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Abstract: This paper presents a contribution to minimization of intuitionistic fuzzy automata. In this paper the
concept of substitution property (SP) partition for a finite intuitionistic fuzzy automaton is formulated, and the

quotient automaton with respect to an SP partition is defined.
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1. Introduction

The concept of fuzzy set is introduced by Zadeh [7]. Lee [5] introduced the concept of fuzzy automata and Lee
[4] generalized the classical notion of languages to the concept of fuzzy languages. The concept of intuitionistic
fuzzy set was introduced by [1] as a generalization of the notion of fuzzy set. Using the notion of intuitionistic
fuzzy sets [1], it is possible to obtain intuitionistic fuzzy language [6]. The concept of (SP) partition for an ffa is
formulated by [3] in analogy with that of stochastic automaton given by [2]. In [3] the finite fuzzy automata is
minimized by using (SP) partition. This minimized quotient machine is shown to be behaviourally equivalent to
the given machine.

In this paper the concept of substitution property (SP) partition for an iffa is formulated and the quotient iffa
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with respect to an (SP) partition that refines the set of final states is defined. The quotient machine is shown to be

behaviourally equivalent to the given machine.
2. Preliminaries

For convenience, the operations of max and min will be denoted by V and A respectively, i.e. for any two
nonnegative numbers a, b.
aVb=max{a,b},a Nb=min{a,b}.
For a finite number of nonnegative numbers a;(i = 1,2,--- ,n)

n
Vai=max{q;:i=1,2,--- ,n},
i=1

n
a;=min{a;:i=1,2,--- ,n}.
i=1

Definition 2.1. (Intuitionistic Fuzzy Matrices) An intuitionistic fuzzy matrix is a pair of m X n matrices A = (A1,A>)
where A| = (a1;;) and Ay = (ap;j) such that 0 < ay;j+az;j < 1.

Multiplication of two intuitionistic fuzzy matrices is defines as follows. Let A = (A},A;) be an m X n intu-
itionistic fuzzy matrix and B = (Bj,B;) be an n X pintuitionistic fuzzy matrix then the product AB is an m X p
intuitionistic fuzzy matrix defined by
AB = (c1jk, C2ik)mx p Where for all i,k

crik = V(a1ij Abyj)

and ¢y = A(a2ij V baji).

J

Lemma 2.1. Let A = (A,A;) be an m X n intuitionistic fuzzy matrix having identical row max a; in Ay and
identical row min ay in Ay and B = (B1,By) be an n X p intuitionistic fuzzy matrix having identical row max by in
B\ and identical row min by in By. Then AB has identical row max a; A\ by in A\By, and identical row min a, \ b;

in AQBQ.

Proof. Given

Viv Valij:ala vjavbljk:b]a

J k

Vi,  Aaxij=ax, Vj,Abyjr=bs.
j k

J
Then for every i, we have

\k/clik = \k/(\./(alij/\bljk)) =a; A\by,
J
/k\CZik = AN(A(azij V bajx)) = a2 v b2

ko j
since for all i,k,cix < aj Aby and coi > ax V by but Vi, 3" such that aj;y = ay,as;y = ay and 3k’ such that

bl'j/k/ - b] 7b2j/k/ - b2.

3. Basic concepts and notations
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Definition 3.1. ( Intuitionistic Fuzzy Automata) A finite intuitionistic fuzzy automaton over an input alphabet X is
defined to be an algebraic system.
M= (Q7Xa {A(a) = (Al(a)aAZ(a)) rac X}7 a= (ala a2)7Fa r'F = (nfﬂ;))

where

(1) 0={4q1,92, - ,qn} is a finite set of states.

(2) X is finite alphabet.

(3) A(a) = (A1(a),Az(a)) is an n x n intuitionistic fuzzy matrix.

@ oy = (oq1,02,-++,01,) and Ay = (01, A, -+ ,0p,) is an intuitionistic fuzzy row vector, called the
initial state designator.

(5) F is asubset of Q, called the set of final states.

6) N = (M1,Mma, -, Mn)" where ny; has value 1 if g; € F or 0if ¢; € 0 — F.
775 = (M21,M22," -+, Nan) Where 1y; has value 0if ¢; € F or 1 if ¢; € Q — F.

nf and n} is called the final state designator.

Example 3.1. Consider the intuitionistic fuzzy automaton

M= (X, (4@ = (41(@) A2(a)) s a € X)a = (e, ). Fn” = nf )
where O = {q1,92,93},F = {q3}

o =(0.30.80.9), o =(0.50.20.1) and

0.8 0.6 03 04 09 0.6
Ai(@)=107 09 05|Ai()=]0.1 07 05
04 1 02 1 03 038

02 03 0.7 03 0.1 04
Ar@)=[01 0 04]|A0)=]07 02 04

0.5 0 08 0 06 0.1
nf =©o0n’
n =(110)

Note that For any word x € X*, the intuitionistic fuzzy matrix

A= (A]()C),AQ(X);X EX*)

(1) Aj(A) ={aiii=1and aj;j=0fori# j
Az(l) = {azi,’ =0and Mij = 1 fOI‘i;éj

A being the null word.
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(2) Vx € X*,Va € X,A (xa) = A1(x)A1(a)
Az (xa) = Az (x)Az(a).

The behavior of an iffa M is defined to be an intuitionistic fuzzy subset of X*, denoted by By = (,uﬁM, }/BM)
whose membership and non membership function is given by, Vx € X*, ug, (x) = o1 A1(x)n{ = aun{ (x) and
Y, (X) = A2 (x)ns = aans (x), where we write nf (x) = A1 (x)n{ and 0} (x) = A2(x)nf". Two iffa’s M and M’

are said to be behaviourally equivalent, written M = M’ if By = Byp.
4. Quotient intuitionistic fuzzy automata

Definition 4.1. (Substitution Property) A partition 7 of Q for an iffa

= (Q,X,{Aw) ~ (Ar(a)An(@)) sa € X}oot = (@, 00), Fon” = (nf nf >)

is said to have the substitution property (SP) if for every a € X, each of the intuitionistic fuzzy submatrices into
which the matrix Aj(a) is partitioned by the blocks of 7 has identical row max and A,(a) is partitioned by the
blocks of 7 has identical row min. A partition & of Q is said to refine the set F' of final states if every block of 7 is

contained either in F orin Q — F.

Example 4.1. Consider an iffa M = (Q,X,{A(a) = (A1(a),A2(a)) :a € X},a = (ay,00),F,nf = (nf,n{)),
where O = {q1,92,93,94,95}, X ={a,b}, F ={qa,q95}, 1 =(0.50.6 0.1 0.7 0.4), o, = (0.4 0.2 0.8 0.3 0.5),

03 06 02 03 0.2 06 02 0.7 04 05
06 04 02 0.1 03 02 05 0.7 08 04
Ai(@)=107 0.1 0.7 08 04[A(a)=]02 08 0.1 02 05

06 02 05 0.1 0.6 04 06 05 07 03
03 06 05 06 05 07 04 05 03 04
0.7 09 02 04 03 03 0.1 07 05 0.6
09 07 02 01 04 0.1 02 07 09 05

Ai(b)=108 02 08 09 05]|A0>)=]02 06 01 0.1 04
0.6 03 03 02 07 03 05 04 0.6 02

04 06 03 0.7 0.6 05 03 04 02 04
Hence the partition satisfies substitution property 7@ = {[q1,¢2], [¢3], [q4,95] }-

Theorem 4.1. If for an iffa

M= (Q,x,wa) — (Ar(a).A2(a)  a € X} a = (o, 00), Fon” = (nonf >).
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7 is an SP partition of Q, then for any x € X*, each of the submatrices into which the intuitionistic fuzzy matrix
A (x) is partitioned by the blocks of © has identical row max and A, (x) is partitioned by the blocks of T has

identical row min.

Proof. Let A((a) = aiij,Az(a) = az;; and x € X*. We prove the result by induction on 1g(x) = n. If n = 0 then
x=2A, Aif(A) ={ayi=1and ay;; =0 for i # j, A2(A) = {az; =0 and ay;; =1 for i # j. Clearly, A;() is
partitioned by the blocks of 7 has identical row max and A, (A) is partitioned by the blocks of 7 has identical row
min.

Suppose now the result is true Vy € X* where length is <n—1,n > 0. Let x = ya with y € X*,a € X and
Ai(ya) =A1(y)-A1(a),Az(va) = A2(y).Az(a).

By lemma 2.1, A;(x) is partitioned by the blocks of 7 has identical row max and A,(x) is partitioned by the

blocks of 7 has identical row min.
Definition 4.2. ( Quotient Intuitionistic Fuzzy Automata) Let M = (Q,X AA(a@) = (A1(a),A2(a)) ra e X}, o =
(a1, ), F,nf = (nf nf )) be an iffa and 7 is an SP partition of Q which refines F. Then the quotient iffa

M/ = <Q’,X,{A’(a) = (A)(a),A(a)) s a € X}, = (&, ), F',n"" = (nf’,nf’)) is an iffa where Q' =
{Bi,By, -+ ,By} is the set of blocks of w(m = rank 7), for every a € X,A(a) is the m x m fuzzy matrix ob-
tained by replacing each of the submatrices into which A;(a) is partitioned by the blocks of 7 by its constant
row max and A} (a) is the m x m fuzzy matrix obtained by replacing each of the submatrices into which A, (a) is
partitioned by the blocks of 7 by its constant row min, o] is the fuzzy row m-vector obtained by replacing each of
the subvectors into which @ is partitioned by the blocks of 7 by its max and ¢ is the fuzzy row m-vector obtained
by replacing each of the subvectors into which @ is partitioned by the blocks of 7 by its min and F” is the set of

blocks of 7 partitioning F.

Definition 4.3.

(1) M/m is well defined.

(2) For any x € X*,A’(x) = (A](x),A5(x)) where A/ (x) is an m x m fuzzy matrix obtained by replacing each
of the submatrices into which A (x) is partitioned by the blocks of 7 by its constant row max and A (x)
is an m x m fuzzy matrix obtained by replacing each of the submatrices into which A, (x) is partitioned
by the blocks of 7 by its constant row min.

(3) For any x € X*,nf (x) = (nF(x),n¥ (x)) has identitcal entries corresponding to each block of 7 and
n* (x) = (nf "(x), nd "(x)) where nf "(x) is a fuzzy column m-vector obtained by replacing each of the
column subvectors into which nf (x) is partitioned by the blocks of & by its constant entry and nzF ' (x)
is a fuzzy column m-vector obtained by replacing each of the column subvectors into which nf (x) is

partitioned by the blocks of 7 by its constant entry.
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Example 4.2. From example 4.1, consider a quotient iffa
M/ = (Q/,X,{A%a) = (4}(a),A%(a)) a € X}, 0 = (e, 03). F',n"" = (nfﬁnf’)), where 0' = {B1,B2, B3},
X ={a,b},F' ={B3}, ] = (0.60.10.7), a} = (0.20.8 0.3),
06 02 03 02 07 04
Al@=[07 07 08|Aa)=]02 0.1 02
0.6 05 0.6 04 05 03

09 02 04 0.1 0.7 0.5
Ai(b)=108 08 09|A%p)=1]02 01 0.1
0.6 03 0.7 03 04 02

nf =017, nf = (110)".
5. State equivalence, induced SP partition and minimal machine

Definition 5.1. (State Equivalence) Let M = (Q,X,{A(a) = (A1(a),A2(a)) : a € X}, = (an,00),F,nf =

(an , T]zF )) be given iffa. Two states ¢; and g; of M are said to be equivalent, written g; = ¢, iff for every word
x € X*,nf (x) has identical i"" and j"* entries and n{ (x) has identical i’ and j"* entries. The partition of Q induced

by this equivalence relation will be denoted by 7r and called the induced partition for M.

Theorem 5.1.

(1) mg refines F.

(2) mr is an SP partition.

Proof.

(1) nf (1) =nf which has constant entries 1 on F and 0 on Q — F.
nd (1) = nf which has constant entries 0 on F and 1 on Q — F
and hence follows (1).

(2) Leta € X,x € X*, thenif g = {By:k=1,--- ,m},nF (ax) = A1 (a)nf (x) and N} (ax) = A2 (a)n¥ (x) so

that
nii(ax) =V (all/(a)/\nlj(x))
= V (a1ij(a) A (x))
k q;€By
M3 (ax) = (az,/ (a)Vv 772, (x))
= (azij(a a) Vv n3;(x))
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Since nfj(x) and n{j (x) has a constant value for all j for which ¢; € By, and writing
n{:j(x> = )’k(x) for qj € Bk(k = 17 7m)7
nii(ax) =V AV aiij(a))

k quBk
If g; = gy, then nf;(ax) = nf;(ax)

or nfi(ax) =V A V ai(a)

k quBk
=V AV ayja))
k q;€By

and ngj(x) = Pi(x) forg; € By(k=1,--- ,m),
n3i(ax) = /k\(ﬁk(x)\/ A aij(a))

qj<bk

If g; = gy, then n;(ax) = nzF, (ax)
or M3 (ax) = A(Be(x)V A aij(a))
k q;E€By
=ABx)V A axja))
k quBk
Since this holds for A;(x) and B (x) (k=1,--- ,m) Vx € X*, we conclude
V aiij(a)= V ayja)
q;€By q;€By

and /\ azij(a): /\ ayj(a)
q;E€By q;E€By

for all a € X which proves (2).

Theorem 5.2.7r is the largest SP partition for A which refines F.

Definition 5.2. If 7y is the induced partition for an iffa M, then the quotient iffa M /mp will be called minimal

machine associated with M and denoted by MM

Theorem 5.3.

(1) MM is well defined.
2) MM =M.

6. Finite procedure for computing the minimal machine

For obtaining a finite procedure for computing the minimal machine of a given iffa, i.e., for computing the
induced partition, we introduce the concept of k-equivalences.
Definition 6.1. Let k be a nonnegative integer and M a given iffa. A state g; is said to be k-equivalent to a state g;
iff for any word x € X* such that 1g(x) < k,n (x) = (nf (x),n¥ (x)) in which nf (x) and n¥ (x) has the same "
and j'" entries. And the partition induced by this k-equivalence will be denoted by 7.

We are now in a position to give an algorithm for computation of the induced partition.

Algorithm 6.1. For a given iffa

M= (Q,X,{A(d) = (A](a),Az((l)) -a EX},(X = (OC],(XQ),F,T’F = (nfﬂﬁ))v
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to compute the induced partition 7, we proceed along the following steps.

(1) Compute my = {F,S—F}.

(2) Having obtained 7, compute 7, as follows:
Write down nf (x) = (nf (x),nf (x)) for all x € X* such that Ig(x) = h. Calculate A;(a)nf (x) and
As(a)n¥ (x) for all a € X and for all x € X*, such that Ig(x) = h. Denote by 7, the partition of Q over the
blocks of which the entries of A1 (a)nf (x) and A»(a)ns (x) are constant.
Then T, = m, 7).

(3) If m;, = my, 11, then go to step 5, otherwise goto step 4.

(4) Replace h by h+ 1 and repeat step 2.

(5) Halt and set g = 7.

Example 6.1. Consider an iffa
M = (Q7X7{A(a) = (Al(a)vAZ(a)) ‘a EX}JX = (0517052)7F771F = (Tlfyﬂf))

where Q = {511742a' o aq9}aX = {Cl,b},F = {464]7751876]9}
o =(0.30.70.80.210.400.50.9) and o, = (0.40.20.20.600.50.7 0.3 0.1)

1 03 05 08 07 09 07 09 03
03 1 05 04 08 09 05 04 09
05 02 1 03 08 01 09 09 07
08 04 08 1 02 0 05 03 02
Ai(a)=107 08 08 02 1 05 04 05 05
09 09 07 0 05 1 08 07 04
07 09 07 05 04 08 1 06 07
09 04 07 03 05 07 06 1 02

03 09 07 02 05 04 07 02 1

0 07 04 01 02 01 03 0.1 06
05 0 04 05 01 0.1 04 05 0.1
04 06 0 07 02 09 0.1 007 02
02 06 02 0 08 1 04 06 07
Ax(@)=103 02 02 07 0 04 06 04 05
01 01 03 09 04 0 02 01 03
02 0.1 03 04 05 02 0 04 02
01 03 03 07 04 03 04 0 0.8

04 01 03 04 05 05 03 07 O
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1 06 07 02 05 08 07 02 04
06 1 07 05 03 04 08 0.1 04
07 02 1 03 05 08 0.1 08 0.8
02 05 03 1 07 05 06 06 0.5
Ai(b)=105 03 03 07 1 06 02 05 06
08 04 08 05 06 1 03 02 0.1
0.7 08 08 06 02 03 1 0.1 02
02 08 08 06 05 02 01 1 07

08 04 08 05 06 01 02 07 1

0 03 02 05 03 009 03 05 06
04 0 02 03 05 05 02 07 0.09
03 07 0 05 03 02 09 02 0.
08 04 06 0 03 04 03 02 05
Ayb)=104 07 06 02 0 04 06 04 02
01 05 02 01 02 0 07 06 09
03 0.1 02 02 06 06 0 09 07
06 0.1 02 04 02 08 07 0 03

0.1 05 02 02 03 07 04 02 O

nf=000001111)7
nf=(111110000)7

m = {[q1 92 43 94 g5). 96 97 98 99]}

nf(a)=Ai(a)nf =(0.90.90905051111)7
nf(b) =A;(b)nf =(0.80.80.80.60.61111)"
n¥ (a) = Az(a)nf = (0.10.10.070.40.40000)7
n4 (b) = A2(b)n¥ = (0.09 0.09 0.1 0.20.20 00 0)”

% = {lq1, 92}, 93], (94, 45, 1q6: 7. g3, 9]}

=M% = {[q1,92], 193], 94, 95], (96,97, 98,99 }
0.90.90.90.80.81111)7

i (a) = (

(h)=(0.90.90.90.8081111)7
(a)=(0.90.90.90.60.61111)7
() =(0.80.80.80.60.61111)7
(a)=(0.10.10.070.20.20000)"
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n¥ (ab) = Ay(a)n¥ (b) = (0.09 0.09 0.07 0.20.20 00 0)”
nF (ba) = Ay (b)nF (a) = (0.090.09 0.07 0.20.200 0 0)7
nE (bb) = Ay (b)nF (b) = (0.09 0.090.10.20.200 0 0)7
1 ={la1, a2, 93], [94, 45]. 96, 97, a3, a0l},

T =TT =N = AF.
Minimal Machine

MM =M /mp = (Q.X {A'(a) = (A(a),A(a)) ra € X}, 0 = (0, &), F,

n™ = (' ,nf")), where Q' = {By,B2,B3,Bs}, & = (0.7 0.8 1 0.9), & = (0.2 0.2 0 0.1) and F' = {By},
nf" =0001),nf" =(1110)and

1 05 08 09 0 04 01 0.1
Al (a) = 05 1 08 09 AL (a) = 04 0 02 0.07
08 08 1 05 02 02 0 04

09 07 05 1 0.1 03 04 O
1 07 05 08 0 02 03 0.09

A1 (b) = 07 1 05 08 AL (b) = 03 0 02 0.1
05 03 1 06 04 06 0 02

08 08 05 1 01 02 02 O

up,, (ab) = ounf (ab) =0.9, ug (ab) = ainf’ (ab) = 0.9, and 13, (ab) = axni (ab) =0.1, yg; (ab) = a4} (ab) =
0.1.

7. Conclusion

By Example 6.1 we conclude that the minimization of number of states in intuitionistic fuzzy automata is always

greater than or equal to minimization of number of states in fuzzy automata.
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