Available online at http://scik.org
Engineering Mathematics Letters, 1 (2012), No. 1, 58-64
ISSN 2049-9337

SOME OPERATIONS ON CONVEX AND CONCAVE FUNCTIONS

W. T. SULAIMAN®

Department of Computer engineering, College of Engineering, University of Mosul, Iraq

Abstract: Several new results concerning operations on convex and concave functions are obtained.
Key words : Hermite-Hadamard inequality, Convex functions, Concave functions,
Integral inequality

Mathematics Subject Classification: 52A40, 52A41

1. Introduction

A real-valued function f is said to be convex on a closed interval 1 if
f(x+@—t)y)<tf (x) + (L-t) f(y), forall x,yel, 0<t<1. If the inequality is
reversed, the f iscalled concave. Itis known that f is convex if f"(x)>0.

The inequality

f(%mjgéjf(x)dxg—f (a); f(b) (1)

which holds for all convex mapping f :[a,b] — R, is known in the literature as

Hadamard inequality. In [2], Fej& generalized Hadamard's inequality by giving the

following :

Theorem 1.1. If g:[a,b] — R is non-negative integrable and symmetric to

x=2% and if f isconvexon [a,b], then
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f(aTerjig(x) dx< z f(x) g(x)dx< Mig(x) dx.

2. Lemmas

The following lemmas are needed for our aim

Lemma 2.1. Let
(a=b)(c—d)>0,
then

(a+b)(c+d)<ac+bd
2 2 2

Proof. By (3),
ad +bc<ac+hd

= ac+bc+ad +bd <2(ac+hbd)

N (a+b) (c+d) < ac +bd .
2 2 2

Lemma2.2. If c,d>0, and
a+b£a9+b£,
C d

then

a+b < ad +bc
c+d 2cd

Proof. By (6),

acd +bcd < ad? +bc?
— 2acd + 2bcd < acd +bed +ad? + bc?
=2cd(a+b) < (c+d)(ad +bc)

a+b - ad + bc
c+d 2c

@)

3)

(4)

()

(6)
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3. Results

Theorem 3.1. Let f,g: 1 <R — R be positive convex functions such that for all

a,bel,

(f(@)-f(b)(g(@)-g®)=0, 7)
then fg is convex. If
(f(a)— f(0)(gb)—g(a))=0, (8)

then fg is concave.

Proof. Applying Lemma 2.1, we have
fg(a+b]: f(a+bjg(a+bjﬁ f(a)+ f(b) g(a)+g(b)

2 2 2 2 2

< f@g(@)+ T (b)g(b) _(fg)(a)+(fg)(b)
2 2

The proof of the other part is similar.

Theorem 3.2. Letf, g:1 <R — R, be positive functions, fisconvexand g is

concave, g(a),g(b) =0and satisfying

@+ o)< @324 1) 2@ vaber. 9
(@) + f(b) < (a)g(a)+ ()g(b) a (©)

Then f/g is convex.

Proof. Since
f(azbjs f(a)z f(b)’ (10)
g(a)+g(b) a+b
5 sg( 5 J (11)

then on multiplying (9) and (10), we obtain

f(a+b)(g(a)+ g(b)jS f(a)+ f(b) g(a+bj1
2 2 2 2

which implies
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f(awj f(a)+ f(b)

2 < 2
a+b) ™ g@)-+g()
g(zj 2

Therefore, by Lemma 2.2,

a+
fl ——
(f/g)(a+bj: ( 2 j<f(a)+f(b)<f(a)g(b)+f(b)g(a)

g(mj ~g(@+g() 2g(a)g(b)
2

2

:l(f(a)+ f(b)j: (f/9)(@)+(f/g)(b)
2{9(@) g(b) 2

A positive function is said to be log-convex if logf is convex. Concerning this type

of functions, we have the following result

Theorem 3.3. If f:1 R — R isa positive convex function and if ¢ >1, then

¢ "™ is convex.

Proof.

() t@dm @ 1) g0 @) e @ e
c'?/<c 2 =cre? <oe? | HC? | =

2

Corollary 3.4. Let f,g:1" <R —>NR, fislog-convex and g is convex. If

((log f)(a)—(log f)(b))(g(a)—g(b)) =0, Vabel" (12)

then the function f 9 is convex.

Proof. By Theorem 3.1, (log f)g is convex. The result follows by an application

of Theorem 3.3, with c=e.
Theorem 3.5. Let f: 1 <R — R be positive concave. Then 1/ f is convex.

Proof. For a,bel, we have
2f(a)f(b)< f2@@)+ f?(b)
= 4f(a)f(b)s(f(a)+ f(b))2
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_ 2f@fM) _ f@+f®) f(a+bj
f(a)+ f(b) 2 2

—(1/ f)(a+bj< f(@)+f() @/ f)@)+@/ f)b)
2 ) 2f(a)f(b) 2 '

Theorem 3.6. Let f:1 <R — R be positive convex such that f ™ exist. Then

f 7 is concave. If f isconcave, then f is convex.

Proof. We have for a,bel,

a+b _f(f(@)+f(f ()
2 2

g f(f-l(a)+ f‘l(b))
2

which implies

fl(aLbjz (f 1f)[f_1(a)z f_l(b)j: f‘l(a); f (o)

The proof of the other part is similar.

Theorem 3.7. Let f,g: 1 <R — R be positive convex functions such that If for

all a,bel,

f2(a)+ f(b)+9°(a)+g*(b)
4

< f(a)g(a)+ f (b)g(b)
+(f(@)-gb))g(@-fb)) (13

is satisfied, then fg is convex. If both f and g are concave and (13) reverses,

then fg is concave .

Proof. We have, by (13), via simple application,

fz(a+bj+gz(a+bj
f(a+ng(a+bjs 2 2
2 2 2
L (f@+ (b)) +(g(@+g®)
8
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_P*@+ 1 (0)+g*(@)+g°(b)  f(a)f(b)+9(2)g(b)
4 4
. f(@g(@)+ 7 (b)g(b)
2

Corollary 3.8. Let f,g: 1 <R — R be positive functions such that f is convex and

g isconcave, then f/g is convex, provided the following is satisfied for all a,b e,

(f(a)- f(b))& (a)—%(b)jzo, (14)

Proof. As g isconcave, then by Theorem 3.5, 1/g isconvex. The result

follows by Theorem 3.1 via (14).

Theorem 2.9. (a). If f isconvexand g isconcave, then f-g is convex.

(b). If f isconcave and g isconvex, then f-gis concave.

Proof. (a).
a+b a+b a+b
o
< f@+fb) _ g(@)+g)
B 2 2

_(f-9)@)+(f -g)b)
2

Theorem 3.10. Let f,g:1 <R — R be positive convex functions . Let

s+e=L p>LIf for all abel,
p q
(f@)+ (0))” , (9@ +a(b) _ f(@)g(@)+ f(b)ab) 15)
p2° q2° 2
then fg isconvex. If f and g are concave suchthat 0< p <1, and (15) reversed,

then fg is concave.

Proof.
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(a+bj (a+bj 1 p(a+bj 1 q(a+bj

T i P i) Pl ] i) P POL] it

2 2 p 2 q 2
<1(f(a)+ f(b)jp+1(g(a)+g(b)jq
p 2 q 2

_ @@+ f()gd)
2

Theorem 3.11. Let f,g:1 <R — R be positive functions such that f convex and

g concave and for all a,bel,

f(a)+f(b)_f(a+bJ> [a+bj_g(a)+g(b)
2 2 )79 2 2 ’

then f+g is convex.

Proof. We have

f(a)+ f(b)+ g@@+gb) f[a+bj_g[a+b]

2 2 2 2

_f@+f() f(a+bj+ g(a)+ g(b) —g(
2 2 2

>0.
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