the trans-
mission of Buruli ulcer. They established that, in quantitative sense, the fractional model used
in the study presented knowledge of the history as compared to the classical model. Never-
theless, the authors admitted that all results obtained are limited to fractional derivatives in the
Caputo sense and expressed uncertainty in the possible results of using other fractional deriva-
tives such as the Caputo - Fabrizio or Atangana—Baleanu. Again the authors did not incorporate
any optimal control conditions but rather maintained it as a constant. However, in this study,
we formulated a mathematical model to prevent the spread of Buruli Ulcer using the Atangana-
Baleanu-Caputo fractional order derivative operator as well as public health interventions.

The rest of the article is organized as follows: the preliminaries of fractional calculus are
introduce in section 2, the fractional BU model is derived in section 3, the analysis of the BU
model is discussed in section 4, the numerical simulation of the BU model is discussed in
section 5, section 6 describe the fractional optimal control problem, the numerical simulation
and discussion of optimal control problem is presented in section 7 and finally we conclude in

section 8.
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2. PRELIMINARIES

We present important definitions and Lemma necessary for the development and analysis of

the fractional model.

Definition 2.1 ( [34, 35]). The Atangana-Baleanu fractional derivative in the Caputo sense

(ABC) with order o € (0, 1] and lower limit zero for a function g € H'(0,T) is defined by
M(o) [1 -
ppslt) = 1 [ Bu (2% 0-0) ¢ (21t

:1—oc 11—«

where M(o) = 1— o+ % is the normalization function satisfying M(0) = M(1) =1, and E

is the Mittag-Leffler function expressed as
k

- z
(1) Eq(2) —kfbm

Definition 2.2 ([27]). The associated ABC fractional integral is defined by
-« o !

— gt +—/ t—1)% lg(1)dx.
M(a)g( ) M@ () J. (1 —=7)" g(7)

Definition 2.3 ([35]). The Laplace transformation of the equation above is expressed as
M t _
2{pten} ()= 1D 2| ['5, (L) g (2)a
l—-o a l—o

_ M(a) (s*2{g(1)}(s) —s*'g(0))
(1—a)s*+ o '

) Brrg(r) =

3)

Lemma 2.4 ([26]). If o € (0,1] and h(t) € C[0,1]. Then the solution to

(2D ) (1) = h(r)
“4)
£(0) = go,

is given by

(5) g(t) = go+21§ *PCDfg(1).
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3. FRACTIONAL ORDER MODEL DERIVATION

Using systems of nonlinear differential equations, we build up a compartmental model for the
transmission dynamics of Buruli Ulcer. The model includes two population, that is human and
water-bug populations. The total human population is given by N (¢) is subdivided into five
classes; Susceptible Sy (7), Vaccinated, Vi (¢), Exposed Ep(t), Infected Iy (7) and Recovered

Ry (t). Hence the dynamics of the total human population is
Ny(t) =Su(t) +Eg(t) +Vy(t) +1g(t) + Ry(1).

The second population which is the water-bug has a total population N,,(¢) which is subdivided
into Susceptible water-bug S,,(¢) and Infected water-bug class I,,(¢). Hence the dynamic of the

total water-bugs population is
Nw(t) = Sw(t) +Iw(l)'

We consider Ay to be the recruitment rate into the susceptible human class. We assume that
susceptible humans get infected when bitten by infected water-bugs, hence the force of infection
is given by p 1Sy, where p is the biting rate and f3; is the transmission probability rate. We
also assume that the vaccine is imperfect, hence vaccinated individuals can be infected when
bitten by infected water-bugs at a reduce rate of (1 — o). The parameters 7 and A are the rate
at which susceptible humans are vaccinated and the vaccine wane rate respectively. ugy is the
natural mortality rate that occurs in the human population. Hence the dynamics of both the

susceptible and vaccinated class is

% = Ay —pBiSuly, — (T4 Upy)Sy + KRy + AVy

and
‘%H Sy — (tp + AWV — (1 — &)Wk,
respectively. The exposed class increases by p 1Syl and o(1 — 6)Vyl,, while it decreases by
(ug + €) where € is the rate at which exposed class become infected. Hence the dynamics of

the exposed class is

dE
d_tH = pBiSuly — (Uy + €)Ep + o(1 — 0)Vyl,,.
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The infected human class increases at the rate by which individuals leave the exposed class €Ex
and decreases by (tg + 6 + 7). Therefore the dynamics of the infected human class is

dl

d_f = €Ey — (Un + 6 +7)u,
where the 6 and y are death induce by the disease and recovery rate respectively. The recovery
class increases by the rate T and decreases by ({y + k) where K is the rate at which recovered

individuals become susceptible again. Hence the dynamics of the recovered class is

dR
d_tH = ¥lg — (K+ Ug)Ry.

The susceptible water-bug becomes infected by biting an infected human and coming into con-
tact with the Mycobacterium Ulceran, hence the force of infection is given by p,S,,/y. The

dynamics of the susceptible water-bug class is

dsS,

Dw Ay~ pBa(1—9)Suli,
I pB2(1—0)Syln

where ¢ is the rate at which susceptible water-bugs are infected by coming into contact with the
Mycobacterium Ulceran environment. Lastly the dynamics of the infected water-bugs is given
by

dl,
E = pBZ(l - ¢)SWIH - .uWIW-

The following assumptions were made in order to derive the Buruli Ulcer model[39].
The transmission dynamics consist of two populations, human and water-bug population, the
pathogen is transferred from waterbugs to humans and vice versa, Distinct recruitment and
death rates, Imperfect Vaccination: Hence vaccinated, individuals can be infected when bitten
by infected water-bugs at reduce rate of (1 — ¢),potential reinfection of recovered individuals,
the population of water-bugs is higher than that of humans and the rate at which water-bugs

come into contact with Mycobacterium Ulcerans in their environment is ¢.
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In Fig (3) and system (6), the schematic diagram and equations are described respectively.

( dSH
—p = M= pBiSuly — (t +T)Sp + AVy + KRy
dc% = pBiSuly — (Uu + €)Eg + o(1 — )Vl
ddif’ = €Ey — (U + 7+ 8)In

(6) dditH = Yl — (K + ug )Ry

da% =18y — (Up +A)Vy — o(1 — 6)Vyl,
B N pBa(1— 9)Suli — S,

| 2= B0~ 0)Sults — k.

with positive initial conditions Sy (0) > 0, Vx(0) > 0, Ey(0) > 0, Iy(0) > 0, Ry (0) >
0, S,,(0) >0 and 1,,(0) > 0.

An pBiSHI, eEy I Yin
Su Ey H Ry
AS N
\ A9
\6) \L X \L
TS[-[ AV\\/\\ 61]—] \\ “RH
S N \
\ \
N \
\
\ AW
Sw
LSy

The compartmental model for Buruli Ulcer

We now formulate the Atangana-Baleanu Caputo (ABC) fractional order derivative form of the

equation (6) as
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(ABCDOS, = A% — p*BESyT, — (UZ +T%)Sy + A%V + KRy
ABCDY By = p*BESyl, — (U 4 €*)Ey + 0% (1 — 6)Vyl,,
ABCDC T, = e%Ey — (U + 7% +8%)Iy
DY Ry = y* 1y — (K% + U )R
ABC na _ A a a a
D/ Vg =178y — ([.LH—l—)L )VH—(D (1 — G)VHIW

ABCDtaSw =AY —pYBY (1 —0)Swly — pySw

ABCDzaIw =p*BY(1—¢)Swly — 1,

\

with the initial conditions Sg(0) > 0, Vg (0) > 0, Ex(0) > 0, Iz(0) > 0, Ry (0) > 0, S,,(0) >

0 and I,,(0) > 0, where 0 < ¢ < T and “2¢D?* denotes the Atangana-Baleanu Caputo fractional

derivative of order o € (0,1] .

The parameters and variables of the model (7) are described in detail below, see Table 1.

Parameter Description

B
p
Uy

The transmission probability of infected water-bugs.

The biting rate of infected water-bugs on susceptible individuals.
The natural mortality rate of the human population.

Represent the rate at which exposed class become infected.

The recovery rate.

Birth rate of susceptible humans.

The recruitment rate of susceptible water-bugs.

The transmission probability of infected humans .

The rate at which recovered individuals become susceptible.
Represent the induced death rate by the disease.

Efficacy of the vaccine.

The proportion of Mycobacterium Ulceran infecting water-bugs.
Vaccination rate.

Vaccine wane rate.

TABLE 1. Parameter and Variable Descriptions
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4. MATHEMATICAL ANALYSIS OF THE MODEL

In this section, we consider the qualitative aspects of the model (7). We present the proof of
existence and uniqueness of the solution by means of fixed point iteration technique in specific

norm.
4.1. Existence And Uniqueness Of Solution.

Theorem 4.2. [12] Suppose that F(X) is a Banach space of real-valued continuous functions
defined on the interval X = [0,T| with the sup norm, and let G = F(X) x F(X) x F(X) x
F(X) X F(X) X F(X) with the norm ||(SH,EH,IH7RH,VH,SW,IW)|| = ||SHH + ||EH|| + ||IHH +

|\Re || + Ve ||+ |Swl| + L], where

)
1Sa]| =sup{[Su(1)] : 1 € X},

|En|| =sup{|En(2)] : 1 € X},
|17 || = sup{|lu (1)] : 1 € X},
®) IRz || =sup{|Ru (£)| : 1 € X},
V|| =sup{|Ve(1)] : 1 € X},

1Sl =sup{|Sw(1)[ : 1 € X},

| [l =sup{[L,(1)] -1 € X}.

Proof. Applying the fractional ABC operator on both side of the equation (7) yields

([ Su(t) — S (0) =2BCDYSy = A% — p*BESyT, — (uf + T%)Sy + A%V + K*Ry
Ey(t) — Ey(0) =5CDYEy = p*BESyl, — (u¥ + €*)Ey + 0% (1 — 6)Vyl,,
In (1) = 15 (0) =P DIy = €*Ep — (1ff + 7%+ 8%)In
) Ry (1) — Ry (0) = **°DF Ry = v*In — (k% + W} )Ry
Vi () — Vi (0) =Dy = 198y — (uS 4+ A%) Vi — 0%(1 — 6)Vyl,,

Sw(t) —Sw(0) :ABCDtaSw =A] _Paﬁza(l —0)Swly — Uy Sy

L,(t) —1,(0) = ABCDzaIw = Paﬁza(l —0)Syly — py 1y,
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with the initial conditions Sy (0) > 0, Vg (0) >0, E5(0) >0, I5(0) >0, Ry (0) >0, S,,(0) >

0 and 1,,(0) > 0 where 0 < t < oo and AB¢D¥ denotes the Atangana-Baleanu Caputo fractional

derivative of order & € (0,1] .

Applying Definition (2) on the model system Eq (6) we obtain;

(10)

where

(1)

/

S1(0) = S1(0) = 71 (Su0).0)+ rrasees [0= 0" e (Su(r).r)ar
En(6)=En(0) = yrees i Enl0).0) + greosoes [ =)l E(0). )
I (0) ~1(0) = ﬁgaaﬂm,r) it b (=1 gl (1), F)dr
Ri(0) = R (0) = Jrgs(Ra(0).0) + grrosis [ 0= ea(R ().
Vi0) = Vi 0) = S s(Vi (1)) + grasees [ 0= as(Vi(0).

()= $u(0) = S 6(5u(0).0) + o [ (=) ae(Sulr).
() ~100) = S en((0).0)+ greosees [0= 0" er (). e

g1(Su(t),t) =AYy — p*BSuly, — (uf +1%)Sy +A%Vy + KRy
g2(En(1),t) = p*B¥Sul, — (UF + €*)Eg + 0% (1 — 0)Vul,
g3(Iu(1),t) = €%Ey — (Uf +7* + 8%y

g4(Ry (1),1) = ¥¥Iy — (k% + )Ry

gs(Vu(t),t) = t%Sy — (U +A*)Vy — 0*(1 — o) Vyl,

86(Sw(1),1) =AY —p*By (1 —9)Syly — Uy Sy

g7(Lw(t),1) = p“By (1= 9)Suly — /1.

\

Given that Sy (1), Eg(t),Ig(t),Ru(t), Vi (t),S,(¢) and I,,(¢f) have an upper bound, then
gl(SH(t)vt)?g2(EH(Z)7t)7g3(IH(t)7t)7g4<RH(l)vt)?gS(VH(I)J)vgﬁ(SW(I)?t)’ and g7(IW(t)at) are
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said to satisfy the Lipschitz condition. Let Sy (¢) be two functions, such that

(12)

&1 (Sz(2),0) = g1(Sg (1), )l = | = P B Stk — (g + ) S+ p* B* Syl + (17 + %) Sy |

= || =818z — (ugf +7%)Su + 815y + (g +7%)SH||
= | = (S1+ug+7%)(Su—Sp)|l
= (St +ug + 9] |(Se = Sg) |

<wi||(Su—Sg)||

In the same procedure we obtain;

(llg2(En(1),1) = g2 (Egy (1), 1)]| < wal|(Ex — Efy)|
83 (et (1)) — 83(I (1), 1) || < wsl| (I — Iy )|

184(Rri (2),1) — 84 (R (£),2) || < wal|(Rer — Ry )|

13
w 185 (Ve (2),2) — g5 (Vi (1), 1) | < ws|| (Ve — Vi) |
g6 (Sw(1),7) = 86(S (1), 1) | < well (S — S)
L e (B (2),0) = g2 (L, (), )| < wal| (B = L)
Hence, w;, i = {1,...,7} are the corresponding Lipschitz constants that satisfies the Lipschitz

condition for all the functions Sy (¢), Ex (), Iu(t), Ru (), Vu(t), Sw(t) and I,,(¢). We can rewrite

equation (10) recursively as

(14)

(1) = 770815 0.0+ 0 [0 =0 (S ().0) dr+ 540

En(0) = 3B (0.0 + 500 [ 0= 0" ea(Ey (1).1)dr-+ En(0)

1(0) = Srraal, 0.0+ 500 [ =0 sl (7)) dr+ 14 0)

Ri(0) = grrares R (0.)+ 7o [ 0= aa(Ry (1).0)dr-+Ry (0

Vi) = 3 65V (00)+ 3705 [ 0= sV (0.1) -+ Vi )

$u(0) = 378608 00+ 3705 [ 0= 6(S, (7)) dr+5,0)
11—«

ol (0.0 7 [ =0 gl (), dr+1,(0),

MO = Ma) (o)
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Taking the difference of the successive terms together with the initial conditions in equation (7)
, the following system of equations are derived, given by
( -«
Aoty = Su(t) = Sh, ,(t) = M(a) (1(SH,_, (1),1) — 81(Su, ,(1)))

+m/o (t—r)*! (81(Sa, ,(r),r) —81(SH, ,(r),r)) dr,

) = ) = B () = 370 (2l (1)) = 2By (1)

* m /Ot(t - r)oc—l (gz(Eanl (r),r) _82(EH,1,2(1’),V)) dr,

sty = tt) = Iy, 1) = ;4; y (830,01 (1):0) = 83(0m, (1))
+ m /Ot(t =) (g3, (r),r) = g3(I, (1), 1)) dr,

) = Rir) = Ri () = 370 (R (1)) = a(Rr, 1)
15) )
i@ 0 (4R 0.0 = gulRn (7))

Ay ey = Ve (1) = Va, (1) = ;TO?; (85(Va,_, (1),1) — 85(Va, ,(1)))

+ m/o (t—r)*" (g5(Va,_, (r),r) — g5(Va, ,(r),7)) dr,

)LSwﬁ,,(t) = Sw(1) _SWn71(t) - ;/Iz ) (g6(SWn (1), t)— 86(Swn72(t)>)

+m/o (t =) (86(Sw,_, (r),7) — 86(Sw, ,(r),7)) dr,

M = 20 = 0 = 75 (870 (0.0) = 7(1, (1)
\ Jrﬁm/ot(f—r)”‘l (87(hv,_, (r),7) = g7(hy,,(r), 7)) dr,

Also, it can be observed that

SHn ZASHJ EHn ZA«EH] IHn ZA'IH] RHn Z)'RHJ

VHn Z AVHJ Swa(t) = Z(t)ﬂ'sw,j(t)’ Lon(t) = Z(,)A’Iw.,j(f)
J= j=
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Using equations (12) and (13) and taking into account that
Ay () = St 1 (1) = Sm, 5 (1),
Aty i (t) = Bty (1) = En, 5 (1),
My r0) =1, () = I, 5 (1),

(16) ARH,nfl (l) = Ranl (t) - RHn72 (t)7

Then, the following are derived

-« a ! _
Ay 0|1 < (A/I(()l)wl)|MSH’"l(t)||+1\/[((XF(OC)/o (t—r)* ]W1HKSH‘,1,1(r)||dFa

l-a o ! _
1Ay, 0|l < (rswa) 1 Agy 0| + s [ (=) wallAg,, (1 dr;
M(a) M(a)T'(a) Jo
l-«o o ! _
12,01 < (s Wl g )|+ e [ (=) wall Ay, ol d,
M(o) M(a)T(a) Jo
- o ! o1
(17) HA’RHn(l‘)H S ( w4)||A’RH,,,](I)H+7 (t_r) W4||A’RH,,,](Y)Hdr’
M(a) M(a)'(a) Jo
-« o g _
[0l < (A/I(a)WS)’/IV””‘(’)”jL]\/I(aF(a)/o (t =) sl Ay, (0l dr,
l-«o o ! _
([, I < ( wo)llAs,, ol + = [ (=) willAs,, 1 dn
M(@) M(a)'(a) Jo
I-a o ! _
W] < (o Wy, ol s [ (=) Nwall Ay, ol dr
M(a M(a)'(a) Jo
which completes the proof. 0

Theorem 4.3. [12] The proposed fractional order Buruli Ulcer ABC operator model equation
(7) possesses a unique solution for some ty € [0, T| if the following condition holds true.

11—«

(18) M—(a)

w;+ W?l()<1, j=1,...,

(04
M(a)l(a)

Proof. Ttis evident that Sy (7), Eg (), Iy (t), Ry (t), Vu(t), S, (t) and 1,,(7) are bounded functions
and adhere to the Lipschitz condition. Furthermore, the functions g, g2, g3, g4, &5, g¢ and

g7 also comply with the Lipschitz condition as demonstrated in(12) and (13). Therefore, by
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applying the recursive principle and using equation (17), the following system can be derived.

sy | < 1150 >\|< T +A4(Of;’1‘i(mwl),

A&y, || < [|Er (O)]]

1Az, || < (11 (0)] W3t M)

1A%, | < [V 0]

&
+
s

5

< [1Sw(0)]]

ox
§

125, 6

(s ™)

( @)

19) At < [RHO)] (““wﬁ w)
(s ™)

(i st

@)

1, | < (0 ( e

Thus, the sequences derived above exist and satisfy
1ASma(o)| =0, [[AVen(@)[| =0, [[ALnn(@)[ =0, [[Aen(a)]| =0, [[ATna(e)] =0,

and

|ARun(@)|| =0 as n— oo

Additionally, from equation (19) and utilizing the triangular inequality for any r, we obtain

( rir j n+1 xiz+r+1
1Sk, ., () = Sh, (1)]| < X =
’ j=n+1 l_xl
n+r . n+l xé1+r+l
|En, ., () — En, (1)]] < X =
+ j ;H 1=2
n+r n+1 n+r+1
i X3 — X3
HI n )( IHn | < Z X3
’ Jj=n+1 1_X3
n+r j XVH—I xn+r+1
(20) IR, (1) = Ru, )] < Y, 4 = H—"2— 1 —
j=n+1 — X4
n+r n+1 n+r+1
X5 —Xs
HV H, r( H < Z XS
’ Jj=n+1 I_XS
n+r n+1 n+r+1
Xoe —Xo
HSWn r( Wn H < X6
" J ;rl - X6 ,
n+r n+1 n+r+1
X7 — X7
len r( H < Z X7 )
! j=n+1 I_X7
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Where, xi = ﬁwi + mmwi fori = {1,2,...,7} . As a result, Sy, Enn,lHn,
RH n,VH 5, Swn and I, form Cauchy sequences within F(x), converging uniformly. The limit
of these sequences represents the unique solution to (7), demonstrated through the application

of the limit theory in equation (14) as n approaches infinity. Thus, the existence of the unique

solution for the fractional order ABC model system equation(7) is established. UJ

5. NUMERICAL RESULTS

In this section, we present the numerical simulation of the fractional model (7). We consider
the parameter values in (2) and observe the dynamics of both class of human and the water-bug
population. We considered the following initial conditions Sy (0) = 280,Ey = 80, Iy(0) = 25,
Ry (0) =20, Vg (0) = 20,S,,(0) = 700,1,,(0) = 44. Varying orders of the fractional derivatives
o= {0.8, 0.85, 0.9, 0.95} were used for the simulations.

Parameter Value Source Parameter Value Source

Bi 0.69 [39] T 0.002 Assumed
p 0.0099  Assumed A 0.02 Assumed
UH 0.001066 Assumed 0] 0.00005279 Assumed
Uy 0.021 [39] c1 4000 Assumed
£ 0.08 Assumed o 1090 Assumed
Y 0.005 Assumed c3 550 Assumed
Ag 0.03 [39] C4 990 Assumed
Ay 0.15 [39] 0 0.0002 Assumed
B> 0.099 Assumed c 0.005 Assumed
K 0.05 Assumed (0] 0.0005 Assumed

TABLE 2. Model’s parameter values
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FIGURE 1. Sensitivity indices of the basic reproductive number.

280
260
240
@ 220
£ g 200 g
z H z
2 T 180 5
2 H H
2 3 g
8 g 160 8
8 & £
3 & £
@ 140
120
100
80
0 1 2 3 4 5 6
Time (Months) Time (Months) Time (Months)
20 700
——a=08
=085
195 600 —a=09
0=095
19 3
£ g 2 500
£ £ &
3185 H ]
3 3 2 400
g T ]
g e £ 7
8 8 3
14 g 2 300
175 @
o 200
165 175 100
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5

Time (Months) Time (Months) Time (Months)

(D) (E) (F)

FIGURE 2. Simulation of the fractional model model without control.




FRACTIONAL OPTIMAL CONTROL OF BURULI ULCER 17

From Figure (2), we observe that the number of susceptible humans Sy decline as they be-
come exposed to the Buruli ulcer disease, while the number of infected individuals increase.
A similar behaviour is seen in the water-bugs. The number of infected water-bugs increases
whiles the susceptible water-bugs decrease. This trend illustrates the natural progression of the
Buruli ulcer disease outbreak, where the susceptible population diminishes as more individuals
become infected. Also, we observe that both the vaccinated and recovered humans decrease. In
the Figures 2a to 2f, we plot the solution trajectory for each compartment with varying fractional
orders o = {0.8,0.85,0.9,0.95}.

The graph (3a) and (3b) shows the dynamics of the susceptible and infected human class with
varying parameter p. It can be observed that decrease (increase) in the biting rate of the water
bugs on humans, p lead to an increase (decrease) in the susceptible humans and a decrease
(increase) in the infected humans. An increase in the recovery rate y from figure (4) leads to
a rise in the number of susceptible humans and a decrease in the infected humans class. From
Figure (5) we observe that when the parameter 7 is varied there is much effect on the susceptible
and vaccinated human class. When the value of the parameter 7 is increased the vaccination of

humans rises as the susceptible humans decline.
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Infected Humans
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FIGURE 3. The dynamics of Susceptible and infected humans when the param-

eter p is varied.
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FIGURE 6. The dynamics of Susceptible and infected humans when the param-

eter Uy is varied.

6. FRACTIONAL OPTIMAL CONTROL OF BURULI ULCER

In this section, we present the Buruli ulcer fractional optimal control problem. From the
model (7) we modify it by applying the the optimal control interventions for effective manage-
ment of the Buruli ulcer infection. The control interventions arose as a result of the computation
of the sensitivity indices. We incorporate in the new model four control interventions namely;
health education u (¢), vaccination rate u,(r), effective treatment of infected humans u3(z), and
spraying insecticides on water-bugs population u4(¢). The goal is to minimize the number of ex-
posed humans Ep, infected humans /gy and the population of water-bugs N,, while minimizing

the cost of control interventions. Hence the objective function J(u) can be formulated as

Cc3 C4
Eu% + El/li) dl',

s €1 2, € 2
@b ‘I(u17”27”3v”4):/0 (EH+IH+NW+EMI+EMZ+

subject to the fractional optimal control problem with interventions,
ABCDOS = A% — p*BE(1 —uy)Syl, — (U +u2)Sy + A%V + %Ry,
APCDPEn = p* B (1 —uf)Suly — (ff +€*)En + 0% (1 — 0)Val,,
- DIy = e%En — (uff + 7% + 8% +uf)Iu,

APEDI Ry = Y*In — (K% + uff)Ru,
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ABCDOY = upSy — (U + A%V — 0%(1 — 6)Vyl,,
ABCD;XSW = Ay =B (1 —ur)(1 — @) Sl — (W +ua)Sw,

ABCD;XIW = Paﬁza(l —up)(1—=9)Sly — (/Jv% +“g)lw-

with positive initial conditions:
(23) Sp(0) >0, Vy(0) >0, Eg(0) >0, Ig(0) >0, Ry(0) >0, S,,(0) >0 and 1,(0) >0,

where c1, ¢, c3, ¢4 are the weights associated with the cost of the control measures. The primary
goal of the fractional optimal control problem is to identify an optimal control u7,u5,u3,u; such
that
i) = min L) ()0, 0(0) o5, € U .
(M] au27u37u4)

where the admissible set of controls is given by

U = {(u1,ur,u3,us) € (L°°(0,tf))2| 0<u(r)<1,i=1,...,4}.

6.1. Characterization of Optimal Control. The existence outcome for optimal control from
the adjoint variable of the state variables satisfies the following set of differential equations, and
the required criteria that an optimal control must meet were obtained from Pontryagin’s Max-
imum Principle according to [34, 41]. With regard to the controls uy,us,u3,us, this principle
transforms system (22) into a problem of minimizing a Hamiltonian H point-wise. Our initial
step will be finding the Lagrangian and Hamiltonian for the optimal control problem.

The Lagrangian formulation is given by

€1
2

2 3
u% + 714% + —u% +

(24) L=Ey+Iy+Ny+ : %4 2

Uy
The Hamiltonian associated with the control problem is
H = L+ %, D*Sy + L5, DEEy + 4,5 D¢ 1y + 2, " DRy
(25)

Hence by Pontryagin’s Maximum Principle, the Hamiltonian H is as follows:
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C C C
H=EH+IH+NW+—1M%+§M%+§M%+

€4 2
2 2

Uy
+ Ly (Mg — p* B (1 —u1)Suly — (g +u2)Sh + A% Vi + KRy )
+ ZE, (P*BF(1 —uy)Suly — (Uf +€%)En + 0% (1 — 0)Vyl,)
+ Ly ("En — (U + 7"+ 8% +uz)ln)
+ LRy (VI — (K% + i )Ru)
+ L, (7%SH — (g + A%V — 0% (1 — 6)Vyl,)
+Zs, (AL =P By (1 —ur) (1= 0)Swln — (g + ua)Sw)
(26) + 2, (B (1 —ur)(1 — @)Swly — (ty + ua)ly)

where Zs,,, ZLE,, L1 LRy, Ly, L, £, are the adjoint variables or the Lagrangian mul-
tipliers.

The maximal principle of Pontryagin states that if (X,U) gives an optimal solu-
tion to an optimal control problem, then there exists a nontrivial vector function

(Lsus Lews Ly Lrur Lows L, 24,,) with the following properties.

oH (t, X, u,. %
— D = ( 781% ) where i = Sy, En, Iy, Ry, Vi, Sw, Ly
u
g(tf) =0

where X and U are the optimal solution and controls respectively. The existence of the optimal

control u; can be establish in the following theorem.

Theorem 6.2. Let S3;, Efy, Iy, Ry, Vi, Sy, I, be the associated solution to the following optimal

wirtw

control problem and u7,u3,u3 and u} be the optimal control that minimizes J (uy,un,usuy) over

U. Then there exist adjoint functions Z; satisfying the following three results
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(1) Equations of adjoint state variables
APEDY Ly = Ly p OB (1 — un)bw + Ly, (Uff +12) — Ly p® BYH(1 — 1)1y — Lz
MDY Ly = 1+ Ly (ff + %) — 2,6
ABCDE 1 = 1 e Ly (Y + 8% +13) — Loy ¥+ PP —ur)(1 - 0)S, (L5, — 41,)
ABCD® Sp = — Lo, K+ L, (K* 4+ )
(28)
ABCD;XD%VH = _Dg/ﬂSH)La _"g/ﬂEHO‘)O{(1 - O-)Iw_‘_"g/ﬂVHwa(l - G)IW +$VH (.uH +)L)
APCDY Ly, = 1+ L5, p* By (1 —ur) (1 — @)y + L, (1 + a)

DR L, = 1+ Ls,p* B (1 — u1)Su — L, p* B (1 — 1) Sy — L, 0* (1 — 6)Viy
+ Ly, 0%(1 = 0)Vu +. 2, (W +ua)
(2) With transversality conditions
Zi(ty) =0, for i=Su,En,I,Ru,Vi,Sw,1y

(3) Furthermore, the optimality condition for FOCP as follows:
_ AORQ o _AOCRO(T _
u’fzmax{o, min {1, P PESube( Ly = Zey) — P77 (1~ 0)Suln (5, ﬁn}}

1

uy :max{O, min {1, 'ZS”SH_D%V”SH}}

&)
(29)

) Y
u3:max{0, min {1, ZH}}

Z5,Sw+ 21,1,
uj;_max{o, min {1, SWJFIW}}
ca

Proof. In trying to show the proof to the above theorem we use the Hamiltonian function (25)
to get the adjoint and transversality criteria. We compute the adjoint system by employing

Pontyagin’s maximal principle as follows

oH
ABCD;XXSH = —E = gngaﬁla(l —ul)lw —l-gSH(M;JX +u2) —fEHpaﬁla(l —Ml)lw —,%VHMQ
L Ry U A
t <¢Ey — aEH_ + EH("LH+8 ) Iy€
oH
ABCD?‘L’”IH:—m:—1+.$1H(u,3‘y“+6°‘+u3)—.,szHy“er“Bz"‘(l—ul)(1—¢)sw($5w—,$,w)
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(30)
ABCDagR _ _ai _ _-iﬂS K'a—i-gk (Ka+ua)
t H aRH H H H
JoH
ABCpe &4, = v, = — L5, A% — g, 0%(1 — o), + L, 0(1 — o)L, + Ly, (U + 1)
JoH
ABCpr s, = —55 =1 +L5,p%Bs (1 —u1)(1 = @)y + L, (yy + ua)
oH
ABCpr gy, = —o =1 + Zs,p? B (1 —u1)Sy — ZLe,p* Bl (1 —u1 ) Sy — L, 0% (1 — 0)Vy
(€2 + Ly, 0%(1 — 0)Vu + 2, (W +ua),

with transversality condition

(32) L, (tr) = Lgy (tr) = L (tr) = Loy (1) = Ly (ty) = L5, (1) = 2, (tr) = 0.

Also the optimal functions u},u5,u3, u} satisfies

OH

(33) Ee

0, i=1,2,3,4

Hence by making use of (33) the optimal control variables are obtained as

 PBESulu(Ls, — ZLi,) — pUBE (1 — 0)Sulu(Ls, — )

ui

Y

(34) “
L5, Sy — Ly Su Lyl L, Sw+ Ll
Uy = , U3 = -—"7"— and Uug =
(&) C3 C4
Hence the proof is complete. U

The uniqueness of the optimality system (28) was obtained as a result of the priori bound-
edness of the state system (22), the adjoint system, and so on. To ensure the uniqueness of the
optimality system, we limit the duration of the time interval [1,7¢]. The optimal state can be

found by substituting u; into (22).

7. NUMERICAL SIMULATIONS

In this section, we look at how the interventions affect the Buruli ulcer transmission in a pop-
ulation. We used the modified PECE method of Adam-Bashforth Moulton to solve the adjoint
variable (28) and the fractional optimal control problem numerically, see, e.g. [34]. In order
to reduce the incidence of Buruli ulcer infections in humans and water bugs, respectively, we

use the weight c1, ¢, ¢3,c4, and parameter values in table (2). We vary the fractional order for
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four o values and set the time limit at six months. There are many combinations of intervention
strategies we could consider however we limit ourselves to the following intervention strategies

implemented in the simulations shown in the graphs below.

7.1. Strategy A: All strategies. The intervention method here present the solution of the
optimal control system (22) when we focus on all the control variables that is u; = up = uz =
uy # 0. From the figures in (7a)-(7f) we observe that there is a rise in the susceptible humans
and a decrease in the number of infected humans due to the decline in the number of people
exposed to the disease. This then leads to high recovery rate. Concurrently there is a slow

increase in susceptible water-bugs as the infected water-bugs decreases.
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FIGURE 7. Applying all control strategies
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7.2. Strategy B: (u;),(u), and (u3) only. In this strategy, we consider the case where edu-
cation on the use of protective clothing, the rate of vaccination and treatment of infected humans
are implemented, when u; = uy = u3 # 0,u4 = 0. From the figures in (8a)-(8f), we observe that
the populations of the susceptible and recovered humans increases as the infected humans de-
cline relative to the uncontrolled situation in figure (2). This is as a result of a rapid decline in the
number of humans exposed to the disease in the endemic region. In the same vane we observe

a decreasing effect on the infected water-bugs and a linear rise in the susceptible water-bugs.
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FIGURE 8. The intervention by education on wearing protective clothing, rate

of vaccination and treatment of infected humans.
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7.3. Strategy C: (u;),(u;), and (uy) only. The intervention method present here looks sim-
ilar to strategy A where there is a rise in the susceptible and recovered humans as a result of
decline in exposed humans which leads to a rapid decrease in the infected human. Simultane-
ously there is a rapid decline in the infected water-bugs and slowly increase in the susceptible

water-bugs.
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FIGURE 9. The intervention by education on wearing protective clothing, rate

of vaccination and applying insecticides on water-bug.
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7.4. Strategy D: (u;) and (u;) only. The strategy shown over here is a combination of edu-
cation on wearing protective clothing and rate of of vaccination where u; = uy # 0,u3 = uy = 0.
It is clearly observed that this strategy is also very effective as the rate at which people are
exposed to the disease falls which leads to increase in the number of susceptible and recovered
humans and a decrease in the infected humans. There is also rise in the susceptible water-bugs

and a fall in infected water-bugs respectively.
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FIGURE 10. The intervention by education on wearing protective clothing and

rate of vaccination only.
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7.5. Strategy E: (u3) and (u4) Only. The intervention method here presents the solution
of the optimal control system (22) when we focus on treating infected humans and applying
insecticides on the water-bug population only, that is u; = up = 0, uz = ug # 0. From the
figures (11a)-(11), combining these two control interventions leads to a rapid increase in the
susceptible humans and decline in the number of infected humans as there is a decrease in the
number of people exposed to outbreak of the disease. We also observe that recovered humans
increases whiles there is rapid decline in the infected water-bugs and slowly increase in the

susceptible water-bugs.
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FIGURE 11. Intervention by treating infected humans and Spraying insecticides

on Water-bugs only.

8. ConcLusION

In this study, we developed a fractional optimal control model for Buruli ulcer transmission
that includes health education on the use of protective clothes, vaccination rates, treatment of
infected persons, and insecticide spraying on the water bug population. We used ABC frac-

tional order derivatives to test the effect of fractional order derivatives. The basic features of the
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model without control variables were examined, revealing that the model is both biologically
and mathematically well-posed. We subsequently formulated the fractional optimal control
problem by using Pontryagin’s Maximum Principle, the optimal control problem was solved.
We then presented a numerical simulation of the fractional model without control and with
control. Several control strategies were implemented and we observed from the graphs that
when the control measures are applied relative to the one without control there is an increase in
the susceptible, recovered, and vaccinated humans while there is a decline in infected humans
and infected water-bugs. We then conclude and recommend that governments in the endemic
regions should invest more in finding perfect vaccines, implement comprehensive health educa-
tion on wearing protective cloths, ensure early and effective treatment of infected humans, and

applying insecticides on the vectors that carry the Mycobacteria Ulcerans.
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