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gate the relations among soft cotopology and soft closure operators. We give their examples.
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1. Introduction

Molodtsov [15] introduced the soft set as a mathematical tool for dealing information as the
uncertainty of data in engineering, physics, computer sciences and many other diverse field.
Presently, the soft set theory is making progress rapidly [1,4,11-15,22]. Pawlak’s rough set
[16,17] can be viewed as a special case of soft rough sets [4]. The topological structures of
soft sets have been developed by many researchers [3,8,9,19,20,24,25]. Héjek [5] introduced
a complete residuated lattice which is an algebraic structure for many valued logic. It is an
important mathematical tool for algebraic structure of fuzzy contexts [6,8,21].

Kim [16,17] introduced a fuzzy soft F : A — LY as an extension as the soft F : A — P(U)
where L is a complete residuated lattice. Kim [16,17] introduced the soft topological structures

in complete residuated lattices.
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In this paper, we study the notions of soft closure operators in complete residuated lattices.
We investigate the relations among soft cotopology and soft closure operators. We give their

examples.
2. Preliminaries

Definition 2.1. [2,5,6,21] An algebra (L,A,V,®,—,0, 1) is called a complete residuated lattice
if it satisfies the following conditions:

(Cl) L= (L,<,V,A,1,0) is a complete lattice with the greatest element 1 and the least ele-
ment O;

(C2) (L,®,1) is a commutative monoid,;

C)xoy<Lziffx <y— zforx,y,z € L.
In this paper, we assume that (L, <,®,—) is a complete residuated lattice.
Lemma 2.2. [2,5,6,21] For each x,y,z,x;,yi,w € L, we have the following properties.

(D1 —>x=x00x=0,

(2)Ify<z thenxOy<x©Ozx—y<x—zandz—x<y—x,
(3)xOy <xANy<xVy,

(4) x® (Viyi) = Vi(x© i),

(5) x = (Niyi) = Nilx = yi),

(6) (Vixi) =y = Ni(xi =),

(7)x = (Viyi) = Vilx = i),

(8) (Nixi) =y = Vi(xi =),

9) (x0y) s z=x—>(—2)=y— (x—>2),

(10)x® (x = y)<yandx—y<(y—2z) = (x > 2),

(1) (x=y)O(z—=w) < (xOz) = (YOW),

(12)x —>y<(x®z) = (YOz)and (x = y)O(y—z) <x—z

Definition 2.3. [8,9] Let X be an initial universe of objects and E the set of parameters (at-
tributes) in X. A pair (F,A) is called a fuzzy soft set over X, where ACE and F : A — LX is a

mapping. We denote S(X,A) as the family of all fuzzy soft sets under the parameter A.
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Definition 2.4. [8,9] Let (F,A) and (G,A) be two fuzzy soft sets over a common universe X.

(1) (F,A) is a fuzzy soft subset of (G,A), denoted by (F,A) < (G,A) if F(a) < G(a), for each

acA.
(2) (F,A)AN(G,A) = (F AG,A) if (F AG)(a) = F(a) AN G(a) for each a € A.
(3) (F,A)V(G,A) = (FVG,A) if (FV G)(a) = F(a) V G(a) for each a € A.
4) (F,A)®(G,A) = (F®G,A)if (F®G)(a) = F(a) ®G(a) for each a € A.

(6) a® (F,A) = (a®F,A) foreach a € L.

Definition 2.5. [8,9] A map 7 C S(X,A) is called a soft topology on X if it satisfies the following
conditions.

(ST1) (0x,A),(1x,A) € 7, where Ox (a)(x) =0, 1x(a)(x) =1 foralla € A,x € X,

(ST2) If (F,A), (G,A) € 7, then (F,A) ® (G,A) € ,

(T) If (F;,A) € tforeachic 1, \/,o(F,A) € 7.

A map 7 C S(X,A) is called a soft cotopology on X if it satisfies (ST1), (ST2) and

(CT) If (F;,A) € tforeachi € I, \;;(Fi,A) € 1.

The triple (X, A, 7) is called a soft topological (resp. cotopological) space.

Let (X,A, ) and (X,A, 7p) be soft topological spaces. Then 7 is finer than 17, if (F,A) € 11,
forall (F,A) € 1.
Definition 2.6. [8,9] Let S(X,A) and S(Y,B) be the families of all fuzzy soft sets over X and
Y, respectively. The mapping fy : S(X,A) — S(Y,B) is a soft mapping where f : X — Y and
¢ : A — B are mappings.

(1) The image of (F,A) € S(X,A) under the mapping f; is denoted by f ((F,A)) = (fs(F),B)

where

Vaeo-1(qop [ (F(@)(y), if ¢~ ({b}) #0,

0, otherwise.

fo(F)(b)(y) =

(2) The inverse image of (G, B) € S(Y,B) under the mapping fy is denoted by f,° '(G,B)) =
(f¢_l(G),A) where
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(3) The soft mapping fy : S(X,A) — S(Y,B) is called injective (resp. surjective, bijective) if

f and ¢ are both injective (resp. surjective, bijective).

Lemma 2.7. [8,9] Let fy : S(X,A) = S(Y,B) be a soft mapping. Then we have the following
properties. For (F,A),(F;,A) € S(X,A) and (G,B),(G;,B) € S(Y,B),

(1) (G,B) = fy(fy

2) (F,A) < f, ' (fo!

3) f; ' (Vier(GisB)) = Vier £ (G, B)),

@ £y (Niet(GisB)) = Nier £ ' (G, B)),

() fo(Vier(Fi,A)) = Vier fo ((Fi,A)),

(6) fo(Nier(Fi,A)) < Nier fo ((Fi,A)) with equality if f is injective,

(D) f; ' ((G1,B) © (G2, B)) = f, ' ((G1,B)) © £, ' (G2, B)),

®) fo((F,A) © (F2,A)) < fy((F1,A)) © f5((F2,A)) with equality if f is injective.

Y((G,B))) with equality if f is surjective,
(F,A))) with equality if f is injective,

3. The families of soft L-topologies and soft closure operators

Definition 3.1. A mapping ¢/ : S(X,A) — S(X,A) is called a soft closure operator if it satisfies
the following conditions;

(SC1) ¢l(0x,A) = (Ox,A),

(SC2) cl(F,A) > (F,A),

(SC3) If (F,A) < (G,A), then cl(F,A) < cl(G,A),

(SC4) cl(cl(F,A)) = (F,A),

(SC5) cl((F,A) ® (G,A)) < cl(F,A) ©cl(G,A).

The pair (X, A, cl) is called a soft closure space. Let (X,A,cl') and (X,A, cI?) be soft closure
spaces. Then cl 1is finer than cl, if ¢l < cl?.

Let (X,A,clx) and (Y,B,cly) be soft closure spaces and fj : (X,A) — (¥,B) be a map. Then
fo is called a soft closure map if, for each (F,A) € S(X,A),

cly (o (F,A)) = folclx(F.A)).

Remark 3.2. [21] If (L, ®) is a continuous t-norm, then a ® A\;c;bi = \;c;(a © b;).
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Theorem 3.3. Let a® \;c;bi = N\ic;(a® b;) for a,b; € L and cl' and cI? be soft closure opera-
tors on S(X,A). Then we have the following properties.
(1) Define a map cl' @ cl? : S(X,A) — S(X,A) by

(cl' @ cl?)(( = A{cl'(( N Ocl?((Ga,A)) | (G,A) < (G1,A)® (Ga,A)}.

Then cl' @ cl? is the coarsest soft closure operator on S (X,A) which is finer than cl' and cl?.

(2) Define 1. = {(F,A) € S(X,A) | (F,A) = cl'(F,A)}. Then t; is a soft cotopology on
(X,A),

(3) T, 0 DT,2={(F,A) €S(X,A) | (F,A)=(F,A)®(F,A),(F;,A) € T} is a soft cotopology
on (X,A).

(4) Teptgerr = Tt D T2

Proof. (1) (SC1)

(cl' @ cl?)((0x,4)) < {cl' ((0x,4)) ©cl*((0x,4)) | (0x,A) < (0x,4) ® (0x,A)}
= (0x,A).

(SC2) and (SC3) are clearly true.
(SC4)

(cl' @ el?)((F,A)) = Nl ((F1,A)) © cl*((F,4)) | (F,A) < (F,A) O (F2,A)}
> Nl (cl' ((F1,A))) © cl(cl?((F2,A))) | (cI' ®cl)((F,A)) <

(cl' ®cl?)((F1,A) © (F,A))}

> Nl (cl' ((F1,A))) © cl(cl?((F,A))) | (cI' ®cl?)((F,A)) <
cl'((F1,A)) © c*((F,A))}

> (cl' @ cl?)((cl' @ cl?)((F,A))).
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(SC5)

(cl' @ cl?)((F,A)) & (cl' @ cl?)((G,A))

P((F2,4)) | (F,A) < (F1,A) © (F2,A)}
©cl?((G2,A)) | (G,A) < (G1,4) © (G2,A)}
@Cll((Gl,A) ©cl?((F,A)) ©cl?((G2,A))
< )©(F2,4)) © ((G1,A) ©(G2,A)) }
>/\{cl ((F1,A )®(G1,A))®clz((Fz, ) ©(G2,A))

< )

)
)

| (F,A) ©(G,A) < ((F1,A) ©(G1,A)) © ((F2,A) ©(G2,A))}
> Ncl'((H,A)) ©cl*((K,A)) | (F,A)®(G,A) < (H,A)© (K,A)}
= (cl'®cl?)((F,A) ©(G,A)).

Hence cl' @ cl? is a soft closure operator on S(X,A).
For (G,A) = (G,A) © (1x,4), (el @ cl?)((G,A)) < el' (G, A))ocl((1x,A)) = I} ((G,A))
and (cl' @ cl?)((G,A)) < cl?((G,A)). If cl < cli fori= 1,2,

(cl' @ cP)((F,A)) = Mel' ((Fi,A)) ©cl?((F,A)) | (F.A) < (F,A) © (F,A)}
> NMcl((F1,4)) ©cl((F2,A)) | (F,A) < (F,A) © (F2,A)}
> Mel((F1,4) © (F,A)) | (FA) < (F1,A) © (F2,A)}
> cl((F,A)).
So, cI' @ cl? is the coarsest soft closure operator on S(X,A) which is finer than cI! and cI?.
(2) (ST1) is easily proved from cl’((0x,A)) = (Ox,A) and cl'((1x,A)) = (1x,A).
(ST2) If (F,A),(G,A) € T, ie. cli((F,A)) = (F,A) and cl'((G,A)) = (G,A), cl'((F,A) ®
(G,A)) < cl'((F,A)) ®cli((G,A)) < (F,A)®(G,A). (F,A)®(G,A) € T
(CDIf (F},A) € i for j € J,ie. cl'((F},A)) = (Fj,A), cl'(Njes (F},A)) < Njes el ((Fj,A)) =
Njes(Fj,A). Hence A je,(Fj,A) € T.pi.
(3) (ST1) Since (0x,A) = (0x,A) ® (0x,A) and (1x,A)= (1x,A) ®(1x,A), (0x,A), (1x,A)€
Tt D T.p.
(ST2) is easily proved.
(CT) If (F},A) € 1.0 DT for j € J, 1. (Fjj,A) € T.pi, then A ;e (Fj,A)) = Njes ((Fj1,A) ©
(Fj2,A)) = (Njes(Fj1,4)) © (A jes (Fj2,A)) € Top @ Tep2

Hence 7.1 @ 7,2 is a soft cotopology on (X,A).
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(4) Let (F,A) € 7,1 ®T.2. Then (F,A) = (F1,A) ® (F,A) for (F,A) € T,i = 1,2, that is,
(F;,A) = cl'((F;,A)). Thus

(F1,A)® (F,A) < (c' @ cI?)((F,A)) < (F1,A) ® (F,A).

So, (F,A) € T 15,2 Hence 7.0 ® T2 C T1g2-
Let (G,A) € Telec2- Then (G,A) = /\{Cll((GhA)) @Clz((Gz,A)) | (G,A) < (Gl,A) ©
(G»,A)}. Since cl'((G;,A)) = cli(cl'((G;,A))) for i = 1,2, cl'((Gi,A)) € T.i. So, (G,A) €

Tcll D Tclz. Tcll@dZ C Tcll D Tclz.

Theorem 3.4. Let a® \;jc;bi = Nicj(a © b;) for a,b; € L and ) and v be soft cotopological
spaces on S(X,A). Then we have the following properties.
(1) Define T1 & 12 C S(X,A) by

RSAPES {(FvA) < S(XaA) ‘ (FaA) = (FlvA)Q (Fz,A),(Fi,A) < Ti}‘

Then T) @ Ty is the coarsest soft cotopological spaces on S(X,A) which is finer than T; and
.

(2) Define cli,(F,A) = N{(G,A) € 7; | (F,A) < (G,A)}. Then cly, is a soft closure operator
on (X,A),

(3) clyy g, = cley Dcly,.

(4) Ti = Tel,-

(5)cl=clg,.
Proof. (1) From Theorem 3.3(2), 7; & 75 is a soft topological spaces on S(X,A). For (F,A) € 1y,
(F,A)=(F,A)®(1x,A) € 11 ® 1. So, 7| C Ty D Tp. Similarly, n C 11D 1. If ; C tfori=1,2,
(F,A) = (F1,A) ® (F5,A) € 11 ® 1, implies (F,A) = (F1,A) ® (F5,A) € T. Hence 11 ® 17 C 7.

(2) (SC1)

cly((0x,4)) = N(G,A) € 7 | (0x,A4) < (G,A)} = (0x,A).

(SC2) and (SC3) are clearly true.



8 YONG CHAN KIM

(SC4) Since cly,(F,A) € 1;, we have

cly(cly,(F,A)) = N{(G,A) € 7 | cl;(F,A) < (G,A)}
<A{cly,(F,A) € 1 | cly,(F,A) < cl(F,A)}
=cl;(F,A).

(SCs5)

cly((F,A)) ©cly((G,A))
= M(F,A) e 7 [ (FA) < (F1,A)}
M(G1,A)) € 7 (G,A) < (G1,A)}
> M(F,A)©(G1,A) € 7 [ (F,A) ©(G,A) < (F1,A) © (G1,A)}
> N{(H,A4) € ;| (F.A)©(G.A) < (H,A)}
cly,((F,A) ® (G,A)).

©

(3) Suppose there exists (F,A) € S(X,A) such that
ey (F,A)) £ (cley @l (F,A)).
There exists (F;,A) € S(X,A) with (F,A) < (F1,A) ® (F»,A) such that
clyan ((F,A)) £ clyy (F1,A)) © clg, ((F2,4)).

On the other hand, for (F,A) < (F1,A) ® (F2,A) <cly ((F1,A)) ®cly, ((F2,A)), since clr, (F;,A) €

T;, we have
clywn,((F,A)) < cly, ((F1,A4)) ©cly, ((F2,A)).

It is a contradiction. Hence cly,qr, < clg @ cly,.

Suppose there exists (G,A) € S(X,A) such that
clyon((G,A)) 2 (cly & cly,)((G,A)).
By the definition of ¢l 1, , there exists (G;,A) € 7; with (G,A) < (G1,A) ® (G2,A) such that
(G1,4) © (G2, A) Z (cly clry ) ((G,A)).
On the other hand, for (G,A) < (G1,A) ® (G2,A), since ¢l ((Gi,A)) = (G;,A), we have

(clyy @ clg,)((G,A)) < cly ((G1,A)) © ¢l ((G2,4)) = (G1,4) © (G2,A).
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It is a contradiction. Hence cly,q1, > clg @ cly,.

(4) It follows from:
(FA) €T < cly(F,A) = (FA)
& (FA) € T, -
(5) Since cl(cl((F,A))) = cl((F,A)) € 7, we have cl;, < cl.
Since clz, ((F,A)) = N{(Gi,A) | (F,A) < (G;,A) € 4}, we have cl(cly, ((F,A))) = cle,((F,A)).
Hence (F,A) <cl,((F,A)) implies cI((F,A)) < cl(cl,((F,A))) = clz,((F,A)). Thus, cl;, <cl.
Theorem 3.5. A map fy : (X,A,7x) — (Y, B, Ty) be a continuous soft map iff fo : (X,A,clz) —

(Y,B,cly,) is a soft closed map.

Proof. Since (F,A) < fq;l(f(p (F,A)) and fy (fq;l(G,B)) < (G,B) from Lemma 2.7, we have
ClTY(f(P(F?A)) = /\{(GaB) S S(YaB) ‘f(P(F7A> < (GvB)v(G7B) € TY}
> Mo (f, 1(G,B) | (F.A) < f ' (fo(F.A)) < £, ' ((G.B)), f, ' ((G,B)) € tx}

> fo(M U5 (G.B)) | (FA) < £ (G,B)), £;(G.B)) € })
> fo(cley ((F.A))).

Conversely, let (G,B) € ty. Since
fo(el (£, (G, B)))) <l (f5((f; ' (G,B)))) < cly ((G,B)) = (G,B),

we have clTX((f(P_l(G,B))) < (fq)_l(G,B)). So, f¢_l(G>B) € Tely = Tx-

Example 3.6. Let X = {h; | i={1,...,4}} with h;=house and Ey = {e,b,w, c,i} with e=expensive,b=
beautiful, w=wooden, c= creative, i=in the green surrounding.

Let (L=[0,1],®,—) be a continuous t-norm defined by
xOy=@x+y—1)Vv0, x—y=(1—-x+y)AL
Let A = {e,i} and (F,A),(F ©F,A),(G,A) € S(X,A) such that

(F,A) »' K » n (GA K W ¥ n
e 0506 02 06 e 04 05 03 05
i 0.1 05 05 0.6 i 04 05 05 05
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(FLAYO(F,A) n' ¥ » n

e 0.0 0.2 0.0 0.2

i 0.0 0.0 0.0 0.2

(FLAYO(G,A) k' n? K W

e 0.0 0.1 0.0 0.1

i 0.0 0.0 0.0 0.1
Define 7; = {(0x,A), (1x,A),(F,A),(F,A) ® (F,A)} and 7, = {(0x,A),(1x,A),(G,A)}. Then
7; is a soft topology and soft cotoplogy on S(X,A), for i = 1,2. From Theorem 3.4, we obtain a

soft cotopology as
1O = {(OX7A)7 (1X7A)7 (F,A), (G7A>7 (FvA) © (FaA)’ (F7A) © (G7A)}

From Theorem 3.4(2), we obtain soft fuzzy closure operators cl;, : S(X,A) — S(X,A),i=1,2

as follows:
(0x,4), if (H,A) = (0x,A),
cly, ((H,A)) = (F,A) O (F.A), ff (F,A)® (F,A) < (H,A) # (F,A)
(F,A), if (F,A) < (H,A)
(1x,A), otherwise,

(Ox,A), if (H,A) = (0x,A),
cly,((H,A)) =< (G,A), if(G,A)<(H,A)
(1x,A), otherwise.

Moreover, we have cly ¢r, = ¢l @ clg, from

(0x,A), if (H,A) = (0x,A),
(F.A)® (G,A), if (F,A)®(G,A) < (H,A) # (F.A) G (F,A)
clyar, ((H,A)) = (F,A) O (FA), if (F,A)O(FA) < (H,A) Z (F.A)
(F,A), if (F,A) < (H,A) # (G,A)
(G,A), if (G,A) < (H,A) # (F,A)
[ (1x,4), otherwise.
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