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Abstract. In this article, we investigate an iteration for nonexpansive-type mappings. Strong convergence theorems

are established in the framework of Banach spaces.
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1. Introduction-Preliminaries

Let E be a smooth Banach space. Consider the functional defined by
0(x,y) = [|x]> = 2(x,Jy) + [y|> forx,y € E. (1.1)

Observe that, in a Hilbert space H, (1.1) is reduced to ¢ (x,y) = |lx —y||?, x,y € H. The general-
ized projection Il¢ : E — C is a map that assigns to an arbitrary point x € E the minimum point
of the functional @ (x,y), that is, ITcx = %, where ¥ is the solution to the minimization problem

¢ (¥,x) = min ¢ (y,x)
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existence and uniqueness of the operator I1¢ follows from the properties of the functional ¢ (x,y)
and strict monotonicity of the mapping J. In Hilbert spaces, I1c = Fc. It is obvious from the

definition of function ¢ that

(Il = 1xID? < 9 (r,x) < (vl + [I5l)?, Vx,y € E.

Let E be a Banach space with the dual E*. We denote by J the normalized duality mapping
from E to 2F" defined by

Jx={f"€E": (v, f*) = x> = I /1),

where (-,-) denotes the generalized duality pairing. A Banach space E is said to be strictly

convex if ||*3¥|| < 1 for all x,y € E with x| = ||ly|| = 1 and x # y. It is said to be uniformly

convex if limy,_,e |[xn — yn|| = O for any two sequences {x,} and {y,} in E such that ||x,| =

[ya]l = 1 and lim, o0 |32 || = 1. Let Ug = {x € E : ||x|| = 1} be the unit sphere of E. Then

[le+]] = [l
t

the Banach space E is said to be smooth provided that lim

exists for each x,y € Ug.
t—0

It is also said to be uniformly smooth if the limit is attained uniformly for x,y € Ug. It is well
known that if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E. It is also well known that if E is uniformly smooth if and only if E* is
uniformly convex.

Recall that a Banach space E has the Kadec-Klee property if for any sequence {x,} C E and
x € E with x, — x and ||x, || — ||x||, then ||x,, — x|| — 0 as n — o for more details on Kadec-Klee
property. It is well known that if E is a uniformly convex Banach spaces, then E enjoys the
Kadec-Klee property.

Let C be a nonempty closed and convex subset of a Banach space E and T : C — C a mapping.
The mapping T is said to be closed if for any sequence {x,} C C such that lim, . x, = xo and
lim;, 0 Tx,, = yg, then Txy = yp. A point x € C is a fixed point of T provided Tx = x. In this
paper, we use F(T') to denote the fixed point set of 7' and use — and — to denote the strong
convergence and weak convergence, respectively.

Recall that the mapping 7 is said to be nonexpansive if

ITx =Tyl < [lx=yll, YxyeC.
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Itis well known that if C is a nonempty bounded closed and convex subset of a uniformly convex
Banach space E, then every nonexpansive self-mapping 7 on C has a fixed point. Further, the
fixed point set of T is closed and convex.

As we all know that if C is a nonempty closed convex subset of a Hilbert space H and
Fc : H — C i1s the metric projection of H onto C, then F¢ is nonexpansive. This fact actually
characterizes Hilbert spaces and consequently, it is not available in more general Banach spaces.
In this connection, Alber recently introduced a generalized projection operator II¢ in a Banach
space E which is an analogue of the metric projection in Hilbert spaces.

Let C be a nonempty closed convex subset of £ and 7' a mapping from C into itself. A point
p in C is said to be an asymptotic fixed point of T [20] if C contains a sequence {x,} which
converges weakly to p such that lim,,_« ||x, — Tx,|| = 0. The set of asymptotic fixed points of
T will be denoted by F (T). A mapping T from C into itself is said to be relatively nonexpansive
if F(T)=F(T)# 0and ¢(p,Tx) < ¢(p,x) forall x € C and p € F(T). The mapping T is said
to be quasi-¢-nonexpansive if F(T) # 0 and ¢(p,Tx) < ¢(p,x) forallx € Cand p € F(T).

Recently, fixed point iterations of relatively nonexpansive mappings and quasi-¢-nonexpansive
mappings have been considered by many authors; see, for example [1-12] and the references
therein. In 2005, Matsushita and Takahashi [12] considered fixed point problems of a single
relatively nonexpansive mapping in a Banach space. To be more precise, They proved the fol-

lowing theorem:

Theorem MT. Let E be a uniformly convex and uniformly smooth Banach space, let C be a
nonempty closed convex subset of E, let T be a relatively nonexpansive mapping from C into

itself, and let {04, } be a sequence of real numbers such that 0 < o, < 1 and limsup, _,., 04, < 1.
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Suppose that {x,} is given by

¢

xo=x¢€C,
Y :J‘l(aann + (1 - (xn)JTxn);
Hy,={z€C:9(z,yn) < ¢(z,x)},

W,={ze€C: (x,—z,Jx—Jx,) >0},

\Xn+1 = PHannxo, n= O, 1,2, ceey

where J is the duality mapping on E. If F(T) is nonempty, then {x,} converges strongly to

Pp ()X, where Pt is the generalized projection from C onto F (T).

In this paper, motivated by Theorem MT, we investigate an iteration for quasi-¢-nonexpansive-
type mappings. Strong convergence theorems are established in the framework of Banach s-
paces.

Lemma 1.1 [1] Let C be a nonempty closed convex subset of a smooth Banach space E and

x € E. Then, xo = Ilcx if and only if

(xo—y,Jx—Jxg) >0 VyeC.

Lemma 1.2 [1] Let E be a reflexive, strictly convex and smooth Banach space, C a nonempty

closed convex subset of E and x € E. Then
¢ (v, Ilex) + ¢ (Ilex, x) < ¢(y,x) VyeC.

Lemma 1.3 [12] Let E be a strictly convex and smooth Banach space, C a nonempty closed
convex subset of E and T : C — C a hemi-relatively nonexpansive mapping. Then F(T) is a

closed convex subset of C.

Lemma 1.4 Let E be a uniformly convex Banach space and B,(0) be a closed ball of E. Then
there exists a continuous strictly increasing convex function g : [0,00) — [0,00) with g(0) =0

such that

1A+ pry +v2l* < Al + vl + 7llzl® — Aug(lx— i)
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forall x,y,z€ B,(0) and A, 1,y € [0, 1] with A +u+y=1.
2. Main results

Theorem 2.1. Let E be a uniformly smooth and uniformly convex Banach space and C a
nonempty closed and convex subset of E. Let T : C — C and S : C — C be two closed and quasi-
@-nonexpansive mappings such that F = F(T) N F(S) is nonempty. Let {x,} be a sequence

generated in the following manner:

§
xo € E chosen arbitrarily,

Ci=C,

x1 = Il¢, xo,

Yn = (Bn0J%n + B I TXn + P2 Sxn),
Cor1 ={2€Co: 9(2,5n) < 9(2,%0) },

On={z€C: (xy—z,Jx—Jx,) >0},

k-x}’H»l = HC,H_]XO)\V/n 2 07

where {Bn0}, {Bn1} and { B, 2} are real sequences in [0, 1] satisfying the following restrictions:

(a) ﬁn,O + ﬁn,l +ﬁn,2 =1,
(b) liminf, e B,0Bn,1 > 0 and liminf,, . B,.0Bs2 > 0.

Then {x,} converges strongly to Il zxo, where Il is the generalized projection from E onto
F.

Proof. First, we show that C, is closed and convex for each n > 1. It is obvious that C; = C
is closed and convex. Suppose that Cj, is closed and convex for some h. For z € Cj, we see
that ¢ (z,y;) < ¢(z,x) is equivalent to 2(z,Jx;, — Jy;) < ||xx|> — [lyn||?. It is to see that Cj, 1 is
closed and convex. Then, for each n > 1, C,, is closed and convex. Now, we are in a position to

show that . C C, for each n > 1. Indeed, .# C C; = C is obvious. Suppose that .# C Cj, for
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some h. Then, for Vw € .% C C},, we have

O (w,yn) < [[WI|* —2Bn0(w, Jxn) — 2Bh,1 (W, JTx3) — 2B 2(w, JSxp)

Taxp||? + Bua|sxn||?

+ Brollxnll* + B,
= Bro® (W, xn) + Br,1 0 (W, Txp) + B2 (w, Sx,) (2.1)
< Bro® (W, xn) + B @ (w, xp,) + Br2¢ (w,xp,)

= ¢(W7xh)'

which shows that w € Cj41. This implies that .# C C, for each n > 1. On the other hand,
we obtain from Lemma 1.2 that @(x,,x0) = ¢ (I, x0,x0) < @ (w,x0) — ¢ (w,x,) < @(w,x0),
for each w € # C C,, and for each n > 1. This shows that the sequence @ (x;,xo) is bound-
ed. We see that the sequence {x,} is also bounded. Since the space is reflexive, we may,
without loss of generality, assume that x, — ¥. Note that C, is closed and convex for each
n>1. It is easy to see that ¥ € C, for each n > 1. Note that ¢ (x,,x0) < ¢(%,xp). It fol-
lows that ¢ (X,xp) < liminf, e @ (xy,x0) < limsup,,_,.. @ (xn,x0) < @(X,xp). This implies that
lim,—ye0 @ (x5, X0) = ¢ (X,x0). Hence, we have ||x,|| — [|X|| as n — oo. In view of the Kadec-Klee
property of E, we obtain that x,, — X as n — oo.

Next, we show that x € F(T). By the construction of C,, we have that C,;; C C, and
Xpi1 = ¢, x0 € Cy. It follows that @ (x,41,%,) < @ (x411,%0) — @ (X, x0). Letting n — oo,
we obtain that ¢ (x,41,x,) — 0. In view of x,,11 € C,41, we arrive at @ (x,11,Vn) < O (Xnt1,%n)-
It follows that lim, e @ (x,11,y,) = 0. It follows that lim,_,e ||x, — y,|| = 0. Since J is uni-

formly norm-to-norm continuous on any bounded sets, we have lim,_e ||Jx, — Jy,|| = 0. Let
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r= max{supn21{||xn||}, supn21{||Txn||}, supnzl{“anH}}. Fixing g € .#, we have from Lem-
ma 1.6 that

(g 3n) = 0 (¢, " (Bu.oJ%n + Bu1 I T%n + Bu 2 Sx))
= gl = 2(q: BuoJxn + Bu1 S T3 + Bu2J Sx2))
+ 1| Bn.0dXn + Bu 1 I T xn + B 2J Sxp 12
< llal* = 2B.0(a,Txn) = 2B 1 (@, I T %) = 22(q, I S0)

JTxn||2 ‘f’ﬁn,ZHJSXnHZ _ﬁn,Oﬁn,lg(“an _JTan)

+ﬁn,0‘|‘lan2+Bn,l
= Bn70¢(%xn) + ﬁn71¢(% Txn) + Bn72¢(61,an) - ﬁn,Oﬁmlg(”an _JTan)
< ﬁn,O(P(CIaxn) +ﬁn,1¢(%xn) +ﬁn,2¢(617xn) - ﬁn,Oﬁn,lg(Han _JTan)

= ¢(q,%n) _ﬁn,Oﬁn,lg(Han —JTxyl|).

It follows that 3, 0By.18(||Jxn —ITxn||) < @(q,xn) — O (q,n)- limy 0o g(||Jx —JTx||) = 0. This
implies that lim,,_ ||/ x,, — JX|| = 0. That is, lim,, . || Tx, — %|| = 0. It follows from the closed-
ness of T that Tx = X. This shows that x € .7.

Finally, we show that X = ITzx(. From x, = Il¢,xp, we have (x, —w,Jxo — Jx,) > 0,Yw €
F C C,. Taking the limit as n — oo, we obtain that (X — w,Jxo — JX) > 0,Vw € % and hence

% = I (r)x0 by Lemma 1.1. This completes the proof.
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