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1. Introduction

Recently, Huang and Zhang introduced the concept of cone metric spaces by replacing the
set of real numbers with an ordered Banach space, for more details; see [4] and the references
therein. Subsequently, many fixed point results concerning self mappings in such spaces have
been investigated; see [2, 3, 5, 6, 7, 9, 10] and the references therein. In this article, we extent
some results in [1] to the framework of cone metric spaces. In this paper, the cones are strongly
minihedral and normal to endow the cone metric spaces with an appropriate topology; see [11].

The aim of this paper is to investigate fixed point problems of C-contractive mappings. A

fixed point theorem is established in the framework of cone metric spaces.
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The organization of this paper is as follows. In Section 2, we provide some necessary pre-
liminaries. In Section 3, a fixed point theorem is established in the framework of cone metric

spaces. The result presented in this paper mainly generalizes the result of Binayak [1].

2. Preliminaries

We first recall some known definitions, notations and results concerning cones in Banach

spaces.

Definition 2.1. Let E be a real Banach space with norm ||.|| and let P be a subset of E. Then P

is called a cone if and only if

(1) Pis closed, nonempty and P # {0}, where 6 is the zero vector in E;

(2) for any a,b > 0 (nonnegative real numbers), and x,y € P, we have
ax+by € P;

(3) forx e P,if —x € P,thenx = 0.

Given a cone P in a Banach space E, we define on E a partial order < with respect to P by

x=y<=y—xcP

We also write x < y whenever x < y and x # y, while x < y will stand for y — x € Int(P), where
Int(P) stand for the interior of P.

The cone P is called normal if there is a real number K > 0, such that for all x,y € E, we have

0 <x Xy = [ix|| <Klyll.

The least positive number satisfying this inequality is called the normal constant of P. There-
fore, we shall say that P is a K-normal cone to indicate the fact that the normal constant is
K.

The cone is said to be regular if every increasing sequence which is bounded from above is
convergent. That is, if (x,) is a sequence such that x, < x, < --- <y for some y € E, then there

exists x* € E such that lim,, e ||x, —x*|| = 0.
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Lemma 2.1. [13, 15] Every regular cone is normal. The cone P is regular if every decreasing

sequence which is bounded from below is convergent.

Definition 2.2. Let X be a non empty set. A functiond : X x X — E is called a cone metric on
X if:

(dl) 6 <d(x,y) Vx€ X and d(x,y) = 0 ifand only if x =y,

(d2) d(x,y) =d(y,x) Yx,yeX;

(d3) d(x,z) 2d(x,y)+d(y,z) Vxyz€X.

The pair (X,d) is called a cone metric space.

From the definition of the order given by a cone P, it is obvious that x € P <= 6 < x. Hence,

we can define a concept of positivity on a Banach space as follow.

Definition 2.3. Let E be a real Banach space. Let P be a cone on E and < the partial order with
respect to P. An element x € E is said to be a nonnegative vector if 8 = x and positive vector if
0 < x. Hence P is the set of all nonnegative elements. We shall use the following notations:

e [0,— [:=P={x€E:0=x};

e ]0,—[:={xcE:0<x}

Definition 2.4. A subset A of E is said to be bounded from above with respect to P (or upper
bounded) if there exists xo € E such that a = xq for all a € A. A subset A of E is said to be
bounded from below with respect to P (or lower bounded) if there exists xo € E such that xo < a

foralla € A.

Definition 2.5. A cone P is said to be minihedral if x\V'y := sup{x,y} exists for all x,y € E and

strongly minihedral if every subset of E which is bounded from above has a supremum.

We also recall the following lemma, which we take from [11] and give the proof as it is there.
Lemma 2.6. Let (X,d) be a quasi-cone metric space. Then for each ¢ € E, ¢ > 0, there exists

0 > 0 such that x < ¢ whenever ||x| < o, x € E.

Proof. Since ¢ > 0, we ahve ¢ € Int(P). Hence, we find 6 > 0 such that {x € E : ||x —c|| <

o} CInt(P). If |[x|| < o, then ||(c —x) —c|| = || —x|| = ||x|| < o and hence (c —x) € Int(P).

Lemma 2.7. Let (X,d) be a cone metric space over a cone K-normal cone P. Then one has
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a) Int(P)+Int(P) C Int(P) and AlInt(P) C Int(P) for any positive real number A.
b) For any given ¢ > 0 and co > 0, there exists ng € N such that Z—g <.
¢) If (an) and (b,) are sequences in E such that a,, — a, b, — b and a,, < by, for alln > 1,

then a < b.
Proposition 2.8. Let (X,q) be a cone metric space over a cone P. If a < Aa, where 0 < A < 1,
then a = 0.
Definition 2.9. Let (x,,) be a sequence in a cone metric space (X,d).

(@) (xn) is convergent to x € X and we denote li_r}nxn =x, if for every c € E with ¢ > 0,
n—oo

there exists ng € N such that
Vnm>ng d(xg,x) <<c;
(b) (x) is called Cauchy if for every ¢ € E with ¢ > 0, there exists ng € N such that

Va,m>ng d(xg,xm) <c.

Definition 2.10. A cone metric space (X,d) is said to be complete if every Cauchy sequence in

X is convergent in X.

Lemma 2.11. [4] Let (X, d) be a cone metric space over a cone K-normal cone P. The sequence
(xn) converges to x € X if and only if nh_{?o d(x,,x) = 0. The sequence (x,) is Cauchy if and only
ifn’grgmd(xn,xm) = 6.

Throughout this paper, we shall assume that the cones are strongly minihedral and K-normal,
hence regular. Except otherwise stated, the notation < designates the partial order with respect
to P. Furthermore, we shall assume that Inz(P) # 0.

We conclude this section by the following proposition.

Proposition 2.12. [11] Every cone metric space (X,d) is a topological space.
3. Main results

In [1], Binayak proved the following result.
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Theorem B. Let T : X — X, where (X,d) is a complete metric space, be a weak C-contraction.
Then T has a fixed point.

We generalize this result in the setting of cone metric spaces in this sectioin.
Definition 3.1. A mapping T : X — X, where (X,d) is a complete cone metric space, is said to

be a weakly C-contractive or a weak C-contraction if for all x,y € X,
1

where Y : P X P — P is a continuous mapping such that y(x,y) = 0 if and only if x =y = 0.

Lemma 3.1. Let (X,d) be a cone metric space over a K-normal cone P. Then for any ¢ € P

andanya € E,a—c =X a.

Proof. Indeed, we have

0 <c<=ceP<—=a—(a—c)eP<=a—c=a.

Theorem 3.3. Let T : X — X, where (X,d) is a complete cone metric space, be a weak C-

contraction. Then T has a fixed point.
Proof. Let (x,) be a sequence generated in the iteration x,, | = T'x,. If x, = x,+1 = Tx,, then

X, is a fixed point of 7. Next, we assume x,, # x,, 1. Using (0.1), we have

d(xnvxn+l) = d<Txn71 ) Txn)
1

= 5[d(xnfl,Txn)+d(xn,Txn71)]—l//(d(an,Txn),d(xn,Txnfl))
1
= Ed(xn—lyxn—kl)_W(d(xn—laxn+l)79)
1
0.2) = E(d(xnflyxn) +d(xnaxn+l>) - W(d(xnflaxn+l)7 9)

Using (0.2), we find from Lemma 3.1 that
(03) d(-xn;xl’l-i-l) j d(xn—l 7~xn)~

Thus (d(x,,x,+1)) is a monotone decreasing sequence in E. Moreover, this sequence is bounded

below by 6 and since P is regular, the sequence (d(xy,x,+1)) is convergent. Let d(x,,X,4+1) — r
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as n — oo. Next we prove that r = 0.
d(xnaxn+1) = d(TxnflaTxn)

1
= _(d(xnthxn) +d(xy, Txnfl» - ‘//(d(xnfl»xnﬂ),d(xmxn))

2
1
= §d<xn—laxn+1)
1
< E(d(xn—hxn)+d(xn>xn+l))-

Letting n — oo, we see that

.1 1 1
r= ’}g{}oid(xn—l,xnﬁ) = 5”+ 5”;

or

(0.4) lim d (Xp_1,Xps1) = 2r.

n—oo

Letting n — oo in (0.2) and using (0.4) and the continuity of v, we have
rr—y(2r0)

or
—y(2r,0) € P,

which is a contradiction unless » = 6. Thus we have established that

(0.5) d(Xp,Xp4+1) — 0 as n — oo.

Next we show that (x,) is a Cauchy sequence. If otherwise, then there exists € > 6 and
increasing sequences of integers (m(k)) and (n(k)) such that for all integers k, n(k) > m(k),
d(Xm(k) Xn(r)) = € and d (X, (k) Xp(k)—1) < €. Then,

€ = d(xm(k)axn(k))

= d(Txm(k)—l ) Txn(k)—l)

PN

1
5 (@0me) 1, T Xnr) 1) +dCnay 1, TXm(r) 1))

— Y dXn)—1> TXnk)—1)5d (Xn(t) =15 T Xm(r)—1)) by (0.1)

1
0.6) = S (d(n(r)—1:%n(a)) () —15%m(t))) = WA ) —15%nk) ) d (X 15 Xm(1)))-
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Again, we have

€ = d(xm(k) 7xn(k))

(PN

d(Xm(k)s Xn(k)—1) T d(Xn(k)—15Xn(k))

= e+ d(Xum)—1:%Xnk))-

Letting kK — oo in the above inequality and using (0.5), we obtain

. li =
0.7) kl_?;lod(xm(k) 7xn(k)) €
and

(0.8) klglolod(xm(k),xn(k),l) =E.

Indeed, we also have

Note that
d(Xm(k)—15%n(k)) = dXm(ie)—15Xm(k)) + A Em(ie) s Xn(k)) -

Letting kK — oo in the above two inequalities and using (0.5), (0.7) and (0.8) we get

0.9) lim d(xm(k)_l,xn(k)) = €.

k—yo0

Next, letting k — o in (0.6) and using (0.5), (0.8) and (0.9) we obtain

e<—(e+¢e)—yl(ee).

| =

Or y(g,€) < 6, which is a contradiction since € > 6. Hence (x,) is a Cauchy sequence and

therefore is convergent in the complete cone metric space (X,d). Let x, — z as n — oo. We
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prove that z is a fixed point for 7. Indeed, we have

d(z,Tz) = d(z,xp+1)+d(xy11,Tz)
= d(z,xp41) +d(Tx,, Tz)
1
=< d(z,%041) + E(d(z,Txn)) —y(d(z,x),d(xn,Tz))

= d(Z7xn+l> + %(d(zﬂcn—H) +d(xna TZ)) - W(d(zvxn-H)’d(xna TZ))'

Letting n — oo, using the continuity of y, we obtain

d(z,Tz) = 5d(z,Tz) —y(0,d(z,Tz)) =X 5d(z,T2),

| =
| =

which is a contradiction unless d(z,7z) = 6. Hence z = Tz.

Next we establish that the fixed point z is unique. If z; and z; are two fixed points of 7', then

d(z1,22) =d(Tz1,Tz2) = =(d(z1,T22) +d(z2,Tz1)) — w(d(z1,Tz2),d(z2,Tz1))-

NS

That is,

d(z1,22) 2 d(z21,22) — Y(d(z1,22),d(21,22)) < d(z1,22),

which by property of y is a contradiction unless d(z1,z2) = 0, that is, z; = zp. This completes

the proof.

Conflict of Interests

The author declares that there is no conflict of interests.

REFERENCES

[1] B.S. Choudhury, Unique fixed point for weakly C-contraction mappings, Kathmandu University J. Science,
Engineering and Technology 5 (2009), 6-13.

[2] E.F. Kazeem, C.A. Agyingi, Y.U. Gaba, On quasi-pseudometric type spaces, Chinese J. Math. 2014 (1014),
Article ID 198685.

[3] F. Shadda, M. S. Md Noorani, Fixed point results in quasi-cone metric spaces, Abst. Appl. Anal. 2013 (2013),
Article ID 303626.

[4] L.-G. Huang, X. Zhang, Cone metric spaces and fixed point theorems of contractive mappings, J. Math. Anal.

Appl. 332 (2007), 1468-1476.



WEAKLY C-CONTRACTIVE MAPPINGS IN CONE METRIC SPACES 9

[5] C.A. Agyingi, A fixed point theorem in non-Archimedean Ty-quasi-metric spaces, Adv. Fixed Point Theory
3 (2013), 667-674.
[6] Y.U. Gaba, Unique fixed point theorems for contractive maps type in Tp-quasi-metric spaces , Adv. Fixed
Point Theory 4 (2014), 117-124.
[7] Y.U. Gaba, An introduction to quasi-cone pseudometric spaces, submitted.
[8] T.G. Bashkar, V. Lakshmikantham, Fixed point theorems in partially ordered cone metric spaces and appli-
cations, Nonlinear Anal. 65 (2006), 825-832.
[9] C.A. Agyingi, Y.U. Gaba, A fixed point like theorem in a Tp-ultra-quasi-metric space, Adv. Inequal. Appl.
2014 (2014), Article ID 16.
[10] C. A. Agyingi, Y. U. Gaba, Common fixed point theorem for maps in a Tp-ultra-quasi-metric space, Sci. J.
Math. Res. In press.
[11] D. Turkoglu, M. Abuloha, Cone metric Spaces and fixed point theorems in diametrically contractive map-
pings, Acta Math. Sinica, 26 (2010), 489-496.
[12] D.IIi¢, V. Rakoéevi¢, Common fixed points for maps on cone metric space, J. Math. Anal. Appl. 341 (2008),
876-882.
[13] Sh. Rezapour, R. Hamlbarani, Some notes on the paper “cone metric spaces and fixed point theorems of
contractive mappings”, J. Math. Anal. Appl. 345 (2008), 719-724.
[14] Sh. Rezapour, M. Derafshpour, R. Hamlbarani, A review on topological properties of cone metric spaces in
Proceedings of the Conference on Analysis, Topology and Applications (ATA’08), Vrnjacka Banja, Serbia,
May-Jun.

[15] K. Deimling, Nonlinear Functional Analysis, Springer, Berlin, Germany, 1985.



