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Abstract. Integral formulas involving generalized Bessel and Struve functions of the first kind are expressed in
term of generalized Wright function and generalized hypergeometric series. Many special cases, including cosine

and sine function are also discussed.
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1. Introduction

The generalized Bessel function of the first kind %), ;, . defined for complex z € Cand b,c,p €
C (Re(p) > —1) by

(1) Wppel2) =Y ;

ST (p+ 2 +k)k! ’

oo (—l)kck <Z>2k+p

with p+ (b+1)/2 # 0,—1,-2,-3,---. More details related to the function %, . and its
particular cases can be found in [1, 7] and references therein. It is worth mentioning that,

W11 =J, is the Bessel function of order p and %), 1 _1 = I, is the modified Bessel function
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of order p. Also, #,,21=2j,/ \/T is the spherical Bessel function of order p and Wpo—1=
2i,,/+/ is the modified spherical Bessel function of order p.

The generalized Struve function of the first kind 7, ;, .(z) defined for complex z € C and
b,c,p € C (Re(p) > —1) by

(—1)kck (Z)Zkﬂ’*l'

2) Hppe(@) =Y 3

ST(p+1+5+K(k+3/2)

Details related to the function .}, ;, - and its particular cases can be seen in [3] and the references
therein. Like Bessel function .77}, 1 | represent Struve function of order p and .77}, 1,1 is nothing
but modified Struve function of order p and the study of 7} ;, . will cover all possible known
cases.

Following integral formula [6, 2.47, p.22] is required in sequel:

a

3) /()ooxul(x+a+ X2 +2ax) *dx =20a"* (—)u DT — )

C(1+A+pu)

2

The article emphasis on investigating compositions of integral (3) with generalized Bessel func-
tion(GBF) (1) and generalized Struve function (GSF) (2). Such compositions are expressed in

terms of the generalized Wright hypergeometric (GWHF) function , y,(z) is given by the series

(bj7ﬁj)l,q k=0 Hji'zl F<bJ+ﬁJk) k!’

“4) p¥a(2) = p¥q

where a;,b; € C, and real o, 8; e R (i=1,2,...,p;j=1,2,...,q9). Asymptotic behavior of
this function for large values of argument of z € C were studied in [5] and under the condition

5) iﬁj—iai>—l

j=1 i=1
in [18, 19]. Properties of this GWHF were investigated in [8], (see also [10, 9]. In particular,
it was proved [8] that ,y,(z), z € C is an entire function under the condition (5). Compo-
sitions of GBF and GSF with the integral (3) can also be represented in terms of the gen-
eralized hypergeometric function(GHF) ,F,(z) defined for complex a;,b; € C, b; # 0,1,...

(i=1,2,...,p;j=1,2,...,q) [11]. Certain interesting results on the fractional derivatives of

generalized hypergeometric functions for several variables can be found in [16].
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For purpose in sequel, we state and proof a generalization of the well-known Legendre du-
plication type formula for (a, @) = I'(a+ ok). Legendre duplication formula [4] is defined as

follwos:

j;; T(x)T (x+ %) or  (x)o = 2% @k (x; l)k, (k € No).

Now using the identity I'(a+ k) = I'(a)(a), following result can be obtained by method of

6  T'(2x)=

induction.

Lemma 1.1. For any n,k € Ny, the following identity holds:

2" -
) (a,2") = (@2 ] (“ - 1) -
i=1 k

Proof. We prove the identity (7) by using method of induction. For n =0,

2°H(“+"1)k=r<a><a>k,

is trivially true by definition of (a, o). Now assume that the identity (7) holds forn =m € N,

1.e.

2’71
m —1
®) (a.2") = T(a)2" kH(“’ ) .
k

Then

(a,2""1) = T(a)(@)ym1y

m +1

-T 22 +1 ((j) a

(a) 2/ omg 2
() K2k (51 2m> (a—H 2m>

r($)r(+<) 2 2
om .

. 2m+lk 2"k a+2l—2 2"k a+2l—1
_F(a)2 X 2 H(W) X 2 H( 2m+1 )

m+1
+1 2m+lk a+l—1
F m H( m+1 )k‘

This complete the proof of the result.

2. Integrals involving GBF
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This section consist of integral of generalized Bessel function(GBF) which are represented

in terms of GWHF or GHF.

Theorem 2.1. Letb € Rand A, U, ¢, p € CwithRe(p) > —(b+1)/2, Re(A +p) >Re(u) >0
and x > 0. Then following integral identity holds:

) /0 Mt at Vol +2ax) W e (;—z(x—ka —Vx2+ Zax)) dx
_ zlfu*pau*l*pypr(zlu)

X2Y3 b+l ‘ 4a?

Proof. Consider the series representation of %), .(y(x +a — Vx2 +2ax)/a*) and then by a
computation it can be shown that the involved series is uniformly convergent. Thus it is allow
to interchange the order of integration and summation, and that leads left side of (9) to the

expression

(10) /x“ Yx+a+ V2 +2ax)” ’I%bc<y(x+a—\/x2+2ax)>dx
0

> y\2k+p [ 1 —A—p—2k
Z K+k i <2> / xH <x-|—a—|— x2+2ax> dx.
k=0 0

The given condition Re (A 4 p) > Re (i) > 0, yields
Re(A+p+2k) >Re(A +p)>Re(n) >0, keNUO.

Thus using (3), the integration in the right-hand side of (10) reduce to

- A—p—2k
/ XM (x-l—a-l— x2+2ax> dx
0

HTQU)IT(A+p+2k—u)
CA+A+p+2k+pu)

_ 2(2’ _{_p_|_2k)af(l+p+2k) (g)
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This along with (10) yields

= 5 A oy
/0 X (x+a+ X“+ 2ax) Wpabac <x+a+\/.m> dx

—2a*

T+ A4+p+2k)C(A+p+2k—p) [y \2k+p
2“ Z [(k+k) (_)

t_l
2 k (A+p+26)T(1+A+p+2k+p)k!

— zl—p—uau—l—pr(zu)yp

()L _H+p72)7(1 —|—)L—|—p,2),

F
A+p.2),(1+A+p+u,2),(p+241)

X223 2
This complete the proof.

By adopting similar technique as in the proof of Theorem 2.1, a computation will give the

following result.

Theorem 2.2. Let b € R and A, u, p € C with Re(p) > —(b+1)/2, Re(A) > Re(u) >
(b+1)/2 and x > 0. Then the following identity holds:

11 /x“l x+a+Vxt+2ax) W, C( >dx
(h 0 ( ) pb, x+a+Vx?2+2ax
1-pu p—A2
st () v
(2“+2Pa4)7(1+l+17,2)’ Cy
X2Y3

A4p,2), (1 +A+2p+p,4),(pt 22ty | 16

Next we establish some integral formula for %/, ;, . expressed in terms of generalized hyper-
geometric functions ,F,. Considering n = 0,1 in the identity (7), Theorem 2.1 can be rewrite
as follows:

Corollary 2.1. Let the conditions of Theorem 2.1 be satisfied and p, A + p,A —u+p € C\Zj.
Then the following integral formula holds:

~ 5 A _y
/0 et a+ vVt +2ax) Wy pe <x+a+\/m> a

_ ol—pgu— l(l—l—p) (L)p
F(p b+1>(l+#_‘_ ) 2a

B2p,A —pu+p)

A—u+p /1—,u+p+l 2+7L+p,
22 o?

Aip Ltdipii 2+/’L+p+u b+1 ‘_402
2 0T 2 P+

X 3Fy
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Here #(a,b) =T (a)T'(b)/T(a+b) is the well-known Beta functions.

The integration in Theorem 2.2 can also be expressed in terms of GHF using the identity (7)

forn=20,1,2.

Corollary 2.2. Let the conditions of Theorem 2.2 be satisfied and L+ p,A + U +2p,A+p €
C\Zy . Then the following integral formula holds:

oo _l
- 5 Yy
/0 x <x+a+ x +2“x> Ve <x+a+ xz“‘”‘) -

2 et M) (1P () — .2
pA —Uu, +2
r(p+—bJ2r')(7L+u+p) (5)7 24— p. 20 +2p)

u+p 2u4+2p+1 p+p+1 2u+42p+3 24+A+p

% sFg 207 4 2 T 4 2 o
Atp 1HA+p+2p 24A+u+2p 3+A+u+2p 4+A+u+2p b+1 16
T e e A Y

Remark 2.1. For b = ¢ = 1, the result obtain in this section has also been obtained in [3]. For

other special values of b, c, the results will be discussed in Section 4.
3. Integrals involving GSF

The unified integral, as in section 2, but with generalized Struve function are considered in

this section. The results are expressed in terms of GWHF and GHF.

Theorem 3.1. Let A, u, p € C withRe(p) > —(2+b)/2, Re(A + p) > Re () > 0 and x > 0.
Then following integral identity holds:

0

— 2l MG (LY r(op)

_o?
442

(L), A—u+p+1,2),24+A+p,2); ‘
3.1),(1+A+p,2),2+A+p+u,2),(p+1+5,1)

Since (3/2,1)=T1'(3/2+k) and (1,1) =T'(1+ k) = k!, the above representation can be obtain
by proceeding as the proof of Theorem 2.1.
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Theorem 3.2. Let A, u, p € CwithRe(p) > —(2+b)/2, Re(A) >Re (i) > 1 and x > 0. Then
following identity holds:

oo -A
/0 Xl (x+a+ x2+2ax> o (%(Ha—v?cz”ax)) dx

=271 (1) T(A —p)

X2Y3

(2u+2p,4),(1+ A +p,2); ‘ 2
~ 6

cy
(A+p,2),(1+A+2p+u,4), (p+221)

Using the identity (7), the integral involving .#, ;, . similar to Theorem 3.1 and Theorem 3.2
can be expressed in terms of generalized hypergeometric functions ,F,, and the representations

are given in following results. We omit the details proof due to similar computation as earlier

results.

Corollary 3.1. Let the conditions of Theorem 3.1 be satisfied and W,A + u,A —pu+p € C\Z,.
Then the following integral formula holds:

oo o > _y
/0 X <x+a—|— X+ 261)6) ypabvc <x+a+\/m> dx

_ 2lHar A (A4p) y p% U
g A , J— +
F<p+b;1)(“u+p) (23)" #(2u 1+p)

A—pu+p A—p+p+l 24A+p
2 ’ 2 ) 2

Atp 1+A+p+u 2+A+ptp b+1
R 1) ) 2 7P+T

b

Cy2

X3k T

Here #(a,b) =T (a)l'(b)/T(a+ b) is well-known Beta functions.

Corollary 3.2. Let the conditions of Theorem 3.2 be satisfied and u + p,A +u+2p,A+p €
C\Zj, . Then the following integral formula holds:

= 2
/ et (x+a+ x2+2ax>
0

21l (A4 p)

r(p+551) a+u+p)

Fove (s frmam) &
(5)" B(A—p,2u+2p)

u+p 2u4+2p+1 p+p+1 2u+42p+3 2+A+p
20 4 2 T 4 7 2

A+p 14+A+u+2p 24A+U+2p 34+A+u+2p 4+A+u+2p b+1
2 4 ; 4 ) 4 ) 4 Pt

X 5kFg
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4. Integrals involving trigonometric functions

For all b € R, if p = —b/2, then the generalized Bessel function %), , .(z) have the form

b
(12) 2 Q(Z)::(g) 0333 and z&;ébgﬂ;(z)::(§)2°f%g?

Hence following results are consequence of Theorem 2.1 and Theorem 2.2 respectively.

Corollary 4.1. Let A, 1, c € C such that Re(A) > Re(u) > 0. For x > 0, following identity

holds:
* u—1 2 —A cy
/Ox (x+a+Vx*+2ax) cos(x—+a+m>dx
A—1,2),(1+21,2); _
(13) = Va2 M AT(2u) X 2y a2 | ‘_4_y
(2,2), (14 A +p,2), (3,1)
and
= u—1 2 -2 cy
/Ox (x+a+ v x*+2ax) cosh(x—+a+m>dx
A—u,2),(1+21,2);
(14) = Vm 2" Ha" AT (2u) x 2y (= 1.2),( ) %%;
(/172)7(14_1—’_.“'72)7(%71)

Proof. On setting p = —b/2 and replacing c by ¢? in to (9) and using (12), we have

"(3)7e
A—p—52),1+2-22); '_ﬁ
A=22),(1+A -2 +p,2),(11)

NIW‘
NI@‘

I AT 2
ﬁ/o * <x+a+ . +2ax> ( +a+\/x2+2ax>

b
=217 Ha T (5) 2T u) X2y 7
After some computation and finally replacing (A —b/2) by A will gives the identity (13).
Similarly the identity (14) can be obtain from (9), with the aid of identity (12), taking p =
—b/2 and replacing ¢ by —c?. O

Adopting similar method as in Corollary 4.1 following result can be obtained from Theorem

2.2, we omit the details.
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Corollary 4.2. Let b € R and A, u,c € C such that Re(A) > Re (u) > 0. For x > 0, following
identity holds:

b
/0 X <x+a—|— X<+ ax) COS (m) X

(2“_b72)7(1 +A— l%72);

b
= VE 2 TH 2 AT (A — ) %oy '_%g
(2’_%72)a(l+l_b+“72)7(%71)
and
o M—g—l > 2 *}L‘Fg h cxy d
/0 X <x+a+ xX“ 4+ ax) COS (m) X
b 2u—b,2),(1+1—2.2);
= A2 R AT — 1) % v (2u ), ( 2:2) &y
b 1
()“_572)7(1+A’_b+‘ua2)7(§71)

Forall b € R, if p=1—1b/2, then the generalized Bessel function W), .(z) is related with

sine and hyperbolic sine function as follows:

b
_ (2 inc __ (2)\72 sinhc
(15) 7%;7gb¢¢(z)__(g) Z and zzifgbfﬂﬂ(z)__(z)ZSgl z

Next we represent integrals involving sine and hyperbolic sine functions in term of general-

ized (Wright) hypergeometric functions.

Corollary 4.3. Let A, u,c € C such that Re(A) > Re(u) > 0. For x > 0, following identity

holds:
/()x“_l(x+a+ x2+2ax)_lsin(;—§(x+a—\/X2+2“x)>dx
A—u,2),(1+2,2);
(16) = cVm 2R AT (21) X oy A2 ) '_%
(2,2),(1+A+p,2),(L,1)
and
/ooxu—l(x+a+ x2+2ax)_’lsinh(#>dx
0 x+a+va2+2ax
A—1,2),(1+2,2);
(17) = VT2 et AT (20) X 2y o2 ) %
(1,2), (1+A +u,2),(3,1)



10 SAIFUL R. MONDAL

Remark 4.1. Using (7), integrals in Corollary 4.1 — Corollary 4.3 can also be represent in terms

of generalized hypergeometric functions.
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