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Abstract. In this paper, we investigate the problem of finding common elements of the set of solutions of a
general system of variational inequalities for relaxed cocoercive mappings and of the set of fixed points of a strict

pseudo-contraction based on iterative methods. Strong convergence theorems are established.
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1. Introduction-Preliminaries

Variational inequalities, which include many important problems in nonlinear analysis and
optimization such as the Nash equilibrium problem, complementarity problems, vector opti-
mization problems, fixed point problems, saddle point problems and game theory, recently have
been studied as an effective and powerful tool for studying many real world problems which
arise in economics, finance, image reconstruction, ecology, transportation, and network; see
[1-8] and the references therein.

Let C be a nonempty closed and convex subset of a real Hilbert space H and P¢ the metric
projection of H onto C. Let A : C — H be a mapping.
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Recall that A is said to be monotone if
(Ax—Ay,x—y) >0, Vx,yeC.
(2) A is said to be r-strongly monotone if there exists a constant r > 0 such that
(Ax— Ay, x—y) > rl[lx—y||*>, Vx,yeC.
(3) A is said to be y-cocoercive if there exists a constant ¥ > 0 such that
(Ax—Ay,x—y) > y||Ax—Ay|?, Vx,yeC.
(4) A is said to be relaxed y-cocoercive if there exists a constant ¥ > 0 such that
(Ax—Ay,x—y) > (=7)l[Ax—Ay[*, VxyeC.
(5) A is said to be relaxed (7, r)-cocoercive if there exist two constants ¥, > 0 such that
(Ax—Ay,x—y) > (=7)llAx = Ay|* +rx—y|?, VxyecC.

Given nonlinear mappings A : C — H and B : C — H, consider the problem of finding an

x € C such that

(x—Bx+AAx,y—x) >0, VyeC, (1.1)

where A > 0 is a constant. We see that an element x € C is a solution to the problem (1.1)
if and only if x € C is a fixed point of the mapping Pc(B — AA). This equivalence plays an
important role in this work. If B = I, the identity mapping, then the problem (1.1) is reduced to

the classical variational inequality problem: find an x € C such that
(Ax,y—x) >0, VyeC. (1.2)

In this work, we use VI(C,A) to denote the solution set of the problem (1.2). For given z € H
and x € C, we see that the following inequality holds (x — z,y —x) > 0,Vy € C, if and only if
x = Pcz. Let A,B,Z,g : C — H be four nonlinear mappings. Next, we consider the following
problem of finding (x*,y*) € C x C such that

(x* —=By*+ AAy",x—x*) >0, VxeC,

R (1.3)
(y* —Bx*+AAx*,x—y*) >0, VxeC,
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where A > 0 and p > 0 are two constants. (1.3) is said to be a general system of variational
inequalities involving four nonlinear mappings.

If B=B =1, then the problem (1.3) is reduced to the following.

Find (x*,y*) € C x C such that

(x* =y +AAy*  x—x*) >0, VxeC,
(1.4)

(y* —x*—l—igx*,x—yﬂ >0, VxedC,

where 2 > 0 and A > 0 are two constants. The problem (1.4) was considered by many authors,
see, for example, Chang et al. [9], Cho and Qin [10], Huang and Noor [11], Qin et al. [12] and
the references therein.

IfB=B=1and A= K, then the problem (1.3) is reduced to the following.

Find (x*,y*) € C x C such that

(x* =y +AAy*  x—x*) >0, VxeC,
(1.5)
(y* —x*+AAx*,x—y*) >0, VxeC,

where A > 0 is a constant. The problem (1.5) was introduced by Verma [13] in 1999.
Further, if we add up the requirement that x* = y*, then problem (1.3) is reduced to the general
variational inequality (1.1).

Recall that a mapping R : C — C is said to be nonexpansive if
[Rx—Ry|| < [lx—yl|, Vx,yeC.

The mapping R : C — C is said to be strictly pseudo-contractive if there exists a constant k €

[0, 1) such that
IRx—Ry||* < [lx =yl + k|1 = R)x— (I = R)y|?, Vx,yeC.

For such a case, R is said to be a k-strict pseudo-contraction. The mapping R : C — C is said to

be pseudo-contractive if

|Rx—Ry|]? < [x—y|2+|I( = R)x— (I~ RWIP, Vx,yeC.
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Clearly, the class of strict pseudo-contractions falls into the one between classes of nonexpan-
sive mappings and pseudo-contractions.

Recently, many authors studied the problem of finding a common element of the set of fixed
points of nonexpansive mappings and the set of solutions of the variational inequality problem
(1.2) in the framework of real Hilbert space.

In this paper, we investigate the problem of finding common elements of the set of solutions
of a general system of variational inequalities for relaxed cocoercive mappings and of the set
of fixed points of a strict pseudo-contraction based on iterative methods. Strong convergence
theorems are established. In order to prove our main results, we need the following lemmas and

definitions.

Lemma 1.1 . For given x* € C and y* € C, (x*,y*) is a solution of the problem (1.3) if and only

if x* is a fixed point of the mapping T : C — C defined by

Tx = Pc(BPc(Bx — AAx) — AAPc(Bx— AAx)), VxeC.

Lemma 1.2 Let {x,} and {y,} be bounded sequences in a real Hilbert space H and {B,} a

sequence in [0, 1] with

0 < liminf B, < limsup 3, < 1.
n—oo

n—soo

Suppose that x,+1 = (1 — Bp)yn + Buxn for all integers n > 0 and

limsup(H)’nH _ynH - Hxn—i-l _an) S 0.
n—oo

Then lim,_e ||y, — x| = 0.

Lemma 1.3 Assume that {o,} is a sequence of nonnegative real numbers such that
Olp+-1 S (1 - '}/n)an + 5n;

where {y,} is a sequence in (0,1) and {8,} is a sequence such that
(b) imsup,,_,.. 6,/ <0 o0r Y, | |8 < eo.

Then lim, .. 0, = 0.
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Lemma 1.4 Let H be a real Hilbert space, C a nonempty closed and convex subset of H and

R : C — C a nonexpansive mapping. Then I — R is demiclosed at zero.
The following lemma is a corollary of Bruck’s result.

Lemma 1.5. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
R and R, be two nonexpansive mappings from C into C with a common fixed point. Define a

mapping R : C — C by

Rx = pRix+ (1 —p)sz, VxeC,
where p is a constant in (0,1). Then R is nonexpansive and F(R) = F(R)) NF(R).

Lemma 1.6 Let C be a nonempty closed and convex subset of a real Hilbert space H and
S : C — C a k-strict pseudo-contraction. Define R : C — C by Rx = ax+ (1 — a)Sx for each
x € C. Then, as a € [k, 1), R is nonexpansive such that F(R) = F(S).

2. Main results

Theorem 2.1. Le A : C — H be a relaxed (Y, r,)-cocoercive and U,-Lipschitz continuous map-
ping, A:C— H arelaxed (Yu,Ta)-cocoercive and [y-Lipschitz continuous mapping, B:C — H a
relaxed (Y, rp)-cocoercive and ,-Lipschitz continuous mapping, B:C — H a relaxed (Yo, 7p)-
cocoercive and Wy-Lipschitz continuous mapping and S : C — C a nonexpansive mapping with
a fixed point. Assume that % := F(S)NF(T) # 0, where T is defined as Lemma 1.1. Let {x,}

be a sequence generated in the following manner:

(

x1=ucC,
= Pc (B\xn — /?\Lgxn),

Yn = PC(BZn - A«Azn%

\xn+1 = anf(xn) +ann + Yn[PSXn + (1 —P))’n]» n>1,

where f : C — C be a contractive mapping, p € (0,1), A and A are positive constants and {a, },

{Bun}, {1} and {6,} are sequences in (0,1). Assume that the following restrictions are satisfied

(a) OCn“"Bn""}/n: 1,Vn>1;
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(b) limy—e0 0, = 0,)"_1 04 = o0;
(¢) 0 < liminf, e B, <limsup,_,., B, < I;
(@) /1= 2R+ A2+ 2AYab + 1= 20+ 7 + 29507 < 1;
(e) \/1 AT+ A2 4 2A T2 + \/1 2P+ B2 2PA2 < 1.

Then the sequence {x,} converges strongly to X = Pgu and (%,y) is a solution of the problem

(1.3), where y = PC(E—)ALX)X.
Proof. Letting x* € F(S)NF(T), we find that Sx* = x* = P¢ (BPC(§x* - /igx*) — AAP-(Bx* —
ng*)) Putting y* = P(B — ig)x*, we obtain that x* = Pc(B— AA)y*.

Next, we show that the mappings B — AA and B—2Aare nonexpansive, respectively. Indeed,
for any x,y € C, we have

I(B—AA)x— (B—AA)y[| < [|(x—y) — (Bx—By)|[ +[|(x —y) — A(Ax— Ay)[|. (2.1)

Note that

r—3) = A (Ax—Ay) | < \/1 =225, + 2212 + 227,82 [x . (2.2)

We also have

e —y) — (Bx—By)[| < \/1 2y + 2 + 23512 1. (2.3)
Substituting (2.2) and (2.3) into (2.1) yields that

I(B—AA)x—(B—AA)y||

< <\/1 —2Arq + A2 UG +2AYali7 + \/1 —2rp+ 1 +2Ybu§) [l —]|-

In view of the condition (d), we obtain that B— AA is nonexpansive, so is B— /Q\Lg On the other

hand, we have

from which it follows that ||y, —x*|| < ||zn —y*|| < ||%, —x*||. Put £, = Sx;, + (1 — p)y,, Vn > 1.

It follows that
[0 —x*[| < p IS — x| + (1= p)[lyn — x|

<Pl = x| + (1= p) floen — 7

= llxa — "]l
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From the algorithm, we arrive at
i1 =" < l|.f Cen) =27+ Balln — 27 + Falltn — 7]
< Q| = X7[| 4 Bl = X[ + Pl 20 — 7|
< (1= o (1 = @) [xn — x| + oo f(x") — x|

which implies that the sequence {x,} is bounded. Consequently, {v,}, {z,}, {wn} and {z,} are

bounded. Notice that
[Yn+1 = yull = [|[Pe(Bznt1 — AAzui1) — Po(Bzn — AAzy) ||
< llzn+1— 2l
= || Pe(Bxyy1 — AAxys1) — Po(Bxy — AAxy )|
< st — x|
It follows from (2.4) and (2.5) that

[tn+1 = tall < PIISXn+1 = S| + (1 = P)|[yn1 =yl

(2.4)
< [Pt —xall.
Next, we show that
lim [, 1 = x| = 0. (2.5)
Put

X1 = (1= Bu)ln+ Buxn, Vn>1. (2.6)

Now, we compute /,, 1| — [,,. Notice that

Oyt 1 (o7
st = dnll < =21 Ens1) = tst |+ =5 ln = L) |+ [ln 1 = ] (2.7)
1 - Bn—i—l 1 - Bn

Substituting (2.4) into (2.7), we arrive at

041 Q,
||ln+1_ln||_||xn+1_xn” < das ‘||f(xn+1)_tn+1||+ 2 ||t,,—f(x,,)||.
1_ﬁn+1 1_ﬁn

It follows from the conditions (b) and (c) that

limsup (Hln+1 = lp|l = llxn+1 — X1 H) <0.
n—yoo

From Lemma 1.2, we obtain that

lim 1, — x| = 0. (2.8)
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Thanks to (2.6), we see that x,,+-1 —x, = (1 — B,,) (I, — x,,), which combines with (2.8), we obtain
that (2.5) holds. Note that x,,+1 — x, = 0, (f(x1) — xn) + Yu(tn — x,). It follows from (2.5) and

the condition (b) and (c) that

,}1_{130 It — x4]| = 0. (2.9)
Next, we show that
limsup(f(x) — x,x, —X) <0, (2.10)
n—oo

where ¥ = Pz f (). To show (2.10), we can choose a sequence {x,, } of {x,} such that

limsup(f (%) — X, x, —%) = Uim (f(X) — %,x,, — X). (2.11)

n—yoo [—roo
Since {x,, } is bounded, we see that there exists a subsequence {Xnij} of {x,,} which converges
weakly to w. Without loss of generality, we may assume that x,, — w. Next, we show that

w e F(T)NF(S). In fact, define a mapping J : C — C by
Ox = pSx+ (1 —p)Pc(B— AA)Pc(B—AA)x, VxeC.
From Lemma 1.5, we see that Q is a nonexpansive mapping such that
F(Q)=F(R)NF(P:(B— JLA)PC(E—XX)) =F(S)NF(T).
From (2.9), we obtain that
lim ||Qx, — x,|| = 0. (2.10)
n—so0

It follows from Lemma 1.4 that w € F(Q) = F(S)NF(T). In view of (2.11), we arrive at
limsup(f(¥) — X,x, —X) = (f(x) —x,w—x) <O0. (2.11)
n—soo
In view of Lemma 1.3, it is not hard to draw the desired conclusion easily. This completes

the proof.
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