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Abstract: This study examines the complex dynamic behavior of a multi-trophic epidemiological ecology model,
encompassing prey, predators, susceptible and infected apex predators. When a predator consumes, preys according
to Holling type-IV functional response, while the apex predator utilizes a functional response of the Sokol-Howl type.
Among other environmental challenges, the model considers the toxic effect on all species, with toxicity levels
decreasing from prey to apex predator. Cooperative hunting among predators and apex predators, as well as prey-
predator behavior, enhances the model's dynamics. Additionally, the fear effect addresses the psychological impact,
driving prey to fear predators and predators to fear apex predators. We conduct a comprehensive qualitative analysis,
including the presence and limitations of solutions, the local and global stability of equilibrium points. Numerical
analysis demonstrate how toxicity, fear, and cooperative hunting synergistically influence species survival and
extinction, revealing the stability of diseased, three-trophic food webs under environmental stresses.
Keywords: Sokol-Howell; fear; hunting cooperation; anti-predator; toxin; disease.
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1. INTRODUCTION

The mathematical model of predator-prey interactions is a cornerstone of theoretical ecology,
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providing insights into the complex mechanisms that govern biodiversity and ecological stability.
The pioneering work of Lotka and Volterra provided the initial framework for these elements [1,
2], which May later expanded to explore the interplay of complexity in microsystems [3]. In recent
years, this field has become increasingly prominent, yet also remarkably elusive, encompassing
non-participatory functional responses, behavioral adaptations, and micro-constraints [4, 5].

Particular functional responses are pivotal in the long-term dynamics of ecological systems.
Classical Holling - IV functional response responses have been extensively studied [6], and more
recent variations, such as the Sokol-Howl functional response, have garnered increasing attention
for their ability to provide a realistic physiological representation of predation under varying
conditions [7]. Furthermore, we often improve integratively through hunting cooperation, and
collective movement can completely transform feeding networks [8, 9].

In addition to direct consumption, there are indirect predator effects, specifically the fear
effect, and a main factor in prey population dynamics [10-12]. Predator-induced fear leads to
significant physiological and behavioral shifts in prey, such as modified foraging efficiency and
reduced reproductive output, which may ultimately lead to population declines even in the absence
of direct killing [13, 14]. These dynamics are often compounded by the fear, as the effect of a low
population leads to reduced growth rate, thus critical extinction thresholds [15, 16].

The novelty of epidemiological ecology has led to the understanding that natural adaptations
are not designed to combat disease. The presence of disease in the predator population introduces
a new layer of complexity, often leading to a destabilization of the equilibrium or the emergence
of oscillatory patterns [17]. Moreover, the inclusion of self-defense measures, where prey defends
itself or uses refuge, shifts the nonlinearity towards the system [18, 19]. In many ecosystems,
species survival is also threatened by toxins, whether environmental pollutants or simply defensive
chemicals, increasing mortality rates and disrupting the balance of prey-prey interactions [20-22].

Although many diverse environmental factors, such as hunting cooperation, fear effect, and
toxins [23-26], have been extensively studied, there is a scarcity of studies that simultaneously the
Sokol-Howell and Holling-IV functional response with hunting cooperation, self-defense
behaviors, toxins, and disease in top predators [27, 28]. This research aims to bridge this gap by
developing and analyzing a comprehensive dynamic system.

The proposed dynamical system is rigorously analyzed to ensure its biological and
mathematical consistency. We establish the boundedness of the solutions to ensure the model's

dissipativeness, followed by a detailed qualitative analysis to determine the existence and stability
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conditions for all possible equilibrium points. Both local and global stability analyses are
conducted to predict the long-term behavior of the populations under the combined influence of
Sokol-Howell and Holling type-IV functional responses, hunting cooperation, toxins, and anti-
predator behavior. Finally, comprehensive numerical simulations are performed using MATLAB

to validate the theoretical findings induced by the interplay of these ecological factors.

2. MATHEMATICAL MODEL

A research model of (prey, predator, and susceptible and infected top predator) with
Holling type 1v functional reactor for predator and Sokol-Howel functional reaction for
susceptible top predator is put forward in this work. At time T, which of the following best

describes the total population density x;(T), x,(T), xs(T) and x;(T) in that order.

dxq Xq 1 bix1x2 2 3
- = a1Xq (1 ) ( - — p1X1X5 — O1x7 — dyxq, —

dT B k_]_ 1+f1X2 C1+x%
dxy __ (1 _ x_z) ( 1 ) g1x1%2 2 2 2 __ _baxoxs
e o) \Torm) T oiqaz — X + e1p1xaxg — PaxoXy = 8px — doXxy = 22

dxg GpX2Xs 2 >—(1)
— = 2"t e,p x,x5 — 03X, — Bxx; — dsx
dT c2+y1x§ sz 24s 34s ﬁ Nadl 34s»

dxp
— = Bx.x; — dsx;.
ar Bxsx 4 Xy

With the following initial condition x;(T) = 0, x,(T) = 0, x,(T) = 0 and x,(T) = 0. Even though

table 1 shows the biological importance of system (1) attributes:

Table 1 Biological significance of system parameters.

Parameters Biological meaning
a,>0,n=12 The intrinsic growth rates of the prey and the predator in order
k,>0,n=1,2 The carrying capacity of the prey and the predator accordingly
The fear range of the prey species from predator and predator species from
fh>0,n=12
Susceptible top predator in order
b,>0,v=1,2 The attack rates of the prey and the predator in order
c; >0 The interference constant of Holling type IV function response of the prey and
the predator accordingly
py>0,v=12 The hunting cooperation in prey and predator in order
9,>0,9,<b, The rates at which food is converted into energy differ for both the predator and

the apex predator
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n The anti-predator rate of the prey
Y1 >0 The inverse measure of inhibitory effect
c, >0 The interference constant between the susceptible top predator and the predator's

Sokol-Howell function response

0<e,<1,v=1,2 The conversion rate by attack the prey and predator in order.
6,>0,v=123 The toxin rate of the prey, predator and Susceptible top predator in order
g >0 The disease transmission rate
d,>0,v=1.2 The death rates of prey and predator by external sources in order

d; >0 The natural death rate of susceptible top predator

dy >0 The death rate of infected top predator by disease

3. BOUNDEDNESS
The boundedness of system (1) has been proved in the next theorem.
Theorem (1): Every solution of system (1) that begins in R% is a uniform boundary.
Proof: Assume (x1(t),x,(t), xs(t), x;(t)) represent any solution of the system (1) with non-
negative initial condition (x1(0), x2(0), x5(0),x;(0)) € R%.
Let that A(t) = x1(t) + x(t) + x5(t) + x;(t) time derivative of A(t) along system (1) solution is

then taken into consideration, and the result is

Z_f=a1x1(1_i_i)( 1 )_(b1_91)x1x2_51Xf—d1x1+azxz(1—ﬂ)( 1 )—

1+f1X2 C1+x% kz 1+f2x5

X2Xs

nx1x; — (1 — 91)P1x1x22 - 52955 —dyxy; — (b, — g2) -(1- 92),029529552 — O3x5 —

Ca+y1%2
Bxsxl - d3xs + Bxsxl - d4xs-
Now, from the biological point of view, always b;>g; and 0 <e; < 1,when i = 1,2 it is obtained

that.
dA
T < aixq (1 - i—i) - 51Xi?’ —dix1 + axxy (1 - i—z) —NX1Xp2 — 62x22 —dyxy — (63 + d3)x5 -
ﬁxsxl + ,Bxsxl - d4x5a
dA
a aixq (1 - i—i) - 513613 —dix1 + azxy (1 - ;z—;) —nNxX1X2 — 623622 —dyxy — (53 + d3)xs - d4x5,

Ao (1-2) +an (1-2)- w4,

where w = min{d,, d,, 65 + d3, d,}.
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Now since the logistic function with relation to xq is hq(x1) = a1x1 (1 — %) its limited above by %.
1

X2

Also, since the logistic function with relation to x, is h,(x,) = a,x, (1 - k—) its limited above by 22Kz
2

4

, it’s
observed that

k k
2y wA<L,where L = (al—l+ u)
dt 4 4

Subsequently, by resolving the aforementioned differential inequality, it is derived that
Al < £+ (AO - %) e v,
Then lim A(t) < L
t—oo w
So, 0SA(M) < - |

hence the solution is uniformly bounded.

4. EXISTENCE OF EQUILIBRIUM POINTS (EPS)
All possible (EPs) of system (1) are covered in this section. It is noteworthy that system (1)
comprises eleven (EPs):
e The trivial (EP) M, = (0,0,0,0) is always existed.
e The (EP) M, = (%;,0,0,0) exists if there is a positive solution to the following equation.

—o1xf = tx + (@ —dp) =0, @)

in according with Descartes' rule, Eq. (2) possesses only one positive root, depending upon the
fulfillment of the specified condition.
a; > d. 3)

e The (EP) M, = (0,%,,0,0) where x, = % exists if the following condition hold:
212 2

a; > dz. (4)

e The (EP) M; = (¥,,%,,0,0), exists if there is a positive solution to the following equation.

_ X 1 _ bi1x, _ 2 _ 2 _
aq ( k1) ( 1412, ) crta? P1X2 51361 d1 0, (5)
X2 g1%4
az (1 - _) + 2 - T]X1 + elplxlxz —_— 52)(,'2 —_ dz = O (6)
kZ C1 + Xq

From Eq. (6) we have

g1x1+(a2—nx1—d2)(cl+x2)
X2 = (a—2+6 —e;1p1x )(C +xz)1 ’ (7)
Ky 102 1P1X1 ){(€1+X]
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Now, we get the following equation by putting Eqg. (7) into Eq. (5)
1 x]3 4+ dyxd? + dgxit + dpxi® + dgx? + AexP + dyx] + dgx® + Tox? + dqoxt + dyxS +
G127 + dy3x; + &g = 0, (8)
where

d; = efpifibin >0,

o)

2 = —e1p1f161 (2T, + eyp,T1),

dz = U(P1f1772 +ep1(n+ e1p1f17)) + 8, f1[¥5n + 2e1p1 (e1prcan + T,%1)] — ef pitsfiba,

dy = 212e1p115£161 — N> Bpifity + 12) — 2e1p1n(Fy + 250,161 + 1oT17) — 11((F5 +
2efpfe)) 16, — efpi(c1fiby + 117)),

ds = prfin3cy + 1) + 28 Tm + e1p1[c1772 + (f15n% + 147) + 2{'2%1(2C1f151 + (c1f16, +
f17))] + 01 (2%% + efpic) fi6in — (15 + 2eZpicy) (¥ /161 — T17m) — efpZ(H3t17 — T1eM),

de = e1p1lts + 28,13(2¢1 f181 + 117)] — p1fiBFein® + £13) — To01n® — T, (Fysn® + 17) —
2e1p1[t1(can + Tysm) + Tocf f181m + ot 16n + 2505 F15m] — (85 + 2efpic)t1(c1 16y +
t17) — 1 (215 + efpic)) 1161 — ef piti(Frzcy + 146),

&7 = c1(p1fitia + 2FTm + Tc1f161m) + e1py [C1(1V'15772 +1;) + (f17115 + Ts) + 2117, (C12f151 +
2¢; (c1f161 + 117) + (F1701 + 1V'16))] — pifitiy — tats — 1 (215 + efpic)) (i3 16, — T17m) —
(5 + 2efpic)) (317 — tien) — ef pitstse,

dg = e1p1[(FeT1s + T4) + 2%,%31T16 + 1 (2T, (F3 /161 — Trsm)er + 4%, (TaTy7 — Tuen) + T6)] —

prfi(tiscr + 1) — er[t2(F1sn® + 1) + e1pi ¥ (2E15m + e1piiye) + Titici f161 + (215 +

efpic)ti(cifiby + T17)] — T (H14s + 1) — (F5 + 2efpicy) Ty (1701 + T16),

dg = 2%, (T(c1/161 + T17) + TasTrc1m) + €1py [C1 (({'7%15 +15) + tfcy + 4t (F701 + Th6) +
Zfzfﬁm) + fsﬁs] +p1fitie — 1 [P1f1f12 + 17, ("Lv'e + 1t (T3£161 — 'E1777)) + (215 +
efefcy) (3t — flﬁ’l)] — 1, (Tetys + 14) — (5 + 2efefcy)tztse,

19 = e1p1 [C1 (({-G‘ElS + 1) + Zf2((f3'f17 —t16M)Cy + 2f3f16)) + f4f15] = p1fi(F110 + 1) —

€1 [(f7'f15 +15)T + 1y ('E%C1(C1f151 +117) + (215 + efpfc)(Frycy + the) + T16(T5 +

2e2ptcy) )| -t (ists + HcD),

o vy N vy vy vy NN aic
d11 = eyprc1[(Estys + T2cf) + 1 (B Tys0r + 4T5T16) + 28 (701 + Tie)Tacr] + ; L —

p1fi(Froct + Tg) — Totatss — o1 [To((Fotus + Ta) + 1o (F3t1y — Trem)) + 215 +

91291201){'3‘516],
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dyp = e1p101 (F4tys + 28,83%1601) + 8101 + dy — c1[pa fi (g + Ficf) + T2 (Fstys + T2cf)] —
ticf [’fz (f1f15 + 1, (T1701 + 'E15)) + (217 + efP%Qﬁ'm] —ay,
13 = c1legprcfty (F1¥s + 285%16) — (P fils + Totatys + T5E3T1600)],
d1q = c1[(ay + dy) — £t (p1fitiey + Titptis + 15T16)],

v

_ v _ Qy v o v oy ¥ v _ x2 v2 v _ 9y [x
11=a;,—dy 1, _k_2+62' T3 = g1 — N, Ty = 21750, Ts = 21701 + 13, Te = 27,(T3 — 1),

=213, Ty = tic(fy + Tiiscy), fo = (Fro¥s + 13ts +¥cf),  Fio = Tifecy + T3ts +
Tty —ticfn,  t =4ty + il + its — T, Ty = T3ty + 1116 — 2T 01 — 151,

Tz = tion? —nQits + 1) + 1y, tia =n(=13n + 217 +1;), F5 = bifi + picy,

Ti6 = d1f1 — by, Ty7 = f1(c16; + dy),

By Desecrate, the rule has a single positive solution, namely X; if the next set of conditions with Eq. (4)
hold.

1< et e, s 0, o
71 > Max {f6clicfff3f5 ’ (f7+;:)7—]+f3%6}’ (8.2)
dif1 > by, (8.3)
U(Plfﬂ?z +ep1(n+ 31P1f17)) + 8, 11130 + 2e1p1(e1prcan + T211)] < efpiisfify, (8.4)
2te1p1tafi81 <*(Bpifits +12) + 2e1p1n(Ey + 28526,£161 + Tatyy) + 11((E5 + 2efpfey) f161 +
efpf(c1f161 + t17)), (8.5)
pifim3cy +¥1y) + 28 %m + e1py [01772 + (Fsn® + 117) + 2'{'2{'1(201](151 + (c1f161 + f17))] +

¢; (215 + efpfe) fidin < (15 + 2efpfey) (F3f161 — t17m) + efpf (F3t17 — Ti6m), (8.6)

e1p1[ts + 2%,%3(2c1 161 + T17)] < p1fiBFican® + t13) + troun® + T, (H1sn° + 15) +
2e1p1[F1(cam + F15m) + a0t 1611 + ToT1en + 2850,807m] + (75 + 2efpic) Ty (e fiby + T17) +

1 (215 + efpfc)ti 161 + ef pit i (F17¢1 + T16) 8.7)

c1(p1fitia + 281 %m + T5c1f161m) + e1py [‘31@15772 +1;7) + (1715 + T5) + 2117, (C12f151 +

2¢; (€1f161 + T17) + (T1701 + f16))] < pyfitiz + Tote + 01215 + efpicy) (Faf161 — T4m) +

(5 + 2ef pfey) (Faty7 — Tiem) + efpitstie, (8.8)
e1p1[(TeT1s + T4) + 2%2T3716 + 1 (2T, (T3/161 — Tasm)er + 4T, (T3T1y — Tuen) + T6)] <

pifi(fiscr + 11) + e[t (F15n% + T7) + egpr iy (2F1sn + eyprtie) + 1150116, + (215 +
efpfc)ti(cifiby + 1)) + T (Bt s + 1s) + (83 + 2ef pfc) 1 (Fr70q + Tre), (8.9)
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211 (T2 (1 f161 + T17) + TasTocan) + e1py [01 ((f71v'15 +15) + tfcy + 41t (F701 + Thg) +
Zfzfﬁm) + f5’515] + p1fitie < [P1f1f12 + 17, (fe + 1, (T3f161 — f1777)) + (215 +
efefc))(T3tyy — T1en)| + 12 (Tetis + 1) + (15 + 2efefc)) sty (8.10)
erpr o1 ((Fstas + 10) + 285 ((Fstay — Framles + 2¥stg) ) + Eatas| < prfy(Fracy + 7o) +
€1 [(%7f15 +I)h + 1 (f§C1 (c1f181 +T17) + (285 + efpic)(Frzcq + H16) + T16(F5 +

2312)0%01))] + 1, (t51s + 11 cf), (8.11)

v v v v v v v v v v v v aqc v
e1p1¢y[(Fstys + 1c) + 1 (Frtiscy + 415156) + 21 (Fr700 + Tie)Tacy] + ;11 < p1fi(F1ocy +

Tg) + Totatys + o1 [Ta((Fotis + 1) + T (Fatyy — Taem)) + (212 + efefc))¥atie), (8.12)

e1p101(F4t1s + 28,1314601) + 8101 + dy < cylprfi(Bg + Ficf) + T (Fstys + T2ci)] +

ticf [T, (Frts + T, (F1701 + T16)) + (215 + efpfc)Tie] + aq, (8.13)
e1p1cEE (F1¥s + 2%,%16) < prfats + Totatys + 153t 160h, (8.14)
a; +dy < cfty(pifitics + Hitotys + 15116), (8.15)

So, the (EP) M; = (%;,%,,0,0), where X,=x,(¥;), exists if in addition to conditions (4) the
following conditions hold.

az - dz > 7‘[561, (816)

% + 8, > e;pi ¥y, (8.17)
2

The (EPs) M, = (0,%,,%,,0) and M5 = (0,%,,%,,0) in the event that and only in the event that
the equations that follow have a positive answer

X 1 _ 2 _ _ __bxg
a2 (1 kz) ( 1+f2xs) paXs — 022, — dy Cayix2 0, (9.1)
g2%
Cz_lj/l;% + €rPr Xy Xg — (63 + d3) = 0, (92)

From Eq. (9.2) we get:

(C2471%3)(83+d3)— g%,
Y. = 9.3
s e202%2(C2+V1X5) ( )

We get the following equation by putting Eq. (9.3) into Eqg. (9.1):
@1x30 + @yx) + @3xS + Aux] + @sxS + Ax + A7x5 + A@gxs + AgxZ + A1oxy + @11 = 0, (9.4)

where

N a
@, =—y; (923/)2352 +K_z) <0,
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3(a, — e? 2(eyp2d, — 8212%1))
Y1la; 2P2(€20207 2/271)),

—V: (362 (% + 32362362) — e3p3 (821292 + dat1y1) ),
2

D

2

as

@y = yi[3c,8, — e,p3(12y1 + e2(3eyp202d5 + 38,210, + daf292))],

1SN

5= V1 [3C2 (Z_z + €§P§5202) + pataya(fotiys + beipd) — e,p5(2g2v1%1 — f2€262(28,9, +3d,T1v1))],

V1[382¢5 + p29:.(3f211v1 + b2e5py) — €205 (Y1 (3tfc, + baeyty + g3) + fre2¢2(382%1¢, +
2d,9,) + 3e3pac3dy)],

s

a,c3 A o
;22 +3p2fot1v1(Bvico +393) +

@7 = cye,p3[41Y192 + f26262(829, + 3datyy)] — [

e2p5(e2p2¢3 8, + 281y1(b2c; + baga))],

Qg = A,05 + p2f29:(4TFys + 2tic,y1 + 95) + e2p5 g.c2(dzfacy + by) — [e2p3v1 (3¢5 + g5) +
e3p3(e2p2¢3d, + 82 fot103 + 2by 11 (C2v1 + 93))],
Qo = ep511¢5 (29, + daf26562) — 3pafotic2(By1co + p2g3) — brespitica(ca + 292),

Q10 = 1165 [3p2121192 — €2p3 (21 + baer)],
Ay = —pofotici, B =83+ fzand @, = ejpia,.
The Descartes rule states that Eq. (9.4) either does not have any roots or has two positive roots

{%,,%,} depending on the following conditions:

a, < e5p3(exp2dy + 8,12%1), (9.5)
3¢, (2 +ee}d) > e303(65:£20: + dotina), (9.6)
3c,0, < e;p5[t1y1 + e,(Bexpycad, + 38, o100 + daf292)], 9.7)

3¢, (Z—z + 323P§52C2) + potivi (fotfys + bae2py) > e;p5[29,71%1 + foe262(26,9, + 3dyT1y1)],  (9.8)

38,65 + p292Bfatiys + baedp,) < epilyiBtic, + byeyty + g3) + fre20,(38,81¢, + 2d,g9,) +
3e3p2c3d,), (9.9)

3
26205 [4T1V192 + f202€2(8292 + 3d,yT1y1)] < a,izz + 3p2f2t1v1 (Byacz + 395) + +e5p3(ep2¢36, +

2%1y1(bacz + b292)), (9.10)
@265 + p2f292(481y1 + 22 coy1 + g5) + 5 p5 g2ca(dafoca + by) < epp3y1(3TicS + g3) +

e3p3(exp2¢3dy + 82fot1¢3 + 2byt1(c2¥1 + 95)), (9.11)
e2p511¢5 (292 + daf26262) < 3p2fotica(Bfy1cs + p293) + brespitica(c, + 2g2), 9.12)
e2p3(c2ty + brez) < 3p2f3t19,. (9.13)

And same way with %, we get similar result so M, = (0,%,,%;,0) and Ms = (0,%,,%,0) where
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% = x5(%,) and X, = x,(X,) exist proved that
g2%, < (e +11%5)(83 + d3). (9.14)
e The (EPs) My = (%,,%,,%;,0) and M, = (¥%,,%,,%;,0) in the event that and only in the event

that the equations that follow have a positive answer

0 (1-2) (i) 25—t s 0,0, o
ﬁ + e, ppx,x5 — (63 +d3) =0, (10.3)
From Eq. (10.3) we get:
X, = (c2+y1%5)(83+d3)—gox) (10.4)

e2p2(c2 +y1x§)x2

by substituting Eq. (10.4) in Eq. (10.2), after multiple Eq. (10.2) by (1 + f,x,) we obtain the

following equations:

Li(xy,x2) = a1( - ﬁ)( 1 ) — p1x5 = 81xf —dy =0, (10.5)

kl 1+f1X2 C1+x%

(Cz +}’1X%)(53+d3)—92xz

esz(CZ +V1x%)x2

x g%
Ly(xy,x,) = a ( - i) + 1_1(1 +f, ) — (x1 — e1pyx1x3 + Gyxp +

c1 +x%

(c2+y,22)(83+d3)—g Xz) ((C2+V x5)(83+d3)—g,x2 2
dy) (1 + 22) : 22) 4
2) ( fz e2p,(c2+7,35)x 2 e2p,(c2+7,35)x,
by (c2+y1x§)(63+d3)—gzx2) ( (c2+y1x§)(83+d3)—g2x2>
1+ =0. 10.6
c2+y1x§ ( ezp2(62+y1x§)x2 fz e2p2(02+y1x§)x2 ( )

Subsequent to Eq. (10.5) we notice that, when x; - 0 then x, —» %, where ¥, is a positive

root of the equation

&13{23 + dzx% + ngz + 6?4, = 0, (107)
where
a, = —p1f1,

dy = —(bif1 + p1),
a3 = —(by +dif1),
d,=a1—dq.
In accordance with Descartes' rule and condition (3), Eq. (10.7) possesses only one positive

root say {x,}.
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dLy
More over from Eq. (10.5), %= - < e ) so =2 £ < 0, if following set condition hold:
dx, d_l
X1
dL1>0 dL1>0 or dL1<0 dL1<0

Now, from Eq. (10.6) we notice that, when x; — 0, then x, » X, or x, » ¥, where %, and %,
are a positive root of the Eq. (9.4).
The Descartes rule states that Eq. (9.4) either does not have any roots or has two positive roots

{%;,%,} depending on the condition (9.5-9.13) holds.

dLy
More over from Eqg. (10.6), % =— < g) S0 dxl - > 0, if following set condition hold:

dxq

dL,
dx

sz sz

£<0, $2>0 or $2>0, "L2<0

The two isoclines (10.5) and (10.6) intersect at positive point (¥;,%,) in Int.RZ2 of x;x;,-
space. So, the (EPs) My = (%, %,,%,,0) and M, = (¥,,%,,%,,0) exists where %; = x,(¥%,) and
%; = x4(%,) if in addition to above conditions with

%, < %,, (10.8)
92%, < (c2 +11%2) (83 + d3). (10.9)
The (EP) Mg = (0,%,,%,, %) in the event that and only in the event that the equations that

follow have a positive answer

a(1-2) () — P — 8o - o - 5 =0 (a1
Czﬁ;’i 7+ eapoxs — B — (83 + d3) = 0, (11.2)
Bx;—d, = 0. (11.3)
From Eq. (11.3) we get: %5 = %, (11.4)
We get the following equation by putting Eq. (11.4) into Eq. (11.1):

d1x3 + dpxs + dzx, + &y = 0, (11.5)

where
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dy = axcpty — [2(T2 + d2) + T3],

%

in accordance with Descartes' rule, Eqg. (11.5) possesses only one positive root say {x,}, if the
following conditions hold

fra, < T, + dy, (11.6)
Ty > (T, + dy) + 15. (11.7)
Now substituting Eq. (11.4) and ¥, in Eq. (11.2), we obtain:

- T4+T5—(63+d3)

X; 3 , Where
v G2% o _ = %)
Ty = parer-§ »Ts = €202X2 (ﬂ )

so, the (EPs) Mg = (0,%,, X, X;) where ¥; = x;(¥, ,X,) exist if in addition to conditions(11.6-11.7)
the next condition holds:

Ty + 5 > 03 + d3, (11.8)
The (EP) My = (x4, %, , %, %), Mg = (%1, X5, %, %) and My, = (x4, %5, X5, %) In the event that
and only in the event that the equations that follow have a positive answer

Xy 1 _ bix; 2 _ 2 _ _
4 (1 k1) ( 1+ 1%, ) c1+x% p1xz = 01Xy —dy =0, (12.1)
1 byxs

a, (1 - )’z_z) ( 1+f2XS) + ﬁ —nNXxq + e1p1X1Xy — pzxsz - 623(2 - d2 - C2+2]/J:_'x§ = O, (122)
% + e2p2%2xs — Px; — (63 + d3) =0, (12.3)
Bx, —d, = 0. (12.4)
From Eq. (12.4) we get:

i = %4 (12.5)

We get the following equation by putting Eq. (12.5) into Eq. (12.2):

Py(xq,x2) = a1( _xl)( 1 )_ gk — p1x5 — 617 —d; =0,

k_1 1+f1X2 C1+x%
(12.6)
. _xz 91%1 e _ B _
Py(xy, %) = 14 ( kz) + il nxi te1p;xX1X2 — Ty 8yx7 —dy P 0, (12.7)

a, . ds\? . bydy
—Hfz(%),rz—pz(ﬁ) and i; = 5

where 7, =
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Subsequent to Eq. (12.6) we notice that, when x; - 0 then x, - x, where x, IS a positive

unique root of the equation

dlx; + dzx% + ngz + d4 = 0, (128)
where
1 = —p1f1,

t, = —(%"‘Pz),

C1
. b
az = — (C_i + d1f1):
d4 = a1 - dl’
in accordance with Descartes' rule with condition (3), Eq. (12.8) possesses only one positive
root say {x,}.

2

apry
More over from Eq. (12.6), % =— (%), S0 % > 0, if following set of conditions hold:

dxq

dapy
dxq

dP1 dP1

>0, $2<0 or $2<0, ‘”’1>0

Now, from Eq. (12.7) we notice that, when x; - 0, then x, - X3, x, » ¥; and x, » X}
where X;, ¥; and X, are a positive root of the equation.
a1x3 + ayxs + ajx, + ay =0, (12.9)
where

i =11 (2 +6),

a; =y1(t — 12 — dy),

t3 = —c, (k_z + 62),

ay =cyt; — (i, +dy) — 15

in accordance with Descartes' rule, Eq. (12.9) possesses one positive root or three positive roots
say {xj, X3, x5}, if the flowing conditions hold.

B >ty + dy, (12.10)
apy
So, from Eq. (12.7), % =— < = > SO dx1 * <0, if following set condition holds:
2 dxy
dp, sz

dP; dP:
dx<0 2<0 or >0 2>0
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The two isoclines (12.6) and (12.7) intersect at positive point (x;,%3) or (%, %3) or (x,X3)

in Int.RZ of x,x,-space.
Now substituting Eq. (12.5) and x, in Eqg. (12.3), we obtain:

Xy = %[ o + ezp2%; ( ) - (63 + d3)] (12.12)

52+V1552

So, the (EPs) Mg, M;, and M,, exists where x; = x;(x,, x,) if in addition to the above condition

with the next conditions hold:

szy’gg + ezpzxz( ) > 83 + dj, (12.13)
X, < 1. (12.14)

5.LOCAL STABILITY ANALYSIS (LSA)

Through the process of constructing the Jacobian matrix, the localized stability area (LSA)

surrounding each of the equilibrium sites is addressed in this section. (JM), J(xq,x,,x,,x;) after
which the eigenvalues for the system (1) were discovered at all of them. Be aware that we made
use of the symbols. Ay, , A, Aix, @and A;,, to represent the eigenvaluesof (JM) Jj;; 1= 0,..,11
where the matrix of Jacobian J(x,,x, , x,, x;) of the system (1) for all of them may be stated as

follows: that describes the dynamics along the x,-direction, the x,-direction, the x,-directionand

the x,;-direction correspondingly

] =
), . (13.1)
= (12) () 2285t 2 o,
Ny = A1% (1 B %) ( (1+;f91c2)2) B cliﬁclf ~2prry Mas =0 me =0,
Ny = %;12_;%) — Xy + e1p1%3,
Ny, = Ay ( - %) ( 1+}2x5) + % — nXy + 2€1p1X1Xp — PoxE — 28,%, — dy — %
S
ng; =0, Nz = % + exppx3,
N33 = 252 2e,p2%,%s — Bx; — (63 +d3),  n3e = —Pxs,

(c2#r1x3)
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ng =0, nyy =0, ny3 = Pxy, Ngq = Pxs — dy.

e Itissimplest to prove that the (JM) of system (1) at M, = (0,0,0,0) it could be expressed

as:
a; —dq 0 0 0
0 a, —d 0 0
= J(M,) = 2 2 . 14.1
0 0 0 —d,

After that, the equation that is distinctive of ], is given by:
(a1 —dy— A)(az —dy —2A)(=(83+ d3) —2)(—d,— 1) =0,
so the eigenvalues of J, are
Aox, = a1 —dy, Aoy, =0z —dy, Aox, = —(63 + d3),and Ay, = —d,
Assuming conditions (3) and (4) are true, the equilibrium point M, is (LAS) in the R%, but it
is unstable in all other cases.

e The (JM) of system (1) at M; = (x;,0,0,0) can be written as

2% _ _ (% b1x
aq (1 - kill) - 351)612 - d1 a1f1x1 (:i—i - 1) - ﬁ 0 0
g1%1 =
Ji=J(M;) = 0 Bt TE T 0 0 1 s
l 0 0 —(83+d3) 0 J
0 0 0 —d,

Therefore, the equation that is typical of J; comes in by

(a1 (1- Zkil) - 3612 —dy — 2) (a1 /1%, (i—l —1) =L - 2) (=63 —d3 — D) (~ds — D) = 0,

C1+f%

Then, J; has the following eigenvalues:

2X4 —2
/11x = al ( - _) - 361X1 - dl'
1 k4
91%1 =
My, =Q —nx, —d
1x, 2t o T G

/113(5 = _(53 + d3) and /11x1 = _d4.

If the next subsequent statements are true,

a < 2‘;(11’?1 +368,%% + dy, (15.2)
g1x _
a; + Clifl% < nxq + dz, (153)

then M; is (LAS) otherwise M, is unstable.
e The (JM) of system (1) at M, = (0,%,,0,0) can be written as

Jo = J(M3) = [my] (16.1)

4x4’
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a _ bix dq
9

14715, e Plxz myy; = myz =my, =0,

where my; =

_ glfz = =2
myq = o nx; +e1p1x;y ,

2% =
My = a2 (1 - kizz) — 26,%2 — da,

= (X byx,
Moy = Ay frX ——1)— Moy =0, msy =mg, =0,
23 2f2%2 (kz catyl 24 31 32
gzxZ — — —
mz3 = (catr® (53 +d ) Mgy =0, Myy =My =My3 =0, My, = —d,.

After that, the equation that is distinctive of J, is given by
(my1 — (Mg — D) (M33 — ) (Mgy — 1) = 0,

Then, J, has the following eigenvalues:

_ a; b1x2
Ao, = 141, %, p1X5 — dy,
2%, =
Aox, = @z ( - k—) = 28X, — dy,
2

Asz = LZ_) — (63 + dg) and /12x1 = —d4.

(c2+v1%2
If the next subsequent statements are true,

a; b1x2
1+f1972

+ p1x2 +dq,

Zaz 2

a, < + 28,%, + d,,

92%;
c2 +y1%;
then M, is (LAS) otherwise M, is unstable.
e The (JM) of system (2) at M; = (¥;,%,,0,0), can be written as:

<63+d3,

J3=](M3) = [pij]4x4,

2;?1) ( 1 ) _ by¥y(e—%])

where P11 = al( T e 14 f1%, (h""ﬁ)z

2 2
K — p1X; — 361 %7 —dy

~ fl f1 blkl v~
=a.X ——1)( - )— = — 201X, X Nz =mn4=0
P12 1 1(k1 RETEAY il P1X1X2, 13 14 ,

g1%2(c1-%3) ~ )
P21 =~ Py nXy +e1p1X3,

_ 27\62 g1 1 v o~ ~
P22 = ay ( - k_z) + 2 nX; + 2e1p1%,1X; — 26,%; — dy,

X3 ) bzxz

P23 = az2f2X> (k_z - )’ P =Pu=p2=0

(16.2)

(16.3)

(16.4)

(17.1)
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P33 = LZZ — (63 +d3), P32 =0,

Pa1 = Paz = Paz =0, Pas = —dy.
After that, the equation that is distinctive of J; is
(AZ — (P11 + P22)A + (P11P22 — p12p21))(P33 —D)Paa—4) =0,

either (p33 — /1) =0= A3, =py = ( 90% b3 — d3> or (p44 — /1) =0

~2
c2ty X2
= A3, = Pyy = —da < 0,01 (22 = (11 + P22)A + (P11P22 — P12P21)) = 0, that provides
Asx, T A3x, = D11 + P22 and A3x, * A3x, = P11P22 — P12P21-

So, Azx,» A3, and Az, are negative if the following conditions hold:

g2%;

C2+Y1f§ < 63 +

ds, (17.2)
Cl > x1 s .
%2 (17.3)

¥ <l (17.4)
1 2’ .

ar (1-22) () <2 ) w2 36,02 4 (175)
1 k1 1+f1i2 (Cl-l-f%)z 1 2 1 1 13 .

v ky

%, <2, (17.6)

2X X « ~ ~

az (1 — kizz) + jix;% + 2e1p1X1 Xy < nXq + 28,%9 + dy, (17.7)

AL IG5 ) SN B (17.8)
(Cl‘l‘f%)z 1p1 2 n 2 .

then M; is (LAS) otherwise Mj; is unstable.
e The (JM) of system (2) at M, = (0,%,,%,,0) can be written as:

Ja= ](M4) =
[qi,-]4x4, (18.1)
by % -
where q;;, = 1:222 - 11:3162 —p1X5 —dy,  G12=¢13=¢q14 =0,

_g1%, o o2
Q21 =7 — X2 + e1p1X3,

_ 2%, 1 ~2 ~ bzfs(cz_ylfg)
CIzz—az( —k_)(—Hff)—szs—252x2—d2——qz ,
2 2Xs (c2+11%3)

- = q24=0, q31 =0,

C2tY1X5

qz23 = (i_z - 1) ((3]{22:52)2) — 2p%,%; — b,



18
SAFAA HASAN RASOOL, AZHAR ABBAS MAJEED

— .927?5(02 —V19?%)

o2
2 T expaXs,
(c2+11%3)

q32

g3z = % + Zezpzk\zk\g - (63 + d3), q34 = _stl

qs1 = qa2 = qa3 =0, Qaq = PXs — dy.
After that, the equation that is distinctive of J, is
(911 = D (Gaa — /1)(/12 — (q22 + q33)A + (P22p33 — P23P32)) =0,

ay  bi%p 22 _y4
1+f1£2 C1 p1 2 1,

either (¢, — 1) =0=> Ay, = q,, =

or (C[44—A)=0 $/14x1=qzt4:,8£s_d4<0:

or (22 = (q22 + q33)A + (22033 — 923932)) = 0, that provides

Aax, ¥ dax, = Q22 + 433 and Aax, * Aax, = 422933 — 423932-

S0, Aax,» Aax,> Aax, and A4y, are negative if the following conditions hold:

a by % 52
14717, < o + p1%5 +dq, (18.2)
B, < da, (18.3)
2 > y1%%, (18.4)
s _k
Xy < P (18.5)
ay(1- Zﬁ)( ! ) < paR2 +26,% +dp + po5(c2 ) (18.6)
2 P 14,5, P2Xs 2%X2 2 (cz+y1f§)2 > .
g2%, PP
—(C2+Y19?§) + 2e,p2X0% < 63 + d3, (18.7)
then M, is (LAS) otherwise M, is unstable, similarly for the equilibrium point Ms.
e The (M) of system (2) at My = (%,,%,,X,,0) can be written as:
Jo = J(Mg) = [Tij]4x41 (19.1)

2%,

where r; = a4 ( - k—l)(

1 ) _ biFy(e1—%3)

~2 ~2
— — p1X5 — 36X —d.,
1417, (c1+f§)2 P1X3 1X1 1

X1 aqf1%q b1%, S~ =
T =(——1)( ~)— = — 20X X T3 =114 =0
12 L +/,%, 1t 72 P1X1X2, 13 14 )

bzfs(cz —Y1f§)

2X% a g1x ~ ~ ~ ~ ~
T2 = (1 - _2) (—2) + i =Xy + 2811 % Ry — poXE — 28,%;, —d, -

ky ) \14fofs ) o423 CRR
X ayfr%, ~ ~ by X,
T =——1)(—)—2 XoXoe — ———< Tos =131 =0
23 (kz RESEAD P2X2Xs (7 22) 24 31 )
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— ngs(cz —V1f§)

+e,p,%2,
(cz+y1f§)2 2P2Xs

732

g2 % T X
s = 2l + 2000 s — (83 + ), T = —B%s,

Ta1 =Tup =Ty3 =0, 14y = f%; —dy.
After that, the equation that is distinctive of Jg is
(s = DX + G142 + G4 + §3) = 0,
either (ryy —4) = 0= Ay, =144 = fX, —dy <O.
Or A3+ @22+ P2+ @3) =0, (19.2)
where @, = —(ryy + 1y +733),
@y = 111(1a2 + 133) + TyaT33 — Ty3Tay — TiaTyy,
@3 = —111 (122733 — T23T32) + T12T21703.
All of the eigenvalues, which are the roots of the equation, are considered to be valid according
to the Routh-Hurwitz criterion EQ.(19.2), have negative real portions if and only if the
following conditions are met: @; >0, @; >0 and 4 = (¢:9, — $,)P; > 0.

Clearly, we have @, >0, @; >0 and
4= [(Tzz +133) (ry33p —14) + (11 + 122) (7”127”21 — (5, + T323)) - 27”117”227’33] >0,

provided that

¢ > %, (19.3)

~ k1

X1 <73 (19.4)

(1 - ﬁ) ( it ) B G SN SRR S (19.5)

kq 1+£1%; (C1+J?%)2 p1%x3 141 1 .

919?2(51—9?%) 2

—— = te1piX; > ¥y, (19.6)
(C1+f1)

¥, <2 (19.7)

X2 <55 .

2 > V1%, (19.8)

_ 2% az 91%1 o . ) - bos(c2-11%2)

( P ) ( 1+f2925) + e, + 2e1p1%1 Xy <Xy + X5 + 26,% +dy + —(Cz+yﬂ?§)2 , (19.9)
g2% ~ ~

o t2 <d3+d 19.10

(D) T 2€2p2%2%s <03+ d3, ( )

BEs < dg, (19.11)

then Mg is (LAS) otherwise M, is unstable, similarly for the equilibrium point M.

The (JM) of system (1) at Mg = (0, X, , X,, X;) can be written as:
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Jg = J(Mg) = [u], .. (20.1)
a b X o
where uy; = 1+f;z2 — 212 —p1X5 —dy,  Upp = U3 =uyy =0,
g1%;

_ . )
Uy = —nXy +eq1p1%3,

wp = (1-22) (522) - pot — 26,%, — d — 221

ky ) \ 1+fo%s (c2+11%2)°
_ (%2 _ azfa%; )_ v v __ bX _ _
Uys (kz 1) ((1+fzfs)2 2p,X X nid)’ Uy = U3 =0,
_ ngs(cz—hf%) o2
Uzp = =5 1 epXs,
(c2+r1%3)
_ 9% o o _ <
Uz = =25 + 2e,0, X, X5 — BX; — (83 + d3), Ugy = —PX,
(c2+r1%3)

Upy = Ugp =0, Wy3 = BX,  Ugy = BXs — dy.
After that, the equation that is distinctive of Jg is
(U1 — DA + P42 + P2+ @3) = 0,

either (uy; —4) = 0 = g, = uy;.
Or (B + §14% + P4+ Pp3) =0, (20.2)
where @, = —(uUyy + Uss + Uyy),

Py = Upp(Usg + Usy) + Ugzlsg — Ugallyz — Upzlsg,

Pz = —(Uz2(U3lhas — UsaUyz) — Up3lUszlys).
All of the eigenvalues, which are the roots of the equation, are considered to be valid according
to the Routh-Hurwitz criterion EQ.(20.2), have negative real portions if and only if the
following conditions are met: @, >0, @; >0 and 4 = ($,P, — F3)P3 > 0.
Clearly, we have @, >0, @5 > 0 and
A = (uzz + Uga) (Uzallyz — U5,) + (Upp + Usz) (Upztizy — UF) — U3 (Ugp + Ugs) — 2UppUszlys,

provided that

a b1 X )
1+£1%, < 1 +p1%; +dy, (20.3)
2 > 11%3, (20.4)
_ ks
2 ) .
2 <5 (20.5)
— & az w2 v bzfs(cz—hfg)
(1= (Fis) < + 285 + o+ (catrizg) (20.6)
g2%> + zezpzfzfs < ﬂfl + (53 + dg), (207)

(2 +Y1’?%)
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.8555 < d49

(20.8)
then Mg is (LAS) otherwise Mg is unstable.
e The (JM) of system (1) at My = (x4, %, , X5, %;) May be expressed as:
Jo=](Mg) = [Zij]4><4; (21.1)
where
— _ Zﬁ 1 _ b1x2(C1—x%) _ .2 .2
Z11=m (1 kq ) ( 1+f1%2 ) (cl+x%)2 P1X2 381351 dl’

. %1 -fi by%q ..
Zi9 = A1 X 1——)( - )— = — 201 XX Z13 =214 =0
12 1 1( k) Tt fp)2 e P1X1X7, 13 14 ,

.2
_ - . .2
) —nXy + e1p1X3,

2% 1 x . .. . . boxs(cy =y, %2
Zyy = Ay ( - —Z)( . ) + DI %+ 2e1prdyky — Pkl — 28,%, — d, — 252 N%2) s(camn1%7)
ko 1+ foxs

c1+if (ca#y132)°
_ . _ X_2 _fZ _ . . _ b29€2 — —
Z23 = AzX3 (1 kz) (—(1+f25cs)2) 2paXoXs (eatrid)’ Z24 =231 =0,
. 2
Z3; = bes(ca 1) hsz) + 2e,p,%7
(c2471%3)
goXx .. . .
Z33 = m + 2e,p.%,%5 — B — (63 + d3), Z34 = — P
Z41 =743 =0, 243 = X, Zas = PXs — dy.
A characteristic equation of My may be expressed as follows:
Y+ @3 + @22 + 3d + ¢y =0, (21.2)

where @1 = —(211 + 725 + 233 + 244),
G2 = Z33Z44 + (211 + 222)(Z33 + Z4a) + 211220 — Z34743 — Z23%732 — Z12%21,
(3 = (211 + 222) (234243 — Z33744) + Z23732(211 + Z4a) + (211 + 244) (212721 — Z11722),
@4 = (211222 — 212721) (233244 — Z34743) — 211223732744
All of the eigenvalues, which are the roots of the equation, are considered to be valid according to
the Routh-Hurwitz criterion Eq.(21.2), have negative real portions if and only if the following
conditions are met: ¢; >0, @3 >0,¢, >0 and 4 = (@10, — @3)P3 — 2, > 0.
Clearly, we have ¢, >0, ¢; >0, ¢, >0 and
A = (233744 — Z34743){(Z11 + 222)*[(Z11222 = Z12221) + (Z33 + Z44) (Z11 + Zpp + 233 + Z4a)] +
(211 + 222)[(Z33 + 244) (233244 — Z34Z43) — (222 + 233)Z23Z32] — (Z33 + 244)[223232(211 +
Zaa) — (Z33 + 244) (211722 — 2127211} — (211 + Z22 + 233 + 244){(211 + 722) (233 +

Z44) 211223232 + 223232244 — (Z33 + 244) (211222 — Z12221)] + (211 + Z22 + Z33 +
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244)[(211222 — 212221) (233244 — Z34Z43) — Z11Z232Z32Za4]} — (211 + Z22) (211222 —
212221)8223232(211 + Z44) — (211222 — Z12221) (Z33 + Z44)} + 223232(222 + 233){223232(211 +

Zya) — (Z33 + 244) (211222 — Z12221)},

provided that
1 > %, (21.3)
Xy < % (21.4)
(1-2) (7)< (i) |52 43,42 4 d (21.5)
kq 1+f1%2 (C1+5C%)2 P1X; 141 1» .
g1%2(c1=%) .2 .
(1 +42)2 +e1p1xz > nxy, (21.6)
a1f155% aifixq byxq c
Ot fii)?  arfin ) T o +a? +2p1%1 %7, (21.7)
Cy > Y143, (21.8)
iy <22 (21.9)
2%, a, g1%1 .. . .2 . byxs(cy—y1%2)
( - k_z) (szs) toea T 2e1p1X1Xy <MXq + PaX5 + 20,%; +dy + i) (21.10)
g2x; .. .
(inad) T 2e2pa¥aks < B+ (03 + d3), (21.11)
Brs < dy, (21.12)

(z11 + 222) (233 + 244) (211223232 + 223232244 — (Z33 + 244) (Z11Z22 — Z12221)] < (211 + 252 + 233 +
Z44)[(Z12221 — 211222) (234243 — Z33Z44) + Z112232322Z44]. (21.13)
There for, under previous condition, all of the eigen values have a negative real part. This mean

My is (LAS) otherwise are unstable. similarly for the equilibrium point M, and M.

6. GLOBAL STABILITY ANALYSIS (GSA)

As shown in the following theorems, the (GAS) for the (EPs) on the (LAS) of system (1)
have been subjected to an analytical investigation by the use of the Lyapunov technique that is
applicable for the situation.

Theorem (2): system (1) is (GAS) at the point M, = (0,0,0,0) in the sub area 9, c R%. With the
further conditions are applicable:

akq + azk;

T < 513 +dyxg +nxyxy + 6,x2 + dyxy + (63 + d3)xg + dux;, (22.1)

Proof: The following function should be considered. S,(xy, x5, x5, %) = x1 + x5 + x5 + x;.
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Clearly, the function S,:R% — R is positive definite in C!.
The use of specific algebraic computations and differentiation of S, with respect to time t, and by find

sup of logistic growth functions led to the following result:

das a1k X
—r< =t — (b - 91) 1 2 — 81x3 — dyxg + 22 —nxyxp + (1 — Dpyxgxf — 8,xF — doxy —

(b2 = 92) - izy Rl Che Dpaxaxé — (83 + d3)xs — dax;.

Now, due to the biological facts b; > g;and 0 <e; <1 for i = 1,2 we get

dSy akq

p” 01 —dixg + aszz — 1212 — 8x5 — daxg — (63 + d3)xs — dax;.

hence % < 0 in the region 9,, by conditions (22.1) S, is a Lyapunov function. So, M, is a

(GAS)in 9, c R% .
Theorem (3): system (1) is (GAS) at the point M; = (x1,0,0,0) in the sub area9, c R%. With
the further condition are applicable:

bixX1x; | azk; (x1— x1)

+

c1+x2 4

+ p1Xx3 < ay + 81 (g + %) (2 — %)% + 1%y + 6,x2 + dyxy + (63 +

dg)xs + daxy, (23.1)

Proof: The following function should be considered.

Si(x, x5, x5,% ) = (X1 — X1 — X lnz—i) +x, + x5 + x;.

Clearly, the function S;:R% - R is positive definite in C*.
The use of specific algebraic computations and differentiation of S; with respect to time t, and by find

sup of logistic growth function for predator led to the following result:

Xlxz b1x1xz

dS1 al(xl x_l)z
_— s 1 - b
( 11— c 2

T — 902 + (e1 — Dprxyxg + p1faxg — 610c1 — £1)% (e + %) +

azk,

—nx1x2 + (63 — D)poxyx? — 8,32 — (by — 92) —dyxy — (63 + d3)xs — dyx;.

Now, due to the biological facts b; > g;and 0 < e; <1 for i = 1,2 we obtain

das —ay(x1-%1)? | b1%
== 1(k11 4 C1+1x22 +pr®1ag — 61001 + 21) (0 — 1) +— —nx1xy — 8px3 — daxy —

(63 + d3)xs — daxy,
hence dd—stl < 0 in the region 9,, by conditions (23.1) S, is a Lyapunov function. so, M; is a

(GAS) in the region 9; c R%.
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Theorem (4): system (1) is (GAS) at the point M, = (0,%,,0,0) inthe subaread, c R}. With
the further conditions are applicable:

= \2 =
as(x;—X%;) g1X2X1
k, c1+x?

(63 + d3)x5 + d4x1, (241)

a1k1 byXy%xs

+ pX,x2 + < (61x3 +dyxy) + + e p1x1x3%, + 8,(x, — %)% +

2
C2tY1X5

Proof: The following function should be considered.

= = X
So(x1, %5, X6, %1 ) = X1 + (X — X — Xy lné) + x5 + x;.

Clearly, the function S,:R% — R is positive definite in C!.
The use of specific algebraic computations and differentiation of S, with respect to time t, and by find

sup of logistic growth function for predator led to the following result:

ds,
dt

az (x;—%;)? _91%x;

2 _ 3 _
(81x1° + d1x1) P Py

—e1p1X1x2Xy +

aikq
P She —
. — (1

= = X2 Xg byXoxs
(e — Dpaxax2 + prXax? — 8,(x1 — %2)? — (b2 — g2) Cz_fylx% + Cziyz — (63 +d3)xs — dyx.

Now, due to the biological facts b; > g;and 0 < e; <1 for i = 1,2 we get

ds a1k X,—%7)? Xox
d_tzs 11_(61x1 +d1)x1_a(2 2)_ 2%1

ky 1 c1 +x

— e1p1X1%2Xp + pa¥oxt — 8, (x, — %) +

M — (63 +d3)xs — dyxp,

c2+y1x
hence dd—stz < 0 in the region 9,, by conditions (24.1) S, is a Lyapunov function. so, M, is a

(GAS) in the region 9, c R%.

Theorem (5): system (1) is (GAS) at the point M; = (¥, ,%,,0,0) inthesubaread; c R%.
With the further conditions are applicable:

7, < z“z, (25.1)

Z; = b1 2+ pr¥yx5 + pixi X5 + b1 vz + poXoxi + by &r

Cq1 +.x Cy +}/1x2

. _ ¥ )2
7, _MJr(gl(xl_xl) (x1+x1)+M+g

+ e1p1 XXXy + €101 XXX +
K, K, 1C+x 1P1X1X1X2 1P1X1X2X2

X1%2
~2
C1+x1

91 +8,(xz — %)% + (63 + d3)xs + dyx;.
Proof: The following function should be considered.

S3(xy,x5,%5,%1) = (X — %, — X4 ln;—ll) + (x; =X — X, ln;—z) + x5 + x;.
Clearly, the function S;:R% — R is positive definite in C*.

The use of specific algebraic computations and differentiation of S; with respect to time t, and by find
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sup of logistic growth function for predator led to the following result:

X1% v .2 ~2
4+ p1X1x5 + p1xX5 —61(x1 —
1C1+x% P1X1X5 T P1X1X3 1(x1

dss _ —ap(x1—%1)? x1%p
3“4 XXy —
T S (b1 =912

x1¥%y  a(p—%p)* x1x2
at+# ks

%1)2(x1 + %1) + by il (e1 — Dp1x1x2 + (e; — Dp1 ¥ %% —

e1p1xX1X1x — e1p1X1¥,xp — 91 + (€3 — Dpyxaxt + paXox? — 85(x; — %)% +

by Sy — (b = 92) 3y = (83 + da)xs — daiy.

Now, due to the biological facts b; > g;and 0 < e; <1 for i = 1,2 we get

dsS; —al(xl—fl)z X1 2 2 lez az(xz—y?z)z
a2 ~ — — — —
xS g thi ot pr¥yxg + pr¥gxy — 61001 + ¥1)(x1 — ¥1)? + by v .
x1¥%p _ _ _ 2 Xoxs
917 e1p1x1X1xp — e1p1X1%,x2 91 vz + pyXgx? — 8,(x, — %)% + by pe;

(63 + d3)xs — daxp,

:Zl - sz
hence % < 0 in the region 94, by conditions (25.1) S; is a Lyapunov function. so, M; is a
(GSA) in the region 9; c R%.
Theorem (6): system (1) is (GAS) at the point Mg = (0, X, , X, X,) inthesubaread, c R%.
With the further conditions are applicable:

X Xy X o v _x az(x—X3)*
a1 Xy (1 ) 92 (C2+y1x2 Crty 2 ) (x5 — X5) + €202 (X225 — ¥ X) (x5 — X;) < T +
nx(x, = %) + py 0y = 2 (xE = X + 6,00 — 1) A by (2 — ) G — %), (2610)

Proof: The following function should be considered.
S4_(.X1,x2 ,xs,xl) = X1 + (x2 - XZ - XZ ln%) + (xs _fs - 565 ln?) + (xz - 551 - f[ ln%).
2 N 1

Clearly, the function S,:Q € R% - R is positive definite in C?.
The use of specific algebraic computations and differentiation of S, with respect to time t, and by
find sup of logistic growth function for predator led to the following result:

as,

a,(x,—%9)>?
> — (6122 + dg)xy — 202X

k2

Sa1(1—%)x1 — (b1 — 91

g1 o 1+j —Nx1(xy — %) — e1p1x1%2X%; — po(x; — fz)(xs - xs) 8, (x, — X2)? —
Xs Xs = X3 X = v _x
b, (c2+y1x2 o172 ) (x2 xZ) + 92 (cz+y1x2 ey tyi 2 ) (xs xs) +ezp (xzxs xzxs)(xs xs)-

Now, due to the biological facts b; > g;and 0 < e; <1 for i = 1,2 we get
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ds (x=%2)* o . . .
T <ar (1) — T (x — %) — py (e — %) (3 — %) = 8 (x, — %) -

Xg _ X _x Xq _ X, v v _x
b2 (g~ o) G~ ) + 02 (g — ) O — ) + eapa oty — %%, (s — %),

4

Then by using condition (26.1) hence % is negative semidefinite, and % =0 on the set

{(0,%,,%,, %) € L:x; =0,x, = Xy, x;, = X5, x; >0 } S0 according to Lyapunov's first theorem,

Mg is a globally stable point. Furthermore, since on this set we have

dxs 9rX2Xs 2
— =2 4 0. %% — O3xe — Bx.x; — daxe = 0. 26.2
AT cptr 2 2P, X2 X 3Xs — Bxsx 3Xs ( )

Ifand only if x; = X, then the largest compact invariant set contained in this set is reduced to the
endemic equilibrium point Mg. Hence, according to LaSalle's invariant principle, Mg is an
attractive point and therefore it is globally asymptotically stable in Q.

Furthermore, it is not viable to use the Lyapunov function to examine the global stability of
equilibrium point {M,, M<},{M¢, M-} and {My, My, M,,} thatare located in the interior of R and
have distinct beginning points neighbourhood but the same local stability conditions.
Consequently, as opposed to studying it analytically as demonstrated in the previous theorems, we

shall investigate it numerically.

7.NUMERICAL SIMULATION

In this section, the behavior of dynamics of system (1) is examined numerically by
mathematical methods. The purpose of this study is to verify the analytical results we have
obtained and to investigate the impact of varying the given values of all parameters on the
dynamical behavior of the system. It has been noted that system (1) has a (GAS) positive
equilibrium point, as seen in Figure (2), based on the ensuing set of hypothetical parameters that
satisfy the stability criteria of equilibrium point is the positive.
a=2.5, k=3, £,=0.1, b;=0.5, ;=6.0, p;=0.03, 6,=0.02, d;=0.01, a,=1.5, k,=2.7,
£,=0.1, ¢,=0.3, b,=0.4, c,=4.0, ¥,=0.1; n=0.05, €,=0.01, p,=0.03, §,=0.05, d,=0.03, (27)
9,=0.2, €,=0.01, 55=0.05, f=0.01, d5=0.01, d,=0.01.

(@) (b)



27
THE FEAR AND TOXIN EFFECT ON SOKOL-HOWELL PREY-PREDATOR MODEL
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Figure -1 The paths followed by system (1), which began at three different starting points (3.2, 2.8, 1.0, 0.5), (2.0, 1.0,
0.5,0.2), and (6.0, 4.0, 3.0, 1.5), for the data in (27). (a) the path of x; over time, (b) the path of x, over time, (c)
the path of x; over time, and (d) the path of x; over time, approach to Mgy = (2.495,2.074,1,3.427).

As the positive equilibrium point of system (1) is asymptotically approached, the generalized
approximation of the solution (GAS) of system (1) is clear in Figure 1. Mg =
(2.495,2.074,1,3.427).
To examine the influence of parameter values on the system's dynamic behavior, we will alter one
parameter at a time while maintaining the other parameters as specified in the data (27) with the
beginning point (3.2, 2.8, 1.0, 0.5), and the results are shown in Table 2.

Table 2: The dynamic behavior of system (1) at every system parameter

Parameter Range Stable (EP)
0.00001 £ a; < 0.40461, Mg
0.40461 < a; <5, My
0.00001 £ a; < 0.00724,a, = 0.01 M,
0.036 < k; < 5. My
0.00001 < f; <2.96188, My
296188 < f; <5. Mg
0.031 < b, < 5. My
0< ¢ <5 M,
0.00001 £ p; < 0.38793, My
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0.38793 < p; <5. Mg
0.00001 < 6; <5. M,
0.00001 < d; <1. M,
0.00001 < a, < 0.10863, M,
0.10863 < a, < 0.2971, M,
0.2971 < a, < 0.52196, Mg
0.52196 < a, <5, M,
0.09772 < a, < 0.16684,a, = 0.1, M,
0.16684 < a, < 0.37843,a, = 0.1. M,
0.02187 < k, < 1.35428, M,
1.35428 < k, < 1.53771, Mg
1.53771 <k, <5. M,
0< f, < 2.64849, M,
2.64849 < f, <5. M,
0.00001 < g, < 0.5. M,
0.21 < b, < 2.94226, M,
2.94226 < b, <5. M,
0.00001 < ¢, < 0.00021, Mg
0.00021 £ ¢, < 0.00023, M,
0.00023 < ¢, < 0.00024. M,
0.00001 <y, < 0.68506, M,
0.68506 <y, < 0.74342, Mg
0.74342 <y, <5. M,
0.00001 <7 < 0.23225, M,
0.23225 <1 < 0.29801, M,
0.29801 < n < 0.54654, M,
0.54654 <n < 5. M,
0< e <1. My
0.00001 < p, < 0.95367, M,
0.95367 < p, <5. Mg
0.00001 < 4§, < 0.43883, M,
0.43883 < 6, < 0.60005, Mg
0.60005 < 6, < 5. M,
0.00001 < d, < 0.51602, M,
0.51602 < d, < 0.69311, M,
0.69311 <d, < 1. M,
0<g,<0.11347, M,
0.11347 < g, < 0.12494, M,
0.12494 < g, < 0.4 M,
0< e <1 M,
0.00001 < 65 < 0.08601, M,
0.08601 < 65 < 0.09429, Mg
0.09429 < 65 < 5. M,
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0.00001 < B < 0.00295, M,
0.00295 < B < 0.29, M,
029<pB <1. M,
0.00001 < d; < 0.04601, M,
0.04601 < d; < 0.05429, M,
0.05429 < d, < 1. M,
0.00001 < d, < 0.0289, M,
0.0289 < d, < 0.05429. M,

The influence of changing the growth rate of prey within the range 0.0001 < a; < 0.40461
was investigated, It has been noted that system (1) continues to approach Mg, Nonetheless,
extending this parameter to its extremes further 0.40461 < a; < 5 the solution approach to M,,
when, pushing this parameter to its limits further 0.00001 < a; < 0.00724 and a, = 0.01 the
solution close to M, as seen in Figure (2).

(@) (b)
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Figure-2 (a) the solution time series for system (1), which approachesto Mg = (0,2.188,1,3.834) when a,;=0.2,
(b) the solution time series for system (1) which approach to My = (2,2.117,1,3.582) when a;= 1.2, (c¢) the

solution time series for system (1), which approaches to My = (0,0,0,0) when a;=0.002 and a,=0.01.
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The study examines the predator population's response to changes in the growth rate of the
predator population, with a range of 0.00001 < a, < 0.10863. It is observed that system (1) is
close to M;, but the system reaches M; when the parameter is increased by 0.10863 < a, <
0.2971. When the parameter is increased by 0.2971 < a, < 0.52196, the system is close to M,
but the system reaches M, when the parameter is increased by 0.52196 < a, <5, also
increasing this parameter further 0.09772 < a, < 0.16684 when a; = 0.1, the system

reaches M, finally upping this parameter even further 0.16684 < a, < 0.37843 when a, =

SAFAA HASAN RASOOL, AZHAR ABBAS MAJEED

0.1, the system is close to M,, as seen in Figure (3).
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Figure -3 (a) The solution time series for system (1) which approach to M; = (2.8,0,0,0) when a, = 0.005, (b)
the solution time series for system (1) which approach to M; = (2.7,1.029,0,0) when a,=0.25, (c) the solution
time series for system (1) which approach to Mg = (2.668,1.245,0.248,0) when a,= 0.36, (d) the solution time
series for system (1) which approach to Mg = (2.485,2.113,0.995,0.569) when a,=1.6, (e) the solution time
series for system (1) which approach to M, = (0,0.953,0,0) when a,= 1.2 and a;= 0.1, (f) the solution time
series for system (1) which approach to M, = (0,1.246,0.139,0) when a,=0.2 and a,=0.1.

The impact of switching up the amount of fear of prey inside the range 0.00001 < f; <
2.96188, It was found that system (1) is still getting closer to My asymptotically throughout the
course of the research, regardless of finding this parameter was raised much further 2.96188 <
fi <5, the probability of the infected apex predator becoming extinct increases, and the system
is close to Mg as seen in Figure (4).
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Figure -4 (a) The solution time series for system (1) which approach to My = (1.854,2.129,0.997,3.627 ) when
fi =0.9,(b) the solution time series for system (1) which approach to Mg = (0,2.188,1,3.834) when f; = 3.4.
The impact of switching up the amount of fear of predator inside the range 0.00001 < f, <
2.64849, the investigation revealed that system (1) continued to asymptotically approach the

positive equilibrium point defined by M,, even as this parameter was further raised. 2.64849 <



32
SAFAA HASAN RASOOL, AZHAR ABBAS MAJEED

f> <5, augments the probability of extinction for the infected apex predator, hence putting the

system is close to M, as seen in Figure (5).
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Figure -5 (a) The solution time series for system (1) which approach to My = (2.581,1.711,1,2.022) when f, =
0.8, (b) the solution time series for system (1) which approach to My = (2.668,1.242,0.567,0) when f, = 4.5.
When the hunting cooperation in predator the impact of this difference in the range
0.00001 < p; < 0.38793 was investigated, it has been noted that system (1) continues to
approach M,, regardless of finding this parameter was raised much further 0.38793 < p; <5

and the system is close to Mg, as seen in Figure (6).
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Figure -6 (a) The solution time series for system (1) which approach to My = (0.616,2.191,1,3.852) when p;
=0.3, (b) the solution time series for system (1) which approach to Mg = (0,2.187,1,3.838) when p; =0.8.
When the hunting cooperation in susceptible top predator the impact of this difference in the
range 0.00001 < p, < 0.95367 was investigated, it has been noted that system (1) continues to
approach My, Nonetheless, extending this parameter to its extremes further 0.95367 < p, <5
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and the system is close to M, as seen in Figure (7).
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Figure -7 (a) The solution time series for system (1) which approach to My = (2.528,1.943,1,3.072) when p,

=0.1, (b) the solution time series for system (1) which approach to Mg = (2.706,0.992,0.586,0) when p, = 2.

This research investigated the toxin rate of the predator and the effects of variations within

the range of 0.00001 < §, < 0.43883, it has been noted that system (1) continues to approach
My, the effect of this variation 0.43883 < §, < 0.60005 was investigated, it has been noted that

system (1) continues to approach M. Nonetheless, extending this parameter to its extremes

further 0.60005 < §, < 5 the system is close to M3, as seen in Figure (8).
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Figure -8 (a)- The solution time series for system (1) which approach to My = (2.599,1.621,1,1.653) when &,
=0.2, (b) the solution time series for system (1) which approach to My, = (2.669,1.24,0.153,0) when &, =0.55,
(c) the solution time series for system (1) which approach to M3 = (2.71,0.959,0,0) when §, =0.9.

The number of predators in the range changes when the number of food that is protected by
predators changes 0.00001 <7 < 0.23225, it is observed that system (1) is close to My,
although the system reaches Mg when the parameter is increased further by 0.23225 <73 <
0.29801, and M3 when the parameter is increased by 0.29801 <n < 0.54654, finally, the

system is close to M; when the parameter is increased by 0.54654 < n < 5,, as seen in Figure

(9).
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Figure -9 (a) The solution time series for system (1) which approach to M; = (2.553,1.835,1,2.517) when n =
0.1, (b) the solution time series for system (1) which approach to My = (2.668,1.245,0.172,0) when n= 0.28,
(c) the solution time series for system (1) which approach to M3 = (2.785,0.228,0,0) when n= 0.5, (d) the

solution time series for system (1) which approach to M; = (2.8,0,0,0) when n=0.9.

The dynamical behavior of system (1) is examined in the range of changes in the disease
transmission rate of the top predator 0.00001 < f < 0.00295, it is observed that system (1)
approaches My. However, when this parameter is further increased to 0.00295 < p < 0.29, the
system reaches M,. Finally, when this parameter is increased to 0.29 < g < 1,, the system is close

to Ms;, as seen in Figure (10).
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Figure -10 (a)- The solution time series for system (1) which approach to Mg = (2.671,1.224,2.712,0) when
B=0.001, (b) the solution time series for system (1) which approach to My = (2.481,2.128,0.835,3.01) when

B=0.012, (c) the solution time series for system (1) which approach to M; = (2.425,2.331,0,0) when § =0.8.

8. CONCLUSION AND DISCUSSION
This study included the presentation and analysis of the dynamic behavior of a modified
Sokol-Howell prey-predator model, which integrates ecological factors such as fear, hunting
cooperation, anti-predators, environmental toxins, and diseased in top predator undergoing
treatment. Our objectives are to examine:
e The effects of fear, anti-predator and toxin secreted on predator in prey population.
e The effects of hunting cooperation and environmental toxicity in predator population.
e The effects of hunting cooperation and toxicity from eating predator in susceptible top predator
population.
System (1) has eleven equilibria, all of which are locally asymptotically stable under
suitable conditions. Five equilibria are examined globally (M,, M;, M,, M5, Mg), while
(My, Ms, Mg, M,, Mg, My, M;4) possess unique initial neighborhoods while sharing identical local
stability criteria. Ultimately, we used numerical verification to validate our analytical findings for
the data delineated in (27) and defined.
1. The parameters a,, fi, p1.,d1, a2 , ky,fa, by, €2, V1,1, P2, 62, ds, g2, 83, B, d3 and d,
have a significant impact on maintaining system (1).
2. The parametersk,, by, ¢, 61, g1, e; and e, the solutions are still moving toward the
point of positive equilibrium.
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