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Abstract. Tuberculosis (TB) and COVID-19 remains a major global public health threat, particularly in low- and
middle-income countries where healthcare systems face persistent structural constraints. The co-existence of these
two diseases introduces complex clinical and epidemiological challenges, such as delayed diagnosis, delayed treat-
ment initiation and overlapping symptoms, which generally increase the disease burden and mortality risk. In this
study, we formulate and analyse a deterministic compartmental model for TB—-COVID-19 co-infection incorporat-
ing time delays representing diagnostic and treatment lags. The model integrates three public health interventions
i.e. physical distancing, vaccination and treatment, formulated as time-dependent control functions. Qualitative
analysis establishes positivity and boundedness of the solutions, existence of invariant regions and threshold dy-
namics governed by reproduction numbers. An optimal control framework is then introduced in our work to reduce
the number of infections and also the implementation costs. Using Pontryagin’s Maximum Principle, the corre-
sponding Hamiltonian system and adjoint equations are derived, together with the necessary conditions for optimal
controls. To further explore the impact of these interventions, numerical simulations are carried out using delay
differential equation techniques combined with a forward—backward sweep method. The results suggests that
applying multiple interventions simultaneously can significantly lower the prevalence of co-infection and related
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fatalities. However, the presence of delays reduces the overall effectiveness of these strategies.The model offers
quantitative proof that effective management of TB and COVID-19 co-infection in nations with limited resources
requires early diagnosis, quick treatment initiation, and coordinated intervention methods.

Keywords: COVID-19; Tuberculosis; TB—COVID-19 co-infection; mathematical modeling; optimal control; time
delay; public health interventions.
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1. INTRODUCTION

The COVID-19 pandemic revealed serious weaknesses in international health systems, espe-
cially in areas where endemic infectious diseases like tuberculosis (TB) are already prevalent
[1,2]. While COVID-19 posed a significant strain on healthcare, infrastructure, diagnostics, and
treatment capacity, tuberculosis continues to be one of the world’s leading causes of infectious
disease death [3, 4]. Due to overlapping respiratory symptoms, delayed diagnosis, and delayed
access to healthcare facilities, the co-existence of COVID-19 and TB poses a compounded pub-
lic health concern [5]. These difficulties have been made worse in low-resource environments,
where health systems are frequently underfunded and delayed diagnosis and treatment initiation
are common [6, 7].

Based on clinical and epidemiological data, those with co-existing diseases have much worse
COVID-19 outcomes, and TB patients are more likely to have severe disease progression and
mortality [5, 8]. Most symptoms overlap between COVID-19 and TB and can often result
in delayed or incorrect diagnosis, which prolongs the disease transmission and worsens the
illness to more severe stages [9]. Such delays represent critical epidemiological mechanisms
that standard compartmental models often fail to capture, despite their central role in shaping
real-world transmission dynamics [10, 11].

Mathematical modelling has proven to be a more powerful tool for understanding infec-
tious disease dynamics and informing public health policy [12, 13]. However, most existing
TB-COVID-19 co-infection models assume instantaneous transitions between disease states,
thereby neglecting the realistic time delays associated with diagnosis, testing, treatment initi-

ation, healthcare-seeking and intervention implementation [14, 15]. These assumptions limits
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the capacity of these models to accurately represent real transmission processes and to evaluate
the true effectiveness of control strategies.

This study addresses this gap by developing a TB—COVID-19 co-infection model that ex-
plicitly incorporates time delays alongside public health interventions. Three control strategies
are considered i.e. physical distancing, vaccination and treatment. These interventions reflect
realistic public health responses and enable the assessment of integrated disease management
strategies [1, 2]. By incorporating time delays into the model structure, the framework allows
systematic investigation of how diagnostic and treatment lags influence epidemic trajectories,

disease burden and the overall effectiveness of control policies in co-endemic places.

2. MODEL FORMULATION

In order to explain the dynamics of COVID-19 and tuberculosis (TB) transmission in a hu-
man population, this work creates a deterministic compartmental model that takes into account
the possibility of co-infection and re-infection. The birth rate is not expected to be equal to the
death rate, and the total population at time ¢, represented by N(z), is assumed to be a variable
due to recruitment and disease-induced mortality. Nine epidemiological compartments are cre-
ated based on the population’s illness status i.e. susceptible to both infections S(¢), TB-exposed
E (1), active TB-infected but susceptible to COVID-19 I,,(¢), recovered from active TB infection
Ry (1), COVID-19 exposed E.(t), symptomatic COVID-19 infected but susceptible to TB I.(¢),
recovered from symptomatic COVID-19 infection R.(t), TB—COVID-19 co-infection I, (¢) and
recovered from TB—COVID-19 co-infection R, (f). Those who have not been exposed to either
disease are the susceptible. Exposed individuals are in the latent stage of infection, infected
individuals are those with active disease and capable of transmitting infection, while recov-
ered individuals are those who have cleared infection through natural recovery or successful
treatment, with immunity that may decrease over time.

Recruitment into the population occurs through a constant inflow into the susceptible class
at rate A. In addition, individuals who recover from TB, COVID-19 and co-infection may lose
immunity and return to susceptibility. Specifically, transitions back to the susceptible class
occur from the TB recovery class at rate 6, from the COVID-19 recovery class at rate 6,

and from the co-infection recovery class at rate 6. All compartments are subject to natural
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mortality at a constant per capita rate [, while infected classes also experience disease-induced
mortality.

COVID-19 transmission is governed by a nonlinear force of infection given by

o (Ec + nIc + Klbc)
N )

ﬁc:

where o 1s the COVID-19 transmission effective contact rate, 1) is the modification parameter
of symptomatic COVID-19 individuals and k accounts for the contribution of co-infected in-
dividuals to COVID-19 transmission. Susceptible individuals acquire COVID-19 infection and
move into the exposed class E,. at rate p.f.. Individuals in the exposed class progress to the
symptomatic infected class I, at rate @.. Symptomatic COVID-19 individuals recover at rate
Y., die due to disease at rate O, and are also subject to natural mortality at rate . Recovered
COVID-19 individuals enter the class R., from which they may lose immunity and return to
susceptibility at rate 6,.
Similarly, TB transmission is described by the force of infection

n(Ep+ol,+ ¢ly,)
ﬁb - N 5

where 7 is the TB transmission rate, ¢ modifies the infectiousness of individuals with active
TB and ¢ represents the contribution of co-infected individuals to TB transmission. Susceptible
individuals acquire TB infection and move into the TB-exposed class E}, at rate ppf3,. Individ-
uals in the TB-exposed class progress to active TB infection [, at rate wy. Active TB-infected
individuals recover at rate 7, die due to TB at rate Jy,, and are subject to natural mortality at rate
u. Individuals who recover from TB enter the class Rp, from which they may lose immunity
and return to the susceptible class at rate 6.

Co-infection dynamics arise when individuals with active TB acquire COVID-19 infection
or the vice versa. Thus, individuals in the active TB class I, move into the co-infected class
Iy, at rate Y f3.. Co-infected individuals may recover from both infections at rate 7., die due
to co-infection at rate 9, and are also subject to natural mortality at rate u. Also, individuals
in the active COVID-19 class /. move into the co-infected class I, at rate Y f8,. Those who
recover from co-infection enter the recovery class R, (¢), from which they may lose immunity

and return to susceptibility at rate 6y, .
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The formulation of the model is based on the following assumptions: the population is ho-
mogeneously mixed; latent individuals are less infectious than symptomatic individuals; co-
infected individuals contribute to the transmission of both TB and COVID-19; recovered in-
dividuals do not acquire permanent immunity and may return to susceptibility due to waning
immunity; disease-induced mortality occurs only in infected classes; and all model parameters

are non-negative constants. The total population size at time ¢ is given by
N(t)=S+Ey+1I,+Ry+E.+I.+R.+1,. +R.

For both qualitative and quantitative epidemiological analysis, this model formulation offers a
biologically realistic and mathematically consistent framework for examining the transmission
dynamics of COVID-19 and TB, including single infection, co-infection, recovery, re-infection,

and disease-induced mortality.

TABLE 1. Model parameters, descriptions, and baseline values

Parameter Description Value Source

A Recruitment rate 2143 Calculated
T TB transmission rate 0.4 Estimated
a COVID-19 transmission rate 0.5 Estimated
K Role of co-infected individuals to COVID-19 transmission 0.5 Estimated
(0} Role of co-infected individuals to TB transmission 0.6 Estimated
u Natural death rate 0.0143 Calculated
By Force of infection for TB 0.3425 day ! [16]

o7 Exposed rate to TB infection 0.6 day™! Estimated
wp Exposed to TB to active TB progression 0.08 day ! Estimated
% TB recovery rate 0.2 day ! [17]

S TB-induced death rate 0.00032 day ~! [18]

0 Loss of TB immunity 0.0005 day~!  [19]

Be Force of infection for COVID-19 0.476 day’1 [20]

[ Exposed rate to COVID-19 infection 0.7 day~! Estimated
w, Exposed to infectious (COVID-19) 0.05 day~! Estimated
Ye COVID-19 recovery rate 0.07 day ™! Assumed
Oc COVID-19-induced death rate 0.02 day~! Assumed
0. Loss of COVID-19 immunity 0.001 [19]

n Infectious rate for COVID-19 0.9 day~! Fitted

c infectious rate for TB 0.6 day ! [21]

Yoe Recovery from co-infection 0.0055 day~!  [17]

Ope Co-infection induced death rate 0.03day ! [17]

Ope Loss of immunity (co-infection) 0.001 day~! [Assumed]
W TB infected individuals contract COVID-19 0.013 day~! [22]

/A8 COVID-19 infected individuals contract TB 0.0028 day’l [22]
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FIGURE 1. TB-COVID-19 compartmental model

Model equations.

ds
7 = AT OuRy + R+ 6y Ry, — (1+peBe+ poPy)S
dE,
= Pc CS - c Ec
5 = PeBeS — (n+ )
dl.
= OcBe = (Yt 1t 8+ W) e
dR,
- CIC - Gc Rc
g = Yele—(n+6)
dE
d—tb = ppPpS — (1 + @p)Ep
dI,
d_tb = WpEp — (L +0p + )11
dR
d_tb = Whp(t —d1) — (L +6,)Ry
dly,
ar = WoPels Vel = (1 + By + 1)y (1 = d2)
dRy,

—y I — 0, )R
o = Ve, (1 + 65, )Ry,
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3. MODEL ANALYSIS

3.1. Positivity.

Theorem 3.1. Let R = (S,E.,I.,Rc,Ep,Ip,Rp, Iy, Rp,) € R, : (S>0,E. >0,I. > 0,R. > 0,E, >
0,1, > 0,R, > 0,1, > 0,Rp,, > 0) then the solutions of R = (S,E,I,R¢,Ep,Ip,Rp, Iy, Rp,) are
all positive for all t > 0 [23].

Proof. LetS,E.,I.,R.,Ep, I, Ry, I, and Ry, be a solution of the system with non-negative initial
conditions. From the system of differential equations, we consider the equation (1),

ds
(10) E =1+ 6bRb + 6cRc + ebcRbc - ([.L +pcﬁc + pbﬁb)‘g

Since all parameters and state variables are non—negative, it follows that

%E‘I) > —(/.L +pcﬁc+pbﬁb)s(t)a
/c;S(_ir)) > —/Ot(u +pcBe + puBr)dt,
lnS(t) > —/()t(ﬂ+pcﬁc+pbﬁb)dt+c’

e8> o~ Jo(utpeBetpyBp)dr ¢,
(11 S(t)>e” Jo(u+peBetpsBy)d ye
Applying the initial conditions to equation (11), that is, letting ¢t = 0, we have
5(0) > e,
therefore equation (11) becomes,
S(r) = S(0)e JolutpePetpsPr)dt >

Similarly, if follows for equation (2) - (9) of the model, we follow comparable procedures to

obtain;

E(t) = E,(0)e™ hluta)d > ¢

Ic(t) = IC(O)eifé(u+56-+llfcﬁb+%)dt >0,

Re(t) = Re(0)e~ holu+8)dr > o
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Ey(t) = Ep(0)e holutondi > o
I,(t) = Ib(())e*fé(u+5h+7’h)dl >0,
Ry(t) = Rb(o)e—fé(#+9b)dl >0,

Ib (l) = Ib (O)e_f(;(.u"‘ébc-Fch(t—dz))dt >0

c — Y

Rbc (t) = Rbc(o)e_‘jé(u+9bc)dt Z O

3.2. Invariant Region. Let the total human population be
N(t)=S+Ec.+I.+R-+Ey+1y+Ry+ 1y + Ry .

Differentiating with respect to time ¢ gives,

dN _dS  dE  dl  dR. dEy  dl,  dRy  dl, , dRp,
dt dt dr dt dt dt  dr dt dt dt

Substituting the model equations and simplifying yields

(12) % = A — UN — 81, — 8cle — 8y I,

In the absence of disease-induced deaths, that is 9, = 6. = 6, = 0, equation (12) reduces to
13 — <A —LUuN.
(13) o SATH
Solving inequality (13) using the integrating factor method gives

(14) N(t) <

Hence, if Ny < %, then
Therefore, the region

is positively invariant and bounded, and all solutions remain biologically feasible.

3.3. Disease Free Equilibrium. To compute the DFE, we set the right hand side of the equa-

tions (1) - (9) to zero. On solving we obtained,
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A
(15) apqﬁpﬁn@aamm.

3.4. Basic reproduction number. The basic reproduction number Ry was calculated using
the next generation matrix. The classes E.,I.,Ep, I, and I, are implicated in the spread of
COVID-19 and TB, according to equation (1)-(9). Consequently, the system of equations (1)-

(9) can be expressed in simplified form as follows:

dE,
= FPe cS - c Ec

5~ PePeS—(nta)

dl,

E — chc - (% + u + 6C + Wcﬁb)IC
dE
d_tb = ppPpS — (1 + @p)Ep

dl

d_tb = 0pEp — (L + 0+ )1
dly,

dt = Vfbﬁc[b + WcBbIc - (,Ll + 6bc + Yo, (t - d2))lbc

The transfer of infections inside the compartments is represented by #’, while the matrix .%#

represents the new infections.

pchS (/.L + wC)EC
0 —.E. + (%+:u+6C+II/C”(EL'+GIb+(pr¢»)>I£'
(16) 7 = Py BpS and ¥ = (U + @p)Ep
0 —WpEp 4 (U + Op + V)1
W Bely, + Ve Byl (1 + Op, + W (t — o)1,

The Jacobian of .% and ¥ with regard to E,I.,Ej,I), and I, evaluated at the disease-free

equilibrium yields the transition matrices ' and V as

pc.ax pan 0 0 pcOK u+ o 0 0 0 0
0 0 0 0 0 ~0. U+Y%+d 0 0 0
F=1| o0 0 pp ppmc ppme |, V= 0 0 U+ oy 0 0
0 0 0 0 0 0 0 —w, U+W+S 0
0 0 0 0 0 0 0 0 0 LA 8, + .

The inverse of V is evaluated as,
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1
TR 0 0 0 0
D ' 0 0 0
(Lt ) (u+Ye+0:)  U+Ye+oc
-1 _ 1
vl= 0 0 o 0 0
0 0 D ! 0
(U+op)(u+7+0)  U+Y+0p
1
0 0 0 0 TEE A=
On computing FV ™1 we have,
AP (U+Ye+Oetnwe) _anpe 0 0 aKpc
(U+Ye+6) (utw:)  pt+ye+oc Yoo +H+0p,
0 0 0 0 0
-1 _ TPy (U+N+0+t0 W) _TOpPp TPy
Ev 0 0 (U+M+0p)(Htwp)  YotH+0, Yo +HAOp,
0 0 0 0 0
0 0 0 0 0

The dominant eigenvalue represents the basic reproduction numbers, which are,

_ PO (M A+ Yo+ 6+ N ) &:pmw+n+&+c%)
© (pto)(trt+d) (1 + o) (1 + 5+ 6)
The basic reproduction number of the model is given by

Ry =max {Rc,Rb}

3.5. Local stability of Disease-Free Equilibrium (DFE). By block decomposition, the Ja-

cobian matrix evaluated at the disease-free equilibrium can be partitioned into independent sub-
blocks. Some eigenvalues are obtained directly from the diagonal structure of the decoupled

compartments and are given by,

M=—u, b=—U+6,), 3=—(U+0 +%)(—d), A4=—(U+6),

which are all strictly negative since all parameters represent positive biological rates. Hence,

these modes are asymptotically stable.
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The remaining dynamics are governed by the reduced Jacobian matrix

G- (nto)
@
J(E) = 0
0
0

ap-ni

u

—(Yet+u+6)

Ye
0
0

0

_(.u + Gc)
0
0

ppTA
u

0
0
0

—(u+ )

Wy

0
0

0

ppToA
u

—(U+8+m)

11

This matrix captures the transmission dynamics of the COVID-19 only and TB only subsys-
tems and therefore determines the local stability of the disease-free equilibrium. The character-

istic polynomial associated with this matrix is
¢5 —I—a1¢4 +a2¢3 ~|—a3¢2 +asp+as =0,

where the coefficients a;, i = 1,2,3,4,5 are positive functions of the model parameters obtained
using Mathematica software.

These coefficients are combinations of natural death rates, recovery rates, progression rates,
and transmission terms. When the basic reproduction number satisfies Ry < 1, the transmission

terms are dominated by the removal, recovery, and mortality processes, which guarantees that
ai >0 foralli=1,2,3,4,5.

The Routh—Hurwitz criterion is used to ascertain the sign of the real parts of the characteristic

polynomial’s roots. The associated Routh table is constructed as follows:

0|1 a a
0| a1 a3 as
¢ | by by O
¢*|c1 as 0
o' |dy 0 0
?°las 0 O
where
p =44, T ds

ai ai
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o b1a3 — a1b2
= bl ,

€1

Clbz—b1a5
dy=——.
C1

The Routh—Hurwitz stability criterion states that if and only if every element in the first
column of the Routh table is positive, then all roots of the characteristic polynomial have strictly

negative real portions i.e.
1>0, a;>0, b1 >0, ¢;>0, di >0, as5>0.

When Ry < 1, all transmission terms are subcritical and the removal and recovery terms

dominate, implying

a; >0, >0,c; >0,d; >0, as >0,
and hence all Routh—-Hurwitz conditions are satisfied. Therefore, all eigenvalues of the reduced
Jacobian matrix have negative real parts, and the disease-free equilibrium Ey is locally asymp-
totically stable.

Conversely, when Ry > 1, at least one transmission term dominates the removal processes,
causing violation of at least one Routh—-Hurwitz positivity condition. This implies the existence
of at least one eigenvalue with positive real part, and therefore the disease-free equilibrium Ej
becomes unstable.

Therefore, If Ry < 1, the disease-free equilibrium is locally asymptotically stable and if Ry >

1, it is unstable. This concludes the proof.

3.6. Global stability of the disease-free equilibrium. To investigate the global stability of
the disease-free equilibrium (DFE), the Castillo-Chavez approach is employed. The model
system is rewritten in the form,

drP d_Q_ B
E_F(PaQ)v dt _G(P7Q)a G<R0>_07

where P denotes the uninfected population compartments and Q denotes the infected population

compartments. Specifically,

P = (SvaaRCWRbC)a Q = (E67IC7Eb71b71bc)'
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The disease-free equilibrium is denoted by
U = (P",0).

For the point U = (P*,0) to be globally asymptotically stable, the following conditions must
hold:
dP

(Hy) : i F(P,0), P* is globally asymptotically stable,

(Hy): G(PQ)=KQ-G(P,Q), G(PQ)>0inQ.

Theorem 3.2. The disease-free equilibrium point U = (P*,0) is globally asymptotically stable
provided that Ry < 1 and conditions (H,) and (H,) are satisfied.

Proof. From the model equations, the functions F (P, Q) and G(P, Q) are obtained as

A+ 6pR), + OcRe + O Ry, — (LS + peeS + puPpS)
Yelc — (,U + GC)RC
F(P,Q)= 7
Yolp(t —di) — (L + Op)Rp
YoIb, — (1 + O, )Rp,
and hence

A—usS

F(P,0) =

The infected subsystem is given by

PcBeS — (1 + @) Ec
OcEe — (Yo + M+ 8+ YePp)le
G(PQ) = PoPpS — (1 + @y ) Ej
pEp — (1 + 65+ W)
Vo Bely + WeBple — (U + O, + o, (t — d2)) I,
The Jacobian of G(P,Q) with respect to Q evaluated at the disease-free equilibrium U =
(P*,0) is
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peot — (1 + o) pena 0 0 peax

. —(Ye+u+96) 0 0 0
K =DoG(U,0) = 0 0 Py — (U + @p) pyTC PHTEP

0 0 wp —(u+8+%) 0

0 0 0 0 —(ll+5bc+}’bc(l—d2))

Where K is a Metzler matrix.
Lets define
G(P7Q) = KQ_ G(P7Q)

Then

pc(XEc + PN ol + pcalbc - pchS
0
G(P,Q) = | pynEy+ ppcly + pyly, — PoBsS

0
Vi Belp + WePole
PeOE:+penale + pekly, — pefeS
vePBple
KQ—G(P,Q) = | ppmEy+ pprcly, + ppr@l,, — ppPpS
0

_I//bBch - lIfcﬁblc
Since S/N < 1 in the feasible region Q and all parameters are non-negative biological rates,

it follows that
G(P,Q) >0 forall (P,Q) € Q.
Thus, condition (H>) is satisfied.

For condition (H) ), the reduced uninfected subsystem

dP

— =F(P,0

5 = F(p0)

has a globally asymptotically stable equilibrium P*, since it is linear, decoupled, and governed

by negative definite dynamics with a unique equilibrium solution.
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Therefore, both conditions (H;) and (H;) of the Castillo-Chavez theorem are satisfied.

Hence, the disease-free equilibrium U = (P*,0) is globally asymptotically stable whenever
Ry < 1.
This concludes the proof. U

3.7. The existence of endemic equilibrium point. The endemic equilibrium point, denoted
by
2

c

(S*,E* I* Rj,EZ7I;7R;;7IZc’RZC)’

cr co

corresponds to the persistent presence of the diseases in the community. To obtain the endemic
equilibrium, all time derivatives in the model system are set equal to zero and the resulting
algebraic system is solved simultaneously.

This yields the following equilibrium relations:
a7)
_ GhR;: + ehCRZC +60.R; + A

S*
ﬁbe + Bcpc +u

)

o Bepc(OsR;,+ OpcR;, + OR: + 1)
c (@ + ) (Bppp + Bepe + 1)

)

R = e
O+

- Bopy|(Be+ ) (B + OpcRy + 2) + O
P (@ +1)(B+ ) (Bopy+ Bepe+ 1)

R — Yol (t —dy)
A\ kec)
6y + 1

)

’}/bclgc
6bc + ‘LL ’
Bepc @ (65 + 1) (Bpe + 1) [Mt +6he(A + chlic)]
(0 + 1) (Bpe + ) (@ + ) (Bppy + Bepe + 1) e

* —_—
Rbc -

_ By @y (6 + ) (@c + 1) [+ O (A + Vol )] (B Ve + Yo+ 8+ 1)

I*
b (0 + 1) (Bbe + 1) Dy

D D — U= Yoe(t —d2) — Ope | -

I — A ﬁhﬁcpc ‘Vcwc(.uz + ueb + /Jebc + 6, Gbc) / [Bbﬁcybcpc chc(.u + Gb)ebc
bc —
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where the auxiliary expressions are defined as

90 =% [wc((ec‘F.u)(ﬁbe +.u) +.uﬁcpc) "‘“(Gc +.u)<ﬁbpb "‘ﬁcpc +.u)}

+ (0c 4 ) (0 + 1) (Bppp + BePe + 1) (Bp We + 0c + 1),

_ _ BpOppyp(t —di)(6c + 1) (@ + 1) (BpYe + Ve + 8 + 1)
%_%’(1 (6 + 1) (0 + 1) Ze O H
D) = (.u + eb)(.u + ebc)(.u ‘J"ﬁbpb +ﬁcpc)(.u + (OC),

Bc6:pe )
Dy = +50+ e+ c(l_ )
PSR BV (1 0 s By + Bopo) (i )

D =D, D,.

When all components of E; are positive, the endemic equilibrium point exists and is biolog-
ically feasible. This occurs when the basic reproduction number Ry > 1. The presence of an
endemic equilibrium point indicates that the diseases continue to persist in the population, with

all infected compartments remaining active over time.

3.8. Global stability of the endemic equilibrium point. To investigate the global asymptotic

stability of the endemic equilibrium point of the model, we apply LaSalle’s Invariance Principle.

Theorem 3.3. The endemic equilibrium point E;. of the system is globally asymptotically stable

in the feasible region Q whenever Ry > 1.

Proof. Let

El =(S"E.,I.,R. ., Ey, IR, I, R}, )
denote the endemic equilibrium point of the model, where all components are strictly positive
when Ry > 1. The feasible region Q C ]R?r represents the biologically meaningful region in

which all solutions of the system remain non—negative and bounded for all # > 0.

We define the Lyapunov function
L=(S—S"—S"Ing)+(Ec—E; —E/In%) + (I — I} — [} In k)
(18) + (Re—Ri —RiInge) + (Ep — Ey — EyIng) + (I, — I — I In )

+ (Ry — Ry — Ry Inge) + (I, — I, — Ij, m%) +(Ry, —Rj, —R;, 1nj§—'§c).
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For each state variable x, the function x — x* — x* lnﬁ is non—negative for all x > 0 and

vanishes only at x = x*. Hence, L > 0in Q, and L = 0 if and only if
(S7EC7IC;RC7Eb7]b7Rb7]bC7RbC) = E;:

Therefore, L is positive definite with respect to the endemic equilibrium point E;’.

Differentiating L with respect to time along solutions of the system gives;

dL _ (| S\dS | (0 ENdE (0 ENdl (| RO\ dR
dr s ) a4 E. ) dr % L) ar T ® R.) dt
E;\ dE, I\ di, R\ dR,
_Zbh ) Z=b ) s ] —b)Z2p
+a4 ( Eb> dt +as ( Ih) dt +as Ry, dt

Iy \ dI, R, \ dR,
19 _ _C C l _ C C
( ) tar ( Ibc) dt +as ( Rbc> dt

Substituting the right-hand side of the model equations into L, and using the equilibrium
relations satisfied by E;, the resulting expression for L can be rearranged into a sum of non—

positive terms using standard inequalities we obtain,
L<0 forall (S,...,Rp,) € Q.

Moreover, equality L = 0 holds if and only if each term in the Lyapunov function vanishes,

which occurs precisely when
S=8E=E,I.=I_,Re=R;, Ey=E,, I, =1, Ry =R}, I, = I, , Ry, = R}, .
Hence, the largest invariant set contained in
{(S,Ec,1c,R¢c,Ep, Iy, Rp, Iy, Rp,,Rp,) € Q: L =0}

is the singleton set {E;" }.
By LaSalle’s Invariance Principle, every solution of the system that starts in the feasible
region Q converges to E; as t — . Consequently, whenever Ry > 1, the endemic equilibrium

point £ is globally asymptotically stable in Q. 0

3.9. Bifurcation analysis. To analyze changes in the qualitative behavior of equilibria, the
Center Manifold Theory developed by Castillo-Chavez and Song is employed. We introduce

the change of variables



18 KIUNYE, RONOH, NYALUKE, KILONZI, MANDA

S=x1, Ec =x2, I. = x3, Rc = x4, E} = x5, I, = X6, Ry = x7, I, = X3, R}, = X9,
and define the state vector
X — T
— (.X'l7.X'2,X3,X4,X5,X67.X'7,X8,X9) .

Hence, the model can be written compactly as

%:F(X)a F = (fi.fo,f3: 5 f5. for f1:. S, o),
with
(%1 = A+ Bpx7 + Ouxy + Oy X9 — (1 + PeBe + PuBp)x1,
X2 = Pefext — (1 + @c)x2,
X3 = 0cx2 — (Yo + 1+ O + YePip)x3,
X4 = Yex3 — (U + 6c)x4,
(20) X5 = ppPpx1 — (1 + @p)xs,
X6 = @pxs — (1 + Op + %)X,
X7 = Yoxe(t — di) — (U + 60p)x7,
X3 = WpPexe + WePpxz — (1 + Op, + W (t — d2))xs,
9 = WX — (M + 65, ) xo,
where

7T(xs5 + Oxg + Kxg) B, — a(x2 +Nx3 + Pxg)
N ’ ‘ N '

By =

Let Eq denote the disease-free equilibrium. The Jacobian matrix evaluated at DFE is denoted

by J(Ep). At Rg = 1, the Jacobian has a simple zero eigenvalue, while all other eigenvalues

have negative real parts, satisfying the hypotheses of the Castillo-Chavez—Song theorem.

Let b = (by,by,b3,by,bs,bg,b7,by)T be the right eigenvector of J(Ey) associated with the

zero eigenvalue, and d = (dy,d,d3,dy,ds,dg,d7,dg,dy)T the corresponding left eigenvector,

normalized such that

d-b=1.
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Let 7 be the bifurcation parameter and define 7 = 7* such that RS = 1. Solving RS =1 yields

o B+ 8) (Rt o)
Po (1 + Y+ O + O )

Consider the general system
X=F(X,n), FeC*R’xR),
with equilibrium at X = 0 when 7 = z*. Define the coefficients

2 2
Zdﬁbaﬂ@ﬁy Z@baﬁ ).

J
ki, j=1 dx 8 k,i=1 ax’
According to the Center Manifold Theorem, the local dynamics near (0,7*) are completely

determined by the signs of a and b:

i. a >0, b > 0: backward (subcritical) bifurcation;
ii. a <0, b <0: forward (supercritical) bifurcation;
iii. a > 0, b < 0: saddle-node structure;

iv. a <0, b > 0: transcritical forward bifurcation.

Computing the second-order partial derivatives and substituting into the expressions for a and
b we obtain,

a>0, b>0.

Therefore, the model undergoes a backward bifurcation at Rg = 1, implying that a stable en-
demic equilibrium coexists with a stable disease-free equilibrium when Rg < 1. Hence, disease
persistence is possible even when the basic reproduction number is less than unity.

This shows the presence of backward bifurcation in the model at Rg =1.

3.10. Optimal Control Analysis. To assess the impact of intervention strategies on the trans-
mission dynamics of the TB—COVID-19 co-infection model, optimal control theory is em-
ployed. Three time—dependent control functions are introduced i.e. u;(t), representing public
health distancing measures aimed at reducing effective contact rates, u,(t), representing vacci-
nation of susceptible individuals which moves individuals out of the susceptible class or reduces
susceptibility and u3(¢), representing treatment of infected individuals aimed at increasing re-

covery rates and reducing disease—induced mortality.
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The acceptable control set is defined as follows, assuming that the controls are bounded and

Lebesgue measurable.
21 U =A{(u1,uz,u3) : 0<u;(t) <1,i=1,2,3, Vr € [0,T]}.

The controlled TB—-COVID-19 co-infection model is given by

( dS
E =A+ ebRb + O.R: + ebcRbc - (1 — Ui (t))(pcﬁc "’pbﬁb)S_ (.u + u2(t>>S>
dE,
dr (1 —ui(1))pefeS — (1 + @) Ee,
dl.
—r = OcEe— (8 + Wey + Y T us (1)),
dR.
di = (Ye+us(t))lc — (L +6)Rc,
dE,
(22) = (L= u1(0))psyS — (1 + @) Ep,
dl,
= OEp— (U0 + W+ u3 (1)1,
dR
o = HwO)(t—di) = (u+6)Ry,
dl,
d’;v = (1= w1 (6)) (WoBely + WeBple) — (1 + By, + W, (t — da) + u3 (1)),
dR
\ dtbc = (Y, tu3(t))Ip, — (L + 6, )R,

The objective is to minimize the burden of COVID-19 infection, TB infection, and TB—
COVID-19 co-infection, together with the costs associated with implementing the control strate-
gies. The objective functional is defined by

T
Ty, u,13) = / [Allc(t) + Aoy (1) + sl (1)
(23) 0

+ 4 (Bud (1) + B (1) + By (1)) | dr,
where A; > 0 are weight parameters associated with the infected populations and B; > 0O repre-
sent the relative costs of implementing the control strategies.

Let
5 = (557 éEcv glc’ éRc‘? éEb7 éllﬂ évagleaéRbC)

denote the adjoint variables corresponding to the state variables. The Hamiltonian .77 is defined

by
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H =L+ &ifi,
i
where L is the integrand of the objective functional and f; denote the right—hand sides of the

controlled system. Explicitly
S = Al + Asly + Asly, + X (Byui + Boud + B3u3)
+&s pv + OpRy + O-Re + Oy Ry, — (1 —ur)(pefe + PpBp)S — (1 + uz)S]
+ & [(1=u)peBes — (u+ 0)E.]
+&. [cocEc — (U4 S+ WePp+ e+ ug)lc}
+ GR, [(% +uz)le— (1 + GC)RC]
+ &, | (1= 10)PoByS — (H+ @)y
+&, [wbEb —(L+8+n+ MS)Ib}
+&r, [(Yb +u3)lp(t —dy) — (U + eb)Rb]
&, [(1 =) (WBely + YeBole) — (1 + 85+, (1 — o) + )y |
&y, | (O +103)lb, = (1 -+ 05, )Rs,
By Pontryagin’s Maximum Principle, the adjoint variables satisfy
(24) 62—? = —aa—f, &(T) =0,

where x; denote the state variables. The adjoint equations associated with the infected compart-

ments are given by

d&;
(ftlc = —Al + é](,(‘u + 8C + WCﬁb + Ye + M3) — gRC(YC —+ u3) — glbc (1 — ul)‘/’cﬁb,
d
% = —Ay+ &, (U + 8+ W +uz) — &g, (W +uz) — &, (1— 1) WP,
&,
—ke= A+ Er,, (L + 8, + W, (t —do) +uz) — Er, (Yo, +13).

The optimal controls are obtained by minimizing the Hamiltonian pointwise with respect to

uy, up, and uz over the admissible set %/. Hence, the characterizations of the optimal controls
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are given by

(8e, — &s)PcBeS + (&, — Ss)PuPpS + &y, (Wi Bely + llfcﬁblc)) }
B ’

ui(t) = min{ 1, max (O,

0= i 1m0, 55

) — min {1,max (07 (&, — & e+ (&, — Z,,)Ib + (&, — 5R,,E>Ibc) } |

The existence of an optimal control triple (u},u5,u3) along with the corresponding optimal
state and adjoint variables follows from standard results in optimal control theory because the
control set %/ is nonempty, closed, and convex, the state system is bounded and Lipschitz
continuous in the state variables, and the integrand of the objective functional is convex in the

controls.

3.11. Uniqueness of the optimality system.

Theorem 3.4. The optimality system associated with the delayed TB—COVID-19 optimal con-

trol problem admits a unique solution on the interval [0,T].

Proof. Let (X1,A1,U;) and (X3, A2,U,) be two solutions of the optimality system with the same
initial conditions for the state variables and the same terminal conditions for the adjoint vari-
ables. Let

AX =X —Xo, AN = A — Ay, AU =U; - U,.

By the smoothness of the state and adjoint dynamics, the right-hand side of the state and
adjoint systems are Lipschitz continuous with respect to their arguments. Hence, there exist

constants Li,L, > 0 such that
JAX (1) || < Li (JJAX (¢) || + [|[AX (t — )| + [|AU (1)]]),

IAN ()] < Lo ([IAX ()| + [|AX (c = D)l + [AA @) [| + [|AA( + 7)[| + |AU (1)]]).-

Moreover, the optimal control characterizations are given by projection operators onto closed

convex sets. Since projection mappings are Lipschitz continuous, there exists L3 > 0 such that

AU ()] < Ls ([AX () || +|AX (£ — 7| + [|AA (D))



TB-COVID-19 CO-INFECTION WITH TIME DELAY AND OPTIMAL CONTROL 23
Let
2 2
(1) = ||AX (1) || + [[AA() [

Using the above estimates and Young’s inequality, we obtain,

%cp(t) <C(P(1)+P(t— 1)+ D(1+ 1)),

for some constant C > 0.

Using the initial and terminal conditions

and standard arguments for delay differential inequalities, it follows that
P(r) < C/OtCID(s) ds.
By Gronwall’s inequality, ®(¢) = 0 for all # € [0, T]. Hence,
AX(t) =0, AA(r) =0, AU(t)=0 Vrel0,T].
Therefore, the optimal system admits a unique solution on [0, T]. 0

3.12. Numerical simulation. The numerical simulations were performed to investigate the
transmission dynamics of the TB—COVID-19 coinfection model and to evaluate the effective-
ness of the proposed optimal control strategies. The simulation results are presented in Fig-
ures 2—6.

Figure 2 illustrates the epidemiological dynamics of the model compartments over time. In
Figure 2a, the trajectories of the infected populations for COVID-19 (1.), tuberculosis (/), and
the co-infected class (/) are presented.The findings indicate that active disease transmission
among the susceptible population initially led to an increase in the number of affected persons.
However, the infections progressively decline as the best control tactics are put into practice,
suggesting that the intervention measures successfully lower the disease transmission.

The exposed populations for both diseases are shown in Figure 2b. When susceptible people
come into contact with infectious people, the exposed classes first rise. The exposed popula-

tions decline as the control methods start to work, indicating that fewer people are reaching the
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infectious stage. This illustrates how crucial preventive measures are to lowering the number of

new illnesses.

The recovery dynamics are illustrated in Figure 2c. As infected individuals receive treatment

and recover from their illnesses, the recovered populations gradually grow over time. The rise in

people who have recovered shows how well treatment interventions work to shorten the period

of infection and enhance recovery rates.
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FIGURE 2. Dynamics of TB and COVID-19 compartments over time.

The impact of the intervention strategies is further illustrated in Figure 3. The optimal control

profiles shown in Figure 3a shows how the intervention strategies intensity varies during the

simulation. Early in the epidemic, when infection levels are high, higher control levels are

implemented; as the number of infections drops, the control intensity progressively reduces.
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Figure 3b shows the dynamics of the susceptible and vaccinated populations. As vaccination

is implemented, the number of vaccinated individuals increases while the susceptible population
decreases, indicating the effectiveness of vaccination in protecting individuals from infection.

The reduction in the peak number of infected individuals is illustrated in Figure 3c. The

results show that the introduction of optimal control strategies significantly lowers the maximum

number of infections during the epidemic, thereby reducing the overall disease burden.
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FIGURE 3. Impact of intervention strategies on disease transmission.

Figure 4 presents a comparison of infection levels with and without the implementation of
control measures. In Figure 4a, the COVID-19 infection levels are significantly higher when
no control strategies are applied. Similarly, Figure 4b demonstrates that when the best control

measures are used, the overall infection levels are significantly lowered.
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FIGURE 4. Comparison of infection levels with and without control measures.

The economic implications of the control strategies are illustrated in Figure 5. Figure 5a
demonstrates the cost function’s convergence throughout the optimization phase, showing that
the numerical technique was effective in finding the best control solution.Figure 5b presents
the distribution of costs among the different control strategies, highlighting how resources are
allocated among distancing, vaccination, and treatment. Vaccination takes the largest amount

followed by treatment as represented in the pie chart.
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FIGURE 5. Cost analysis of optimal control strategies.



TB-COVID-19 CO-INFECTION WITH TIME DELAY AND OPTIMAL CONTROL 27

Lastly, Figure 6 depicts the population’s final distribution among the epidemiological com-

partments at the conclusion of the simulation period showing the long-term result of the epi-

demic. The findings show that only a small portion of the population is still infected, with the

majority remaining in the susceptible or recovered classifications. This result shows that the

population’s overall disease burden is much decreased when the best management measures are
put in place.
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FIGURE 6. Final population distribution among the epidemiological compart-

ments.

4. DI1SCUSSION AND CONCLUSIONS

4.1. Discussion. In order to examine the transmission dynamics of TB and COVID-19 co-
infection, this study formulated a deterministic compartmental model that included time delays
and the most effective control techniques. The inclusion of diagnostic and treatment delays in
our model provides a timely recognition of the disease thus predicting the disease progression
compared to classical models without delays.The analytical results show that the disease-free
equilibrium is locally asymptotically stable when the basic reproduction number is less than

unity. However, the presence of backward bifurcation indicates that reducing Ry below one
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is not sufficient to eliminate the disease. This implies that even when transmission appears to
be under control, the disease may persist in the population due to co-infection dynamics and
delayed interventions.

The numerical simulations indicates that COVID-19 infections increase rapidly due to shorter
incubation periods, whereas TB infections persist longer due to their chronic nature. Co-
infection cases remain relatively lower but play a critical role in sustaining transmission. The
results further demonstrates that combined intervention strategies are significantly more effec-
tive than single control measures. Social distancing reduces early transmission, vaccination
provides long-term protection, and treatment reduces infectiousness and disease-induced mor-
tality. However, the success of these control efforts is greatly reduced by delays in diagnosis
and treatment.

The findings obtained are consistent with existing literature on infectious disease co-infection
models, where delays and interaction between diseases increase the overall disease burden.
The study also explains the importance of integrating TB and COVID-19 control strategies,

particularly in resource-limited settings where healthcare access is limited.

4.2. Conclusion. In this work, we conducted a thorough analysis of the deterministic epi-
demiological mathematical model for the dynamics of COVID-19 co-infection and tuberculosis
(TB) transmission in a community. The aim of this study was to fully understand how the two
illnesses interact and assess how various control strategies can reduce the spread of the infec-
tion within a community. To get a clear understanding of the public health burden related to
COVID-19 and tuberculosis, the study included some epidemiological aspects such as exposure,
infections, recovery, declining immunity, treatment, and co-infection dynamics.

The formulated model divided the population into nine different epidemiological compart-
ments representing susceptible individuals, exposed individuals, infectious individuals, recov-
ered individuals and co-infected individuals. This made it possible to study how individuals
move from one disease state to another within a given time. By including both single infec-
tions and co-infections, the model was able to capture the complex interaction between TB and
COVID-19 which remains to be a great concern in many countries, especially in developing

countries where TB prevalence is still high.
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The study shows that the transmission dynamics of TB and COVID-19 is triggered by the
forces of infection associated with each disease. The results showed that increased contact
between susceptible individuals and infectious individuals contributes significantly to the rise
in disease prevalence. This means that the co-infected individuals increase the overall disease
burden because co-infection weakens the immune system and increase the likelihood of serious
health complications. The model therefore proved that TB and COVID-19 can reinforce one
another within a population making disease control more difficult when the two diseases exist
simultaneously.

The qualitative analysis of the model provided important insights of the disease system.
Positivity of solutions was established showing that all state variables remain non-negative all
through which confirms that the model is epidemiologically meaningful. Boundedness of the
solutions was also proved showing that the total population remains bounded within the feasible
region. These properties proved the mathematical validity of the model solutions and ensured
that the model results are biologically feasible.

The disease-free equilibrium point of the model was determined in order to understand con-
ditions in which the disease can be eliminated from the population. The basic reproduction
number was calculated using the next generation matrix method. The analysis showed that
when Ry < 1 the disease dies out from the population. However, when Ry > 1 the diseases
persist and continues spreading within the community.

Numerical simulations was also done to support the analytical findings and to provide a clear
understanding of the disease behavior over time. The simulation results showed that susceptible
individuals decreases when transmission rates are high, while exposed and infectious popula-
tions increases at the time. In the absence of intervention measures, the number of infected and
co-infected individuals remains high for a long period of time. However, when effective control
measures are introduced, the simulations shows a decrease in the number of the infections.

The study also investigated the impact of different control strategies on disease transmission.
The results indicated that combined intervention strategies are more effective than when using a

single intervention approach. Vaccination reduced the number of susceptible individuals at risk
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of contracting COVID-19 infection, while treatment reduced TB transmission and its progres-
sions. Public health measures such as social distancing, use of face masks, creating awareness
campaigns and early diagnosis also contributed greatly to reducing the spread of infection.

The findings from previous studies shows that TB and COVID-19 remains a global pub-
lic health threats, especially when they occur simultaneously. Researchers have found out that
individuals with TB who acquire COVID-19 experiences more severe clinical outcomes, includ-
ing increased morbidity and mortality, due to compromised respiratory function and weakened
immunity [24, 25]. Research also suggests that COVID-19 may accelerate the progression of
latent TB to active TB thereby increasing the burden of co-infection [24]. Additionally, the
COVID-19 pandemic also disrupted TB diagnosis, treatment and control programs worldwide
leading to a delayed detection, treatment and a great rise in TB-related deaths after years of
decline [3, 26]. These findings indicates that there is urgent need for integrated intervention
strategies that are capable of addressing the dual burden of TB and COVID-19. For that reason,
this study seek to curb this gap through formulating a delayed mathematical model incorporat-
ing the optimal control.

The results of this study have significant impact for illness management and public health
policy. Public awareness campaigns, accessible healthcare services, and integrated disease
monitoring should all receive more funding from the government and health organizations.
The introduction of COVID-19 poses additional difficulties in areas with high TB prevalence,
demanding combined intervention methods. The burden of co-infection might be eased by sup-
porting the healthcare systems and guaranteeing a sufficient supply of medicine.

This study contributes to the growing sector of infectious disease modeling by providing a
mathematical framework for understanding TB and COVID-19 co-infection dynamics. The
model can be useful to researchers, policymakers, and public health practitioners in designing
and evaluating disease intervention strategies. Also, the study demonstrates how mathemati-
cal modeling can be applied as an important tool in predicting disease behavior and guiding
evidence-based decision making.

Despite the important findings obtained in this study, we also noted some limitations in

that, the model considered a homogeneous population meaning that all individuals have equal
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chances of interaction. Commonly, contact patterns vary according to age, occupation, location,
and social behavior. Another limitation is that the study used some parameter values obtained
from the review of the literature and assumptions due to limited availability of the epidemiolog-
ical data on these two diseases.

The model, however, emphasizes the importance of integrated disease control approaches and
provides significant information on the dynamics of TB and COVID-19 co-infection. Future
research may include population variability, such as age distribution or differences in immunity
levels. These factors can influence disease transmission and provide a more realistic picture of
the disease dynamics. This would assist policymakers in determining the most effective method
for preventing the spread of the two diseases. In conclusion, excellent treatment programs,
immunization campaigns, public awareness campaigns, and strong public health policies are all

required to control COVID-19 and tuberculosis simultaneously.
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