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Abstract: By making use of fractional integral, we study fuzzy subordination methods to obtain some interesting
results of operator defined by generalized Mittag-Leffler function in the open unit disk.
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1. INTRODUCTION

Let H'(U) denote the class of analytic functions in the open unit disk U ={z € C : |z| < 1}.
For a positive integer number n and a € C, we denote by
Hla,n]={feHW):f(z2) =a+az"+ap 2"+, z€e U}
and
An={f EHU): f(2) = 2+ apy1 2™ + Any22™? + -, 2E U},
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with A; = A.
Definition 1.1 (Zadeh, [15]) Let X be a non-empty set. An application F : X — [0,1] is
called fuzzy subset. An alternate definition, more precise, would be the following:
Apair (A,F4), where Fy: X - [0,1] and A ={x € X:0 < F4(x) < 1} = supp(4, ;)
is called fuzzy subset. The function F, is called membership function of the fuzzy subset (4, Fy).
Definition 1.2 (Oros and Gh Oros, [10]) Let two fuzzy subsets of X, (M, F),,) and (N, Fy). We
say that the fuzzy subsets M and N are equal if and only if Fy(x) = Fy(x),x € X and we
denote this by (M, Fy;) = (N, Fy). The fuzzy subset (M, F);) is contained in the fuzzy subset
(N, Fy) ifand only if Fy(x) < Fy(x),x € X and we denote the inclusion relation by ( M, Fy,) S
(N, Fy).
Let D € C and f,g analytic functions. We denote by

f(D) = supp(f(D),Ff(D)) = {f(z) 10 < Ff(D)(f(Z)) <1z€e D}

and

9 (D) = supp(g(D), Fyy) = {9(2) : 0 < Fyp)(9(2)) < 1,z € D}.
Definition 1.3 (Oros and Gh Oros, [10]) Let D € C, zy € D be a fixed point, and let the
functions f,g € H(D). The function f is said to be fuzzy subordinate to g and write f <p g

or f(z) <r g(z) if the following conditions are satisfied:

1) f(z) = 9(20),

2) Fro)(f(2) < Fy)(9(2)),z € D.
Definition 1.4 (Oros and Gh Oros, [11]) Let i : C3 X U — C and let h be univalent in U. If
p is analytic in U and satisfies the (second-order) fuzzy differential subordination

Fy(coxn) (@), 2p' (2), 22" (2);2)) < Fuwy (h(2)), (1.1)
ie.
Y(p(2),2p'(2),2°p" (2);2) <p h(2) ,Zz €U,

then p is called a fuzzy solution of the fuzzy differential subordination. The univalent function g

is called a fuzzy dominant of the fuzzy solutions of the fuzzy differential subordination, or more
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simple a fuzzy dominant, if p(z) < q(2),z € U for all p satisfying (1.1). A fuzzy dominant §
that satisfies G(z) <g q(z),z € U for all fuzzy dominant q of (1.1) is said to be the fuzzy best
dominant of (1.1).

The Mittag-Leffler function E,(z),(z € C) (see [4,5]) is defined by

Ea(Z) = ;m , (CZ € (C,RE(CZ) > 0)

Several researchers have investigated properties of Mittag-Leffer function and generalized
Mittag-Leffler function, see for example [2,3,6,7]. Moreover, Srivastava and Tomovski [9]

introduced the function EZZ, (2),(z € ©) in the form:

[0e]

Ey,k (Z) — (y)leZn '
«p I'(an + B)n!

n=0

where a,B,y € C,Re(a) > max{0,Re(k) —1},Re(k) >0 and (x), is the Pochhammer

symbol defined by

_F(x+n)_{ 1 (n=0),
(O = rx) lx(x+1D.(x+n-1) (neN).

Let f; € A (i = 1,2) defined by

fi(z) =z + z an;z" (i = 1,2),
n=2

the Hadamard product of f; and f, is defined by
(fixf)@)=z+ Z An10n22" = (f2 * f1)(2) .
n=2

Definition 1.5 (Attiya, [1]) For f € A the operator H ;’g : A — A is defined by

HY5f(2) = Q@) * f(2) (z€ ),

where

ko~ L@+B)( vk 1
Qup(®) = 0k (EV )

B,y € C,Re(a) > max{0, Re(k) — 1},Re(k) > 0.

By some easy calculations, we have
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X B o T(y + nk)T(a + B) n
}[U]Zﬁf(z) —z% Z; I'(ly + K)T(B + an)n! " -

Definition 1.6 (Srivastava and Owa, [8]) The fractional integral of order 4, (4 > 0) is defined

for a function f by

_ 1 7 f(e)
szlf(z)—r(l) ) (z—e)l—lde'

where f is analytic function in a simply-connected region of the z-plane containing the origin
and the multiplicity of (z—€)*! is removed by requiring log(z —€) to be real, when
(z—e€)>0.

We now, by making use of Definition 1.5 and Definition 1.6, we have

r'(y + nk)I'(a + B) @7+ (1.2)

_,1 k — ; +4
D Hepf ) = F ™+ LT+ 1+ DI+ 0B +an)

It is easily verified from (1.2) that

! +k — 1k
2(p95r@) = () Dol £ ) - (L) A9l f ), Re(y =20 % 0. (1.3)
k
In our investigations we shall need the following lemmas.
Lemma 1.1 (Oros and Gh Oros, [12]) Let h be a convex function with h(0) = a, and let u €

=C\ {0} be a complex number with Re(u) >0. If p € H[a,n] with p(0) =a and

P:C:xU->C, Y(p(2),20'(2) =p)+ %zp’(z) is analytic in U, then

1
Puteona) [P + 220 @] < Fuh@),

implies
Eyanp(2) < Fyanq(2) < Fpyh(2), z€ U,
ie.
p(z) <r q(2) <r h(2),
where

q(z) = — | h(d) tnldt,
‘ Tlan
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The function g is convex and is the fuzzy best dominant.
Lemma 1.2 (Oros and Gh Oros, [12]) Let g be a convex function in U and let the function

h(z) = q(z) + nvzq'(z) , where v>0 and n €N . If the function p € H[q(0),n] and

V:C?xU->C, Y(p2)zp'(2)) =p(2)+vzp'(z) isanalyticin U, then

Fy(c2xv) [p(2) +vzp'(2)] < Fyanh(2),
implies
Fownyp(2) < Funq(2), z€U,
ie.
p(2) <r q(2)
and q is the fuzzy best dominant.
Recently, Oros and Oros [11,12] and Wanas and Majeed [13,14] have obtained fuzzy

differential subordination results for certain classes of analytic functions.

2. MAIN RESULT

Theorem 2.1. Let h be a convex function such that h(0) =1. Let f €A and

G(y, k,a, B, A;z) isanalytic in U, where

Gy, k B, % 2) =%(( + DM EF(2) = (v — A)D;HY 5 (2))
(o) 21)
If
Fy(czxu)[G(. k@, B, 25 2)] < Franh(2), 2.2)
then
2 (D495 f @)
Flosinarir) - < Fana(2) < Faanh(2),

1.€.
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1)

zA

<r q(2) <r h(2),

where q(z) = i ) OZ h(t) dt is convex and is the fuzzy best dominant.

Proof. Suppose that

2 (95 ))

p(z) = s (2.3)
Then p € H[1,1] and p(0) = 1. Therefore, by making use of (1.3) and (2.3), we have
v nn+ D)y +nk)l(a+ LA .
() +2p'(z) =1+ ;F(n 1T OrG T Rr@ fan ™
A=+ 1 < Iy +1+nk)I'(a+pB) -
- kz1+7 rTC+n~ LT+ 1+ DG+ 1+ I (B +an) InZ
yA-D+22k Ty +ndla+HA-Dy-HA
KA+ Z T+ 1+ DI+ FB +ank
Cry+nl@+pn+Dn+1-DA _
* Z Tt 1+ DTG+ TG rank 2 = 6Wkap Lz, 24

n=2

where G(y, k,a, B, A; z) is given by (2.1).
From (2.2) and (2.4), we get

Fy(czxuv)[p(2) + zp"(2)] < Fy)h(2).
Thus, by applying Lemma 1.1 with g = 1 , we obtain

Fpanp(2) < Fyunq(2) < Fpayh(2).
By (2.3), we have

2 (4305 )

F(Dz‘lﬂy k1) 72

< Fyanq(2) < Fyyh(2),

1.€.

2 (4305 F)

74

<r q(2) <r h(2),
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where q(z) = i ) OZ h(t) dt is convex and is the fuzzy best dominant.

1+(2p 1)z

If we take y=k=1,a=0 and h(z) = (0 <p <1) in Theorem 2.1, we obtain

the following corollary:

Corollary 2.1. Let f € A and

QD8 (035) + b7af ) + s (0777 ))

is analytic in U. If

1-MDAl Al " 1 20 —1
22 (407 + D7 2f @) + o (D () < 222
then
2 (D (2)) 1+ @2p—1

where q(z) =2p—1+ @ln(l + z) is convex and is the fuzzy best dominant.

(o7l @)

Theorem 2.2. Let h be a convex function such that h(0) = 1. Let f € A and

zA
is analytic in U. If
2 (D793 @)
Fy(ezxv) 7 < Fryh(2), (2.5)
then
(1 + D! D7) f(2)
Fiozrsrkr)w pEEy) < Fa)4(2) < Fawyh(2),
ie.

1+ DDA
SR R )

where q(z) = i ) OZ h(t) dt is convex and is the fuzzy best dominant.

Proof. Suppose that
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(1 + DD AH)Ef(2)

p(z) = ) (2.6)
Then p € H[1,1] and p(0) = 1.
We have
A (D;ﬂ}f;'g f(z))
p() + 57 ' (@) = — . 27)

From (2.7), the fuzzy differential subordination (2.5) becomes

1
Fpn 1zp’(z)] < Fyanh(2).
Thus, by applying Lemma 1.1 with u = A1+ 1 , we obtain

Fyanp(2) < Fyanq(2) < Fpyh(2).

sz((CZxU) [p(Z) +

By (2.6), we get

(1+ D DAHYEf(2)
Fiozrarkr)w < pEES) < Fa)4(2) < Frayh(2),

1.€.

(1+ D! D7AHYEf(2)
e <r 4(2) <¢ h(2),

where q(z) = i ) OZ h(t) dt is convex and is the fuzzy best dominant.

If we take y=k=1,a =0 and h(z) =e??,|b| <1 in Theorem 2.2, we obtain the
following corollary:

2(p*r(@) -
Corollary 2.2. Let f € A and — 18 analytic in U. If

1(0:4f @)

ZA <F ebz’
then
(1+D!'D;Af(2)
Z1+; <F q(Z) <F ebZ’
bz _
where q(z) == — L is convex and is the fuzzy best dominant.

Theorem 2.3. Let g be a convex function in U such that g(0) =1 and let h be the function
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, A@*ﬂ*”%@ﬂ o
h(z) = q(z) + H—kzq’(z). Let f € A and — is analytic in U. If

2 (07915 )

Fy(ezxv) 7 < Fah(2), (2.8)
then
2 (Dl Ef @)
F(D;A}[yﬁf) ) ) Fywq(2),
ie.
A (D3 H 5 f (2)
o0/ 0) <r a(@)

zA

and q is fuzzy best dominant.

Proof. Suppose that

2 (DL @)

p() = — (29)
Then p € H[1,1].
Differentiating both sides of (2.9) with respect to z, we have
k M k( ﬂ}ﬂgf(z)) 2y +k@-n)(D -l}ﬂl’;f(z))
— 2.10
By using (1.3) and differentiating with respect to z, we obtain
DAYk _ DAYk
(05357745 )), kz (DA% ﬁf(z)) . (v + k(1 = ) (D373 ﬁf(z))
y+k y+k
So
(D)) Ak (DFAHYEF@) AL(y + k(1 = D) (DA% £ (2)
ey ) _mk(oragre) aGrra-m)pme)

zA B (y + k)z=1+4 (y + k)z*
From (2.10) and (2.11), the fuzzy differential subordination (2.8) becomes

k
Py [p@) + 70’ D] < Fawph(@)
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Thus, by applying Lemma 1.2 with v = y% , wWe obtain

2 (09051 @)

F(DZ‘AHV k) 72

< Founq(2),

1.€.

(e )

z2

<r q(2)
and q is fuzzy best dominant.
If we take y=k=1,a =0 and q(z) = g in Theorem 2.3, we obtain the following

corollary:

2(pzAf ()47 2f' ()
2z4

Corollary 2.3. Let f € A and is analytic in U. If

2 (D@ 4 D2f @) 14222

<
2z4 Fraa-22"
then
-1
( z f(Z)) 142z
<
z* F1-2z

and q(2) = g is fuzzy best dominant.

Theorem 2.4. Let g be a convex function in U such that g(0) =1 and let h be the function

2D K r @) .
h(z) =q(z) + zq'(2). Let f € A and Tf() is analytic in U. If
a,p
2 DL F (D) h) 212
F <F Z), 2.12
¥(C?xU) Ag.[ygf(z) h(v)

then

(D"l}[”lkf(z)) -
F —Aq Y+1k < Fq(U)q Z),
(Dz o f>(u) DA a,;;f( )

—AqpV.k
}[Bf

1.€.
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D 3, f(2) "
z
D7AH! ,;‘f< )y 1
and q is fuzzy best dominant.
Proof. Suppose that
,1:7_[]/+1 kf( )
p(z) = (2.13)
DM ;;f( )

Then p € H[1,1].
Differentiating both sides of (2.13) with respect to z, we have
(Dl (2)) . (p -’W;f(z))
—-p(z
A%V;Sf( D D@

p'(z) =

Then

p(2) + zp'(2)

*%”‘f@( (o225 )) + Dz ﬂW”"f(z))—zD—W”“‘f( ) (o)

(o927 @)

(z D-l}f““‘ f(z ))
= : (2.14)

D, ;ff(z)
By using (2.14) in (2.12), we have
Fy(cxn[P(2) + 20 ()] < Fryh(2).
Thus, by applying Lemma 1.2 with v =1 , we obtain

(D"l}[”lkf(z)) -
F —AqrV+Lk <F Wnq\z),
(Dz B f>(U) A}[Y;f( ) q

—AqpV.k
}[Bf

1.€.
D"l}[”l *f(2)
W};‘f( )

<r q(2)

and q is fuzzy best dominant.
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1+Az
1+Bz

If we take y=k=1,a =0 and q(2) = (-1<B<A<1) in Theorem 2.4, we
obtain the following corollary:

D7 *f(2)+D7*zf'(2)
2D;*f(2)

Corollary 2.4. Let f € A and <Z( )> is analytic in U. If

2D @ + D72 @)\ 14 27— 72
2D f(2) ST+ B2)?

then

1 D;Azf'(z 1+ Az
e f'(2) <
2 D;*f(2) 1+ Bz

144z . .
and q(z) = ﬁ is fuzzy best dominant.
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