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Abstract: In this paper, we introduce the notions of asymptotic pseudo-orbit tracing property and
pointwise pseudo-orbit tracing property in non-autonomous dynamical system, which are the
generalizations of corresponding notions in autonomous dynamical system. We showed that if
(X, F)is topologically conjugate to (Y,G) , then F has asymptotic pseudo-orbit tracing property if and
only if G has the same property. Also we discuss the relationship of pointwise pseudo-orbit tracing
property between the product system and its subsystems.
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1. Introduction

Throughout this paper, by a non-autonomous dynamical system we mean a

©

pair (X,F), where X is a compact metric space with the metricd, and F={f} isa

k=1

sequence of continuous maps on X, i.e. f, : X — X is continuous fork =1,2,---, and for
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any point x, e X,x, =f,(x), X, =f,(%), .., u=f(%), ., n=02... If f =f we

call (X, f)an autonomous dynamical system.

Pseudo-orbit and its tracing skills are powerful tools in discussing autonomous
dynamic systems. Pseudo-orbit tracing property (POTP) has close relations with
chaotic properties of system. The concept of pseudo-orbit in autonomous dynamical
system has firstly appeared in the work of Anosov [1-2], and is closed related with the
property of stability [3] and chaos [4-5]. Li established the definition of pointwise
pseudo-orbit tracing property (PPOTP) in an autonomous dynamical system [6]. The
so-called asymptotic pseudo-orbit tracing property (APOTP) in autonomous
dynamical system was introduced by S. Y. Pilyugin. And many papers were devoted
to its study, see [7-9] for detail.

In this paper, we extend the notions of pointwise pseudo-orbit tracing property and

asymptotic pseudo-orbit tracing property to non-autonomous systems, and we show

that if the system (X,F)has the asymptotic pseudo-orbit tracing property, then any

system (Y,G) conjugated with (X,F)has the same property. Also we investigate the

relationship of pointwise pseudo-orbit tracing property between the product system
and its subsystem.

Our results extend the scope of the research on discrete dynamical system and
generalize the existing results to a very general case. The remainder of this paper is
organized as follows. Section 2 introduces some basic definitions and some notations,
also several new concepts are given in this part. Main results are established in

Section 3.

2. Preliminaries
Firstly we complete some notations and recall some concepts.

Let (X,F) be a non-autonomous dynamical system, for convenience, denote

maps F:X X by F)=f(f (.= fof o-of(x), (k=L2-) . Then
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X = H() =FR().% =0 fi(x) =F (%), Xy = fof oo ,00) = K 06), -

The following concept can be found in the classical mathematical theory. For the
sake of completeness, they are listed as follows.

Definition 2.1 The functionh:X —Y is called a homeomorphism from a metric
space (X,d,) into a metric space (v,d,) if, it is one-to-one and onto, and
both h and h™are continuous.

Definition 2.2 Let(X,F)and (Y,G) be non-autonomous dynamical systems with metrics

d, and d, respectively, where F={f}" and G={g,} , . h:X—>Y be a

homeomorphism. If for anyk>1,g, oh(x)=hof (x),xe X , thenF andG are said to be
conjugate or h—conjugate.

Let (X,F)and (Y,G) be non-autonomous discrete systems and X xY be product
space with metric d"((x,Y,), (%, ,)) = max{d, (x,%,),d, (v,,¥,)}, Where d, and d, are
metrics, F={f} andG={g,}, are sequence of maps onXxandy & respectively.
Let the sequence of maps FxG={fxg}, be defined by v(xy)eXxY ,
(f,xg)(%y) = (f,(x),9,(y)),i=12,---. And it is easy to verify that

(FxG) (% y) =(fixg;)o(fiyxgi) oo (fxg)(x y) = (FxG)(x,y).

Then we obtain the product system (X xY, F xG) with metricd".

Now, we introduce some new notions in non-autonomous discrete system.

Definition 2.3 Let(X,F)be a non-autonomous discrete systems. If >0, and for
any O<i<n<o , d(f(x)x,)<o, then the sequence {x,x,---,x}is called a ¢ -
pseudo-orbit of F (or s -chain). If for any x,ye X,5>0, there exists a finite &
pseudo-orbit {x,x,---,x. } of X , such that x =x,x, =y, then {x,x---,x}is called a
& -chain fromxtoy .

Definition 2.4 Let (X,F) be a non-autonomous discrete systems, we say the
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sequence{x,,x,---,x }ise -traced (¢>0) by the pointzin X if d(F (z),x,)<efor every

positive integer n. We say F has pointwise pseudo-orbit tracing property if for

any ¢ >0 there exists a real number 5>0 such that for any s -pseudo-orbit

L% x FOf F i {x,, X~} can be ¢ -traced for some N >0, i.e. there exists a
pointz in X such thatd(F, (z),x,..) <efork>0..

Definition 2.5 Let (X,F) be a non-autonomous discrete systems. A sequence
{x}>, in X is called an asymptotic pseudo-orbit of F if limd(f,(%).x..)=0 . A
sequence{x},is said to be asymptoticcally pseudo-orbit tracing by the pointzin X if
limd(F,(2).x,)=0. F is said to have asymptotic pseudo-orbit tracing property if every

asymptotic pseudo orbit of Fcan be asymptotically pseudo-orbit tracing by some

point in X.

3. Main results

Theorem 3.1 Let X andY be compact metric spaces with metrics d, and d,

respectively, and F:X - Xxand G:Y—  be sequences of continuous maps. If Fis
topologically conjugate to G, then F has the asymptotic pseudo-orbit tracing property
if and only if G has the same property.

Proof. It is enough to prove the necessity. Suppose F has the asymptotic pseudo-orbit

tracing property, and let{y,}”,be an asymptotic pseudo-orbit of G and h be a conjugate

function from x toy, by the compactness ofy, h™*:y — X is uniformly continuous.

Then for any ¢’ >0, there existss’ >0 such that

dy (y,y) <& =d, (h™(y),h*(y) <& fory,y'ey.
As{y}",is an asymptotic pseudo-orbit of G, i.e.limd, (g;(y,).y.,) =0, SO there exists a
positive integer N, such that

dy (9; (V) V1) <0 for eachi > N, .
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Hence for eachi>N,,

dy (7 (g, (Y. h 7 (i) <&
Letx =h"(y,), the above inequality becomes

dy(hogioh(x)), %) <&
By the conjugation of h, we have

dy (F 06 %) <&
Hence
limd, (f;(%)),%.,)=0.

This shows that the sequence{x}", is an asymptotic pseudo-orbit of F, since F has the

asymptotic pseudo-orbit tracing property. Therefore there is a point z' in X such that

!Lrgdx (F| (), xi) =0.

To prove that{y,}’,can be asymptotically traced by some pointziny, letz=nh(z"), by
the uniformly continuity of h, for any & > 0, there exists s > 0such that

d, (x,X) <5 =d, (h(x),h(x)) <e Torx,x'eX.
Then as limd, (F.(z).x) =0, there exists a positive integer N, such that
d, (F(z)),x) <o foreachi>N,.

Therefore for eachi> N, , we have

dy (heR(z).h(x)) <¢.
AshoF =G, oh, the above inequality becomes

dy (G ~h(z).h(x)) <&,
That isd, (G (2),y,)<e, I.e. limd, (G,(2).y,)=0, this shows thatG has the asymptotic

pseudo-orbit tracing property. It is similar to prove the sufficiency.

This completes the proof.

Theorem 3.2 Let X andY be compact metric spaces with metrics d, and d,
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respectively, and F:X —»Xand G:Y—  be sequences of continuous maps. Then
the product map FxG has the pointwise pseudo-orbit tracing property if and only if

both F and G have the pointwise pseudo-orbit tracing properties.

Proof. Let sequences{x}", and{y,}", be s - pseudo-orbit of F and G respectively, i.e.
dy (fi(%),%.1) <6,dy (9 (Vi) Vinn) < 6,1 =1.2,---.
Then
d ((Fi, g% ¥ (%, Vi) = (CF 06, 9 (), (K Vi)
= max{dy (f; (%), X..,1).dy (9 (Y1), Vi) } < 6.
This means the sequence{x,y}",is thes - pseudo-orbit of FxG. Since FxG has the
pointwise pseudo-orbit tracing property, for each ¢ >0, there exists a point (z,z’) in
X xY and a positive integer N such that
d"((FxG)(z,2), (xy, Y)) =d ((F*(2),G"(2), (Xy, Yy))
=max{d, (F*(2),x,).d, (G"(2), y\ )} <&
Thusd, (F*(2),x,) <eandd, (G*(z),y,) <&, this shows that FandG have the pointwise

pseudo-orbit tracing property. It is similar to prove the sufficiency.
The proof of Theorem 3.2 is completed.

As an immediate consequence of Theorems 3.2, we have the following corollary.

Corollary 3.1 Let X,,---,X, be compact metric spaces with metrics d, on X,
respectively, and F:X, —» X, be sequences of continuous maps(i=21:--,n). Then the
product map F, x---xF, has the pointwise pseudo-orbit tracing property if and only if

each F has the pointwise pseudo-orbit tracing property.
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