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1. Introduction

One of the main tools in fixed point theory is the Banach contraction principle proved by
Banach in 1922 [4]. There exists many generalizations of this theorem in the literature.
Several mathematicians have defined and studied various generalizations of metric spaces.

In 1994, Matthews [12] introduced the notion of partial metric space and generalized Banach
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contraction mapping theorem in such spaces. After that, many authors have studied fixed point
results in partial metric spaces. The notion of b-metric space was established by Bakhtin [3]
and Czerwik [5]. Since then several papers have dealt with fixed point theory for single-valued
and multi-valued operators in b-metric spaces (see [6], [8], [9], [10], [11], [13], [14], etc). In
2012, Amini-Harandi [2] introduced the concept of metric-like space, which is an interesting
generalization of partial metric space. Recently, Alghamdi et al. [1] introduced and studied
a new generalization of metric-like space and b-metric space which is called a b-metric-like
space.

In 2008, Suzuki [15] introduced an interesting generalization of Banach fixed point theorem
in a complete metric space. Since then many authors have extended Suzuki’s result in various
spaces. In 2013, N. Shobkolaei et al. [16] proved some Suzuki-type fixed point results in the
setup of metric-like spaces. The aim of this paper is to extend and generalize Suzuki-type fixed
point theorem in the setup of b-metric-like spaces and derive certain results as corollaries. Also,
many examples and an application to integral equations are provided in support of our main
results. Our fixed point results generalize and improve some well-known results in metric-like

spaces and b- metric spaces proved in the literature.

2. Preliminaries

Throughout the article, we denote by R, the set of all real numbers, by RT, the set of all

nonnegative real numbers and by N, the set of all natural numbers.

Definition 2.1. [12] A mapping p : X x X — R™, where X is a nonempty set, is said to be a
partial metric on X if for any x,y,z € X the following conditions hold true:

(P1) x =y if and only if p(x,x) = p(y,y) = p(x,y);

(P2) p(x,x) < p(x,y);

(P3) p(x,y = p(y,x);

(P4) p(x,2) < p(x,y) +p(,2) = p(»,y)-

The pair (X, p) is then called a partial metric space.
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Definition 2.2. [2] A mapping 0 : X x X — RT, where X is a nonempty set, is said to be a
metric-like on X if for any x,y,z € X the following conditions hold true:
L) oxy)=0=x=y;
(L2) o(x,y) = o (y,x);
(L3) o(x,z) < o(x,y) +0(y,2).
The pair (X, o) is then called a metric-like space. A metric-like on X satisfies all of the condi-
tions of a metric except that ¢ (x,x) may be positive for x € X.
Remark 2.3. Every partial metric space is a metric-like space but not conversely in general (see
[2]).
Definition 2.4. [5] A b-metric on a nonempty set X is a function d : X x X — R such that for
all x,y,z € X and a constant s > 1 the following conditions hold true:
d)d(r,y) =0ex=y;
(d2) d(x,y) =d(y,x);
(d3) d(x,y) < sld(x,2) +d(z,y)]-
The pair (X,d) is called a b-metric space.
Definition 2.5. [1] A b-metric-like on a nonempty set X is a function 0 : X x X — R such
that for all x,y,z € X and a constant s > 1 the following three conditions hold true:
(B1) 0p(x,y) =0=x=1y;
(B2) 0 (x,y) = 05 (y,%);
(B3) 0y (x,y) < 5(0p(x,2) + 0p(2,¥))-
The pair (X, 0}p) is called a b-metric-like space.
Remark 2.6. Every metric-like space and b-metric space is a b-metric-like space but converse
need not be true.
We give the following example in support of above remark.

Example 2.7. [1] Let X = [0,c0). Define a function o, : X> — R* by

op(x,y) = (x+y)*.
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Clearly, (X, 0p) is not a b-metric or metric-like space. In fact, for all x,y,z € X,
Op(x,y) = (x+3)* < (x+2+2+y)?

= (x+2)+ (z+y)* +2(x+2)(z+Y)

<2((x+2)° + (z+)%)

=2(0p(x,2) + 0p(2,y))
and so (B3) holds. Clearly, (B1) and (B2) hold. Thus, (X, 0}) is a b-metric-like space with
constant s = 2.

We now give some more examples of b-metric-like space.

Example 2.8. [7] Let X = R. Define a function o}, : X> — R* by
op(x,y) = (¥ +y°)*.

Then (X, 0p) is a b-metric-like space with constant s = 2.
Example 2.9. [1] Let C,(X) = {f : X — R : sup|f(x)| < «}.The function 6, : X x X — R™,
defined by

ob(f.8) = {/sup(|f ()] + | (x)])?

for all f,g € Cy(X), is a b-metric-like with constant s = v/4, and so (X, 0y, v/4) is a b-metric-
like space.

For this, note that if x,y are two nonnegative real numbers, then (x +y)® < 4(x* 4+ y?) and
VEFY YR+

This implies that

oy(f,8) < Va(op(f,h)+ op(h,g)) forall f,g,h € Cy(X).

Example 2.10. [1] Let X = [0,). Define a function o}, : X> — R* by

Gb(X,y> = (max{x,y})z.

Then (X, 0p) is a b-metric-like space with constant s = 2. Clearly, (X, 0p) is not a b-metric or
metric-like space.

Example 2.11. [7] Let X = R and ¢ € R. Define a function o, : X> — R by

0p(%,y) = (x— e[ + |y —c])*.
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Then (X, 0p) is a b-metric-like space with constant s = 2.
Now we define convergent and Cauchy sequences in b-metric-like spaces.

Definition 2.12. [1] Let (X, 0}) be a b-metric-like space with constant s > 1 and let {x, } be
a sequence in X. A point x € X is said to be the limit of the sequence {x,} if ,}E‘; Op(x,x,) =
o) (x,x), and we say that the sequence {x,} is convergent to x and denote it by x,, — x as n — oo.
Definition 2.13. [1] Let (X, 0;) be a b-metric-like space with constant s > 1.
(1) A sequence {x,} is called Cauchy if and only if mlrilr_r}oocb (xn,xp) exists and is finite.
(2) A b-metric-like space (X, 0}) is said to be compl’ete if and only if every Cauchy sequence
{x,} in X converges to x € X so that m}’ilrgwcb (X, Xm) = Op(x,x) = nh_r}r.}o Op (xp, X).
Remark 2.14. In a b-metric-like space, limit of a convergent sequence is not necessarily

unique and a convergent sequence need not be a Cauchy sequence.

Example 2.15. Let X = [0,) and o}, = (max{x,y})? for all x,y € X.

0 ifnisodd
Let x,, =

1 ifniseven
For any x > 1, Ji_r}rolodb(x,xn) = r}i_r)rgo(max{xn,x})z = x? = op(x,x).
Therefore, it is a convergent sequence and x, - x V x> 1.
That is, limit of the sequence is not unique.

Also, lim ©p(x,;,x,) does not exist. Thus, it is not a Cauchy sequence.
m,n—soo

Proposition 2.16. [1] Let (X, 0,) be a b-metric-like space with constant s > 1 and let {x,} be
a sequence in X such that lim o (x,,x) = 0. Then

n—soo
(A) x is unique;

(B) %Gb(xy)’) < ,}E&Gb(xmy) < s0p(x,y) forally € X.

3. Main results

Theorem 3.1. Let (X, 03) be a complete b-metric-like space with constant s > 1. Let T : X — X

be a self map and let = 0 : [0,1) — (HL], 1] be defined by
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(

1 ,0<r< Y3l
0(r)=1{ L5 Bl <r<y,
1
\m ,rs§r<1

1—s+V1465+s2
4

where ry = is the positive solution of % = H% If there exists r € [0,1) such that

foreach x,y € X,

0(r) 0y (x,Tx) < 0p(x,y) = 0p(Tx, Ty) < S—rzcb(x, y) (3.1)

then T has a unique fixed point z € X and for each x € X, the sequence {T"x} converges to z.

Proof. First note that 6(r) < 1 which implies that
0(r)op(x,Tx) < op(x,Tx) (3.2)

Therefore, it follows from (3.1) that for each x € X

0y(Tx, T2x) < —50p(x,y) (3.3)
h)

Let xp € X be arbitrary. Define a sequence {x,} by x, = Tx,—1 = T"xo forn € N.
From (3.3), we have
b (X, Xn11) = Op (T2 1, Tx01) < 50p(xn1,Txn—1) = 501, %) < ... < 503 (x0,%1).

For m,n € N,m > n, we have

m—n—1

O (X, Xm) < SO (Xns X 1) + 570 (Xn1,%012) + ..+ 5 Op(Xm—1,%m)

st S2rn+1 Smfnflr.mfl

< (SE—FW —|—...—|—S2m—_2)(7b(x07x1)
n

r r r
< a1 (14 B + (5)2 +...)0p(x0,x1)

' 1

— 2n171_r1
K 1 5

Op(x0,x1) >0 as n— oo

Hence, {x,} is a Cauchy sequence. Since X is complete, there exists z € X such that lim oy (x,,z) =
n—oo
Gb(z,z) = lim Gb(xm,xn) =0.
m,n—»oo
That is, limx,+ = lim7Tx, = z.
n—soo n—yoo

We will prove that Tz = z.
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Putx = 7" !z in (3.3),we get
op(T"2.T"'2) < S oy (T7" 12, T72) (3.4)

holds for each n € N (where 7%z = 7). It follows by induction that

r}’l
0b(T"2, T"*'2) < —5,04(2, T2). (3:5)
We now show that
0(z,Tx) < rop(z,x). (3.6)

holds for each x # z.

Since lim 6 (x,, Tx,) = 0p(z,z) # 0 and by Proposition 2.16, lim 6} (x,,x) # 0, therefore there
exists ng such that 0(r)oy(x,, Tx,) < 0p(x,,x) holds for every n > ny.

Assumption (3.1) implies that for such n,

r

op(Tx,,Tx) <
b(Txn x)—s2

Op (%Xn,X). (3.7)

Now taking limit as n — oo, we get
L64(2, Tx) < lim o) (x,41, Tx) < 5 lim o), (xp, x) < £0p(2,%)
= 0p(z,Tx) < rop(z,x).

Next we will show that for eachn € N,
0,(T"z,2) < 0p(Tz,2) (3.8)

For n = 1, this relation is obvious. Suppose that it holds for some m € N.
If Tz = z, then 7"z = Tz and o, (T"*'z,2) = 0,,(T'z2,2).
If Tz # z, then
op(T"z2,2) <rop(T"z,2) < rop(Tz,z) < 6,(Tz,2).
The result follows by induction.
Now, in order to prove that 7z = z, we suppose on the contrary that 7z # z and consider the two
possible cases:
Case . 0<r<rs; (6(r) < lr—_zr)

We will first prove that

0,(T"7,Tz) < S—rsz(Tz,z) for n>2. (3.9)
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For n = 2, it follows from (3.4).
Now suppose that (3.9) holds for some n > 2. Then
0y(Tz,2) < [0p(2,T"z2) + 0p(T"z,T2)]
< 50p(2,T"2) + 505(Tz,2)
<s50p(z,T"z) +rop(Tz,2)
= (1=r)op(z,Tz) < 50p(2,T"2).
Now using (3.5), we have
0(r)oy (T2, T"7) < %Gb(TnaTrﬁlZ)

< Lroy(z,T7)

§2n

< sz,,%le(z,T”z) < op(z,T"z)
Therefore, by assumption (3.1), we get
0y(Tz, T"'z) < 503(2,T"2) < 503(2, T2).
Hence the claim follows by induction.
Now Tz # z and (3.9) implies that 7"z # z for each n € N.
Hence, (3.6) implies that
Oy(z, 7" z2) <rop(z,T"2) < r?op(z, T '2) < ... <" 0p(2, T72).
Hence r}i_r)rgocb(z, T"7) =0 = 0p(z,2).
Thus, 7"z — z.

Using this and Proposition 2.16 in (3.9) we get

1 r
s—zcb(z,Tz) < S—Zdb(Tz,z) as n— oo.

That is, 0;(z,Tz) = 0 which is a contradiction.

CaseIl: ry <r<1 (6(r) = L).

S

We will prove that there exists a subsequence {x,, } of {x,} such that
Q(r)Gb(xnk, Txnk) = Gb(xnk7xnk+1) < Gb(xnk7z) (3.10)

holds for each k € N.

Now from (3.3), we know that

Gb(xn,an)SLsz(xn_l,xn) holds for each né€N.
s
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Suppose that
1
r+SGb(xn—17xn) > Gb(xn—laz)a
1
r+s6b(xnaxn+l) > 0 (X, 2)

holds for some n € N.
Then,

O (Xn—1,%n) < 5(0b(Xn—1,2) + Op(Xn,2)) < 73505 (Xn—1,Xn) + 53570p(Xns Xn41)
< 55:0b (Xn—1,%n) + s(s;—}—r)ob(xn_l ,Xn) < Op(xn—1,%y), which is not possible.

Hence, either

0 (r)op(x2n—1,%2) < Op(X24-1,2)

or 0(r)op (X2, X2n+1) < Op(X20—1,2)

holds for each n € N.

In otherwords, there is a subsequence {x,, } of {x,} such that (3.10) holds for each k € N.
But assumption (3.1) implies that

Op(Txny; Tz) < 503 (X ,2)

ie, 0p (X +1,72) < 50p (X 2)-

Taking limit as k — oo, we get

0,(z,Tz) <0, which is a contradiction.

Thus, we have Tz = z.

That is , z is a fixed point of 7.

Uniqueness: Let y, z be two fixed points of 7 such that y 7 z. Then
0y(y,2) = 0p(y,Tz) < rop(y,z) (using (3.6)), which is not possible.

Therefore, y = z.

Now we give an example to support our result.
Example 3.2. Let X = [0, ). Define 0, : X*> — R by 6,(x,y) = (x+y)*V x,y € X.
Then (X, 0p) is a complete b-metric-like space with constant s = 2. Let 7 : X — X be a map

defined by Tx =In(1+3) Vx € X.
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Take r = 0.8. Then 0(r) = ;—8. Now,using the Mean Value Theorem for any x,y € X withx <y
and that 7Tx < %, we have

8(r) 0y (x, Tx) = g (x +In(1+ )2 < Jo(r+§)2 <22 < (x+3)2 = Gy (x,).

On the other hand, we have

op(Tx, Ty) = (5 +%)* < L (x+)? = 505(x,).
Thus T satisfies all the hypothesis of Theorem 3.1 and hence T has a unique fixed point ie,
x=0.
Theorem 3.3. Let (X,0)) be a complete b-metric-like space with constant s > 1. Let S,T :

X — X be two mappings. Suppose that there exists r € [0, 1) such that

max {0y (Sx, TSx), 0p(Tx, STx)} < Emin{cb (x,Sx), 0y (x, Tx) } (3.11)
for every x € X and that

o(y) = inf{op(x,y) + min{oy(x,8x),0,(x,Tx)} :x€X} >0 (3.12)

for everyy € X such that y is not a common fixed point of S and T.Then there exists z € X such

that z = Sz = Tz. Moreover, if u = Su = Tu, then o,(u,u) = 0.

Proof. Let xo € X be arbitrary and define a sequence {x, } by

Sx,_1 ifnisodd
Xp = (3.13)

Tx,_1 ifniseven
Now if n is odd, we have

Gb(xmxn—H) = Gb(an—laTxn) = Gb(an—laTSXn—l)

< max{0p(Sx,—1,TSxn—1),0p(Txy—1,STxy—1)}

S

< _mln{Gb(xn—hSXn—l>7 Gb(xn—laTxn—l>}

N @

r
< _Gb(xn—lasxn—l) = Ecb(xn—l,xn)-

9%
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If n 1s even, then we have
Gb(xnaxn—H) = Gb(Txn—laSXn) = Gb(Txn—hSTxn—l)
< max{Gb(an,l,Tan,l), Gb<Txn,1,STxn,1)}

ro.
< Emm{cb(xn—lann—l)7Gb(xn—lyTxn—l)}

r r
< Ecb(xn—laTxn—l) = Eob(xn—laxn>-

Thus for any n € N,we have

-
Op (Xn; Xnt1) < Ecb(xnflaxn)- (3.14)

Repeating (3.14), we obtain
rn
Op(Xns Xn41) < S—nGb(xo,m)-

For m,n € N;m > n, we have

Gb(xmxm) < SGb(xmer-l) +526b(xn+1 ;xn+2) +... "’Sminilgb(xm—l 7xm)

< (gt et )% b0)
r" )
< Sn_l (1+r+r —|—...)Gb(x0,x1)
rn
:mcb(xom)—m as n— oo,

Hence, {x,} is a Cauchy sequence. Since X is complete, ther exists z € X such that lim op(x,,z) =
n—oo

op(2,2) = ml%glwab(xm,xn) =0.

If z is not a common point of S and 7', then by hypothesis (3.12)
0 < inf{op(x,z) + min{op(x,Sx),0p(x, Tx)} : x € X }

< inf{op(xn,z) +min{ oy (x,,Sxn), Op(xn, Tx,) } :n € N}

) r'
< mf{snfl(l = Op (X0,%1) + Op(Xn, Xny1) 1 1 € N}
<inf{—"" y(x0x1) + L op(x0x1) :n €N} =0
s in Snil(l—}") b\ X0, X1 N p\X0,X1) : N — Y,

which is a contradiction.

Therefore, z =Sz=Tz.
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If u = Tu = Su for some u € X, then
oy (u,u) = max{op(Su,TSu),cp(Tu,STu)}
< gmin{cb(u,Su),Gb(u,Tu)}
= gmin{cb(u,u), op(u,u)}

-
= Eob(u,u).

= op(u,u) =0.

Corollary 3.4. Let (X, 0p) be a complete b-metric-like space with constant s > 1. Let T : X —

X be a mapping. Suppose that there exists r € [0,1) such that
) r
Gb(Tva X) < —G[,(X, Tx)
s
for every x € X and that
o(y) = inf{op(x,y) +0p(x,Tx):x€X} >0

for everyy € X such that y # Ty. Then there exists z € X such that z = Tz. Moreover, if u = Tu,

then op(u,u) = 0.
Proof. Take S = 7 in Theorem 3.3 .

Example 3.5. Let X = [0,00) and 0}, : X*> — R* be defined as

op(x,y) = (x+y)*.

Then (X, 0},) is a complete b-metric-like space with s = 2. Define T : X — X by Tx = 5 and
§:X — X by Sx=7 forall x € X.

Then, max{oy,(Sx, T'Sx), 0,(Tx,5Tx)} = max{o,(3,5),06(5,5)} = %xz.

Now, min{ o (x, Sx), 0} (x,Tx)} = min{op(x,7),0p(x,5)} = %xz.

Here r = % and also o(y) > 0 for every y € X such that y is not a common fixed point of S and
T.

Thus all the conditions of Theorem 3.3 are satisfied and x = 0 is a common fixed point of § and

T.
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Theorem 3.6. Let (X,0,) be a complete b-metric-like space with constant s > 1. Let S,T be

mappings from X onto itself. Suppose that there exists r > s such that

min{op(Sx, TSx), 0p(Tx,STx)} > rmax{op(x,Sx),0p(x,Tx)}
for every x € X and that

o(y) = inf{op(x,y) + min{op(x,8x),0,(x,Tx)} :x €X} >0 (3.15)
for everyy € X such that y is not a common fixed point of S and T.Then there exists z € X such
that 7 = Sz = Tz. Moreover, if u = Su = Tu, then o, (u,u) = 0.

Proof. Let xo be arbitrary. Since S is onto, ther is an element x; such that x; = S~ 1xy, ie,
Sx1 = xo. Now since T is also onto, there is an element x; such that Tx, = x;. Proceeding in
the same way, we can find x,,1 such that Sx, 11 = x2,, and xp,,17 such that Tx,, 1| = x4 for
n=1,2,3,...
Therefore, x2,, = Sx2,+1 and x2,,4-1 = Tx2p42 forn =0,1,2,...
If n = 2m, then

Op(Xn—1,%n) = Op(X2m—1,%2m) = Op(TX2m,SX2m+1) = Op(T SX2m41,S%2m+1)

> min{ 6y (T Sx2m+1,5%2m+1), O (ST X241, TX2m41) }

> rmax{ 6y (Sx2m+1,X2m+1), Op(TX2m11,X2m+1) }

> rOp(SX2m+1,X2m+1) = Op(X2m; X2m+1) = Op (Xn, Xnt1)-

If n=2m+1, then
O (Xn—1,%n) = Op(X2m>X2m+1) = Op(SXom+1, TXom+2) = Op(STx2m 12, TX2m+2)
> min{ 6y (T Sx2m-+2,S%2m+2), Op (ST x2m+2, TX2m+2) }
> rmax{0p(Sxam+2,%2m+2), Op (T Xam+2,%2m+2) }

> r0p(Txom+2:X2m+2) = Op(Xom+1,X2m+2) = Op(Xns Xnt1).-
Thus for any n € N, we have
Op(Xn—1,Xn) > 7Op(Xn, Xp41)
= Op (X, Xnt1) < %Gb(xn_l,xn)... < %Gb(xo,xl).

Let o = %, then O < o < 1. Therefore,
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Gb(xn,xnﬂ) < OCnGb(XQ,xl).

Now if m,n € N,m > n, then

m—n—1

Gb<xn7xm) < 56b<xn7xn+l) +526b(xn+laxn+2) +...5 Gb(xm—laxm)

< (sa + 52 4 ) oy (x0,x1)

< so"(1+ s+ (s)>...) 05 (x0,x1)
an

= m(ﬁ,(X(),X])—)() as n— oo,

Hence, {x,} is a Cauchy sequence. Since X is complete, ther exists z € X such that lim op(x,,z) =
n—oo
0y(z,2) = lim 0O (X, x,) = 0.
m,n—oo

If z is not a common point of S and 7', then by hypothesis (3.15)
0 < inf{op(x,z) + min{o,(x,Sx),0p(x, Tx)} : x € X }

< inf{0op(xn,z) +min{op(x,,Sx,), 0p(xn, Tx,)} : n € N}
an
l-sa
an
I —so

0p(x0,X1) 4+ Op (X, Xp+1) : n € N}

<inf{

Op(x0,x1) + " Op(x0,x1) :n € N} =0,

<inf{

which is a contradiction.
Therefore, z=Sz="Tz.

If u = Tu = Su for some u € X, then
oy (u,u) = min{ oy (Su, TSu), 0, (Tu,STu) }
> rmax{op(u,Su),ocp(u,Tu)}
= rmax{op(u,u),op(u,u)}
= rop(u,u).
= op(u,u) =0.
Corollary 3.7. Let (X, 0),) be a complete b-metric-like space with constant s > 1. Let T : X — X

be an onto mapping. Suppose that there exists r > s such that

0(Tx,T?x) > roy(x, Tx)
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for every x € X and that
a(y) = inf{op(x,y) + 0p(x,Tx) :x € X} >0

for everyy € X such that y # Ty. Then there exists z € X such that z = Tz. Moreover, if u = Tu,

then op(u,u) =0.
Proof. Take S = T in Theorem 3.6.

Corollary 3.8. Let (X,0p) be a complete b-metric-like space with constant s > 1.Let T be a

continuous mapping from X onto itself. Suppose that there exists r > s such that
0 (Tx, T%x) > roy(x, Tx)

for every x € X.Then there exists z € X such that z = Tz. Moreover, if u = Tu, then 6(u,u) = 0.

Proof. Suppose that there exists y € X with Ty # y such that at(y) = inf{op(x,y) + 0p(Tx,x) :
xeX}=0.

Then there exists a sequence {x,} in X such that

lim{ o} (xn,y) + 0p(Txp,x,) } = 0.

Therefore, lim 6} (x,,y) = 0 and lim 6, (T x,,x,) = 0.

Now, 65(y,y) < 0p(y,xn) + Op(X4,Y)

= 0p(y,y) =0.

Also, 6y(Txp,y) < 0p(TXp,Xn) + Op(Xp,y) — 0 as n — oo.

Since T is continuous, we have

Ty = T(limx,) = lim Tx, = y, which is a contradiction.

Hence, if y # Ty, then a(y) > 0. Therefore by Corollary (3.7), there exists z € X such that

z7="Tz.

Example 3.9. Let X = [0,%0) and 0}, : X x X — R™ be defined by

op(x,y) = (x+y)*.

Then (X, 0p) is a complete b-metric-like space with s = 2. Define T : X — X by Tx = 3x. Then

clearly T is onto and continuous. Also for each x € X, we have
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0p(Tx?, Tx) = 144x* > r16x* = ro,(Tx,x) where r = 3,4,...,9. Thus T satisfies all the con-

ditions of Corollary (3.8) and x = 0 is a fixed point of 7.

Corollary 3.10. Let (X, 0p,) be a complete b-metric-like space with constant s > 1. Let T be a

continuous mapping from X onto itself. Suppose that there exists r > s such that
Gb(TX, sz) > rmin{c)'b(x, TX), Gb(y7 Ty)7 Gb(X,y)} (3 16)

for every x,y € X.Then there exists z € X such that z = Tz. Moreover, if u = Tu, then oy (u,u) =
0.

Proof. Replacing y by Tx in (3.16), we get

oy(Tx,T?x) > min{oy(x,Tx),0,(T%x,Tx),0,(Tx,x)} Vx €X.
If Tx = T?x, then Tx is a fixed point of 7 and we are done.

So, now assume that T'x # T2x. Since r > s > 1, it follows that
oy(Tx,T%x) > roy(x, Tx) for all x € X.

Therefore, by Corollary (3.8), we get that T has a fixed point in X.

Remark 3.11. For s = 1, we get the corresponding results proved by N. Shobkolaei et al.[16].
4. Application to the existence of solution of integral equations

In this section, we study the existence of solutions of nonlinear integral equations using
Theorem 3.1 in b-metric-like space.

Consider the integral equation

u(x) = /0 Gl f(tu())dt for all x€ 0,4 (4.1)

wherea >0, f: [0,a] xR — Rand G : [0,a] x [0,a] — [0, ) are continuous functions on [0, a].
Let X = C(]0,a]) be the set of real valued continuous functions on [0,a|. Define a function o

on X as

op(u,v) = sup (lu(x)|+ v(x)))*> forall u,veX.
x€[0,d]
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Clearly (X, 0p,) is a complete b-metric-like space with constant s = 2. Let a function 8 be defined

as in Theorem 3.1 and the mapping T : X — X be defined by

Tu(x) = /Oa G(x,t)f(t,u(t))dt for all x € [0,q].

Suppose that there exists r € [0, 1) such that for every 7 € [0,a] and u,v € X, the inequality

2
6(r)0p(Tu,u) < op(u,v) = (|f(t,u(®))|+[f(,v(1)])* < 1@+ v(©)]). (4.2)
Also, assume that
xéb[i){)a]/o G(x,t) dr <1. (4.3)

Theorem 4.1. Under assumptions (4.2) and (4.3), the integral equation (4.1) has a unique

solution in C([0,al).

Proof. For all x € [0,4],

(1Suo)] + 1890 = (| [ Gl steue) |1 [ Glr)pte,vie))dn)?
([ Glnleaola+] [ Gln)le)]dry?
= ([ G U0+ 10,00 Dn?

([ G0+ 1v(0) e

1

G(x,1)(0p(u,v))2 dt)?

IN IN

,_\
O\a

IN

()| Glr)ar)?

A
AlS A BSOS

~
—
=
<
SN—

<
<

= sup (|Tu(x)|+|Tv(x|)* < fop(u,
x€[0,d]

That is, 63 (Tu,Tv) < ;05 (u,v).

).

Thus all the conditions of Theorem 3.1 holds and therefore 7 has a unique fixed point u in
X =C([0,d]).

Hence, u is the solution of integral equation (4.1).
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