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Abstract: We established a traveling wave solution by the (%) -expansion method for nonlinear partial differential
e: quations (PDEs).The proposed method gives more general exact solutions for four different types of nonlinear
partial differential equations such as the modified regularized long wave equation, the improved Korteweg de Vries

equation, the two dimension Korteweg de Vries (2D KdV) equations and Coupled equal width wave equations
(CEWE).
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1. Introduction
The nonlinear partial differential equations (NPDES) are widely used to describe many important
phenomena and dynamic processes in physics, chemistry, biology, fluid dynamics, plasma,
optical fibers and other areas of engineering. Many efforts have been made to study NPDEs. One
of the most exciting advances of nonlinear science and theoretical physics has been a
development of methods that look for exact solutions for nonlinear evolution equations. The
availability of symbolic computations such as Mathematica or Maple, has popularized direct
seeking for exact solutions of nonlinear equations. Therefore, exact solution methods of
nonlinear evolution equations have become more and more important resulting in methods like
the tanh method [1-3], extended tanh function method [4, 5], the modified extended tanh
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function method [6], the generalized hyperbolic function [7] . Most of exact solutions have been
obtained by these methods, including the solitary wave solutions, shock wave solutions, periodic

G'®
GE®

find the exact solutions of the modified regularized long wave (MRLW)equation, the improved

wave solutions, and the like. In this letter, we propose the extended ( )-expansion method to

Korteweg de Vries ( IKdV) equation , the two dimension Korteweg de Vries (2D KdV) equation
and Coupled equal width wave equations (CEWE)[12] . In order to illustrate the effectiveness
and convenience of the method, we consider the modified regularized long wave equation, the

improved Korteweg de Vries ( IKdV) equation and the two dimension Korteweg de Vries (2D

KdV) equation.Our main goal in this study is to present the improved (—= ((;)) expansion method

¢'®
G(®) )-

expansion method. In section 3, we apply the method to four physically important nonlinear

[13-18] for constructing the travelling wave solutions. In section 2, we describe the (—=

evolution equations.

2. Outline of the (G((:))) expansion method

The (G ((;)) expansion method will be introduced as presented by A.Hendi [8] and by [13-18].The

method is applied to find out an exact solution of a nonlinear ordinary differential equation.
Consider the nonlinear partial differential equation in the form

N (U, Ug, Uy, Upsgy Ugrgy ooe-) = 0 (1)
Where u(x, t) is the solution of nonlinear partial differential equation Eq. (1). We use the

transformation, § = (x — c t) , to transform u(x, t) to u (%) give :

) d o d o2 a2 83 a3
_=_C_r_= T A T A3 3 (2)
at de’ax  di’axz  dg2’ax3  dg

and so on, then Eq. (1) becomes an ordinary differential equation

Nw,—cu', u',c?u",—cu”,.....) =0, (3)
The solution of Eq.(3) can be expressed by a polynomial in %
G
u(® =Sy G2 ;)) @)

Where G = G (&) satisfies,
G"E)+AG'®) +uG®) =0, ()
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Where G'(¢) = dg—g) G"(¢) = @ G(f) ,a;, Aand u are constants to be determined later,a; # 0,

the unwritten part in (4) is also a polynomial in (( ) ),but the degree of which is generally equal
to or less than m — 1,the positive integer m can be determined by balancing the highest order
derivative terms with nonlinear term appearing in Eq.(3). The solutions of Eq.(5) for (%’) can be

written in the form of hyperbolic, trigonometric and rational functions as given below[8].

( / 2_ 2_
[22=ap (C1 sinh(; 4 4#€)+C2 cosh( ro )
2 /
Cq cosh( €)+C2 sinh( i

$)
_ / 4p-A2
Gy | Y (ot

6)
Y yrcacosi gy , (
) —=,when A° — 4u > 0,
2 / 22 / 22 2
C, cos(: ﬂ;}\ ﬂ;}\

£)

2 —%,when/l2 —4u >0,

€)+C, sin(

2 A
\c1+C2t 2’

when A2 — 4u = 0,

Where C, and C, are integration constants. Inserting Eq.(4) into (3) and using Eq.(5),collecting

G'(®)

all terms with the same order —= T

together, the left hand side of Eq.(3) is converted into another

polynomial in (G((;))) Equating each coefficients of this polynomial to zero, yields a set of

algebraic equations for a;, A, and u.with the knowledge of the coefficients a; and general
solution of Eq.(5) we have more travelling wave solutions of the nonlinear evolution Eq.(1).
3. Applications
In order to illustrate the effectiveness of the proposed method four examples in mathematical are
chosen as follows
3.1 Test problem
3.1.1 The modified regularized long wave (MRLW) equation

Consider the modified regularized long wave equation in the form [9-11]
Up + Uy + €EUPUY — Uyye = 0, )
By using the wave variable ¢ = x — ct andu(x, t) = u(§)) then Eq. (7) becomes,
—cu' +u +euu'+cu" =0, (8)
Integrating the above equation with respect to &, we get
I-cu+w’+cu' =0, 9)
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Balancing u3 with u'’gives m = 1.Thus we suppose solutions of Eq. (7) can be expressed by

G'(©
u@) =ao+a, (Tj)) (10)
By solving this system with the aid of Mathematica we obtain
V31 2iV3 and ¢ 2 (11)

T 24(A2-4p)

%o = ix/E\/2+(/12—4#) = iﬁ\/(z+/12—4u)
Substituting Eq.(11) into Eq.(10) yields
. iV3 4 2iV3 G'(&)
u(§) = ix/E\/2+(/12—4u) + Ve (2+A2—4p) (G(é’)) ’ (12)

F=x 2t
- 2+(A2—4y)

Where , With the knowledge of the solution of Eg.(5),we have three types

of travelling wave solutions of Eq.(7) as

The first type: when A2 —4pu >0,

A2-ap yEm

@m C; Sinh( > &)+Cy cosh(Tf)
w@ = (= ), (13)
Ve 2+(A%-4p) [22 / 2_
Cy cosh( * ¢ ! 3 4#{)

—4pu
> £)+C, sinh

The behavior of the solutions absolute u, (x, t) and iu,(x,t) for MRLW equation in Figures(1,2)

75

Fig(l), C1 = 1, CZ = 2, A = 50, and U = 1

The second type: when 12 —4u <0,

4p—A2 4u—AZE )

iV3 /4p—A2 C;sin( §)—C,cos(
= (+ l 2 2
uZ(f) (— \/6(2+7\2—4|.l))( J“ 2 J4u—h2 )

§)+Cy sin(——¥)

(14)
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The behavior of the solutions absolute u,(x,t) and iu,(x, t) are shown in Figure(2)

200 Fig(2), C; =2,C; =4,1=50,andu =1

The Third type: when A2 —4u =0

w(® =52 (52) (15)

3.1.2. The improved Korteweg de Vries (IKdV) equation
We Consider the IKdV equation in the form [11]

U+ €eUU + BUyyy — OlUyy =0, (16)
We make the transformation
ulx,t) =u(é), é¢=x—ct, a7
Eq. (16) becomes
—cu' +euu +pu"+6cu"" =0, (18)
Integrating the above equation with respect to &, we get
—cu+u*+ (B+8c)u” =0, (19)
Balancing u? with u''gives m = 2. thus we suppose solutions of Eq. (18) can be expressed by
u(®) = a0+ a5 + 6, Dy, (20)
Where a,, a4, a, are constants, Substituting Eq.(20) into Eq.(19),collecting the coefficients of

(%) we obtain a set of algebraic equations for a,, a,, a, and c¢ ,and solving this system we

obtain the two sets of solutions as
Case (1)
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_2B(A%+2p) _ 128 4 _ 12 =B -4
do = e(1+5(/12—4u))’a1 T e(1+8(A%2-4p))’ az = e(1+8(A2—4p))’ and ¢ = 14+8(1%—4p)’ (21)
Case (2)
. 121 _ 1251 _ 128 =B @A-ap
Qo = CTirer—amy ' M T cCiroz—am)'?2 T cCiro(i2—ap)’ and ¢ = —1+8(A*—4p)’ (22)
By using Eq.(21) , Eq.(20)can written as
26(A%+2 1282 G'(®) 12 G'
w(E) = — (A%+2p) B ( f)_ B ( (f))Z, (23)

e(1+6(A2-4p))  €(1+8(A%2—4u))

¢©7  e+sZ-aw)

G($)
or by using Eq.(22),Eq.(20)can written as

_ 128u 12821 G'(O 128 G' (2
ul®) = sy T ecreae-am) (G( f)) e o o (24)

We have three types of travelling wave solutions of the IKdV equation as

The first type: when A2 —4u >0, u,(§) =

/12—4 /12—4
€)+C, cosh( 3] 2

3B (4u—12) ) C; sinh( 1
<6(1+5(12—4#)) Jl2_4 J12—4H 3)’ (25)
C; cosh( £)4C, sinh( 3]
_ B(A*-4w)
Where ¢ =x+ s 0 O

/k2—4u AZ—ap
> £)+C, cosh( > 3]

AZ-4 AZ—ap
£)+C, sinh(

)%, (26)

~ M B C; sinh(
u(§) = (E(_1+5(,12—4u))) S
C; cosh(:

£)

B(A*—4p)

Where ¢ = x + o4

The second type: when A2 — 4 u < 0,

4u—A2 /4u—h
§)+Czcos( E)

_3‘3(4#_,12) —Cysin( 1
us () = (5L 21h), (27)
(A2-ap)) /4 -A2 /4 -22 3
Cycos( £)+C; sin( §)
=y LX)
Where ¢ = x + Troqzam b O
o ez 4u—kz
uy(§) = (LT (PN Pz ) (28)
4 e(—1+8(A2—4p)) /4u 22 /4 a2 '
§)+C; sin %)

C;cos(
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= x— LX)
Where § = x sgr_ap b

0.06

0.04

0.0Im(uy)
0.00
40
100
Fig(3) for IKdV equation where C; =2,C, =4,1=150,andu=1,8=2,=1;
The Third type: when A2 —4u =0
_—128( €2 \? o B(2°—4n)
us(¢) = € (c1+czf) , Where = 1-8(A%*—4y) Z (29)
3.13. The two dimension Korteweg de Vries (2D KdV) equation [11]
Consider the two dimensions Korteweg de Vries in the form
(Us — €U U + Uyyy )x + 3Uyy =0, (30)
Put u(x,t) =u(é), ¢ =x+pBy—ct, Eq. (30) become
Bp%—o)u”" —e(wu) + u'"" =0, (31)
Integrating the above equation with respect to ¢ , we get
B2 —cu—--u?+u" =0, (32)
Balancing u? with u''gives m = 2. thus we suppose solutions of Eq. (30) can be expressed by
— 6" G"( D2
@) = ao +ar (55) + (G (33)
Where a,, a;, a, are constants, Substituting Eq.(33) into Eq.(32),collecting the coefficients of
%(g) we obtain a set of algebraic equations for a,, a;, a,and c ,and solving this system we
obtain the two sets of solutions as
Case (1)

g =" ,a,="2 a, == and c = 3% + 12 — 4y, (34)

€
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Case (2)

2
a, = 242, 122 az:%,c=352—/12+4u, (35)

€ €

By using Eq.(34)and Eq(35),Eq.(33) can written as

12p 121 G'(® 12 ,G'( &)y
w(§) = 2+ 2 (TE) + 2 (G or (36)
2(A2+2u) 122 (G'®)Y , 12 G'(§2
0 = () PR G (37)

With the knowledge of the solution of Eq.(5) and Egs.(36-37),we have three types of travelling
wave solutions of the Eq.(30) as

The first type: when A% — 4 u > 0,

u1(€) — 3((:%_(:%)(12_4/‘) (38)

2_ 2_ !
e(clcOsh(—MZMf)wz smh(—“azwf))2

Where & =x+py— (36%+ A% —4u)t, or

0@ =0 - Jﬁ““@ e ) (39)
(C,Cosh( £)+C, Sinh( £))2
Where é = x+ Sy — (382 — 22 + 4u)t
The second type: when A2 —4pu <0
us(§) = (2 - (c1Cos(éJ—Az—Jt(;iz?in(%J—ﬂ—wa)z)’ (40)
Where § = x + By — (36% + A2 — 4u)t, or
3(CE+CH(A*—4p) (41)

us(§) = - €(C1COSGoy/—AZ+4U18) +C,Sin Gy~ A2 +4118))?’
Where é =x+ Sy — (382 — 22 + 4u)t
The Third type: when A% — 4 u = 0,
12C3
us(§) = <, +C2$)2, (42)

Where & =x+ By — 3p%,
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The behavior of the solutions us(x, t) and ius(x, t) for 2DKdV equation are shown in Figure(4)

Figd)C;, =2,C,=4,1=3,andu =1,
3.1.4 . Coupled equal width wave equation (CEWE)[12]

In this case we consider the coupled equal width wave equations, in the normalized form

U+ UUy — Uyye TV, =0, Ve +V Uy —Vyye =0, (43)
We put u(x,t) = u(é), v(x,t) =v(¢), and ¢ =x—ct EQq.(43)become
—cu' +uu +cu" +vv' =0, and —cv' + vv' +cv'"" =0, (44)

Integrating the above equation we get
" 2 2 — 12 2 _
cu"+ W +v?)—cu=10, and cv'+w*-cv=0, (45)

Balancing u? with u” gives m = 2. thus we suppose solutions of Eq. (43) can be expressed by

GI( ) Gl
w® = a0+ ai (G2 + a (57,
Gl( ) G’
v(§) = bo + b G + b (57, (46)

Substituting Eq.(46) into Eq.(45) and solving this system we obtain the two sets of solutions as
Case (1)

o =>(1+iV3)c( - 12),a;, = —6cA(1+iV3),, a; = —6c(1 + iV3),

by = 3c(1 — A2); by = —12cA; b, = —12¢; and p == (=1 + A2), (47)
Case (2)

ao = —> (1 +iV3)e(1 +342) a1 = —6cA(1 + iV3).a, = —6¢(1 + iV3),

by = —c(1+34%); by = —12ck; b, = —12c;and p = 5 (1 + 22), (48)
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By using Eq.(47),Eq.(46)can written as

uCe t) = (1 + WB)e( 1) — 6eA(1+ VD) ED) — 6e1 + WD EDy?,

v(x,t) = 3c(1 — A%) — 12cA(% = ((;))) 12¢ QS)Z,

or by using Eq.(48),Eq.(46)can written as

u(x,t) = = (1+iV3)c(1 + 342) — 6¢cA(1 + i3) (G_@) —6c(1+iV3) (G_@)Z

G(&) G(&)

G G
v(x,t) = —c(1 + 34%) — 12¢ A(Gg))) 12¢ (G((;))

We have two types of travelling wave solutions of the CEWE equation as
The first type: when 12 — 4 u > 0

6c(1+iV/3)(C3—C3)eCt+*

ui(x,t) = [(C1—Cp)et+(C1+Cr)ex]?]
_ 3¢(C3-C%)
v, (6 t) = [Cy cosh(%(X—Ct))JrCz Sinh(%(x_a))]f
or
u,(x,t) = (1-iv3)c[ (C§+C2)cos(x ct)=2(C-C3-iC, Cp sin(x—ct))]

2(Clcos(5(x ct))—iC, sm(E(x ct)]?

3c(cf-C5)

Uy (X, t) = (ZC + [icy cos(%(x—Ct))—Cz Sin(%(x_d))]z

),

The second type: when A% — 4 u < 0,
3(1-iV3)c(CZ+C2)

Us (X, t) - 2[C1cosh(%(x—ct))—iCzsinh(%(x—ct))]z1
2, 2
Vs (X, t) _ . 3c(CT+C3) : : or
[C1 cosh(E(x—ct))—iCZ sinh(E(x—ct))]2
— 2 2 i _
wa (3, 1) = (1—-iv3)c((C?-C2)cos[ct—x]—-2(C12+C22+C1C2Sin[ct x]))’

[Clcos(z(x ct))—C, sin(%(x—ct))]2

),

3(cf+€3)
(€1 cos(%(x—ct))+C2 sin(%(x—ct)))2

va(x,t) =c(2 —

The behavior of the solutions u;(x, t) and v (x, t) for CEWE equation are shown in Fig.(5)

(49)

(50)

(51)

(52)

(53)

(54)
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Abg[u3]

-10

0
0.06

00
Abs[us T 4

0.02

Figh)C; =2,C, =1,14=5,and c = 1/50,
4. Conclusion

In this letter the (% )-expansion method was applied successfully for solving some solitary

wave equations in one and two dimensions. Four equations which are the MRLW, IKdV ,2D
KdV and CEWE equations have been solved exactly. As a result, many exact solutions are
obtained which include the hyperbolic functions, trigonometric functions and rational functions.
It is worthwhile to mention that the proposed method is reliable and effective and gives more
solutions. The method can also be efficiently used to construct new and more exact solutions for

some other generalized nonlinear wave equations arising in mathematical physics.
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