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Abstract: In this paper, we define and investigate a new class for higher-order derivatives of harmonic multivalent
functions. We obtain coefficient inequalities, distortion bounds, extreme points, convex combination. Our results
extend corresponding previously known results.
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1. INTRODUCTION

A continuous function f = u+iv is a complex valued harmonic function in a complex
domain C , if both u and v are real harmonic in C. In any simply connected domain D c C, we

can write f = h + g, where h and g are analytic in D . We call h the analytic part and g the co-
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analytic part of f . A necessary and sufficient condition for f to be locally univalent and sense-
preserving in D is that |h'(z)| > |g'(2)] in D (see Clunie and Sheil-Small [3]).
Denote by K (p) the class of functions f = h + g that are harmonic univalent and sense-
preserving in the open unit disk U = {z € C: |z| < 1}. For f = h+ g € K;:(p) , we may express
the analytic functions h and g as

h(z) = 2P + Z a,z",  g(z) = z boz" ,|by| <1. (1.1)
n=p

n=p+1
Also denote by Wy (p) the subclass of K4 (p) containing of all functions f = h + g , where h

and g are given by

o0

h(z) = 2P — Z a7, g2 =— Z buz" ,(an = 0,b, > 0,|b,| <1).  (L2)
n=p

n=p+1

We denote by AKs(p,q,v, @, B) the class of all functions of the form (1.1) that satisfy the

condition:

I A ORTARI )
¢ {ﬂq“)(z) m yzf<q+2><z>} g

2f @D (z) + £@+D(z)
f@D(z) +yzf@d(z)

1‘ +a, (1.3)

wherepe N ={1,2,...}, q€N,=NU{0} ,p>q,0<a<p—q,=20,0<y<1 and
foreach f = h+ g € Ky(p), we have

fO@ =8, 1+ D 6(ng)anz T+ ) 8 q)by ()",
n=p+1 n=p
p! { 1 (g =0)
6(p,q) =——= :
®.4) -9 whe-D..p-q+1) (q¢#0)
Let AW (p,q,7,a,B) be the subclass of AKy:(p, q,v,a, ), where

AWy (p,q,v, @, B) = Wy (p) N AKy(p, 4,7, @, B).
Remark 1.1.
(1) If p=1and q=0, we have AW;(1,0,y,a,B) = KW (y,a,B) which was studied
by Atshan and Wanas [2].
2 If p=1and g = =0, we have AW;(1,0,y,a,0) = C(y,a) which was studied by
Mostafa [4] for analytic part.
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B)MFfp=1and g=y=p =0, we have AW;,(1,0,0,«,0) = C(a) which was studied by
Silverman [5] for analytic part.
Lemma 1.1. (Aglan, [1]) Let w =u + iv and u be a real number. Then Re(w) = u if and
only if
w+ Q- =lw-(1+pl
Lemma 1.2. (Aglan, [1]) Let w=u+iv and p,t be a real number. Then Re(w) >
ulw — 1|+t ifand only if
Re{w(1+ pe®) —pe®} >t (-w<0<n).
2. MAIN RESULT

In our first theorem, we introduce a sufficient coefficient bound for harmonic function in

AKyc(p,q,v, . B).
Theorem 2.1. Let f = h + g with h and g are given by (1.1). If
n!
D Gy (=g = DB =)~ ar) +n =g~ allla] +15,D

I
<oy (e DA -V -an (=I5 @D

where p€N, q€N,,p>q, 0<a<p—q,0=20,0<y<1, then f is harmonic
multivalent sense preserving in U and f € AKy(p,q,v,a, B).

Proof. For proving f € AKs+(p,q,y, @, ), we must show that (1.3) holds true. by using Lemma
1.2, it is sufficient to show that

oo (2D + £ (@)
’ {ﬂqﬂ) @ +y2f @)

(1+ pe'f) —ﬁeie} >a (-m<0<n),

or equivalently

Re {(1 4+ 'geie)(zf(qn)(z) + f(q“)(z)) — ﬁeie(f(qﬂ)(z) + yzf(q”)(z))} oo
f@(z) +yzf @+ (z) '

If we put

L(2) = (1+ e)(zf TP (2) + f9*V(2)) — Be (f 4V (2) +yzf 17D (2))
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and
M(z) = ¥ (z) + yzf @+ (2).
In view of Lemma 1.1, we only need to prove that
ILz)+ (1 —a)M(z)| - |L(z) — (1 +a)M(2)| = 0.
Now,

IL(z) + (1 — a)M(2)|

0

(1+ﬁe“")<m 2 — Z)Ianz”_q d 2 2)'b N
gt ) e Y 1)!”"@”1>
—pe'® (—(p — z!_ 1)!27’_‘1_1 + i e D _Z!_ D1 anz™" 97t 4+ i e D _Z!_ D1 by ()"
e T Z e e 1+Z—< it ”)

————Bl———— 1 _ Zn—a-1 e n—g—1
h a)<( —-ni” Z g e +Z( @

yp! L N o
NCETED I Z Ko q—2)'“”z " *Z( ‘ 2>'b(2) q )

I

- ﬁ[(@ q—D(e’A-N+A-ay)+p- q+1—a)]zp -1

+ Z M[(n —1)(ﬁei9(1—)/)+(1—a)y)+n_q+1_a]anzn_q_1
n=p+1

|
"‘Zﬁ[(n q-DBe?A-+A-a)y)+n—q+1—alb,@" !

n=p

ZW[@ q-DBEA-+A-ay)+p—q+1-a]lz]P79"

|
- Z —(n_n 1),[(71 - DBA-MN+A-a)y)+n—q+1—alla,l|z|"7?

n=p+1
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+Z(n_n—!__[(n_q —DBEA-Y)+A—-a)y)+n—q+1—allby||z|" 9L

Similarly

IL(z) — (1 4+ a)M(2)|
p!

m[(i’ q—-DBeG-D+A+a)y)-p+qg+1+alzP 7!

Z m[(n q—D(Be?Q - +1+a)y)+n—q—1-aa,z" 7

n=p+1
' .
+Z m[(n —q-D(Be®A-y) - 1+ a)y) +n—q—1-a]b,@"
n=p

Sm[@ q-DBEy-D+A+a)y)—p+qg+1+a]lz|P~9?

[
+ Z ﬁ[(n g—-1DPBA-y)-AQ+a)y)+n—q—1—a]la,||lz|* 91
n=p+1

c n! i
+nz=pm[(n —-q— 1)(ﬁ(1 _Y) - (1 + CZ))/) +n—q+ 1— a]lbnllzln_q_l.
Then

IL(z) + (1 = a)M(2)| - |L(2) — (1 + a)M(2)]
2p!

Zm[@—q—1)(ﬁ(1—y)—ay)+p—q—a]

2n!
B z F[("—q—1)(ﬁ(1—y)—ay)+n—q—a]|an|

2n!
_Zﬁn_m[(n_q—1)(3(1—)/)—ay)+n—q—a]|bn| > 0.

The harmonic multivalent function

o0

_ (n—q—D'x, .
f(Z)— zP + Z n![(n—q—1)(,8(1—y)—ay)+n—q—a]z

n=p+1

0 (Tl_ _1)| o
I ey e B (A

(2.2)
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0

where Z |, | + i Iy, | =
n=p

n=p+1

(r—q- 1),[(p q—1DBA-y)—ay)+p—q—al, show that

the coefficient bound given by (2.1) is sharp. The functions of the form (2.2) are in the class

AKy+(p,q,v, a, B), because

o]

|

n=p+1
(n_q_l)!lxnl
nlfn—q-1DBA-y)—ay)+n—q—a]

N !
+;m[(n—q—1)([3(1—y)_ay)+n_q_a]x

(n—q— 1!yl
n![(n— q—l)(ﬁ(l—y)—ay)+n—q—a]
Z|xn|+2|yn— el @ - DEA - -an +p-q-al

n=p+1

The restriction placed in Theorem 2.1 on the moduli of the coefficients of f = h + g enables
us to conclude for arbitrary rotation of the coefficients of f that the resulting functions would
still be harmonic multivalent and f € AK3:(p,q,v,a, B).

In the following theorem, it is shown that the condition (2.1) is also necessary for functions in
AWy (p,q,v, @, B).
Theorem 2.2. Let f = h + g with h and g are given by (1.2) . Then f € AWy (p,q,v,a,B) if and
only if

2:(;rﬁr—ﬂ@—q—1xm1—w—am+n—q—amn

Z(n_ 1), [(m—q-D(PEA-y)—ay)+n—q—alb,

-[(p q—DBA—-y)—ay)+p—q—a]
B (p—q—1)! ’
wherep €N, €Ny, p>q, 0<a<p—-q,£=20,05y<1.

(2.3)
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Proof. Since AW (p,q,v,a,B) € AK+(p,q,v, a, ), we only need to prove the "only if " part of
the theorem. Assume that f € AW (p, q,v, @, B). Then by (1.3), we have

. { 2f @D () + @D ()

\FED D) + 72 D) (1+pe®?) - ﬁeia} >a,

This is equivalent to

(1+8e®) (24D (2) + F@D(2)) = pe’® (f @V (2) +y2f 12 (2))

Re fa+D(z) + yzf@+2(z)
#!_1)! [0 —q—-D(Be®1—y)—ay) +p—q—alzP70!
= Re p! 1 - nl .
m(l +y(p—q—1))zP~a71 - Zn=p+1m(1 +y(p—q—1))ayz"9

~Siepi Grg =i — 4~ D(Be? (L~ ) — ay) +n - q — aapzm0!

- Oﬁ:;;#!_l)!(l +y(p—q—1)b,(Z2)ra1

—Z%‘D:p#!_l)! [(n—q—1D(Be®A —y) —ay) +n—q—a]b, ()"

>0, (2.4)

The above required condition (2.4) must hold for all values of z in U. Upon choosing the values

of z on the positive real axis where 0 < z = r < 1, we must have

! g " n! o
G- e- @ —a - DI = ey @ —ay( =g~ Dlay 0

Re
n

D1 (1+y(-q-1D)rra-t— Zﬁ:mlm(l +y(n—q—1)a, ra1

p!
®—-q-
|
G=q=n® =4~ D - Dree

~ i G- v =~ Dl e [ E
|
- Oﬁ=pm(1 +y(n—q—1)b, r*a-1

| |
- Z:=p+lm n—-q-1DA-pa, rr 71 + Z?f:pm m—q—-1DA-y)b, rpql]} -

Since Re(-e¥) = —|e?®| = —1, and letting » — 17, the above inequality reduces to

#!_1)![(10—61—1)(/?(1—V)—ay)+10—q—a]—Z?f;pﬂ#!_l)![(n—q—1)(3(1—V)—ay)+n—q—a]an
#!_1)!(1 +YP == D) = Sicpr o=y (L Y0 = 4 = D)ay = Sicp ey (L + 70— g = Dby




ABBAS KAREEM WANAS AND FIRAS HUSSEAN MAGHOOL

~Tiepn g =i (1= 4 - DB =) —an) +n - q - alb,

= 0.

This gives (2.3), and the poof is complete.
Next, we establish the distortion bounds for the function in AWy (p,q,v,a, ) which yields a
covering result for this class.

Theorem 2.3. Let f € AWy (p,q,v,a, B). Thenfor |z| = r < 1, we have

@-Dp—q-DEA-y)—ay) +p—q-al(l-b,)

@12 (1-by)r - P+ Dp-DBA-P+1-ap) +1—a (25)
and
1< (1+b,)7 + P-lp-9-DEU-y)—a+p—q-al(l-by) 2.6)

@P+D[E-BA-y)+1—ay)+1—da]

Proof. Assumethat f € AWy (p,q,v,a,B). Then by (2.3), we get

IF ()] = |22 - Z a,z" — Z ba@)"| = (1= by)r? — Z (a, + by)r™
n=p

n=p+1 n=p+1

= (1 —b )Tp - (a, + b,)rP*t
b ;H
(r — !
(1—bp)7'p—(p+1)![(p—q)(ﬁ(1_y)+1_ay)+1_a]><
y z (+ DHP-DBEA-Y) +1-ay) +1—d]
(»— !

(an + by)rP*!
n=p+1

)T'p (p - q)'
p

> (1—b,)rP —
P+D'e-BA-y)+1—ay)+1-a]

|
Y gl == DA~ 1)~ an) 1= g = al @+ b

o P Olp—q-DEA-y)—ay)+p—q—a]d —by)
+DIp-BA-y)+1-ay)+1-a]
Relation (2.6) can be proved by using the similar statements. So the proof is completes.

The following covering result follows from the inequality (2.5) of theorem 2.3.

Corollary 2.1. Let f € AWy (p,q,v,a,B). Thenfor |z| =r < 1, we have
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P-Dlp—q-DPBA-y)—ay)+p—q—al(1-b,)
P+DE-BA-y)+1—ay)+1—a]

In the next result, we discuss extreme points of AWy (p,q,v,a,B).

{W;|W| <(1-b)- }cf(U)

Theorem2.4. Let f be given by (1.2). Then f € AWy (p,q,y,a,B) ifandonlyif f canbe

expressed as

[ =) @uha(D + Eagn(2),  EV),
n=p
where hy,(z) = zP,
plin—q-D'[p—gq-DBA-y)—ay)+p—q—a]

) = - D4 -DEA-N+1-a) tn—q-al’

, n=p+1,p+2,..

and

_ pn—g=-DHp-g-DEA-yY)—ay)+p—q—a]
n(p-—q-DIrn-g-DBEA-Y)+1-ay)+n—-q—-a]

gn(2) = zP @™ n=pp+1,..,

Z(Un + &) =1, (op, 20, & =0).
n=p

In particular , the extreme points of AW (p,q,v,a,B) are {h,} and {g,}.

Proof: Assume that f can be expressed by (2.7). Then, we have

&) = Guha(@ + ()

n=p

= i(an + £)7 -
n=p

i pPln—q-DIp-q-DEA-N-an+p-qg-a _ ,
np-—q-DIn-q-DPEA-y)+1-ay)+n—qg—a] "

n=p+1

N pll—g-Dp-q-DEA-p-an)+p—q—al .
Linl(p-q-DHn-q¢-DEA-y)+1-ay)+n-q-a "

—p_ i plln—q—-D!p-q-DBA-y)—ay)+p—q—a] o
B np-q-DIn—q-DBEA-N+1-ap+n-—qg-a] "

n=p+1

N pli—q-DIp-q-DEA-y)—an) +p—q—d .
Sinl(p-q-DHn-q¢-DEA-P+l-ap)+n-qg-al """

Hence
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[oe]

|
D e a - DEA-Y —a) +n g —alx

n=p+1
pln—q-—D!'[(p-q-DBA-y)—ay)+p—q—«a] ”
n'(p q-D!'[n—g-DPBA-Y)+1-ay)+n—-qg—a] "
Z(n_ —5il(n—a = DEA-y) —ay) +n—q—alx

plin—q-D![p-q-DPBA-y)—ay) +p—q—a] ¢
n@p-q-D!'nh-q-DPBA-Y)+1-ay)+n—q—a]’™

_plp—q-DBA-y)—aey)+p—q—a] i(o‘n-F En)—"p>

(»—q—-1)!
=P![(P—q—1)(,3(1—)’)—60’)"'19—61—“](1_0)
(p—q—1)! P
<p![(p—q—1)(ﬁ(1—y)—ay)+p—q—a]
B (@p—q—1)! ’

and SO fe AW]—[(p;Q;Y;a;,B)-

Conversely, let f € AWs(p,q,y, @, B). putting
np-—qg-DIh-q-DBA-y)+1-ay)+n-—q—a]

T G- DG - DEA-p-a) +p-g-a v BTPTLPTE)
and
nlp-q-DIh-q-DEA-y)+1-ay)+n—q—a] B
S - DI -q-DEA-N-a)tp—q-a v OTPPEL

We define 0, =1 — X3, 110, — Xn=p $n- There fore

f2)=2" - i anzn—i bn (2"
n=p+1 n=p

= 7P — i p|(n_q_1)|[(p_q_1)(,8(1_Y)—C¥V)+p—q—a] .
n=p+1

n

L nlp—q-DHn-q-DEA-y)+1-ay)+n-q-a] "

_i pln=q-DHp-g-DEA-N-an+p=-q-d ,
=l (p-g-DHn-q-DEUA-y)+1-ay)+n-q-a]™

=zP — Z (z°P—h (Z))Un Z (zP — gn(z))’fn

n=p+1
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o

=1- Z o, — Z &n | 2P + z Gnhn(Z)—ifngn(Z)
n=p

n=p+1 n=p+1

= o,h,(2) + Z onhn(2) — Z $n 9n(2)

n=p+1 =p

= > (Ouhn( + 0 2(),

n=p
and this completes the proof of theorem 2.4.

Theorem 2.5. The class AWy (p,q,y,a, ) is closed under convex combinations.

Proof. For j =1,23,.., let f; € AWy (p,q,v,a, ) where f; isgivenby
fj(z) = zP — Z an,jZ" - z by j @™
n=p+1 n=p

Then by (2.3), we have

[00]

|
Z ﬁ[(”‘q—1)(3(1—V)—6¥V)+n—q—a]an,j
n=p+1

oo

|
+;ﬁ[(n q—DBA-y)—ay)+n—q—alby;
plp—q—-DBA-y)—ay) +p—q—qa]
- (@—q—1!

For X7, 4, =1, 0< 4 < 1, the convex combination of f; may be written as

N A fi(z) = zP — Ajay; |Z" — (S Aj by | (@™
=1 j=1

n=p+1 \ j=1 n=p

(2.8)

Then by (2.8), we have

+Z(n— Y [(n—q-DPFA-y)—ay)+n—q—a] Z)ijn'].

Z/l z (n_ 1),[<n q-DEA-y)—ay) +n—q—alay,
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® |
+;m[(n—q—1)(/3(1—)/)—ay)+n—q—a] by j

siyf”ﬁ“”‘4XM1—ﬂ—aw+p—q—@
j=1

(P—q—-1!
_plp-q-DBA-y)—ay)+p—q—a]
(P—q—1)! '
Therefore

Z /1] f}(Z) € AW}[(}?, q' )/, a, ﬁ)
j=1

]
This completes the proof.
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