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Abstract. Tuberculosis (TB) and COVID–19 remains a major global public health threat, particularly in low- and

middle-income countries where healthcare systems face persistent structural constraints. The co-existence of these

two diseases introduces complex clinical and epidemiological challenges, such as delayed diagnosis, delayed treat-

ment initiation and overlapping symptoms, which generally increase the disease burden and mortality risk. In this

study, we formulate and analyse a deterministic compartmental model for TB–COVID–19 co-infection incorporat-

ing time delays representing diagnostic and treatment lags. The model integrates three public health interventions

i.e. physical distancing, vaccination and treatment, formulated as time-dependent control functions. Qualitative

analysis establishes positivity and boundedness of the solutions, existence of invariant regions and threshold dy-

namics governed by reproduction numbers. An optimal control framework is then introduced in our work to reduce

the number of infections and also the implementation costs. Using Pontryagin’s Maximum Principle, the corre-

sponding Hamiltonian system and adjoint equations are derived, together with the necessary conditions for optimal

controls. To further explore the impact of these interventions, numerical simulations are carried out using delay

differential equation techniques combined with a forward–backward sweep method. The results suggests that

applying multiple interventions simultaneously can significantly lower the prevalence of co-infection and related
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fatalities. However, the presence of delays reduces the overall effectiveness of these strategies.The model offers

quantitative proof that effective management of TB and COVID-19 co-infection in nations with limited resources

requires early diagnosis, quick treatment initiation, and coordinated intervention methods.

Keywords: COVID-19; Tuberculosis; TB–COVID-19 co-infection; mathematical modeling; optimal control; time

delay; public health interventions.
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1. INTRODUCTION

The COVID-19 pandemic revealed serious weaknesses in international health systems, espe-

cially in areas where endemic infectious diseases like tuberculosis (TB) are already prevalent

[1, 2]. While COVID-19 posed a significant strain on healthcare, infrastructure, diagnostics, and

treatment capacity, tuberculosis continues to be one of the world’s leading causes of infectious

disease death [3, 4]. Due to overlapping respiratory symptoms, delayed diagnosis, and delayed

access to healthcare facilities, the co-existence of COVID-19 and TB poses a compounded pub-

lic health concern [5]. These difficulties have been made worse in low-resource environments,

where health systems are frequently underfunded and delayed diagnosis and treatment initiation

are common [6, 7].

Based on clinical and epidemiological data, those with co-existing diseases have much worse

COVID-19 outcomes, and TB patients are more likely to have severe disease progression and

mortality [5, 8]. Most symptoms overlap between COVID-19 and TB and can often result

in delayed or incorrect diagnosis, which prolongs the disease transmission and worsens the

illness to more severe stages [9]. Such delays represent critical epidemiological mechanisms

that standard compartmental models often fail to capture, despite their central role in shaping

real-world transmission dynamics [10, 11].

Mathematical modelling has proven to be a more powerful tool for understanding infec-

tious disease dynamics and informing public health policy [12, 13]. However, most existing

TB–COVID–19 co-infection models assume instantaneous transitions between disease states,

thereby neglecting the realistic time delays associated with diagnosis, testing, treatment initi-

ation, healthcare-seeking and intervention implementation [14, 15]. These assumptions limits
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the capacity of these models to accurately represent real transmission processes and to evaluate

the true effectiveness of control strategies.

This study addresses this gap by developing a TB–COVID–19 co-infection model that ex-

plicitly incorporates time delays alongside public health interventions. Three control strategies

are considered i.e. physical distancing, vaccination and treatment. These interventions reflect

realistic public health responses and enable the assessment of integrated disease management

strategies [1, 2]. By incorporating time delays into the model structure, the framework allows

systematic investigation of how diagnostic and treatment lags influence epidemic trajectories,

disease burden and the overall effectiveness of control policies in co-endemic places.

2. MODEL FORMULATION

In order to explain the dynamics of COVID-19 and tuberculosis (TB) transmission in a hu-

man population, this work creates a deterministic compartmental model that takes into account

the possibility of co-infection and re-infection. The birth rate is not expected to be equal to the

death rate, and the total population at time t, represented by N(t), is assumed to be a variable

due to recruitment and disease-induced mortality. Nine epidemiological compartments are cre-

ated based on the population’s illness status i.e. susceptible to both infections S(t), TB-exposed

Eb(t), active TB-infected but susceptible to COVID-19 Ib(t), recovered from active TB infection

Rb(t), COVID-19 exposed Ec(t), symptomatic COVID-19 infected but susceptible to TB Ic(t),

recovered from symptomatic COVID-19 infection Rc(t), TB–COVID-19 co-infection Ibc(t) and

recovered from TB–COVID-19 co-infection Rbc(t). Those who have not been exposed to either

disease are the susceptible. Exposed individuals are in the latent stage of infection, infected

individuals are those with active disease and capable of transmitting infection, while recov-

ered individuals are those who have cleared infection through natural recovery or successful

treatment, with immunity that may decrease over time.

Recruitment into the population occurs through a constant inflow into the susceptible class

at rate λ . In addition, individuals who recover from TB, COVID-19 and co-infection may lose

immunity and return to susceptibility. Specifically, transitions back to the susceptible class

occur from the TB recovery class at rate θb, from the COVID-19 recovery class at rate θc,

and from the co-infection recovery class at rate θbc . All compartments are subject to natural
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mortality at a constant per capita rate µ , while infected classes also experience disease-induced

mortality.

COVID-19 transmission is governed by a nonlinear force of infection given by

βc =
α (Ec +ηIc +κIbc)

N
,

where α is the COVID-19 transmission effective contact rate, η is the modification parameter

of symptomatic COVID-19 individuals and κ accounts for the contribution of co-infected in-

dividuals to COVID-19 transmission. Susceptible individuals acquire COVID-19 infection and

move into the exposed class Ec at rate ρcβc. Individuals in the exposed class progress to the

symptomatic infected class Ic at rate ωc. Symptomatic COVID-19 individuals recover at rate

γc, die due to disease at rate δc and are also subject to natural mortality at rate µ . Recovered

COVID-19 individuals enter the class Rc, from which they may lose immunity and return to

susceptibility at rate θc.

Similarly, TB transmission is described by the force of infection

βb =
π (Eb +σ Ib +ϕIbc)

N
,

where π is the TB transmission rate, σ modifies the infectiousness of individuals with active

TB and ϕ represents the contribution of co-infected individuals to TB transmission. Susceptible

individuals acquire TB infection and move into the TB-exposed class Eb at rate ρbβb. Individ-

uals in the TB-exposed class progress to active TB infection Ib at rate ωb. Active TB-infected

individuals recover at rate γb, die due to TB at rate δb, and are subject to natural mortality at rate

µ . Individuals who recover from TB enter the class Rb, from which they may lose immunity

and return to the susceptible class at rate θb.

Co-infection dynamics arise when individuals with active TB acquire COVID-19 infection

or the vice versa. Thus, individuals in the active TB class Ib move into the co-infected class

Ibc at rate ψcβc. Co-infected individuals may recover from both infections at rate γbc , die due

to co-infection at rate δbc and are also subject to natural mortality at rate µ . Also, individuals

in the active COVID-19 class Ic move into the co-infected class Ibc at rate ψcβb. Those who

recover from co-infection enter the recovery class Rbc(t), from which they may lose immunity

and return to susceptibility at rate θbc .
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The formulation of the model is based on the following assumptions: the population is ho-

mogeneously mixed; latent individuals are less infectious than symptomatic individuals; co-

infected individuals contribute to the transmission of both TB and COVID-19; recovered in-

dividuals do not acquire permanent immunity and may return to susceptibility due to waning

immunity; disease-induced mortality occurs only in infected classes; and all model parameters

are non-negative constants. The total population size at time t is given by

N(t) = S+Eb + Ib +Rb +Ec + Ic +Rc + Ibc +R.

For both qualitative and quantitative epidemiological analysis, this model formulation offers a

biologically realistic and mathematically consistent framework for examining the transmission

dynamics of COVID-19 and TB, including single infection, co-infection, recovery, re-infection,

and disease-induced mortality.

TABLE 1. Model parameters, descriptions, and baseline values

Parameter Description Value Source
λ Recruitment rate 2143 Calculated
π TB transmission rate 0.4 Estimated
α COVID-19 transmission rate 0.5 Estimated
κ Role of co-infected individuals to COVID-19 transmission 0.5 Estimated
ϕ Role of co-infected individuals to TB transmission 0.6 Estimated
µ Natural death rate 0.0143 Calculated
βb Force of infection for TB 0.3425 day−1 [16]
ρb Exposed rate to TB infection 0.6 day−1 Estimated
ωb Exposed to TB to active TB progression 0.08 day−1 Estimated
γb TB recovery rate 0.2 day−1 [17]
δb TB-induced death rate 0.00032 day −1 [18]
θb Loss of TB immunity 0.0005 day−1 [19]
βc Force of infection for COVID-19 0.476 day−1 [20]
ρc Exposed rate to COVID-19 infection 0.7 day−1 Estimated
ωc Exposed to infectious (COVID-19) 0.05 day−1 Estimated
γc COVID-19 recovery rate 0.07 day−1 Assumed
δc COVID-19-induced death rate 0.02 day−1 Assumed
θc Loss of COVID-19 immunity 0.001 [19]
η Infectious rate for COVID-19 0.9 day−1 Fitted
σ infectious rate for TB 0.6 day−1 [21]
γbc Recovery from co-infection 0.0055 day−1 [17]
δbc Co-infection induced death rate 0.03day−1 [17]
θbc Loss of immunity (co-infection) 0.001 day−1 [Assumed]
ψb TB infected individuals contract COVID-19 0.013 day−1 [22]
ψc COVID-19 infected individuals contract TB 0.0028 day−1 [22]
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FIGURE 1. TB-COVID-19 compartmental model

2.1. Model equations.

dS
dt

= λ +θbRb +θcRc +θbcRbc− (µ +ρcβc +ρbβb)S(1)

dEc

dt
= ρcβcS− (µ +ωc)Ec(2)

dIc

dt
= ωcEc− (γc +µ +δc +ψcβb)Ic(3)

dRc

dt
= γcIc− (µ +θc)Rc(4)

dEb

dt
= ρbβbS− (µ +ωb)Eb(5)

dIb

dt
= ωbEb− (µ +δb + γb)Ib(6)

dRb

dt
= γbIb(t−d1)− (µ +θb)Rb(7)

dIbc

dt
= ψbβcIb +ψcβbIc− (µ +δbc + γbc)Ibc(t−d2)(8)

dRbc

dt
= γbcIbc− (µ +θbc)Rbc(9)
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3. MODEL ANALYSIS

3.1. Positivity.

Theorem 3.1. Let R= (S,Ec, Ic,Rc,Eb, Ib,Rb, Ibc ,Rbc)∈R9
+ : (S > 0,Ec > 0, Ic > 0,Rc > 0,Eb >

0, Ib > 0,Rb > 0, Ibc > 0,Rbc > 0) then the solutions of R = (S,Ec, Ic,Rc,Eb, Ib,Rb, Ibc,Rbc) are

all positive for all t ≥ 0 [23].

Proof. Let S,Ec, Ic,Rc,Eb, Ib,Rb, Ibc and Rbc be a solution of the system with non-negative initial

conditions. From the system of differential equations, we consider the equation (1),

(10)
dS
dt

= λ +θbRb +θcRc +θbcRbc− (µ +ρcβc +ρbβb)S

Since all parameters and state variables are non–negative, it follows that

dS(t)
dt
≥−(µ +ρcβc +ρbβb)S(t),∫ dS(t)

S(t)
≥−

∫ t

0
(µ +ρcβc +ρbβb)dt,

lnS(t)≥−
∫ t

0
(µ +ρcβc +ρbβb)dt + c,

elnS(t) ≥ e−
∫ t

0(µ+ρcβc+ρbβb)dtec,

S(t)≥ e−
∫ t

0(µ+ρcβc+ρbβb)dtec.(11)

Applying the initial conditions to equation (11), that is, letting t = 0, we have

S(0)≥ ec,

therefore equation (11) becomes,

S(t) = S(0)e−
∫ t

0(µ+ρcβc+ρbβb)dt ≥ 0.

Similarly, if follows for equation (2) - (9) of the model, we follow comparable procedures to

obtain;

Ec(t) = Ec(0)e−
∫ t

0(µ+ωc)dt ≥ 0,

Ic(t) = Ic(0)e−
∫ t

0(µ+δc+ψcβb+γc)dt ≥ 0,

Rc(t) = Rc(0)e−
∫ t

0(µ+θc)dt ≥ 0,
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Eb(t) = Eb(0)e−
∫ t

0(µ+ωb)dt ≥ 0,

Ib(t) = Ib(0)e−
∫ t

0(µ+δb+γb)dt ≥ 0,

Rb(t) = Rb(0)e−
∫ t

0(µ+θb)dt ≥ 0,

Ibc(t) = Ibc(0)e
−
∫ t

0(µ+δbc+γbc(t−d2))dt ≥ 0,

Rbc(t) = Rbc(0)e
−
∫ t

0(µ+θbc)dt ≥ 0.

�

3.2. Invariant Region. Let the total human population be

N(t) = S+Ec + Ic +Rc +Eb + Ib +Rb + Ibc +Rbc.

Differentiating with respect to time t gives,

dN
dt

=
dS
dt

+
dEc

dt
+

dIc

dt
+

dRc

dt
+

dEb

dt
+

dIb

dt
+

dRb

dt
+

dIbc

dt
+

dRbc

dt
.

Substituting the model equations and simplifying yields

(12)
dN
dt

= λ −µN−δbIb−δcIc−δbcIbc .

In the absence of disease-induced deaths, that is δb = δc = δbc = 0, equation (12) reduces to

(13)
dN
dt
≤ λ −µN.

Solving inequality (13) using the integrating factor method gives

(14) N(t)≤ λ

µ

(
1− e−µt)+N0e−µt .

Hence, if N0 ≤ λ

µ
, then

N(t)≤ λ

µ
, ∀t ≥ 0.

Therefore, the region

Ω =

{
X ∈ R9

+ : N(t)≤ λ

µ

}
is positively invariant and bounded, and all solutions remain biologically feasible.

3.3. Disease Free Equilibrium. To compute the DFE, we set the right hand side of the equa-

tions (1) - (9) to zero. On solving we obtained,
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(15) E0 = (
λ

µ
,0,0,0,0,0,0,0,0).

3.4. Basic reproduction number. The basic reproduction number R0 was calculated using

the next generation matrix. The classes Ec, Ic,Eb, Ib and Ibc are implicated in the spread of

COVID-19 and TB, according to equation (1)-(9). Consequently, the system of equations (1)-

(9) can be expressed in simplified form as follows:

dEc

dt
= ρcβcS− (µ +ωc)Ec

dIc

dt
= ωcEc− (γc +µ +δc +ψcβb)Ic

dEb

dt
= ρbβbS− (µ +ωb)Eb

dIb

dt
= ωbEb− (µ +δb + γb)Ib

dIbc

dt
= ψbβcIb +ψcβbIc− (µ +δbc + γbc(t−d2))Ibc

The transfer of infections inside the compartments is represented by V , while the matrix F

represents the new infections.

F =



ρcβcS

0

ρbβbS

0

ψbβcIb +ψcβbIc


and V =



(µ +ωc)Ec

−ωcEc +(γc +µ +δc +ψcπ(Ec +σ Ib +ϕIbc))Ic

(µ +ωb)Eb

−ωbEb +(µ +δb + γb)Ib

(µ +δbc + γbc(t−d2))Ibc


(16)

The Jacobian of F and V with regard to Ec, Ic,Eb, Ib, and Ibc evaluated at the disease-free

equilibrium yields the transition matrices F and V as

F =



ρcα ρcαη 0 0 ρcακ

0 0 0 0 0

0 0 ρbπ ρbπσ ρbπϕ

0 0 0 0 0

0 0 0 0 0


, V =



µ +ωc 0 0 0 0

−ωc µ + γc +δc 0 0 0

0 0 µ +ωb 0 0

0 0 −ωb µ + γb +δb 0

0 0 0 0 µ +δbc + γbc


.

The inverse of V is evaluated as,
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V−1 =



1
µ+ωc

0 0 0 0
ωc

(µ+ωc)(µ+γc+δc)
1

µ+γc+δc
0 0 0

0 0 1
µ+ωb

0 0

0 0 ωb
(µ+ωb)(µ+γb+δb)

1
µ+γb+δb

0

0 0 0 0 1
µ+δbc+γbc


On computing FV−1 we have,

FV−1 =



αρc(µ+γc+δc+ηωc)
(µ+γc+δc)(µ+ωc)

αηρc
µ+γc+δc

0 0 α κ ρc
γbc+µ+δbc

0 0 0 0 0

0 0 π ρb (µ+γb+δb+σ ωb)
(µ+γb+δb)(µ+ωb)

π σ ρb
γb+µ+δb

π ϕ ρb
γbc+µ+δbc

0 0 0 0 0

0 0 0 0 0


The dominant eigenvalue represents the basic reproduction numbers, which are,

Rc =
ρcα(µ + γc +δc +η ωc)

(µ +ωc)(µ + γc +δc)
, Rb =

ρbπ(µ + γb +δb +σ ωb)

(µ +ωb)(µ + γb +δb)
.

The basic reproduction number of the model is given by

R0 =max
{

Rc,Rb

}
3.5. Local stability of Disease-Free Equilibrium (DFE). By block decomposition, the Ja-

cobian matrix evaluated at the disease-free equilibrium can be partitioned into independent sub-

blocks. Some eigenvalues are obtained directly from the diagonal structure of the decoupled

compartments and are given by,

λ1 =−µ, λ2 =−(µ +θbc), λ3 =−(µ +δbc + γbc)(t−d2), λ4 =−(µ +θb),

which are all strictly negative since all parameters represent positive biological rates. Hence,

these modes are asymptotically stable.
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The remaining dynamics are governed by the reduced Jacobian matrix

J(E∗0 ) =



αρcλ

µ
− (µ +ωc)

αρcηλ

µ
0 0 0

ωc −(γc +µ +δc) 0 0 0

0 γc −(µ +θc) 0 0

0 0 0 ρbπλ

µ
− (µ +ωb)

ρbπσλ

µ

0 0 0 ωb −(µ +δb + γb)


.

This matrix captures the transmission dynamics of the COVID-19 only and TB only subsys-

tems and therefore determines the local stability of the disease-free equilibrium. The character-

istic polynomial associated with this matrix is

φ
5 +a1φ

4 +a2φ
3 +a3φ

2 +a4φ +a5 = 0,

where the coefficients ai, i = 1,2,3,4,5 are positive functions of the model parameters obtained

using Mathematica software.

These coefficients are combinations of natural death rates, recovery rates, progression rates,

and transmission terms. When the basic reproduction number satisfies R0 < 1, the transmission

terms are dominated by the removal, recovery, and mortality processes, which guarantees that

ai > 0 for all i = 1,2,3,4,5.

The Routh–Hurwitz criterion is used to ascertain the sign of the real parts of the characteristic

polynomial’s roots. The associated Routh table is constructed as follows:

φ 5 1 a2 a4

φ 4 a1 a3 a5

φ 3 b1 b2 0

φ 2 c1 a5 0

φ 1 d1 0 0

φ 0 a5 0 0

where

b1 =
a1a2−a3

a1
, b2 =

a1a4−a5

a1
,
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c1 =
b1a3−a1b2

b1
,

d1 =
c1b2−b1a5

c1
.

The Routh–Hurwitz stability criterion states that if and only if every element in the first

column of the Routh table is positive, then all roots of the characteristic polynomial have strictly

negative real portions i.e.

1 > 0, a1 > 0, b1 > 0, c1 > 0, d1 > 0, a5 > 0.

When R0 < 1, all transmission terms are subcritical and the removal and recovery terms

dominate, implying

a1 > 0, b1 > 0, c1 > 0, d1 > 0, a5 > 0,

and hence all Routh–Hurwitz conditions are satisfied. Therefore, all eigenvalues of the reduced

Jacobian matrix have negative real parts, and the disease-free equilibrium E0 is locally asymp-

totically stable.

Conversely, when R0 > 1, at least one transmission term dominates the removal processes,

causing violation of at least one Routh–Hurwitz positivity condition. This implies the existence

of at least one eigenvalue with positive real part, and therefore the disease-free equilibrium E0

becomes unstable.

Therefore, If R0 < 1, the disease-free equilibrium is locally asymptotically stable and if R0 >

1, it is unstable. This concludes the proof.

3.6. Global stability of the disease-free equilibrium. To investigate the global stability of

the disease-free equilibrium (DFE), the Castillo–Chavez approach is employed. The model

system is rewritten in the form,

dP
dt

= F(P,Q),
dQ
dt

= G(P,Q), G(P,0) = 0,

where P denotes the uninfected population compartments and Q denotes the infected population

compartments. Specifically,

P = (S,Rb,Rc,Rbc), Q = (Ec, Ic,Eb, Ib, Ibc).
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The disease-free equilibrium is denoted by

U = (P∗,0).

For the point U = (P∗,0) to be globally asymptotically stable, the following conditions must

hold:

(H1) :
dP
dt

= F(P,0), P∗ is globally asymptotically stable,

(H2) : G(P,Q) = KQ− G̃(P,Q), G̃(P,Q)≥ 0 in Ω.

Theorem 3.2. The disease-free equilibrium point U = (P∗,0) is globally asymptotically stable

provided that R0 < 1 and conditions (H1) and (H2) are satisfied.

Proof. From the model equations, the functions F(P,Q) and G(P,Q) are obtained as

F(P,Q) =


λ +θbRb +θcRc +θbcRbc− (µS+ρcβcS+ρbβbS)

γcIc− (µ +θc)Rc

γbIb(t−d1)− (µ +θb)Rb

γbcIbc− (µ +θbc)Rbc

 ,

and hence

F(P,0) =


λ −µS

0

0

0

 .

The infected subsystem is given by

G(P,Q) =



ρcβcS− (µ +ωc)Ec

ωcEc− (γc +µ +δc +ψcβb)Ic

ρbβbS− (µ +ωb)Eb

ωbEb− (µ +δb + γb)Ib

ψbβcIb +ψcβbIc− (µ +δbc + γbc(t−d2))Ibc


.

The Jacobian of G(P,Q) with respect to Q evaluated at the disease-free equilibrium U =

(P∗,0) is
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K = DQG(U,0) =



ρcα− (µ +ωc) ρcηα 0 0 ρcακ

ωc −(γc +µ +δc) 0 0 0

0 0 ρbπ− (µ +ωb) ρbπσ ρbπϕ

0 0 ωb −(µ +δb + γb) 0

0 0 0 0 −(µ +δbc + γbc(t−d2))


Where K is a Metzler matrix.

Lets define

G̃(P,Q) = KQ−G(P,Q).

Then

G̃(P,Q) =



ρcαEc +ρcηαIc +ρcαIbc−ρcβcS

0

ρbπEb +ρbπσ Ib +ρbπIbc−ρbβbS

0

ψbβcIb +ψcβbIc


.

KQ−G(P,Q) =



ρcαEc +ρcηαIc +ρcακIbc−ρcβcS

ψcβbIc

ρbπEb +ρbπσ Ib +ρbπϕIbc−ρbβbS

0

−ψbβcIb−ψcβbIc


Since S/N ≤ 1 in the feasible region Ω and all parameters are non-negative biological rates,

it follows that

G̃(P,Q)≥ 0 for all (P,Q) ∈Ω.

Thus, condition (H2) is satisfied.

For condition (H1), the reduced uninfected subsystem

dP
dt

= F(P,0)

has a globally asymptotically stable equilibrium P∗, since it is linear, decoupled, and governed

by negative definite dynamics with a unique equilibrium solution.
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Therefore, both conditions (H1) and (H2) of the Castillo–Chavez theorem are satisfied.

Hence, the disease-free equilibrium U = (P∗,0) is globally asymptotically stable whenever

R0 < 1.

This concludes the proof. �

3.7. The existence of endemic equilibrium point. The endemic equilibrium point, denoted

by

E∗tc = (S∗,E∗c , I
∗
c ,R
∗
c ,E
∗
b , I
∗
b ,R
∗
b, I
∗
bc
,R∗bc

),

corresponds to the persistent presence of the diseases in the community. To obtain the endemic

equilibrium, all time derivatives in the model system are set equal to zero and the resulting

algebraic system is solved simultaneously.

This yields the following equilibrium relations:

(17)

S∗ =
θbR∗b +θbcR∗bc +θcR∗c +λ

βbρb +βcρc +µ
,

E∗c =
βcρc

(
θbR∗b +θbcR∗bc +θcR∗c +λ

)
(ωc +µ)(βbρb +βcρc +µ)

,

R∗c =
γcI∗c

θc +µ
,

E∗b =
βbρb

[
(θc +µ)(θbR∗b +θbcR∗bc +λ )+θcγcI∗c

]
(ωb +µ)(θc +µ)(βbρb +βcρc +µ)

,

R∗b =
γbI∗b (t−d1)

θb +µ
,

R∗bc =
γbcI∗bc

θbc +µ
,

I∗c =
βcρcωc(θb +µ)(θbc +µ)

[
λ µ +θbc(λ + γbcI∗bc)

]
(θb +µ)(θbc +µ)(ωc +µ)(βbρb +βcρc +µ)Dc

,

I∗b =
βbρbωb(θc +µ)(ωc +µ)

[
λ µ +θbc(λ + γbcI∗bc)

]
(βbψc + γc +δc +µ)

(ωb +µ)(θbc +µ)Db
,

I∗bc =
λ βbβcρcψcωc(µ

2 +µθb +µθbc +θbθbc)

D

/[
βbβcγbcρcψcωc(µ +θb)θbc

D
−µ− γbc(t−d2)−δbc

]
.
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where the auxiliary expressions are defined as

Dc = γc

[
ωc
(
(θc +µ)(βbρb +µ)+µβcρc

)
+µ(θc +µ)(βbρb +βcρc +µ)

]
+(θc +µ)(ωc +µ)(βbρb +βcρc +µ)(βbψc +δc +µ),

Db = γb

(
1− βbθbρbωb(t−d1)(θc +µ)(ωc +µ)(βbψc + γc +δc +µ)

(θb +µ)(ωb +µ)Dc

)
+δb +µ,

D1 = (µ +θb)(µ +θbc)(µ +βbρb +βcρc)(µ +ωc),

D2 = µ +δc +βbψc + γc

(
1− βcθcρcωc

(µ +θc)(µ +βbρb +βcρc)(µ +ωc)

)
,

D = D1 D2.

When all components of E∗tc are positive, the endemic equilibrium point exists and is biolog-

ically feasible. This occurs when the basic reproduction number R0 > 1. The presence of an

endemic equilibrium point indicates that the diseases continue to persist in the population, with

all infected compartments remaining active over time.

3.8. Global stability of the endemic equilibrium point. To investigate the global asymptotic

stability of the endemic equilibrium point of the model, we apply LaSalle’s Invariance Principle.

Theorem 3.3. The endemic equilibrium point E∗tc of the system is globally asymptotically stable

in the feasible region Ω whenever R0 > 1.

Proof. Let

E∗tc = (S∗,E∗c , I
∗
c ,R
∗
c ,E
∗
b , I
∗
b ,R
∗
b, I
∗
bc
,R∗bc

)

denote the endemic equilibrium point of the model, where all components are strictly positive

when R0 > 1. The feasible region Ω ⊂ R9
+ represents the biologically meaningful region in

which all solutions of the system remain non–negative and bounded for all t ≥ 0.

We define the Lyapunov function

(18)

L = (S−S∗−S∗ ln S
S∗ )+(Ec−E∗c −E∗c ln Ec

E∗c
)+(Ic− I∗c − I∗c ln Ic

I∗c
)

+(Rc−R∗c−R∗c ln Rc
R∗c
)+(Eb−E∗b −E∗b ln Eb

E∗b
)+(Ib− I∗b − I∗b ln Ib

I∗b
)

+(Rb−R∗b−R∗b ln Rb
R∗b
)+(Ibc− I∗bc

− I∗bc
ln Ibc

I∗bc
)+(Rbc−R∗bc

−R∗bc
ln Rbc

R∗bc
).
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For each state variable x, the function x− x∗ − x∗ ln x
x∗ is non–negative for all x > 0 and

vanishes only at x = x∗. Hence, L≥ 0 in Ω, and L = 0 if and only if

(S,Ec, Ic,Rc,Eb, Ib,Rb, Ibc ,Rbc) = E∗tc.

Therefore, L is positive definite with respect to the endemic equilibrium point E∗tc .

Differentiating L with respect to time along solutions of the system gives;

dL
dt

=

(
1− S∗

S

)
dS
dt

+a1

(
1− E∗c

Ec

)
dEc

dt
+a2

(
1− I∗c

Ic

)
dIc

dt
+a3

(
1− R∗c

Rc

)
dRc

dt

+a4

(
1−

E∗b
Eb

)
dEb

dt
+a5

(
1−

I∗b
Ib

)
dIb

dt
+a6

(
1−

R∗b
Rb

)
dRb

dt

+a7

(
1−

I∗bc

Ibc

)
dIbc

dt
+a8

(
1−

R∗bc

Rbc

)
dRbc

dt
(19)

Substituting the right–hand side of the model equations into L̇, and using the equilibrium

relations satisfied by E∗tc , the resulting expression for L̇ can be rearranged into a sum of non–

positive terms using standard inequalities we obtain,

L̇≤ 0 for all (S, . . . ,Rbc) ∈Ω.

Moreover, equality L̇ = 0 holds if and only if each term in the Lyapunov function vanishes,

which occurs precisely when

S = S∗, Ec = E∗c , Ic = I∗c , Rc = R∗c , Eb = E∗b , Ib = I∗b , Rb = R∗b, Ibc = I∗bc
, Rbc = R∗bc

.

Hence, the largest invariant set contained in

{(S,Ec, Ic,Rc,Eb, Ib,Rb, Ibc,Rbc,Rbc) ∈Ω : L̇ = 0}

is the singleton set {E∗tc}.

By LaSalle’s Invariance Principle, every solution of the system that starts in the feasible

region Ω converges to E∗tc as t → ∞. Consequently, whenever R0 > 1, the endemic equilibrium

point E∗tc is globally asymptotically stable in Ω. �

3.9. Bifurcation analysis. To analyze changes in the qualitative behavior of equilibria, the

Center Manifold Theory developed by Castillo–Chavez and Song is employed. We introduce

the change of variables
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S = x1, Ec = x2, Ic = x3, Rc = x4, Eb = x5, Ib = x6, Rb = x7, Ibc = x8, Rbc = x9,

and define the state vector

X = (x1,x2,x3,x4,x5,x6,x7,x8,x9)
T .

Hence, the model can be written compactly as

dX
dt

= F(X), F = ( f1, f2, f3, f4, f5, f6, f7, f8, f9)
T ,

with

(20)



ẋ1 = λ +θbx7 +θcx4 +θbcx9− (µ +ρcβc +ρbβb)x1,

ẋ2 = ρcβcx1− (µ +ωc)x2,

ẋ3 = ωcx2− (γc +µ +δc +ψcβb)x3,

ẋ4 = γcx3− (µ +θc)x4,

ẋ5 = ρbβbx1− (µ +ωb)x5,

ẋ6 = ωbx5− (µ +δb + γb)x6,

ẋ7 = γbx6(t−d1)− (µ +θb)x7,

ẋ8 = ψbβcx6 +ψcβbx3− (µ +δbc + γbc(t−d2))x8,

ẋ9 = γbcx8− (µ +θbc)x9,

where

βb =
π(x5 +σx6 +κx8)

N
, βc =

α(x2 +ηx3 +ϕx8)

N
.

Let E0 denote the disease-free equilibrium. The Jacobian matrix evaluated at DFE is denoted

by J(E0). At Rb
0 = 1, the Jacobian has a simple zero eigenvalue, while all other eigenvalues

have negative real parts, satisfying the hypotheses of the Castillo–Chavez–Song theorem.

Let b = (b1,b2,b3,b4,b5,b6,b7,b9)
T be the right eigenvector of J(E0) associated with the

zero eigenvalue, and d = (d1,d2,d3,d4,d5,d6,d7,d8,d9)
T the corresponding left eigenvector,

normalized such that

d ·b = 1.
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Let π be the bifurcation parameter and define π = π∗ such that Rb
0 = 1. Solving Rb

0 = 1 yields

π
∗ =

(µ + γb +δb)(µ +ωb)

ρb(µ + γb +δb +σωb)
.

Consider the general system

Ẋ = F(X ,π), F ∈C2(R9×R),

with equilibrium at X = 0 when π = π∗. Define the coefficients

a =
9

∑
k,i, j=1

dkbib j
∂ 2 fk

∂xi∂x j
(0,π∗), b =

9

∑
k,i=1

dkbi
∂ 2 fk

∂xi∂π
(0,π∗).

According to the Center Manifold Theorem, the local dynamics near (0,π∗) are completely

determined by the signs of a and b:

i. a > 0, b > 0: backward (subcritical) bifurcation;

ii. a < 0, b < 0: forward (supercritical) bifurcation;

iii. a > 0, b < 0: saddle-node structure;

iv. a < 0, b > 0: transcritical forward bifurcation.

Computing the second-order partial derivatives and substituting into the expressions for a and

b we obtain,

a > 0, b > 0.

Therefore, the model undergoes a backward bifurcation at Rb
0 = 1, implying that a stable en-

demic equilibrium coexists with a stable disease-free equilibrium when Rb
0 < 1. Hence, disease

persistence is possible even when the basic reproduction number is less than unity.

This shows the presence of backward bifurcation in the model at Rb
0 = 1.

3.10. Optimal Control Analysis. To assess the impact of intervention strategies on the trans-

mission dynamics of the TB–COVID-19 co-infection model, optimal control theory is em-

ployed. Three time–dependent control functions are introduced i.e. u1(t), representing public

health distancing measures aimed at reducing effective contact rates, u2(t), representing vacci-

nation of susceptible individuals which moves individuals out of the susceptible class or reduces

susceptibility and u3(t), representing treatment of infected individuals aimed at increasing re-

covery rates and reducing disease–induced mortality.
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The acceptable control set is defined as follows, assuming that the controls are bounded and

Lebesgue measurable.

(21) U = {(u1,u2,u3) : 0≤ ui(t)≤ 1, i = 1,2,3, ∀t ∈ [0,T ]} .

The controlled TB–COVID-19 co-infection model is given by

(22)



dS
dt

= λ +θbRb +θcRc +θbcRbc− (1−u1(t))(ρcβc +ρbβb)S− (µ +u2(t))S,

dEc

dt
= (1−u1(t))ρcβcS− (µ +ωc)Ec,

dIc

dt
= ωcEc− (µ +δc +ψcβb + γc +u3(t))Ic,

dRc

dt
= (γc +u3(t))Ic− (µ +θc)Rc,

dEb

dt
= (1−u1(t))ρbβbS− (µ +ωb)Eb,

dIb

dt
= ωbEb− (µ +δb + γb +u3(t))Ib,

dRb

dt
= (γb +u3(t))Ib(t−d1)− (µ +θb)Rb,

dIbc

dt
= (1−u1(t))

(
ψbβcIb +ψcβbIc

)
− (µ +δbc + γbc(t−d2)+u3(t))Ibc,

dRbc

dt
= (γbc +u3(t))Ibc− (µ +θbc)Rbc.

The objective is to minimize the burden of COVID-19 infection, TB infection, and TB–

COVID-19 co-infection, together with the costs associated with implementing the control strate-

gies. The objective functional is defined by

(23)
J(u1,u2,u3) =

∫ T

0

[
A1Ic(t)+A2Ib(t)+A3Ibc(t)

+ 1
2

(
B1u2

1(t)+B2u2
2(t)+B3u2

3(t)
)]

dt,

where Ai > 0 are weight parameters associated with the infected populations and Bi > 0 repre-

sent the relative costs of implementing the control strategies.

Let

ξ = (ξS,ξEc ,ξIc,ξRc ,ξEb,ξIb ,ξRb,ξIbc
,ξRbc

)

denote the adjoint variables corresponding to the state variables. The Hamiltonian H is defined

by
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H = L+∑
i

ξi fi,

where L is the integrand of the objective functional and fi denote the right–hand sides of the

controlled system. Explicitly

H = A1Ic +A2Ib +A3Ibc +
1
2(B1u2

1 +B2u2
2 +B3u2

3)

+ξS

[
λ +θbRb +θcRc +θbcRbc− (1−u1)(ρcβc +ρbβb)S− (µ +u2)S

]
+ξEc

[
(1−u1)ρcβcS− (µ +ωc)Ec

]
+ξIc

[
ωcEc− (µ +δc +ψcβb + γc +u3)Ic

]
+ξRc

[
(γc +u3)Ic− (µ +θc)Rc

]
+ξEb

[
(1−u1)ρbβbS− (µ +ωb)Eb

]
+ξIb

[
ωbEb− (µ +δb + γb +u3)Ib

]
+ξRb

[
(γb +u3)Ib(t−d1)− (µ +θb)Rb

]
+ξIbc

[
(1−u1)(ψbβcIb +ψcβbIc)− (µ +δbc + γbc(t−d2)+u3)Ibc

]
+ξRbc

[
(γbc +u3)Ibc− (µ +θbc)Rbc

]
.

By Pontryagin’s Maximum Principle, the adjoint variables satisfy

(24)
dξi

dt
=−∂H

∂xi
, ξi(T ) = 0,

where xi denote the state variables. The adjoint equations associated with the infected compart-

ments are given by

dξIc

dt
=−A1 +ξIc(µ +δc +ψcβb + γc +u3)−ξRc(γc +u3)−ξIbc

(1−u1)ψcβb,

dξIb

dt
=−A2 +ξIb(µ +δb + γb +u3)−ξRb(γb +u3)−ξIbc

(1−u1)ψbβc,

dξIbc

dt
=−A3 +ξIbc

(µ +δbc + γbc(t−d2)+u3)−ξRbc
(γbc +u3).

The optimal controls are obtained by minimizing the Hamiltonian pointwise with respect to

u1, u2, and u3 over the admissible set U . Hence, the characterizations of the optimal controls
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are given by

u∗1(t) = min
{

1,max
(

0,
(ξEc−ξS)ρcβcS+(ξEb−ξS)ρbβbS+ξIbc

(ψbβcIb +ψcβbIc)

B1

)}
,

u∗2(t) = min
{

1,max
(

0,
ξSS
B2

)}
,

u∗3(t) = min
{

1,max
(

0,
(ξIc−ξRc)Ic +(ξIb−ξRb)Ib +(ξIbc

−ξRbc
)Ibc

B3

)}
.

The existence of an optimal control triple (u∗1,u
∗
2,u
∗
3) along with the corresponding optimal

state and adjoint variables follows from standard results in optimal control theory because the

control set U is nonempty, closed, and convex, the state system is bounded and Lipschitz

continuous in the state variables, and the integrand of the objective functional is convex in the

controls.

3.11. Uniqueness of the optimality system.

Theorem 3.4. The optimality system associated with the delayed TB–COVID–19 optimal con-

trol problem admits a unique solution on the interval [0,T ].

Proof. Let (X1,Λ1,U1) and (X2,Λ2,U2) be two solutions of the optimality system with the same

initial conditions for the state variables and the same terminal conditions for the adjoint vari-

ables. Let

∆X = X1−X2, ∆Λ = Λ1−Λ2, ∆U =U1−U2.

By the smoothness of the state and adjoint dynamics, the right-hand side of the state and

adjoint systems are Lipschitz continuous with respect to their arguments. Hence, there exist

constants L1,L2 > 0 such that

‖∆X ′(t)‖ ≤ L1
(
‖∆X(t)‖+‖∆X(t− τ)‖+‖∆U(t)‖

)
,

‖∆Λ
′(t)‖ ≤ L2

(
‖∆X(t)‖+‖∆X(t− τ)‖+‖∆Λ(t)‖+‖∆Λ(t + τ)‖+‖∆U(t)‖

)
.

Moreover, the optimal control characterizations are given by projection operators onto closed

convex sets. Since projection mappings are Lipschitz continuous, there exists L3 > 0 such that

‖∆U(t)‖ ≤ L3
(
‖∆X(t)‖+‖∆X(t− τ)‖+‖∆Λ(t)‖

)
.



TB–COVID-19 CO-INFECTION WITH TIME DELAY AND OPTIMAL CONTROL 23

Let

Φ(t) = ‖∆X(t)‖2 +‖∆Λ(t)‖2.

Using the above estimates and Young’s inequality, we obtain,

d
dt

Φ(t)≤C
(
Φ(t)+Φ(t− τ)+Φ(t + τ)

)
,

for some constant C > 0.

Using the initial and terminal conditions

∆X(0) = 0, ∆Λ(T ) = 0,

and standard arguments for delay differential inequalities, it follows that

Φ(t)≤C
∫ t

0
Φ(s)ds.

By Gronwall’s inequality, Φ(t) = 0 for all t ∈ [0,T ]. Hence,

∆X(t) = 0, ∆Λ(t) = 0, ∆U(t) = 0 ∀t ∈ [0,T ].

Therefore, the optimal system admits a unique solution on [0,T ]. �

3.12. Numerical simulation. The numerical simulations were performed to investigate the

transmission dynamics of the TB–COVID–19 coinfection model and to evaluate the effective-

ness of the proposed optimal control strategies. The simulation results are presented in Fig-

ures 2–6.

Figure 2 illustrates the epidemiological dynamics of the model compartments over time. In

Figure 2a, the trajectories of the infected populations for COVID–19 (Ic), tuberculosis (Ib), and

the co-infected class (Ibc) are presented.The findings indicate that active disease transmission

among the susceptible population initially led to an increase in the number of affected persons.

However, the infections progressively decline as the best control tactics are put into practice,

suggesting that the intervention measures successfully lower the disease transmission.

The exposed populations for both diseases are shown in Figure 2b. When susceptible people

come into contact with infectious people, the exposed classes first rise. The exposed popula-

tions decline as the control methods start to work, indicating that fewer people are reaching the
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infectious stage. This illustrates how crucial preventive measures are to lowering the number of

new illnesses.

The recovery dynamics are illustrated in Figure 2c. As infected individuals receive treatment

and recover from their illnesses, the recovered populations gradually grow over time. The rise in

people who have recovered shows how well treatment interventions work to shorten the period

of infection and enhance recovery rates.

(A) Infection dynamics (B) Exposed compartments

(C) Recovered compartments

FIGURE 2. Dynamics of TB and COVID-19 compartments over time.

The impact of the intervention strategies is further illustrated in Figure 3. The optimal control

profiles shown in Figure 3a shows how the intervention strategies intensity varies during the

simulation. Early in the epidemic, when infection levels are high, higher control levels are

implemented; as the number of infections drops, the control intensity progressively reduces.
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Figure 3b shows the dynamics of the susceptible and vaccinated populations. As vaccination

is implemented, the number of vaccinated individuals increases while the susceptible population

decreases, indicating the effectiveness of vaccination in protecting individuals from infection.

The reduction in the peak number of infected individuals is illustrated in Figure 3c. The

results show that the introduction of optimal control strategies significantly lowers the maximum

number of infections during the epidemic, thereby reducing the overall disease burden.

(A) Optimal control profiles (B) Susceptible and vaccinated population

(C) Peak infection reduction

FIGURE 3. Impact of intervention strategies on disease transmission.

Figure 4 presents a comparison of infection levels with and without the implementation of

control measures. In Figure 4a, the COVID–19 infection levels are significantly higher when

no control strategies are applied. Similarly, Figure 4b demonstrates that when the best control

measures are used, the overall infection levels are significantly lowered.
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(A) COVID-19 infection comparison (B) Infections with and without control

FIGURE 4. Comparison of infection levels with and without control measures.

The economic implications of the control strategies are illustrated in Figure 5. Figure 5a

demonstrates the cost function’s convergence throughout the optimization phase, showing that

the numerical technique was effective in finding the best control solution.Figure 5b presents

the distribution of costs among the different control strategies, highlighting how resources are

allocated among distancing, vaccination, and treatment. Vaccination takes the largest amount

followed by treatment as represented in the pie chart.

(A) Convergence of cost function (B) Control cost distribution

FIGURE 5. Cost analysis of optimal control strategies.
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Lastly, Figure 6 depicts the population’s final distribution among the epidemiological com-

partments at the conclusion of the simulation period showing the long-term result of the epi-

demic. The findings show that only a small portion of the population is still infected, with the

majority remaining in the susceptible or recovered classifications. This result shows that the

population’s overall disease burden is much decreased when the best management measures are

put in place.

FIGURE 6. Final population distribution among the epidemiological compart-

ments.

4. DISCUSSION AND CONCLUSIONS

4.1. Discussion. In order to examine the transmission dynamics of TB and COVID-19 co-

infection, this study formulated a deterministic compartmental model that included time delays

and the most effective control techniques. The inclusion of diagnostic and treatment delays in

our model provides a timely recognition of the disease thus predicting the disease progression

compared to classical models without delays.The analytical results show that the disease-free

equilibrium is locally asymptotically stable when the basic reproduction number is less than

unity. However, the presence of backward bifurcation indicates that reducing R0 below one
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is not sufficient to eliminate the disease. This implies that even when transmission appears to

be under control, the disease may persist in the population due to co-infection dynamics and

delayed interventions.

The numerical simulations indicates that COVID-19 infections increase rapidly due to shorter

incubation periods, whereas TB infections persist longer due to their chronic nature. Co-

infection cases remain relatively lower but play a critical role in sustaining transmission. The

results further demonstrates that combined intervention strategies are significantly more effec-

tive than single control measures. Social distancing reduces early transmission, vaccination

provides long-term protection, and treatment reduces infectiousness and disease-induced mor-

tality. However, the success of these control efforts is greatly reduced by delays in diagnosis

and treatment.

The findings obtained are consistent with existing literature on infectious disease co-infection

models, where delays and interaction between diseases increase the overall disease burden.

The study also explains the importance of integrating TB and COVID-19 control strategies,

particularly in resource-limited settings where healthcare access is limited.

4.2. Conclusion. In this work, we conducted a thorough analysis of the deterministic epi-

demiological mathematical model for the dynamics of COVID-19 co-infection and tuberculosis

(TB) transmission in a community. The aim of this study was to fully understand how the two

illnesses interact and assess how various control strategies can reduce the spread of the infec-

tion within a community. To get a clear understanding of the public health burden related to

COVID-19 and tuberculosis, the study included some epidemiological aspects such as exposure,

infections, recovery, declining immunity, treatment, and co-infection dynamics.

The formulated model divided the population into nine different epidemiological compart-

ments representing susceptible individuals, exposed individuals, infectious individuals, recov-

ered individuals and co-infected individuals. This made it possible to study how individuals

move from one disease state to another within a given time. By including both single infec-

tions and co-infections, the model was able to capture the complex interaction between TB and

COVID-19 which remains to be a great concern in many countries, especially in developing

countries where TB prevalence is still high.
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The study shows that the transmission dynamics of TB and COVID-19 is triggered by the

forces of infection associated with each disease. The results showed that increased contact

between susceptible individuals and infectious individuals contributes significantly to the rise

in disease prevalence. This means that the co-infected individuals increase the overall disease

burden because co-infection weakens the immune system and increase the likelihood of serious

health complications. The model therefore proved that TB and COVID-19 can reinforce one

another within a population making disease control more difficult when the two diseases exist

simultaneously.

The qualitative analysis of the model provided important insights of the disease system.

Positivity of solutions was established showing that all state variables remain non-negative all

through which confirms that the model is epidemiologically meaningful. Boundedness of the

solutions was also proved showing that the total population remains bounded within the feasible

region. These properties proved the mathematical validity of the model solutions and ensured

that the model results are biologically feasible.

The disease-free equilibrium point of the model was determined in order to understand con-

ditions in which the disease can be eliminated from the population. The basic reproduction

number was calculated using the next generation matrix method. The analysis showed that

when R0 < 1 the disease dies out from the population. However, when R0 > 1 the diseases

persist and continues spreading within the community.

Numerical simulations was also done to support the analytical findings and to provide a clear

understanding of the disease behavior over time. The simulation results showed that susceptible

individuals decreases when transmission rates are high, while exposed and infectious popula-

tions increases at the time. In the absence of intervention measures, the number of infected and

co-infected individuals remains high for a long period of time. However, when effective control

measures are introduced, the simulations shows a decrease in the number of the infections.

The study also investigated the impact of different control strategies on disease transmission.

The results indicated that combined intervention strategies are more effective than when using a

single intervention approach. Vaccination reduced the number of susceptible individuals at risk
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of contracting COVID-19 infection, while treatment reduced TB transmission and its progres-

sions. Public health measures such as social distancing, use of face masks, creating awareness

campaigns and early diagnosis also contributed greatly to reducing the spread of infection.

The findings from previous studies shows that TB and COVID-19 remains a global pub-

lic health threats, especially when they occur simultaneously. Researchers have found out that

individuals with TB who acquire COVID-19 experiences more severe clinical outcomes, includ-

ing increased morbidity and mortality, due to compromised respiratory function and weakened

immunity [24, 25]. Research also suggests that COVID-19 may accelerate the progression of

latent TB to active TB thereby increasing the burden of co-infection [24]. Additionally, the

COVID-19 pandemic also disrupted TB diagnosis, treatment and control programs worldwide

leading to a delayed detection, treatment and a great rise in TB-related deaths after years of

decline [3, 26]. These findings indicates that there is urgent need for integrated intervention

strategies that are capable of addressing the dual burden of TB and COVID-19. For that reason,

this study seek to curb this gap through formulating a delayed mathematical model incorporat-

ing the optimal control.

The results of this study have significant impact for illness management and public health

policy. Public awareness campaigns, accessible healthcare services, and integrated disease

monitoring should all receive more funding from the government and health organizations.

The introduction of COVID-19 poses additional difficulties in areas with high TB prevalence,

demanding combined intervention methods. The burden of co-infection might be eased by sup-

porting the healthcare systems and guaranteeing a sufficient supply of medicine.

This study contributes to the growing sector of infectious disease modeling by providing a

mathematical framework for understanding TB and COVID-19 co-infection dynamics. The

model can be useful to researchers, policymakers, and public health practitioners in designing

and evaluating disease intervention strategies. Also, the study demonstrates how mathemati-

cal modeling can be applied as an important tool in predicting disease behavior and guiding

evidence-based decision making.

Despite the important findings obtained in this study, we also noted some limitations in

that, the model considered a homogeneous population meaning that all individuals have equal
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chances of interaction. Commonly, contact patterns vary according to age, occupation, location,

and social behavior. Another limitation is that the study used some parameter values obtained

from the review of the literature and assumptions due to limited availability of the epidemiolog-

ical data on these two diseases.

The model, however, emphasizes the importance of integrated disease control approaches and

provides significant information on the dynamics of TB and COVID-19 co-infection. Future

research may include population variability, such as age distribution or differences in immunity

levels. These factors can influence disease transmission and provide a more realistic picture of

the disease dynamics. This would assist policymakers in determining the most effective method

for preventing the spread of the two diseases. In conclusion, excellent treatment programs,

immunization campaigns, public awareness campaigns, and strong public health policies are all

required to control COVID-19 and tuberculosis simultaneously.
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