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Abstract : The aim of this paper is the study of the influence of the viscosity on the oscillations of a
heterogeneous liquid in a container. Above all, it is proved that the presence of viscosity removes the essential
spectrum which appears in the case of a heterogeneous inviscid liquid. From the equations of the system
container-liquid, we deduce the variational equation of the problem, and then an operatorial equation in a suitable
Hilbert space. The study of the normal oscillations is reduced to the study of an operator bundle whose kind is well
known. We obtain an infinity of a periodic damped motions and, for sufficiently small viscosity, a finite number of
oscillatory damped motions. The existence and uniqueness of the associated evolution problem are then proved

using the weak formulation.
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1. Introduction

Studying small oscillations of a container, partially filled by a heavy liquid is a subject of a
great interest in engineering for example: construction of tanks, of trucks for the companies
of transport of liquids, double-skin construction of ships, etc.

The theoretical results are very important for numerical and experimental calculations of
hydroelastic properties and dynamic characteristics of such structures.

The case of an immovable container with homogeneous and viscous heavy liquid has been
studied by many authors: [1], [2], [9].

The problem of a heterogeneous ideal heavy liquid was studied at first by Rayleigh by

considering the density of the liquid in equilibrium under the form p, (x;) = ke 7% [10].

It seems that the problem has been considered next by a limited number of authors [10], [7],
[31, [4]

Moreover, Capodanno and his collaborators have studied the problem when the liquid is
inviscid and " almost homogeneous”, ( i.e its density in the equilibrium position is a linear
function of the depth, which a little from a constant ) [5], [6]. This problem is more
complicated because, in this case, an essential spectrum appeare, in contrast to the case of a
homogeneous liquid, where the spectrum is entirely discrete.

The aim of this work is to prove that the presence of the viscosity removes the essential
spectrum.

After writing the general equations of motion of the liquid, we linearize the problem
assuming small displacements from an equilibrium postion. We reformulate the equations as
a variational problem and finally as an operatorial problem involving non bounded linear
operators on suitable function spaces.

In this way, we reduce the problem to the study of a well-known operator bundle. There are
an infinity of aperiodic damped motions and, for a sufficiently small viscosity, an at most
finite number of oscillatory damped motions.

Finally, using the weak formulation, we give an existence and uniqueness theorem for the

solution of the evolution problem.
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2. Position of the problem

X3 1 X3

Figure 1 Figure 2

Let assume that a heavy heterogeneous liquid fills partially an immovable container and in

the equilibrium state occupies a domain € that is bounded by the solid boundary S and
the free surface I'. T" is a plane that is orthogonal to the acceleration g of the gravitation
field. As usual, we choose the system of coordinatesOx x,x, such that g=-gX,and its

center O is located on the equilibrium surface T" (Figurel).
We are going to study the small oscillations of the liquid about its equilibrium position,

obviously in linear theory.

29

As usual, we are considering that the linearized velocities and accelerations are “true
velocities and accelerations, in order to avoid writing needless formulas in the following

calculations.

3. Equations of the motion

We denote with U(x ,t)the small displacement of a particle of the liquid which occupies the
position x at the instant t from its equilibrium position. p"(x,t), P*(x,t) are
respectively the density and pressure.

The coefficient of viscosity of the liquid at constant temperature x* is function of the
density p", we have " = 1" (7).

The equations of the motion of the liquid can be written in the form:
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oz (6P

,O*l.]'i - ox _p*gé}s (|:1’2’3)

i (3.1)
div(tﬁ) =0 in Q (incompressibility) ,

where Zij(ﬁ,P*)are the components of the stress tensor and ¢ indicates the Kronecker’s

symbol.

We add the laws between the stresses and the velocities of deformation:

% (6,P")=—P"8;+24 (p")&;(0), (3.2)

. 5. ou, .
where gij(u):l %+—’ are the components of the tensor of the velocities of
2\ ox,  ox,

deformation.
We write the linearized Navier-Stokes equation of the motion of the liquid in the

following form:

oP* 0 : .
U =———+—(2u"(p e (U))-p'96, (=123
e aXi(u(p),( ))-,'98s  ( ) a9
div(a)zo in Q (incompressibility) ,
We must add the continuity equation
ap*+div(p*ﬁ)=0 inQ (3.4)
ot
since div(ti)=0 , the equation (3.4) becomes
ap* e .
o +u-gradp” =0 inQ (3.5)

On the other hand, in linear theory, we can integrate the equation div(d) =0 from the date

of the equilibrium position to the instant t , and we obtain

div(t)=0 inQ (3.6)

= Now we consider the boundary conditions:
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1) The no-slip condition at the rigid wall S is:
Us =0;
in the same way, we can replace it by

=0; (3.7)

In the following we denote by 1 the unit vector of the external normal to 0Q.

i) In order to write the dynamic conditions, we consider the linearized

equationx, =u,. of the free moving surfaceI', (Figure2), then we must have
%, (4P )n, =-p,n, on T, (3.8)
where p, is the atmospheric pressure, which is assumed to be constant.

Taking into account the equation (2.3), the equation (3.8) becomes

[—P;: O+ 21 g; (ﬁ)]ntj =—p,n, on I, (3.9)
This equation can be be written, since the coefficients of the n, are small:

(P - pa)ni+2y*gij(ﬁ)nj =0 on T (3.10)

On I',wehave n,=n,=0, n,;=1,and from (3.10), we can deduce

£5(0) =0, £, (0)=0

_ r (3.11)
(P —pu) 2w ()en(8) =0

=  We are going to study the equilibrium of the system:
If p,and P, are the density and the pressure of the liquid in the equilibrium position, we have

gra‘dpst =_pog 23’

so that P, and p,are functions ofx, , with

dP, (x;) _

ax. —po(X3)9 . (3.12)
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We have

P, =0 py (W )dw +p,
Setting

R,(X,) = jo“ P, )dw | (3.13)
we can write

P, =—0R,(X;)+Pa. (3.14)
and R,(0)=0, R{(Xs)=—p,(X,)

= Finally the Navier - Stokes equations take the form:

80‘

pri=—L—(p = py(x;))93; in Q (3.15)
axJ

where p(x,t)=P"(x,t)—P,, is the dynamic pressure, and oy =—ps; +2'5; ().

The equations (3.15), (3.5), (3.6), (3.7), (3.11) are the equations of the small motions of the
system.

From these equations we want to deduce the variational equation of the problem.

4. Formal variational formulation of the problem

i) For a formal calculation, we introduce the space of the admissible

displacements:
W ={v/div(v)=0, v, =0},
with v sufficiently smooth. This space will be pré&eised later.
By multiplying the i-th Navier-Stokes equation (3.15) for v,, by adding with respect to i, and

by integrating on Q, we obtain
J.p*ﬁ vdQ = J. 9% vV, dQ - I[p - po (X ]gv dQ
J

But
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5._
QG‘X" de— v)do-[ o,

and the Green formula gives

0 _ —
ng(o-ij 'Vi)dQ:LwGij nj.vi do

From (3.11), we deduce o,,=0,,=0 onI",

on the other hand, we have
O3 =P+ Zﬂ*gss\r

= —p‘r1 + P‘;t - pa

=P

sty Pa

=Ry (uy )

Taking into account that \7\5 =0, we get easily

20X,

As o are symmetric,

'dQ

a(J dQ={ oyn-v,d0 =—[ gRy(uy, )V, dT

%]dn = [ o5 (V)dQ

alja—VdQ=l'[ (Uij%-i-ﬁji
OX ; 279 10X, oX,
therefore
"8 dQ J. (—p [+ 2uE (D))é‘](\:/)dQ
But

Finally, we have

Therefore, we obtain the variational equation
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Iﬂp*[j.§dQ+I92ﬂ*(p*)gﬁ(d)gij (\:/)dQ+LgRO(u3‘F)v3‘rdF an
+J-Q[p*—p0(x3)]g\73d§220 |
VVeW .

i) Reciprocally, we are proving that, from the equation (4.1), we can deduce the

equations of motion and the dynamic boundary conditions of the problem.

We take v(x)sufficiently smooth in Q, such that \7\5 =0, but not verifyingdivv =0.

Then, introducing a multiplier A, associated to the constraintdivv=0, we replace the

equation (4.1) by

J. p*ﬁ-\:/dQ+J. 2,u* *)8(0)8(6 dQ+J. gRo(ua‘r)VS‘rdF

+ [P = py(%3)]0 v, A+ | 2 dividQ=0 2
Setting
=—ps; + 245 (U)
Taking into account that &, are symmetric, we have
[ ”av dQ [ oy (V)do
=Ig(ﬂo5i,- +2u'z,(0))5, (V)dO
and therefore
Q&ij%v;dg):jgzo divvdQ+ [ 2.z, (G)z,(V)dQ
Then the equation (4.2) becomes
jgp*ﬁ-\:/dmjg&ijZTVdengRO(uar)aisvidr )

+.[Q[p*_p0(xa)]g5isvi dQ=0

On the other hand, and by applying the Green formula

06, _ r oV.
anj vaQ= J.{ax ot ') ”ax:ldQ
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—L+ré$n ‘V,do - J.a”ﬁx

Taking into account that \7\5 =0, the equation (4.3) bocomes
. 80
o T Ay 0 i3 3\r
p +[p —p(%;) ]9, |V, dQ+ | 6yn+ R, v, dT' =0(4.4)
J

We take Ve[ D (Q ] (according to V¢ =0), and we have

(o5

+[p — 5 (X ]g@a}vdﬁ wel[n(Q)]

J

therefore

06, - . o .
p*Ui—y+|:p —po(x3)]g5i3=0, in 0'(Q); (i,j=1,2,3)

]

Also, we deduce from (4.4)
L[&ijnj+gR0( 3‘r)5 Jv‘ dI", for every admissible Vv,
then for arbitrary v..
We obtain
6N+ R, (Uy )8, =0 on T

Taking into account the definition of &, , we have

ij
AN+ 2405 (G)n 1+ OR, ( 3‘r)5i3:0 on T
Now for i=1, i=2, we have respectively
gls(ﬁ)=o; gzg(ﬁ):o on T
On the other hand, for i=3, we obtain
Zor +2y*832(ﬁ)+gR0(u3‘r):0.

Setting ﬂo‘rz—p [15], we find the equations of motion and the dynamic boundary

conditions.

iii) In order to give the variational equation in the case of the small motion, we
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set:
P =P (X5)+p(x,t)+...
p is the first order with respect to the amplitude of the oscillations and the dots indicate terms

of higher order.

The continuity equation is, at the first order

or taking into account of div(i)=0 :

|

Eﬂi-gradpo(xs):o inQ
Integrating from the instant of the equilibrium to the instant t, we obtain the linearized
continuity equation
p==Us P (Xs5) (4.5)

Since gij(u) is the first order, we can replace, in linear theory, the term

W () by 4 ()
On the other hand, we have the following equations
R Uy ) =R (0)+Uy R *(0)+... = Uy 5 (0)+ .
P = po(X3)=p (X, t)+..=—Uypp (X;) +...

Since U, =u,., we deduce the final variational equation of the problem
IQpO(Xs)ﬁ.§dQ+J‘Q2,u*(po(x3))gij(ﬁ)gij (§)d§2 o
+po(0)gj'run‘r vn‘rdF+ng—p3(x3)u3v3dQ:0

YVveWw .

5. Variational formulation of the problem

Theorem 5.1. The exact variational formulation of the problem is: to find U €V such that:
(ﬁ,V)H +(lj,\7)v +p0(0)gjrun‘rvn‘rdF+gIQ—pg(x3)u3v3dQ:O, wWeV o (5.1)

Proof.
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In the following, we shall assume that o, (X,), p5(X,) and u"(p,(x,)) are sufficiently

smooth functions.
In this paragraph we are giving the exact variational formulation of the problem. For this

reason we introduce the space (of the admissible displacements of the liquid):
v :{a e=(Q)=[H}(Q)]: divi=0, g, =o},
equipped with the scalar product
(G,v), :(Igzﬂ*(pO(Xs))gij(U)gii (WdQ)M
Its associated norm||. ||, is equivalent to the classical norm | .| of Z'(Q) by virtue of
Korn inequality and under the hypothesis about (,o0 (x3)) .

We denote with H the functional completion of V for the norm associated with the scalar

product
(@), =] 2o (x3)u-vdQ

It is easy to see that the norme [T, is equivalent to the classical norm ||U||L2(Q) of

L3 (Q)=[L*(Q)].
The embedding of V into H is, obviously, dense, continuous and it is compact (by virtue of

Rellich theorem).

Then, we can deduce from (4.6) the variational equation (5.1).

6. Operatorial equation
Theorem 6.1. The operatorial equation is:

tofind U(-)eH such that

AtU+U+p,(0)g ATy, A2U+g AP KA2U=0; (63
where all the operators are bounded.
Proof.
In order to deduce an operatorial equation of the problem with bounded operators, we want to

substitute the equation (5.1) with an equation on the spaceH .
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= Classically [11], if A'is the unbounded operator of H which is associated to the

sesquilinear form (,V), and to the pair (v ,H ), we have
(U,V)\/ :(AU,V)H, VUeD(A)CV cH, vveVv (a.6)
» Forevery X el? ()= {W el? (F),LW dlr= O} , We can write

, VYveV

.[rx \_/n\r dr‘ < ”X ||I:2(F)

\%
")

By virtue of a trace theorem, we obain
% Ve dr] el 19, 6, >0)
so that, by wusing a Riesz theorem, there exists a bounded operator T from L~2(F)into
V' such that:
[ X v,.dT=(TX V), eV
then, we have
[ Uy \_/n‘rdF:(Tun‘r,\?L =(T70,V),, Vi, VeV (b.6)

where y, is the restriction of the application normal trace (Z'(Q)— L*(I'))to V.
In the same manner, we can write

[ -pi(xs)u,v,dQ=(KG,V),, Vi, veH (c.6)
where K is a non negative self-adjoint bounded operator from H into H .
Finally, from (a.6), (b.6), (c.6), we can write the variational equation of the problem:
tofind d()eVv
(G.V), +(AGY) +p,(0)g (AT70V), +9(KGV), =0, VeV (6.1)

= This variational equation is equivalent to the operatorial equation

ﬁ+A(G+pO(o)g T;/nl])+g Ki=0, GeV . (6.2)

In order to eliminate the unbounded operator, setting AY?G=UeH and applying the

-1/2

operator A, we obtain a final operatorial equation (6.3) of the problem.
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Now, we are going to study the different operators which appears in the precedent
operatorial equation (6.3).
)] it is well known that the operator A™"is compact of H in H , self adjoint and

positive definite;

i) We consider the two operators : L (T')<«—2_—V < AR

compact bounded

He« 2" Vv T L*(T),

bounded bounded

we have, forevery X eL*(I') and UeH :
(A1/2TX,O) =(Al/2TX,A1/2C|)
H H
—(TX,0),
=(X ’u”\F)EZ(r)
=(X ’7nu)fz(r)
:(x ’7n A71/2 D)

L*(r)
Then, the operators y, A™? and AY? Tare mutually adjoint,  » A™?is compact from
Hin L*(T). By virtue of a Schauder’s theorem, A"?Tis compact too from L*(T)into

H.

iii) Setting B=A"Ty A™Y?, itiseasy to see that B is a self-adjoint and
compact operator from L*(T)in L*(T).
We have

(50.0), -

v, AY2U|IL >0

2
(1)

From (BU,U)H =0, we deduce y,u=u . =0, and then Ubelongs to a space which

r
contains

J5(Q)={ueE(Q); divv=0, 1, =0},
therefore, B is non negative.

iv) Wehave, H«-2A — H« X H« A" H therefore

compact bounded compact

A KA™ js self-adjoint, non negative and compact operator from H into H .
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7. Operator bundle of the problem and existence of the eigenvalues

Theorem 7.1. The problem has a countably eigenvalues A with real part positive admitting

A=0e A=oofor points of accumulation.

There are countably aperiodic motions arbitrary strongly damped (4 real »>o0) and
countably aperiodic motions arbitrary weakly damped (4, real — 0).
1) If 4|A?||B,] <1, all eigenvalues are real and there are no oscillatory motions ( it is
the case in which p is sufficiently great)

2) If 4|A™|B,| =1, there is at most a finite number of complex eigenvalues, in the

circular ring 1 <|4|<2|B,|; oscillatory damped motions correspond to these

27
eigenvalues.

Proof.

We are finding solutions of the equation (6.3) under the form:
U(x,t)=eU(x), AeC;
we obtain
A A*U-0+[p,(0)gB+g A KA |U=0 (7.1)

From the equation [ p,(0)gB+g A’ KA™ |U=0 and taking into account of the
properties of the operators Band K, we deduce

ueVv, Unp =0, u, =0,
so that U belongs to a space containing J, ().

Consequently A =0is an eigenvalue with infinite multiplicity.
Now, we eliminate this case, and setting

By =00 (0)B+A KA ]
We obtain

—

L(4)U=(1,-2A"-1"B,)U=0, UeH (7.2)
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The equation (7.2) is of the kind considered by Askerov, krein, Laptev [1], i.e
f =APf +1Qf , f eH
A
with
P=A" and Q=B,
It is proved in paragraph 5 that P is self adjoint, compact, positive definite operator and Q

is a self adjoint, compact and non negative operator.

We have the theorem 7.1.

8. Conclusions

i) The presence of viscosity removes the continuous spectrum which appears in the case
of a heterogeneous inviscid liquid.

i) The problem is reduced to the study of a classical Askerov, Krein, Laptev pencil. The
small motions of the system depend on the viscosity coefficient. There are always
damped motions, but damped oscillatory motions can appear only for weak viscosity

coefficient.

9. Existence and uniqueness theorem
Theorem 9.1.  If the initial data verify: W°eV ; W° eH , the problem:

to find w(t)ev such that

%C(Vv,\?)+b(”,\7>+a(w,\7) =0, WeV
has one and only one solution such that

wel’(0TV); wel’(0TV);
where T is a positive constant.

Proof.

Setting Ui =e'w , the variational problem (5.1) is equivalent to:
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To find w(.)eVv such that

(%) +(W,v) +2(W,v)

+(W, V), +(W,V),, +0,(0)g (Ty,W,V), +g(KwW,V), =0
We define the sesquilinear forms in V xV [8,664-665]

YV eV 9.1)

¢ (W, V) =(W,V), ,
b(v”v,\“/)z(v‘v,\”/)V +2(\Tv,\7)H,

a(\Tv,\”/)z(\Tv,\?L +(\TV,\7)H +p,(0)g (T;/nv”v,\”/)/ +0 (K\Tv,\”/)H
The imbedding V' < H is continuous, we have:

dc, >0 ; such that |V|, <c,[V], . As the trace application is continuous from V into

L*(T) , we get

us

LA(r)

Vn\r

n|r

(o), = (v, ), oy Sl 1,

c, isaconstant >0 |,

then the last sesquilinear forms are continuous in V xV

On the other hand, we have: v(w,v) eV xV

e t>a(w,v) isa C*([0T]), a(w,v)=a(vV,w) and a(v,v)=|v[

e t>b(W,V) isa C'([0,T]), b(W,v)=b(V,w) and b(V,v)2[v[,

2
e

o ti>c(W,V)isa CH[0T]), c(W,V)=c(V,W) and c(V,V)=|V]|
From (9.1), we deduce the following problem:
to find w(t)eV such that

%C(W,\?)+b(\7\/,\7)+a(w,\7):0, W eV 9.2)

Therefore, by virtue of a known theorem [8, pp 664-670], we have the proof of theorem 9.1.
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