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Abstract: Soil degradation and nutrient depletion pose significant challenges to sustainable agriculture, especially in
intensively farmed areas with low organic matter inputs. The use of biochar in farmlands with minimal organic matter
inputs aims to sequestrate carbon while also improving soil fertility, microbial activity, and crop yield. Microbial
growth, governed by nutrient-mediated kinetics, crucial for soil health and productivity, is largely absent from current
land surface models used in climate mitigation assessments. Here, to fill this gap, this study formulated a mathematical
model that incorporates nonlinear microbial growth and nutrient uptake kinetics modulated by biochar, capturing
feedback loops that influence soil health and productivity. An implicit technique that works especially well for stiff
ODEs, the Backward Differentiation Formula (BDF), was used to solve the system in order to guarantee numerical
stability and computational efficiency. The model's sensitivity analysis was evaluated using both the Morris and Sobol
techniques to determine which factors had a significant impact on nutrient-driven microbial growth dynamics and
consequent soil health outcomes. The Morris method revealed that microbial carrying capacity (My,,) and crop
growth efficiency (B) exert direct effects on yield, as indicated by high mean elementary effects (u*). Meanwhile,
the Sobol analysis confirmed M, as the most influential parameter via its high first-order index (S; = 0.38),

while the total-order index (S;) highlighted B8 and crop decay rate (dy) as critical drivers through their interaction

“Corresponding author
E-mail address: joshua.odeyemi@federalpolyilaro.edu.ng
Received August 13, 2025



OLAIJU, ODEYEMI, AKINDE, OLAPEJU, OKAFOR
effects (S; = 0.42). The convergence of both methods on M,,,, as the primary determinant reinforces its central
role in regulating microbial biomass and productivity. Discrepancies, such as B's low S; but high Sr, underscore
the importance of considering parameter interactions. These findings demonstrate the value of integrating elementary
effect and variance-based methods to enhance model simplification and inform targeted agricultural decision-making.

Keywords: microbial-nutrient kinetics; crop yield; biochar; biochar-amended soils.
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1. INTRODUCTION

Biochar soil amendments have attracted significant attention for improving soil fertility and
increasing soil carbon reserves. The use of biochar to improve soil fertility and sequester carbon
in the soil has been implemented in the Amazon region in recent years [1, 2, 3]. Given its long-
term sustainability, affordability, and environmental impact, biochar offers a strong substitute for
conventional soil amendments such as compost and chemical fertilisers [1, 2, 4, 5]. Biochar is a
close substitute for sustainable farming practices due to its properties, which reduce greenhouse
gas emissions and enhance soil health [6, 7, 45]. Consequently, it improves soil structure, retains
more water, and fosters microbial diversity—all of which are essential for sustained soil fertility.
However, some soil carbon and nutrient models treat biochar as a static amendment—an inert
carbon pool with set properties—despite an increasing amount of experimental evidence, because
it is generally considered resistant to decomposition and microbial degradation compared to other
soil organic matter [8, 9, 10, 11]. This simplification ignores the dynamic relationships that support
important feedbacks in soil ecosystems, such as those between biochar, nutrient availability, and
microbial growth. Meanwhile, the degradation of soil organic matter is predicted by traditional
models such as CENTURY and RothC, which employ first-order kinetics rather than explicitly
representing microbial biomass [12, 13, 14].

Microbial carbon cycling has been better understood, even with more recent microbial-explicit
models such as MIMICS and CORPSE [15, 16], which have not taken into account changes
brought about by biochar in terms of microbial growth rates, nutrient uptake efficiency, or
microbial community structure. The Michaelis-Menten-type formulations, which depict critical
biogeochemical processes as microbial substrate utilisation and plant nutrient acquisition, have
recently been employed in microbial-plant feedback models to investigate nutrient absorption
kinetics and microbial development [12, 72, 73]. However, a critical limitation of these existing

models either ignore biochar totally or approach it as a static input with fixed effects (e.g., a one-
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time boost to nutrient retention or pH adjustment) [10, 11, 73, 74], failing to account for the time-
dependent interactions between biochar and soil biota including gradual aging, microbial
colonisation, surface oxidation, and evolving impacts on nutrient availability and carbon
stabilisation. To address these gaps, this study proposes a system of coupled nonlinear differential
equations that explicitly connect the microbial growth (represented by nutrient-mediated Monod
kinetics), nutrient dynamics (including replenishment and uptake), the modulatory effects of
biochar on microbial efficiency and nutrient retention, and aggregate soil health indices as
emergent properties of microbial—nutrient interactions.

Meanwhile, models that explicitly depict biochar as a dynamic state variable [6, 7, 75, 76, 77]
present nonlinear feedbacks and multiple temporal scales. In particular, rapid microbial responses
(hours to days) and slow biochar decay (months to years) continuously affect microbial activity,
nutrient retention, and soil carbon accumulation. This results in a stiff system where the step-size
limits make ordinary explicit solutions computationally prohibitive. To overcome these problems,
numerical methods have become widespread in large-scale biogeochemical modelling. To model
long-term carbon and nitrogen dynamics, for example, the CENTURY model [13, 14, 78], DNDC
(DeNitrification-DeComposition) [79, 80], DayCent, ECOSSE (Estimating Carbon in Organic
Soils - Sequestration and Emissions), and the MAGIC (Model of Acidification of Groundwater In
Catchments) [81] rely on implicit integration schemes. Among these, the efficient and stable BDF
has emerged as a numerical method for solving stiff ordinary differential equations (ODEs). BDF
methods are implicit linear multistep algorithms that use previously calculated variables to
approximate the solution of ODEs.

Adopting a BDF makes it possible to simulate feedback loops, such as how microbial development
is restricted by nutrient depletion and how biochar improvement increases nutrient-use efficiency,
both of which have an impact on soil productivity. Also, the model identifies important factors of
agricultural yield while reducing parameter dimensionality by using global sensitivity analysis
using the Morris and Sobol techniques. Morris screening and Sobol variance-based approaches are
complementary strategies used to improve model building and reduce parameter uncertainty,
necessitating sensitivity analysis. To identify important parameters in an efficient, one-at-a-time
(OAT) manner, the Morris screening method analyses the mean (u*) and variability (o) of
elementary effects [69, 70, 71, 82]. In contrast, the Sobol variance-based method divides output

variance into first-order and total-order effects, capturing direct and interaction-driven influences
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[69, 70, 71, 83, 84]. Morris has been used to prioritize parameters in microbial and nutrient
submodels in agroecosystems [85], whereas Sobol has been used to assess climatic, soil, and
management uncertainty in crop models such as APSIM and AquaCrop [86, 87].

This study combines two methods to quantify the importance of parameters like baseline microbial
growth rate, nitrogen uptake efficiency, and nitrogen input. It also highlights strong interaction
effects in parameters like nutrient saturation constants, where high but low values indicate context-

dependent dynamics not seen in simpler models.

2. MATERIALS AND METHODS

2.1 MODEL FORMULATION

We formulated a set of nonlinear ordinary differential equations (ODES) to model the dynamic
interactions between soil nutrients, microbial biomass, biochar decomposition, soil carbon, and
plant biomass, capturing the time-dependent behavior of the soil and plant system components
listed below. The model includes microbial growth influenced by nutrient availability and biochar,
nutrient absorption, leaching, and biochar-mediated retention, soil carbon dynamics through
microbial activity and biochar, and plant development influenced by microbial activity and
nutritional sufficiency. Table 1 lists the state variables, biological characteristics, and
environmental parameters that controlled the system.

Model Assumptions

1. Biochar affects microbial growth by improving habitat, pH, and nutrient retention.

2. Microbial biomass responds to nutrient availability and decays naturally.

3. Crop yield is a function of both nutrient availability and microbial support.

Table 1
Variable Description
M(t) Microbial biomass (mg/g soil)
N(t) Nitrogen concentration (mg N/L)
P(t) Phosphorus concentration (mg P/L)
Cs(t) Soil organic carbon (mg C/g soil)
B(t) Biochar amount (mg/g soil)

Y(t) Crop yield (unitless)
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Parameter Description
Uo Max microbial growth rate (day™1)
ag Influence of biochar on growth Natural death rate
ay N uptake rate by microbes (mg N/g M/day)
ap P uptake rate by microbes (mg P/g M/day)
Ky, Kp Half-saturation constants for N and P
M 0% Max microbial biomass (mg/g soil)
dy Microbial decay rate (day ")
Iy, Ip Input rates of nitrogen and phosphorus (mg/L/day)
Uy, Up Uptake rates of N and P (day ")
Ly,Lp Leaching rates of N and P (day %)
kg Decay rate of biochar effect (day %)
™M Microbial respiration rate (day_l)
d¢ Carbon loss rate (day %)
B Crop carbon-use efficiency
Ky Yield saturation constant
dy Crop yield decay rate (day %)

2.1.1 MICROBIAL BIOMASS DYNAMICS

The growth of microbial communities in soil is not permanent. They grow according to a realistic
biological pattern instead. When populations are small, microbes reproduce by exploiting the
available resources, resulting in rapid (near-exponential) increases. There is competition when
microbial biomass increases because additional space, energy, and nutrients are needed. As the
population reaches the carrying capacity of the ecosystem, this density-dependent restriction
inhibits growth. Not every bacterium escapes this process; some die as a result of environmental
stress, viral lysis, or predation, which results in the elimination of the biomass from the system by
this mortality. Microbial dynamics are therefore controlled by a balance between
turnover/mortality, crowding effects (logistic limitation), and stimulation (by biochar and
nutrients). Let M(t) be the microbial biomass (inmg C kg ~ soil) at time t. The rate of change

of microbial biomass is governed by the following ordinary differential equation:
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aM M
= um (1 - Mmax) — dyM, M(0) = M, (1)
where uM (1 S ) is the density-dependent growth that declines as M approaches M,
while —d,M is the linear loss proportional to biomass. Thus, the net per-capita growth rate is:
1dmM M
war =1 (1-52) — du 2)

The population increases when u (1 - MM

max

) > d,, and decreases otherwise.

2.1.2 NUTRIENT DYNAMICS (NITROGEN & PHOSPHORUS)

Microbial activity, sustainable agricultural output, and ecosystem productivity depend on the
availability of nitrogen (N) and phosphorus (P) in the soil. These nutrients enter the soil system
through external inputs, represented as input fluxes Iy, and Ip. These inputs include atmospheric
deposition (especially for N), mineralisation of organic materials, and synthetic or organic
fertilisation. Proteins (N-rich), DNA/RNA (N and P), ATP (P-rich), and cell membranes (P in
phospholipids) all depend on nitrogen and phosphorus, which microbes scavenge from the soil as
their biomass M grows. When microbes die, these nutrients are released back (via turnover), but
not instantly. Since microbial growth and nutrient demand are closely related, microbial uptake is
proportional to biomass (M), with rate coefficients Uy and Up representing the average cellular
requirements and uptake efficiency of the species in ambient conditions.

Concurrently, a sizable portion of the available nutrients is susceptible to loss pathways that restrict
their agronomic utility and retention. While phosphorus loss pathways are runoff (attached to soil
particles), erosion, or chemical fixation (bound to iron/aluminium/clay) into unavailable mineral
forms, nitrogen is especially vulnerable to leaching (as nitrate), gaseous losses via denitrification,
and volatilisation. The dependence of the magnitude of the loss on the current nutrient
concentration is captured by parameterising these biotic and abiotic removal processes as first-
order loss terms LyN and LyP.

In this study, our model uses a saturation-type retention function to account for the dynamic

influence of biochar instead of treating it as a static amendment:

(1 aBB)Xe N, P
B+ Ky’ (N, P}

This formulation represents the diminishing marginal returns observed in empirical systems: at

low biochar concentrations (B « Ky), nutrient protection increases nearly linearly with B; at high
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concentrations, the effect plateaus due to site saturation. The parameter ay (0 < ap < 1)
quantifies the maximum proportional reduction in loss rate achievable by biochar, while Ky
denotes the biochar concentration at which half of this maximum effect is achieved, similar to a
half-saturation constant in enzyme Kinetics. Thus, biochar-induced inputs, biological uptake,
abiotic losses, and retention form a controlled subsystem that regulates nutrient use efficiency and
ecosystem resilience. The following system of ordinary differential equations describes the

temporal evolution of the available nitrogen and phosphorus:

avN _ N _ apB
at In —UvM N+Kpn LyN (1 B+KN) C)
a _ g _ P _ _ BB
2 = lp = UpM P+K, LpP (1 B+Kp) ()

2.1.3 SOIL CARBON AND BIOCHAR DYNAMICS

This study models the soil carbon pool (C;) as a dynamic reservoir impacted by biotic and abiotic
inputs, turnover processes, and decomposition losses. For biochar, the net effect of slow biotic and
abiotic breakdown is called a first-order decay process (dB/dt = —kgB). The released carbon
moves at arate of kgzB into the soil carbon pool. This single-pool first-order formulation provides
a concise representation suitable for ecosystem-scale modelling, although the actual
decomposition of biochar may involve multiple pools and mechanisms. At the same time,
microbial biomass turnover contributes to the soil carbon pool, labile and semi-labile organic
wastes, such as necromass, cell fragments, and extracellular polymeric substances [16, 17]. These
microbial-derived inputs are gaining acceptance as key precursors to stable soil organic matter.
This pathway is indicated in the current model by the term r,,M, where M is the active microbial
biomass and r,, is the carbon conversion efficiency from microbial biomass to persistent soil
carbon. The heterotrophic respiration of organic substrates at a rate d.Cs drives mineralisation
losses, which offset the accumulation of C,. The overall impact of microbial utilisation and
enzymatic breakdown of soil organic carbon is captured by this first-order flux term, which is
indirectly impacted by environmental factors through their influence on microbial activity. The
governing equations for the dynamics of the carbon pool and the degradation of biochar are given

below:
acs
dt
dB

it = —kgB (6)

= kBB + T‘MM - dccs (5)
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2.1.4 CROP YIELD DYNAMICS
Using two crucial ecological concepts—Michaelis-Menten kinetics and Liebig's Law of the
Minimum—the crop yield (Y) is modelled as a dynamic state variable whose rate of change
depends nonlinearly on microbial biomass (M) and the availability of nitrogen and phosphorus
(see [18, 19]).
Additionally, based on key nutrient thresholds, we develop a switching condition to account for
physiological thresholds below which plant growth is effectively restricted. The growth rate is set
to zero when either N or P drops below 10% of the half-saturation constant K. This threshold
mechanism reflects the scientific observation that plants require a minimum level of nutrients to
begin growing efficiently and prohibits biologically implausible development under extremely
inadequate conditions [20]. In addition, microbial biomass (M) acts as a key driver of yield
potential, scaling the maximum possible growth rate. The resulting formulation yields a piecewise
differential equation that governs the temporal evolution of crop yield, combining threshold-driven
activation with nutrient co-limitation and microbial mediation. The following governing equation
for crop yield dynamics is given below:

v {0, if N < 0.1Ky or P < 0.1Ky

at ~ |BM -——-———d,Y, otherwise Q)

2.1.5 THE COUPLED SYSTEM OF ODES
The coupled system of ODEs of Egs. 1, 3, 4,5, 6, and 7 is as follows:

aM M
M= um (1 - max) — dyM
an _ ;o _ N _ BB
at In —UyM N+Kpy LyN (1 B+KN)
dpP _ _ .L_ _ CKBB
2 =P~ UpM P+K, LpP (1 B+Kp)
% = kpB + 1M — dcC, ®)
dB
E —_ _kBB
dy 0, if N < Ole orP < Ole
_— N P .
dt BM - (FKY) . (m) —dyY, otherwise
where u depicts the effective microbial growth rate which is defined by:
N? p?
,u=,uo+aBB+aN-W+ap-Kg+P2b 9)

Subjected to the following initial conditions defined for all the state variables:
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M(0) = 10.0,N(0) = 10.0,P(0) = 5.0,
C,(0) = 20.0,Y(0) = 5.0,
B(0) = {30.0 (w¥th blochar)
0.0  (without biochar)
2.2 BACKWARD DIFFERENTIATION FORMULA
In this section, we provided a numerical technique for solving the soil-plant-biochar system of

(10)

nonlinear ordinary differential equations (ODEs) with the potential stiffness of the system (fast

microbial dynamics vs. delayed nutrient decay) using the Backward Differentiation Formula.

Let the state vector be:

_M(t)_
N(t)
P(t)

t) =
B(t)

LY (t) .

(11)

The system is defined as:

dy
~=1(ty) (12)
where f is determined by the equations, and the microbial growth rate u given by:

=po+agB+ay - ——+ap-——
I"l MO B N KI%I-I_NZ p KI%+P2

(13)

For a scalar function y(t) using the general k-step BDF method, we have

Yo @Yn_j = b+ Bf (tn Yn) (14)
where h is the time step, y,is the approximate solution at time t,, and «;, 8 are method-
dependent constants. We solved this implicitly at each time step t,, since y, appears on both
sides. With f; representing M(t), f, representing Nitrogen N(t), f; representing P(t), f,
representing Cg(t), fs representing B(t), and f, representing Y (t), we have now defined f
componentwise below.

fi=uM (1 T Mo

_7 _ _ _ BB
f,=1Iy — UyM LNN(l B+KN)

M

)—dMM

v _ apB
fo=1Ip— UpM LPP(l B+KP)

(15)
)

B+Kp

f3=IP—UpM—LPP(1—

fs = —kgB
0, if N < Ole orP < Ole

Jo=1pm- (Ly) : (Ly) —dyY, otherwise
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We discretized the BDF-1 System using the Backward Euler method because of its A-stability,
which is helpful for stiff ODEs. Let y,, € R® be the state vector at time ¢, with step size h. The
backward Euler step is:
Yn = Yn-1 + h - £(tn, ¥n) (16)
with each state variables, we have:
My = My_1 +h- fi(tn, Yn)
Np = Nyp_1 + h- fo(tn, Yn)
By=Poy+h-f3(tnyn)
Cs,n =Clsn-1t+ h fa(tn Yn)

B,=B,1+h- fs(tn'Yn)
Yn=Yn1+h- fe(tnyn)

And the above nonlinear equations in y,, are solved simultaneously via Newton-Raphson at each

(17)

time step. We fixed the simulation interval to be [0, T], with N = 500 evenly spaced steps which
is given below:
h =~ and t, = nh (18)

2.3 SENSITIVITY ANALYSIS
For the parameter space and perturbation bounds, each model parameter p; is varied within:

pi € [0.5p7™, 1.5p7™] (19)
The input domain for sensitivity analysis is defined by Eq. (19). We used Sobol Global Sensitivity
Analysis for quantitative variance decomposition and Morris Screening for qualitative screening.
For Morris method, the input space normalized to [0,1]¢ and discretized into p levels, while for

each parameter i, we computed the elementary effect (EE):

EE, = f(91,...,9i+AA,...,9d)—f(9) (20)

The Eq. (20) is repeated across R random trajectories and the output metrics are u; (importance)
and g; (nonlinearity and interactions). Similarly, for Sobol Method, the variance decomposition

of model output Y is given by:

V) =2 Vi+ i<y Vij + - (21)
Considering the first-order index we have:
Vi
Si=vm (22)

while the total-effect index is given below as:
V_i

Sri=1- v

(23)
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The sampling are based on Saltelli's scheme using N(2d + 2) simulations while the outputs of
interest include final values of Y(T), M(T), and Cs(T).

3. MAIN RESULTS

This section presents the impacts of applying biochar on soil health, nutrient dynamics, and crop
productivity. The impact of applying biochar on the five key soil parameters—crop production,
soil carbon (C), microbial biomass, nitrogen (N), and phosphorus (P)—was evaluated. The graph
that follows illustrates the dynamic interactions between applying biochar-amended soils over 300
days and contrasting biochar-amended and non-biochar-amended soils. Sensitivity analysis was
used to identify critical drivers, and Morris and Sobol demonstrated which parameters had the
most influence on the observed patterns. Table 2 shows the parameters and values for the
simulation.

Table 2: Parameters (Values for simulation)

Parameter Values Model Source Parameter Values Model Source
Supported Value Supported Value
Ho 0.08 - 0.09 0.09 [1,22] Ly 0.01 0.01 [28,29]
ap 0.003 - 0.007 0.007 [23, 24] Ip 1.0-2.5 2.5 [26, 30]
ay 0.02 0.02 [1, 25] Up 0.01 0.01 [26, 30]
ap 0.015 0.015 [1,26] Lp 0.01 0.01 [26, 30]
Ky 10 10.0 [1,27] kg 0.00005 - 0.005  0.00005 [23,31]
Kp 6 6.0 [26] Tm 0.02 0.02 [1,22,31]
M ax 100 100.0 [1,22] d¢ 0.001-0.005 0.001 [22,32]
dy 0.018 - 0.02 0.018 [1,22,25] B 0.1-0.12 0.12 [33]
Iy 2.0-4.0 4.0 [28, 29] Ky 5 5.0 [33, 34]
Uy 0.01 0.01 [25, 28] dy 0.01 0.01 [33, 35]

Table 3 demonstrates that Backward Differentiation Formula (BDF) was used to predict nutrient
dynamics and crop output across soil types over time. The comparative examination of three
different soil textures is presented in Table 3, which reveals completely different reactions to the
application of biochar.

Table 4 compares a high reference solution for sandy, loamy, and clay soils with the computation
times and root mean square errors (RMSE) of three numerical integration schemes: the BDF,
traditional fourth-order Runge—Kutta (RK4), and Trapezoidal rule (Trapz).

Table 5 presents the simulation findings, which reveal that the steady-state values for microbial
biomass, soil nutrients, soil carbon, biochar, and crop yield were similar across all three numerical

approaches (BDF, RK4, and Trapezoidal).
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Table 3: Soil and Crop Metrics With vs. Without Biochar Application (BDF-Modeled Data)

Sandy Soil Loamy Soil Clay Soil
Biochar No Biochar Biochar No Biochar Biochar  No Biochar

Microbial Biomass 90.75 91.996 94.576 91.996 97.003 91.996
(mg/g soil)

Nitrogen ( mg N/L) 105.115 294.123 292.256 294.123 290.032 294.123
Phosphorus (mg P/L) 9.402 103.909 148.968 103.909 98.964 103.909
Soil Carbon (mg C/g) 476.27 464.185 495.351 464.185 507.488 464.185
Biochar ( soil mg/g soil) 29.113 0 29.553 0 29.821 0
Crop Yield 644.742 964.601 1012.83 964.601 1020.185 964.601

Table 4: Computation Time and RMSE of BDF, RK4, and Trapezoidal Methods Compared with
Reference Solution for Different Soil Types

Numerical Integration Schemes RMSE
Reference
Soil Time (s) BDF Time (s) RK4 Time (s) TrapezTime(s)  BDF _vs Ref RK4 vs Ref Trap vs Ref
Sandy Soil 0.496422052 0.005019903 0.024869919 0.175172091 0.074074487 5.91E-05 0.007714291
Loamy Soil ~ 0.268039465 0.018064737 0.035511494 0.103728294 0.148696841 5.37E-05 0.006347605
Clay Soil 0.311969995 0.016038179 0.017992735 0.125355482 0.146331919 5.63E-05 0.005872083

Table 5: : Simulation Results of Three Numerical Integration Schemes for Microbial biomass, Soil

nutrients, Soil carbon, Biochar, and Crop yield

Method Microbial Nitrogen Phosphorus Soil Carbon  Biochar Crop Yield
Biomass

BDF 85.59807444  300.2377509 157.4824964 431.9355102  -1.50E-14 912.6924536

RK4 85.59489399  300.2884668 157.5075917 431.9237691  1.00E-12 912.9014611

Trapezoidal 85.59489401  300.2888655 157.5078884 431.9199929  1.00E-12 912.9002165

3.1 MICROBIAL BIOMASS (GC/M?) OVER 300 DAYS

Biochar benefits vary with soil texture, with considerable improvements in clay and loamy soils.

Figure 1 depicts how the number of live bacteria in soil (measured in carbon) fluctuates over 300

days. Biochar most likely stimulates microbial development by providing habitat and nutrients.

The microbial biomass in soils supplemented with biochar achieved a plateau of around 85 gC/m?
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in 50 days, while non-biochar soils took almost 150 days to stabilise at approximately 70 gC/m?,

as shown in Figure 1. Without Biochar, the figure indicated less microbial biomass due to less

organic matter.

Microbial Biomass (gC/m?) (With Biochar) Microbial Biomass (gC/m?) (Without Biochar)
100 ,

s

60 4

40

Microbial Biomass (gC/m?)

20 = Sandy Soil

Loamy Soil
= Clay Soil

0 50 100 150 200 250 300 0 50 100 150 200 250 300
Time (days) Time (days)

Figure 1: Microbial Biomass (gC/m?) Over 300 Days: BDF-Modeled Trends Showing Enhanced Microbial

Growth with Biochar vs. Control

3.2 SOIL NITROGEN (GN/M?) OVER 300 DAYS

Figure 2 demonstrates that Biochar measures nitrogen levels in soil over time. Biochar may hold
nitrogen, hence minimizing leaching. Without Biochar, it compares nitrogen levels in sandy,
loamy, and clay soils. Nitrogen levels decline quickly, particularly in sandy soil.

Nitrogen (gN/m?2) (With Biochar) Nitrogen (gN/m2) (Without Biochar)

300 1 = Sandy Soil

Loamy Soil
= Clay Soil

250 4

N

f=1

=)
L

Nitrogen (gN/m?)
—
wu
o
|

100 4

50

0 50 100 150 200 250 300 0 50 100 150 200 250 300
Time (days) Time (days)

Figure 2: Soil Nitrogen (gN/m?) Dynamics Over 300 Days - BDF-Modeled Trends Showing how Biochar
Reduces Nitrogen Loss Across Soil Types with and without Control
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3.3 PHOSPHORUS RETENTION (GP/M?) OVER 300 DAYS

Figure 3 shows that Biochar improves phosphorus availability over time by binding nutrients and

preventing loss. Without Biochar, phosphorus retention decreases and varies by soil type (clay

holds more than sand).

Phosphorus (gP/m2) (With Biochar)

Phosphorus (gP/m?) (Without Biochar)

1601 1 — sandy Soil
Loamy Soil
140 4 + === Clay Soil
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8
S 604
o
40
201
0_
0 50 100 150 200 250 300 0 50 100 150 200 250 300

Time (days)

Time (days)

Figure 3: Phosphorus Retention (gP/m?) in Soils Over 300 Days - BDF-Modeled Trends Showing How

Biochar Improves Availability Over Time with and without Control
3.4 SOIL CARBON (GC/M?») ACCUMULATION OVER 300 DAYS

Figure 4 shows that with biochar, soil carbon slowly increases as biochar contributes stable carbon,

boosting soil fertility, whereas, without biochar, carbon levels decrease, particularly in sandy soils.

Sail Carbon (gC/m?) (With Biochar)

Soil Carbon (gC/m?2) (Without Biochar)

500 | =—— Sandy Soil
Loamy Soil
— Clay Soil

400
E
g
D300
c
=}
<
i+
.
3 2004
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Figure 4:Soil Carbon (gC/m?) Accumulation Over 300 Days: BDF-Modeled Trends Showing the Long-Term

Stability with Biochar Application with and without Control
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3.5 BIOCHAR PERSISTENCE (G/M?) IN SOIL OVER 300 DAYS
Figure 5 depicts how much Biochar stays in the soil over time after its application. It degrades

slowly over months. According to this graph, no biochar was used for 300 days (baseline

comparison).
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Figure 5:Biochar Persistence (g/m?) in Soil Over 300 Days: BDF-Modeled Trends Showing Slow

Decomposition with and without Control

3.6 CROP YIELD (G/M?) ENHANCEMENT WITH BIOCHAR
Figure 6 shows that crop yield increases with biochar because it improves soil nutrients and water
retention. Without biochar, yields are lower, particularly in sandy soils with poor nutrient retention.
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Figure 6:Crop Yield (g/m?) Enhancement with Biochar: BDF Trends Highlight Soil-Specific Benefits
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3.7 RESULTS OF SENSITIVITY ANALYSIS
Figure 7 shows the sensitivity analysis results using Morris with the mean elementary effects of
the environmental and biological parameters while Figure 8 shows the sensitivity analysis using

the Sobol techniques for the first order and sum of the order.
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Figure 7:Morris Sensitivity Analysis of Biological and Environmental Parameters
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4. DISCUSSION OF RESULTS

Biochar addition reduced crop yield (644.7 versus 964.6 g/m?), nitrogen (105.1 versus 294.1 g
N/m?), and phosphorus (9.4 versus 103.9 g P/m?) in sandy soils compared to control treatments
(Table 3). This implies that the addition of biochar, at least in this particular case, did not improve
these important soil properties and crop performance as anticipated. This is consistent with the
findings of [21, 36, 37, 38, 39], which demonstrated that the beneficial effects of biochar on soil
fertility and crop yield are not always guaranteed and that they heavily depend on feedstock, the
temperature at which biochar is produced, and, most importantly, the type of soil. In contrast,
biochar maintained nitrogen levels that were nearly the same as those of the controls (292.3 vs.
294.1 g N/m?) while considerably increasing crop output (1012.8 vs. 964.6 g/m?) and phosphorus
availability (149.0 vs. 103.9 g P/m?) in loamy soils. Our results demonstrate the interplay between
biochar, nitrogen, and other soil characteristics such as pH and microbial activity, which have a
substantial impact on nitrogen availability and plant uptake. Numerous studies have established
the positive effects of biochar on nitrogen retention [40, 41, 42, 43]. In clay soils, a particularly
compelling pattern emerged: biochar enhanced crop yield (1020.2 vs. 964.6 g/m?) while causing
slight drops in phosphorus (99.0 vs. 103.9 g P/m?) and nitrogen (290.0 vs. 294.1 g N/m?). This
outcome implies that the impacts of biochar on plant growth might be greatly impacted by its
effects on soil physical characteristics, especially in clay-rich soils, and are not only reliant on
nutrient retention. This is especially noteworthy because earlier research frequently emphasised
the function of biochar in retaining nutrients [44, 45, 46, 47], but this particular finding suggests a
more complex relationship in clay-rich settings. This indicates that the enhanced yield is not solely
dependent on the overall quantity of nutrients present but also on the improved soil conditions
caused by biochar.

The computational resolution demonstrated by the reference model needed 0.27 to 0.50 seconds,
depending on the kind of soil in Table 4. On the other hand, every evaluated scheme experienced
significant computing time savings; the quickest approach was BDF in every example (0.005—
0.018 s), followed by RK4 (0.018-0.036 s) and the Trapezoidal scheme (0.104—0.175s). Up to
two orders of magnitude faster than the reference, BDF's exceptional time efficiency indicates that
it is especially well-suited for situations requiring quick simulations, including sensitivity analyses
across wide parameter spaces or real-time irrigation control. Loamy soil circumstances exhibited

the greatest RMSE for BDF, indicating the presence of mixed-flow regimes due to intermediate



18
OLAIJU, ODEYEMI, AKINDE, OLAPEJU, OKAFOR

pore-size distributions that are more difficult for the implicit discretisation of the approach to
accommodate. Table 5 shows that BDF had slightly lower nitrogen and phosphorus concentrations
than the other techniques, while RK4 and Trapezoidal had nearly the same for every variable.
Additionally, in line with the greater RMSE previously noted for BDF, the BDF approach produced
a marginally lower crop yield (912.69 g/m?) compared to RK4 (912.90 g/m?) and Trapezoidal
(912.90 g/m?). While BDF maintained good accuracy despite minor systematic differences in
yield and nutrient pools, RK4 and Trapezoidal produced findings that were almost identical overall
and had the best agreement with the reference solution.

As shown in Figure 1, the observed increase in microbial biomass in soils treated with biochar
indicates that biochar is effectively providing a chemical and physical environment that promotes
microbial growth and activity. This is particularly evident in the impact of biochar's alkaline nature
and porous structure on microbial communities. This result demonstrates the immediate impacts
and processes driving microbial responses to biochar amendment, while previous studies
frequently concentrated on the long-term benefits of soil health improvements or specific soil types
[48, 49, 50]. However, in non-biochar soils, microbial development was slower, which might have
been forced by environmental stressors and competition for resources. This finding is consistent
with recent research by Haider et al. [51], who showed that resource competition and
environmental stressors in the non-biochar soils may be the cause of delayed microbial
development.

The biochar-amended soils exhibit a steeper increase in N, P, and C accumulation (Figure 2-4),
indicating less leaching and better mineralisation. This is demonstrated by the characteristics of
biochar, including its cation exchange capacity, which keeps ammonium-N in the soil and prevents
its loss, and its surface functional groups, which bind phosphate ions and reduce their susceptibility
to leaching, so increasing their availability for plant uptake over time. The study's findings are
corroborated by evidence of nutrient adsorption and desorption, which show that biochar can store
and release nutrients in a way that promotes plant development [52, 53, 54, 55]. The result
highlights how biochar significantly increases soil carbon sequestration (Figure 5), which supports
the organic matter's resistance [56, 57, 58, 59]. As seen in Figure 6, the beneficial effects of biochar
on yield are not solely attributable to direct nutrient provision but also the intricate interactions
between biochar, soil microorganisms, and nutrient cycling. As a result, there is a direct correlation

between patterns in nutrient availability and the 20% yield difference across
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treatments. Consequently, shows the complex interplay between biochar, soil microbes, and
nutrient cycling when assessing the effects of biochar on crop yields [59, 60, 61].

Morris measures mean elementary effects, showing which parameters have the biggest impact in
Figure 7. The Morris method identified M,,,, (microbial carrying capacity) and £ (crop growth
efficiency) as the most influential parameters, as evidenced by their high mean elementary effects
(u*), which indicate strong direct impacts on crop yield. Parameters such as Ip (irrigation
parameter) and Lp (light parameter) displayed long horizontal bars, signifying high variability
and suggesting significant interactions with other variables. This implies that these variables are
dynamic and subject to significant fluctuations, which may be caused by additional variables such
as crop type, soil composition, or weather patterns [62, 63]. This variability demands the use of
mathematical models, such as modified stencil points for the method of lines [64], Chebyshev
differentiation matrices [65], Hermite polynomial-based techniques [66], and radial basis
function—finite difference (RBF-FD) approximations [67], to optimise irrigation and light
strategies, guaranteeing effective resource allocation and increased crop yields. Al algorithms are
also capable of processing data from a variety of sensors, such as weather stations and soil moisture
sensors, and modifying light intensity and irrigation schedules in real-time to maximise crop yield
while utilising the fewest resources possible [68].

Meanwhile, Sobol breaks down sensitivity into first order (S;) and total-order (S7) indices, where
St includes interactions. In the Sobol analysis, the first-order index (S;) showed M,,,, as the
dominant contributor (approximately 0.38), reflecting its substantial standalone effect. The total-
order index (S7) identified f and dy (crop decay rate) as having the highest influence (both
around 0.42), indicating their effects are primarily driven by interactions with other parameters.
Both sensitivity methods consistently identified M,,,, as the most critical parameter affecting
yield. Its high values in both u* (Morris) and S; (Sobol) reinforce its direct role in regulating
microbial biomass and overall crop productivity. The parameter § exhibited a low S: but a high
St in the Sobol method, consistent with its moderate p* in the Morris method. This discrepancy
suggests that § has limited direct influence but significant interaction effects. Similarly, Ky and
Ky (nutrient half-saturation constants) had low S; but moderate S; values, consistent with their
lower u*in the Morris analysis, indicating more nuanced, context-dependent roles. Parameters
such as ap (biochar influence on microbial activity) and p, (baseline microbial growth rate)

demonstrated minimal impact across both sensitivity analyses. Their negligible influence supports
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the decision to exclude them from further model refinement. The findings from both Morris and
Sobol analyses converge on M,,,, as the primary driver of crop yield within the modeled system.
Discrepancies, such as f exhibiting high S but moderate y* indices in sensitivity analysis is
therefore essential for capturing the multifactorial dynamics of agroecosystems. This combined
approach enhances the robustness of model simplification and informs the prioritization of

parameters for effective agricultural management and decision-making [69, 70, 71].

5. CONCLUSION

This study presents a comprehensive mathematical modelling approach to simulate the interactions
among microbial dynamics, nutrient cycling, biochar amendments, and crop productivity in a soil
ecosystem. The model incorporates important characteristics that control soil fertility and crop
output, including microbial growth and decay rates, nutrient input and leaching rates and the
impacts of biochar. We used the BDF, a stiff ODE solver, to solve a model of microbial-nutrient
kinetics for soils amended with biochar. Comparative numerical trials against explicit Runge—
Kutta and Trapezoidal schemes have demonstrated that BDF outperforms conventional approaches
in terms of stability, accuracy, and computational efficiency, particularly under rigid parameter
regimes and high time steps. The integration of biochar impact coefficients, microbial respiration,
and carbon loss pathways also allows for the evaluation of sustainable agricultural practices,
avoiding simplifications, thereby enabling more realistic simulations. From a computational
perspective, the BDF framework opens the door for efficient and stable integration of complex
biogeochemical systems where stiffness has historically been a limiting factor. The parameter
values used in the model reflect realistic agro-ecological conditions, offering a strong foundation
for simulating system behaviour under various management scenarios. Although the model took
into consideration the growth and decomposition of microbes, it is difficult to accurately represent
the complex interactions among the soil microbiome, including competition, cooperation, and
pathogen control. We recommend the adoption of BDF-based solvers for similar environmental
and ecological modelling problems where stiffness is unavoidable. Future studies should focus on
developing machine learning and numerical models that consider the structure of microbial

communities, their functional genes, and their interactions with biochar and other soil constituents.
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