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Abstract: The purpose of this paper is to introduce some results associated with the strong differential
subordinations of analytic functions defined in the open unit disk and closed unit disk of the complex plane.
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1. INTRODUCTION

Denote by H (U x U) the family of all analytic functionsin U X U. Let U ={z € C : |z| <
1} and U ={z € C : |z| < 1} indicate the open unit disk and the closed unit disk of the
complex plane, respectively. For n € N={1,2,...} and a€C, let H*[a,n (] ={f €
HUxU):f(z,)) =a+a,(z"+an1(ODz"1+,z€ U, €U}, where ag({) are
holomorphic functions in U for k > n.

Also, let Ap, ={f EHWUXU):f(2,{) =2+ an41(Dz"*" + -, z€ U,{ €U}, where

a,({) are holomorphic functionsin U for k >n + 1.

A function f € H*[a,n,{] is said to be starlike in U X U if
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Re {Zfz’ (2,9

W}>O, (ZEU,(EU).

Denote the class of all starlike functionsin U X U by S ¢
Similar, f € H*[a,n,{] is said to be convex in U X U if

e (20

m+1}>0, (ZEU,(EU).

Denote the class of all convex functionsin U X U by K z

Definition 1.1 (Oros and Gh Oros, [9]) Let f(z,{),g(z ) analytic in U X U. The function

f(z,Q) is said to be strongly subordinate to g(z,{), written f(z,{) << F(z,{), z€ U,{ € U,

if there exists an analytic function w in U with w(0) = 0 and |w(z)| < 1,z € U such that

f(z,0) = g(w(z2),0) forall {€U.

Remark 1.1 (Oros and Gh Oros, [9])

1) Since f(z,{) is analytic in U X U, for all { € U and univalent in U, for all { € U,
Definitionl.1 is equivalent to £(0,¢) = g(0,{) forall { € U and f(U x U) c g(U x U).

2) If f(z,0) =f(2) and g(z,{) = g(z), the strong subordination becomes the usual notion

of subordination.

Let A% denote the subclass of the functions f(z,{) € H (U X U) of the form:

fO =2+ ) a@7* , 2€U,0el (1)
k=2
which are analytic and univalent in U X U.

For n € Ny =NU{0} a,7=0,u,4,8 >0 and a # A, we consider the differential operator

AZ‘ 1@ )+ A7 — A, introduced by Amourah and Darus [2], where

(n—1D[A—a)B + nt] K
u+Aa

AZ‘/LT(a,B)f(z) =z+ Z ll + a,()z" . (1.2)
k=2

It is readily verified from (1.2) that

z(A7, (. B)f(2.0))

!
Z



SOME RESULTS FOR STRONG DIFFERENTIAL SUBORDINATION ...

__ k*A k4
A—a)B +nt A—a)B +nt
Some of the special cases of the operator defined by (1.2) can be found in [1,4,10,11].

AT @) - (1 )40 e (@ BF 0. (1.3)
In recent years, many authors obtained various interesting results associated with strong
differential subordination and superordination for example (see [3,5,6,12,13,14]).
In order to derive our main results, we need the following Lemmas.
Lemma 1.1 (Miller and Mocanu, [8]) Let h(z,{) be a convex function with h(0,{) = a, for
every ( €U andlet y € C* = C\ {0} with Re (y) =0.1f p € H*[a,n,{] and

1 _
p(z, Q) +]—/zp;(z,() << h(z,0), (z€U/(€Ul), (1.4)
then

p(z,{) << q(z,0) << h(z,{), (z€U,{ € ),

where q(z,{) = Lx fOZ t%_lh(t, {)dt is convex and it is the best dominant of (1.4).

nzn

Lemma 1.2 (Miller and Mocanu, [7]) Let q(z,{) be a convex function in U X U for all { €
U and let h(z,{) = q(z,{) + n6zq,(z,{),z€ U,{ € U, where § >0 and n is a positive

integer. If

p(2,0) = q0,0) + pn()z" + pnsa (D2™* + -+,

is analyticin U X U and

p(z,0) + 6zp,(2,{) << h(z,{), (z€U,{€D),
then

p(z,{) << q(z,0), (zeU,{ €D),

and this result is sharp.

2. MAIN RESULT

Theorem 2.1. Let h(z,{) be a convex function such that h(0,{) = 1. If f € A7 satisfies the
strong differential subordination:

(A7, (@ P)f (2. 0) << h(z0), 2.1)

!
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then
AT, (@ Bf (20

V4

<<4q(z,¢) << h(z,9),
where q(z,{) = i fOZ h(t,{)dt is convex and it is the best dominant

Proof. Suppose that

Al (a , _
p(z,0) = (& f)f(z 2 , z€EU, €. (2.2)

Then the function p(z,{) is analyticin U x U and p(0,{) = 1.

Simple computations from (2.2), we get

P9 +2pu2,0) = (41, (@B (D) . (2.3)
Using (2.3), (2.1) becomes
p(z,9) + zp;(2,{) << h(z,{).

An application of Lemma 1.1 with n =1,y =1 yields
AT (a, ,B)f(z 0

1 z
a9 = [ W9t << h(z0).
0

By taking h(z,{) = §r@p=Oz ,0 < p <1 inTheorem 2.1, we obtain the following corollary:

1+z

Corollary 2.1. If f € A7 satisfies the strong differential subordination:

2 —
(Al ) << 2
then
NG LAY Sl S AP el D IO

z zJy 1+t
Theorem 2.2. Let q(z,{) be a convex function such that q(0,{) =1 and let h be the

function h(z,{) = q(z,¢) +2q;(z,{). If f € A7 satisfies the strong differential subordination:

A" (@, B)f (2O
wAT h(z, 0), 2.4
( A @hfG o) = h@O @4

then
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AN (. ) (2,9)
AT (a,B)f(z,0)

<<q(z .

Proof. Suppose that

AT (a, ) (2,0)
Al @pfE)’

Then the function p(z,{) is analyticin U x U and p(0,{) = 1.

p(z,) = z€U,J€U. (2.5)

Differentiating both sides of (2.5) with respect to z and using (2.4), we have
p(z,9) + zpz(z,0)

_ A @B (2,0
A @B (z0)

AL, @B 0 (AT @B D) = AT @A 2.0 (41, @A @.D)

+ 2
|47 (. ) (2, 0]

A @B @0 (2 40 @ B 0) —2Al @A) (AL, (@ pf )

[Aulr(a’ﬁ)f(z' O]
) (Z Azglf(a Bf (z, Z))l << h(z,0).
AL (@B (2,0

An application of Lemma 1.2, we obtain

AT (@, B)f (2,0)
AT, (@ p)f (20

Theorem 2.3. Let h(z,{) be a convex function such that h(0,{) =1. f 0<o <p,0 €C

<<q(z .

and  f € A% satisfies the strong differential subordination:

1-— (a.B)f(z0) 6
1_0( S “)*m(( L@ Bf(2.0),~0) << hz0), (26)

then

1—0 A

1 ( ulr(a P29 O‘) << q(z,0) << h(z ),
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——1

where q(z,{) = —Z 5 f te” "h(t,{)dt is convex and it is the best dominant.

Proof. Suppose that
1 (AT, (@ B)f Q)
Pz =7

VA

—0>,ZEU,(EU. 2.7)

Then the function p(z,{) is analyticin U x U and p(0,{) = 1.

Differentiating both sides of (2.7) with respect to z, we have
p(z,{) + 6zp,(z,{)

- ( T @B ) 6
= — 0

1—-0 7 T, (( mar@Bf(z, 6)) ) (2.8)

From (2.6) and (2.8), we get
p(z,0) + 0zp,(z,{) << h(z,9).

An application of Lemma 1.1 with n =1,y = % yields

—0|<<q(z,)) ==z 9[ h(t,0)dt << h(z, Q).
0

1 ( nar@Bf(z0)

1—o0

)

Z

Theorem 2.4. Let q(z,{) be a convex function such that q(0,{) =1 and let h be the

’ U+
function h(z,{) = q(z,{) + —1+(,1 z;;mrqu(Z' (), where Y- > 0. Suppose that
U+ A
1+ z +1
A— s =
Fz,0) = — #_'Qﬁ T f tA-ofme f(e,0)dt, z€U,(€T.  (2.9)
z(A-a)B+nt 0

If f € A% (p) satisfies the strong differential subordination

(47, @B D) <<h(z0), (2.10)

then

( nar(@BF(z, Z)) << q(z,0).

Proof. Suppose that

p(z,0) = ( T (@ BF(z, ()) L z€U, (€. (2.11)
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Then the function p(z,{) is analyticin U x U and p(0,{) = 1.
From (2.9), we have
ut

4 +A
ZO-OFF [ (7,0) = (1 7 _#a)+/;+ m’) ] (=BT (¢, O)de (2.12)
0

Differentiating both sides of (2.12) with respect to z, we get

pta p+2 ,
(1+ (A—a)ﬁ+nr)f(z’o S O—wprm @O
and
A
(1 (A _'ua-)l-ﬁ +nrt ) Z,)L_T(afﬁ)f(zi {)
A

" @ Ma;/; T AL @BF @) +2(4], (@ PF &, ())Z.

So

2(40 @ PF )

(47, @ P @ D) = (AL, @hFED) + Y (2.13)
A—a)p +nt
From (2.11) and (2.13), we obtain
1
PO+ a0 = (47 1@ P @) . (2.14)
A—a)B +nt
Using (2.14), (2.10) becomes
1 1
p(z.€)+1+ T 2P(29) << q(z,()+1Jr A 24220
A—a)B +nt A—a)B +nt

An application of Lemma 1.2 yields p(z,{) << q(z,{). By using (2.10), we obtain

( nar@BF(z, Z)) << q(z,0).

Conflict of Interests

The authors declare that there is no conflict of interests.



ASRAA ABDUL JALEEL HUSIEN

REFERENCES

[1] F. M. Al-Oboudi, On univalent functions defined by a generalized Salagean operator, Int. J. Math. Math. Sci.,
27(2004), 1429-1436.

[2] A. Amourah and M. Darus, Some properties of a new class of univalent functions involving a new generalized
differential operator with negative coefficients, Indian J. Sci. Tech., 9(36)(2016), 1-7.

[3] N. E. Cho, O. S. Kwon and H. M. Srivastava, Strong differential subordination and superordination for
multivalently meromorphic functions involving the Liu- Srivastava operator, Integral transforms Spec. Funct.,
21(8)(2010), 589-601.

[4] M. Darus and R. W. Ibrahim, On subclasses for generalized operators of complex order, Far East J. Math. Sci.,
33(3)(2009), 299-308.

[5] M. P.Jeyaraman and T. K. Suresh, Strong differential subordination and superordination of analytic functions, J.
Math. Anal. Appl., 385(2)(2012), 854-864.

[6] A. A. Lupas, A note on strong differential superordinations using a generalized Salagean operator and
Ruscheweyh operator, Stud. Univ. Babes-Bolyai Math., 57(2) (2012), 135-165.

[7]1 S. S. Miller and P. T. Mocanu, On some classes of first-order differential subordinations, Michigan Math. J.,
32(2)(1985), 185-195.

[8] S.S. Miller and P. T. Mocanu, Differential Subordinations: Theory and Applications, Series on Monographs
and Textbooks in Pure and Applied Mathematics Vol. 225, Marcel Dekker Inc., New York and Basel, 2000.

[9]1 G. 1. Oros and Gh. Oros, Strong differential subordination, Turk. J. Math., 33(2009), 249-257.

[10] G. S. Salagean, Subclasses of univalent functions, Lecture Notes in Math., Springer Verlag, Berlin, 1013(1983),
362-372.

[11] A. K. Wanas and A. Alb Lupas, On a new strong differential subordinations and superordinations of analytic
functions involving the generalized differential operator, Int. J. Pure Appl. Math., 116(3)(2017), 571-579.

[12] A. K. Wanas and A. H. Majeed, New strong differential subordinations and superordinations of symmetric
analytic functions, Int. J. Math. Anal., 11(11)(2017), 543-549.

[13] A. K. Wanas and A. H. Majeed, Strong differential subordinations for higher-order derivatives of multivalent

analytic functions defined by linear operator, Khayyam J. Math., 3(2)(2017), 160-171.



SOME RESULTS FOR STRONG DIFFERENTIAL SUBORDINATION ...
[14] A. K. Wanas and A. H. Majeed, Strong differential subordination and superordination of meromorphic

multivalent quasi-convex functions, Kragujevac J. Math., 44(1)(2020), 27-39.



